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1. Introduction and preliminaries

The class of semigroups over topological monoids provides a proper generalization of the
class of one-parameter strongly continuous semigroups of bounded linear operators. The class of
strongly continuous semigroups defined on the set [0, +00)", which are usually called multiparameter
semigroups (this class of semigroups was introduced by E. Hille in 1944; see [1, 2] for more details
in this direction), is a special subclass of the general class of strongly continuous semigroups defined
on topological monoids. The precise definition goes as follows: If (X, || - ||) is a Banach space and
(M, +) is a topological monoid with the neutral element 0, then by a semigroup defined over a monoid
M, we mean any operator-valued function 7 : M — L(X), where L(X) denotes the Banach space
of all bounded linear operators on X, such that 7(0) = I and T(t + s) = T(1)T(s) for all ¢, s € M.
A semigroup (T'(t))en 1s called strongly continuous if the mapping t — T(f)x, t € M, is strongly
continuous at t = 0.

If (ey, ..., e,) is the standard basis of R", M = [0, +00)" and (T (¢)),cp is strongly continuous, let
Ti(s) := T(se;), s > 0, be the corresponding one-parameter strongly continuous semigroup with the
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integral generator A; (i € N,,). Then we have

T(t1,....,t,) = Ti(t1) - ... - To(t,), (t1,...,1,) € [0, +00)",

and it is said that the tuple (A, A,,- - -, A,) is the infinitesimal generator of (7(¢))(o+coy. If 1 =
[0,T,] x [0,T>] X - --x[0,T,] for some (Ty,T5,- - -, T,) € (0,+00)", then the well-posedness of the
following n-parameter abstract Cauchy problem

ueCl: X)ynC'I°: X),
(ACP): 3 u,(t) =Au@®)+ F(t), tel°, 1 <i<n,
u0) =x, x€ Ny, D(A),

has been analyzed by many authors. Concretely, if n =2, F| = F, = F and
Fiy(t,h) = Fp(ti, 1) = (Ay = A)F(t,12), h, 12 >0,

then the following formula for a solution of (ACP) has been proposed by Khanehgir et al. [3]:

1 15}
M(l’l, l2) = T(fl, t2)x + f T(ll -1, lg)F(l’, 0)dt + f T(O, t— IZ)F(Il, O) dt,
0 0

for any #, t, > 0.

The analysis of abstract Volterra integro-differential inclusions is an important part of study within
the functional analysis, which finds many applications in physics, engineering, mechanics, thermo-
viscoelasticity, and mathematical biology. To clarify the existence and uniqueness of solutions to
abstract Volterra integro-differential inclusions, we use the vector-valued Laplace transform, the vector-
valued Fourier transform, some results from fixed point theory, as well as some numerical techniques
and approximations. It would be very difficult to summarize here all applications of abstract fractional
integro-differential inclusions, which are usually solved by converting them into the equivalent abstract
Volterra integro-differential inclusions (see, e.g., the research article [4], where the authors have
recently studied the compact finite difference scheme for solving the fractional Black-Scholes option
pricing model, and the research article [S], where the authors have recently studied a fourth-order
time-fractional sub-diffusion model). For more details about these subjects, we refer the reader to the
research monograph [6] and the list of references quoted therein.

The class of n-parameter cosine operator functions and the class of n-parameter fractional solution
operator families have not been defined and well explored in the existing literature. Moreover,
the abstract Volterra integro-differential inclusions with multiple variables and the abstract partial
fractional differential inclusions with multiple variables have not received so much attention up to
now. These facts have strongly influenced us to write this paper (we really hope that this paper will
inflence many other mathematicians working in the field of applied functional analysis to find some
applications of theoretical findings established here to the real-world phenomena). The structure and
main ideas of this research article can be described as follows:

After fixing the notation and terminology used throughout the paper, we recall the basic definitions
and results about the multidimensional vector-valued Laplace transform in Subsection 1.1. In
Section 2, we introduce and analyze several new classes of multidimensional (F,G, C)-resolvent
operator families; cf. [7] for the first steps in this direction. Suppose that m € N, w; € R for
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1 <1<nQ={1 € ClRAq > w}x..x{1, € C|RA, > w,}, D is a discrete subset of Q,
F:Q\D—->C,F,: Q\D > C,G;: Q\D »> Cforl <l <m,P:[LX)]" - LX), and P; :
[MLO(X)]" — MLO(X), where MLO(X) stands for the set of all multivalued linear operators on X.
In Definition 2.1, we introduce the classes of mild (F, G,;,Cy, A, P, D)i1<<m-regularized existence
families, mild (F, G, C,, D)-regularized uniqueness families, and (F;, G;, C;, A;, P, D) <j<-regularized
resolvent families. The class of holomorphic multidimensional (F, G, C)-regularized resolvent families
is introduced in Definition 2.3 and after that analyzed in Theorem 2.4.

In Subsection 2.1, we consider multidimensional (F, G, C)-resolvent operator families of the form
R(t) = Ry(t1) « ... - Ru(t,), where t = (11,...,1,) € [0,+00)" and (R(¢;));>0 1s a strongly continuous
operator family; cf. Propositions 2.5 and 2.6 for some results obtained in this direction. If (R;(#;));;»0
is not a fractionally integrated C-semigroup (cf. [6] for the notion), this investigation seems to be
completely new.

In Subsection 2.2, we provide some applications of multidimensional (F, G, C)-resolvent operator
families to the abstract Volterra integro-differential inclusions with multiple variables and the
abstract partial fractional integro-differential inclusions with multiple variables. Here, we use the
multidimensional Caputo fractional derivaties, only. For example, if n = 2, ¢; > 0,2 € C, g € C,
and A; is a closed subgenerator of an exponentially equicontinuous (g,,, C;)-regularized resolvent
family (R;(1))>0, j = 1,2, then we prove the existence of solutions to the following abstract partial
fractional differential inclusion

D;lIIDZZM(tl, lz) € ﬂlﬂgu(h, tz), Hh=>0,162>0, (1.1)
and the abstract partial fractional differential inclusion
D u(ty, 1) + BDZu(t1, 1) € |@A) + fA|u(ti 1), 1120, 120, (1.2)

under certain reasonable assumptions, which are practically very simply verified. Here, D;'u and
D;'D{’u denote the Caputo fractional derivative of order a; with respect to the variable #;, i = 1,2
and the mixed Caputo fractional derivative of order (a4, a,) with respect to the variables #; and #,. In
contrast with all existing research studies of the abstract n-parameter abstract Cauchy problem (ACP),
we do not consider here the tuple (A;,A;) as the infinitesimal generator of a strongly continuous
semigroup (7'(%)).e[0.+00)2, Where a1 = a, = 1, but the product A;A, of the associated strongly coninuous
semigroups (7;(s))s>0, i = 1,2. In our approach, we use the degenerate solution operator families
subgenerated by multivalued linear operators A; and A,, as well (for further information about the
initial conditions subjected to the problems (1.1) and (1.2), we refer the reader to [8]). We will consider
the fractional analogues of the n-parameter abstract Cauchy problem (ACP) somewhere else.

Further on, if a; € L, ([0,71)), a2 € L; ([0,72)), x € X, a(t1, 1) = ai(ty) - ax(tr), t € [0, +00)%,
and (R;(5))sefo.r; is a (local) (aj, k;)-regularized Cj-resolvent family with a closed subgenerator A},
j = 1,2, then the function u(t,,1,) := R{(t;)Ry(t;)x, 0 < t; < 71, 0 < £, < T3, is a solution of the

following abstract Volterra integral inclusion with multiple variables:
u(ti, t2) — ki(tr) - [kl(())]_lu((), ) —ka(t2) - [kz(())]_lu(tl, 0) + ki (t1)ka(22)C2C1 x

11 1)
€ A, Ay f f Cl(tl — S, — SQ)M(Sl, Sz)dsl ds,, 0<t;<71,0<t <.
0 0
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We also perceive that the function u(t;,1,) := c1R(t;)x + c2R(t)y, t; € [0,71), 1, € [0, T3) is a solution
of the following abstract Volterra integral inclusion with multiple variables:

M([] y lz)— C]k] (l] )C]X — Cgkz(lz)CZy

1 5]
€ A, f Cl](tl - S])M(Sl, lz) ds; + A, f az(t2 - Sz)ll(tl, Sz) ds,,
0 0

forany0 <t <tyand 0 <1, < 15.

We continue our exposition by considering some classes of the abstract functional Volterra integro-
differential inclusions with multiple variables; cf. Section 3 for more details. First of all, we analyze
here the following abstract functional Volterra integro-differential inclusion with multiple variables:

Bu(t) € CF(t) + ) Aia; so u(- +1,))(0), 1 € [0,+00)"s u(t) = Cup(t), 1 € Qy, (1.3)
i=1
wherem € N, t = (t1,...,1,) € [0, +00)", 7} = (T}, ...,T’}) € [0, +00)" for 1 < j <m,C € L(X) is injective,

Q) is the region

[0, +00)" \ ([7], +0) X ... X [7], +oo))

U

f [0, 4+00)" — X is a Laplace transformable function, A; is a closed MLO on X, and q;(-) is a locally
integrable scalar-valued function defined for 7 € [0, +c0)" (1 < i < m). It can be simply shown that, if
hj =max{r] : 1 <i<mj}for1< j<n,then

-

[0, +00)" \ ([T,ll, +00) X ... X [77, +oo))],

Qy = [0, +00)" \ ([A1, +00) X ... X [hy, +00)). (1.4)

The case in which 7, = ... = 7, = 0 is not excluded from our analysis; then we consider the problem

Bu(t) € CF(t) + ) Aia; % u)(1), 1 € [0, +o0)"

i=1

without any initial condition, since Qy = 0. If n = 1 and A; = A for all 1 < i < m, then the
problem (1.3) has recently been considered in [7]. Unfortunately, there exist many real situations in
which we cannot apply the multidimensional vector-valued Laplace transform in the deeper study of
problem (1.3); cf. [7, Example 3(i)] and Example 3.14(i) below.

The main structural results of Section 3, which also contains a great number of useful remarks,
are Theorems 3.2, 3.5, 3.9, and 3.13. In Definition 3.10, we introduce the notion of an exponentially
equicontinuous, k-convoluted C-solution operator family for (1.3) and (1.4); cf. also Theorem 3.11.
Several illustrative applications of the established results are presented in Examples 3.12 and 3.14. In
Subsection 3.1, we briefly examine the possibility of application of the double vector-valued Laplace
transform in the study of the following abstract functional partial fractional differential inclusions:

D}'Du(ti, 1) € Au(ty + a,t; + b) + f(t1, 1), 1120, 1, >0,
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and
D?lngzu(l‘], l’z) c ﬂ(Pl/l)(l], lz) + Cf(tl, lz), = 0, h > 0,

where a > 0, b > 0, ab # 0, Pu(ty,t;) := u(t; —a,tp —b), t;, > a, t > b, and Pu(t;,t;) = 0,
otherwise. In the final section of the paper, we provide some observations and final remarks about the
introduced notion.

Notation and preliminaries. If Y is a Hausdorff sequentially complete locally convex space over the
field of complex numbers, then we simply write that ¥ is an SCLCS. If X is likewise an SCLCS, then the
abbreviation ® stands for the fundamental system of seminorms which defines the topology of X; cf. [9]
for more details about topological vector spaces and locally convex spaces. For further information
concerning multivalued linear operators in sequentially complete locally convex spaces (MLOs) and
solution operator families subgenerated by them, we refer the reader to [6].

The Gamma function will be denoted by I'(-) and the principal branch will be always used to take
powers. Define g,(1) := YT and 06 := 0(C > 0,¢t > 0). If 0 < a < n, then we define
X, :={z€ C\ {0} : |arg(z)| < a}. Given the numbers s € R and m € N, we set [s] :=inf{/ € Z : s < [}
and N, := {1, ...,m}. Unless stated otherwise, we will always assume henceforth that X is an SCLCS
and n € N; by I we denote the identity operator on X. By Rz we denote the real part of a complex
number z.

Ifae Ll

loc

([0,00)) and u € L! ([0, 00)" : X), then we define

loc

1] In
(a=ou)t) := f e f alty = 81, ey ty — S)U(SY, ..oy 8,) dsy... ds,
0 0

for any r = (¢, ..., 2,) € [0, 0)". The convolution product #, introduced in the last formula is sometimes
called the convolution product of Faltung. In general SCLCSs, the convolution product *, is well-
defined if a € C([0,0)") and f € L, ([0,00)" : X), ora € L, ([0,00)") and f € C([0, )" : X),
when we have a %y f € C([0, c0)" : X). In Fréchet spaces, the convolution product #, is well-defined if
aeL, ([0,c0)) and f € L ([0,0)" : X), when we have a %y f € L, ([0, )" : X).

Suppose, finally, thata > 0,m = [a],and I = [0, T), I = [0, T], or I = [0, +00) for some real number
T > 0. Then the Caputo fractional derivative Dfu(-) is defined for those functions u € C" (1 : X) for

which g,—q * (u = Y30 tegir1) € C"(I 2 X), by

m m—1

d
Diu() := ﬁ[gm—a * (M - Z Mk8k+1)]-

k=0
If w > 0 and for each seminorm p € @ there exists a real number M, > 0 such that p(u(?)) + p(D{u(1)) <
M, exp(wt), t > 0, and then the Laplace transform of function Dfu(-) can be computed by the formula

m—1

f e "DYu(t) dt = 1"i(A) — Z uP0)2 1, R > w. (1.5)

0 k=0
If0<Tj<+coand I; =[0,7T),1; =[0,T;JorI; = [0,+c0) for 1 < j<n,setl:=1 X1, X..XI,.
Assuming that u : / — X is a locally integrable function, a; > 0 for all j € N, and @ := (ay, ..., @),
and we define

Diu(ty, ..., t,) := [Dj’l'(D;f...(DZ"u(-, ~))...)](l1, e B, (1.6)
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for a.e. (11,...,1,) € I, provided that the right-hand side of (1.6) is well-defined. We call (D{u)(-) the
multi-dimensional Caputo fractional derivative of u(-).

Suppose that X is a Fréchet space, I = I, x I, is a rectangle in R?, and F : I — X is a Lebesgue
measurable function. If

fp(f(t, $))dtds < +o0, pE®,
I

then the Fubini theorem says that the repeated integrals

fff(t,s)dtds and fff(t,s)dsdt
L JI LI

exist, they are equal, and they coincide with the double integral f] f(t, s)dtds. In general SCLCSs, we
can only prove that the existence of integral f[ f(t, s)dtds and the repeated integrals f12 fl. f(t, s)dtds
and fll flz f(t, s)ds dt implies their equality.

1.1. Multidimensional vector-valued Laplace transform

The analysis of the double Laplace transform starts probably with the works of Bernstein [10],
Jaeger [11] (1939-1941), and Amerio [12] (1940). We need to recall the following notion from [8]:

Definition 1.1. Suppose that X is an SCLCS, f : [0,+00)" — X is a locally integrable function,
and (44, ...,4,) € C". If

51 In
F(4y,...,4,) = lim f f e~ (g s, ) dsy .. dsy,
0 0

.....

+00 +00
f f e Ml f(py ) dty Lt
0 0

exists for the topology of X, i.e., if for each € > 0 and p € @ there exists a real number M > 0 such that
the assumptions ¢; > M for all j € N,, imply

11 I
p(f f e STl f(g L s,)dsy . ds, — F(A,, ...,/l,,)) <€,
0 0

then we say that the Laplace integral (Lf)(4y,...,4,) = f(/l], o dy) = F(Ay, ..., 4,) exists. We define
the region of convergence of Laplace integral Q(f) by

Q(f) := {(/11, v dy) €C" L F(A4, ..., Ay) exists}.

Furthermore, if for each seminorm p € ® we have

+00 +00
f f p(e‘”l”‘""*"’"f(tl, ...,t,,)) dt, ...dt, < +oo,
0 0

then we say that the Laplace integral F(A4y,...,4,) converges absolutely. We define the region of
absolute convergence of Laplace integral €,,,(f) by

Qus(f) = {(/11, v dy) €C": F(Ay, ..., 4,) converges absolutely}.
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Finally, we define €,(f) as the set of all tuples (4, ...4,) € C" such that the set

1] 15 I
{f f f e hsimhsmemsn £ s ) ds dsy..dsy, it 20,01, > 0}
0o Jo 0

is bounded in X.
The following statements hold:

(i) IF (A, 1o ) € Qi (), (A1 e ) € C', and RA; > RAfor 1 < j < n, then (A1, s 4,) € Qs (f).
(i) If (2%,..,20) € Q(f), (A1,....,4,) € C", and RA; > 9%/1? for 1 < j < n, then (1;,...,4,) €
Q,p(f) N Q(f).
(i11)

U [{ e C: Ray > Raf) x . x {4, € C: RA, > RAY| € Qui().

(29, ADEQuis (f)
(iv)

U [l eC: Ray > Rl x . x {4, € C: R, > RAY| € QN N ().

(A0, ANEQ ()

If f: [0, +00)" — X is locally integrable, @ # Q C Q(f)N,(f) is open and (44, ..., 4,,) € L, then the
mapping F : Q — X is holomorphic (for the basic information concerning holomorphic vector-valued
functions of several variables, we refer the reader to the research article [13] by Kruse and the list of
references quoted in [8, 13]). A locally integrable function f : [0, +c0)" — X is said to be Laplace
transformable if there exist real numbers w; € R (1 <i < n)suchthat{1; € C: RA; > w1} X...x{4, €
C: R, > w,} C Q).

We need the following properties of the multidimensional vector-valued Laplace transform (cf. [8]
for more details):

Lemma 1.2. Suppose that f : [0, +00)" — X is a locally integrable function. Then the following holds:

(i) Suppose that A is a closed MLO between X and Y, g : [0, +00)" — Y is locally integrable, and
g(ty,....t,) € Af(t,....t,) for a.e. (t1,....,1,) € [0, +00)". If (A1, ..., A,) € Q(f) N €2g), then

(L) A1y e Ay) € AL, oo0r ).

(ii) Suppose that f : [0,+00)" — X is a locally integrable function, (1°,...,2°) € Q,(f), and there
exist real numbers a, > RAY, ..., a, > RA) such that (Lf)(A1, ..., 4,) = 0 for 41 > ay, ..., 4, > ay.
Then, for every seminorm p € ®, there exists a Lebesgue measurable set N, C [0, +00)" such that
m(N,) = 0and p(f(t1,...,t,)) = 0 for all (t,, ..., 1,) € [0, +00)" \ N,. In particular, if X is a Fréchet
space, then f(t,,...,t,) = 0 for a.e. (t1,...,1,) € [0, +00)".

(iii) Suppose that A : X — P(Y) is an MLO, A is X4 X Yg-closed, fi : [0,+0)" — X and f, :
[0, +00)" — X are locally integrable functions, (1, ...,/12) € Q,(fi) N Qu(f2), and there exist
real numbers a, > %/l(l), @y > RA° such that (L), ..., 1), (L)AL .. Ay)) € A for Ay >
ai,...,d, > a,. Then (fi(ty, ..., t,), fr(t1, ..., t,)) € A for any (11, ...t,,) € [0, +00)" which is a point of
continuity of both functions f,(-) and f,(-).
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(iv) Suppose that w; >0, ..., w, >0, >0, ..., >0, F:{1€C:RA>w}xX..x{1e€C:RA>
w,} — X is an analytic function and for each seminorm p € ® there exists a finite real constant
M, > 0 such that

P(FA1, s ) S M0 477, R > w; (1< j < ).

Then there exists a continuous function f : [0,+00)" — X such that for each seminorm p € @
there exists a finite real constant M, > O such that

p(f(t,....1,)) < M;)[t?ewm Ce t;"ewl1tn:|f0r allt; >0, ..., 1, >0 (1.7)

and F(Ay, ..., 4,) = (L), ..., A,) converges absolutely for RA; > w; (1 < j < n).
(v) Suppose that a € L} ([0, 0)", f € L}, ([0,00)" : X), and (A, s As) € Qusy(@) O Qusy(f).

(a) Let X be a Fréchet space. Then (a *o £)(-) € L} ([0, +o0)") and

loc

(L@ 0 )1 da) = (LD(A1s s A) - (LA oo An). (1.8)

(b) Suppose, in addition, that a € C([0,00)") or f € C([0,00)" : X). Then we have a %y f €
L' ([0, 00)" : X) and (1.8).

(vi) Suppol:; h;>0forl < j<n,
fi(ts, nty) = f(t1 + hyy sty + hy), 620,.., 1,20,
and H := [hy, +00) X ... X [h,, +0). If (A4, ..., ;) € Qups(f), then (44, ..., 4,) € Qups(fr) and
(L) (A1, oy ) = ML)y, .0, A,,)

— ghhtetdal f e~ Ml (1 ) dt L.
[0,+00)"\H

(vii) Suppose hj > 0 for 1 < j <n,
fh—(tl’ ceey tn) = f(tl - l’l], ves by — I’ln), = l’l], veey Iy 2= ]’ln,

and

fi(t1,..s ty) == 0 if there exists j € N, such that t; < h;.
Then (A1, ..., A,) € Qups(f), resp. (A1, ..., 4,) € Q(f), if and only if (1, ..., A,) € Qups(fn-), resp.
(A1y ooy Ay) € Q(fy). If this is the case, then we have

(Lfi-)(As oo Ay) = 700 (LEY (A o ).

Lemma 1.3. Suppose that w; € R and aj € (0,7/2] for all j € N, as well as that F : (w;, +00) X ... X
(wy, +00) — X is a given function. Then the following assertions are equivalent:

(i) There exists a holomorphic function f : X, X .. X X, — X such that (Lf)(d,....4,) =
F4y,...,4,) for 41 > w,..., 4, > w, and, for every y; € (0,ay),..., ¥, € (0,,), the set
{em ™" £(z1, ey Zn) 2 Ty es Zn) € By, X oo X Xy, VIS bounded in X.
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(ii) There exists a holomorphic function F : (w; + X)) X oo X (Wy + Za/2)4a,) — X such that
F(/lla“-a /1,1) = F(/lla“-’ /1n)f0r /ll > Wi, .oy /ln > Wy and) for every y: € (O’ (l’l),..., Yn € (O’ an)a
the set {(/11 - (1)1) Cat (/ln — (,()n)F(/ll, cees /ln) : (/11, ...,/ln) S ((1)1 + 2(”/2)+’}/1) X ... X ((,()n + 2(ﬂ/2)+yn)}
is bounded in X.

If this is the case, then we have the following:

(a) img, 1) 50+..04) S (1, os ta) = X if and only if imy, i 2,40l dr < oo = Ay - F(Ay, s 4))] =
x; in this case, for any angles p; € (0,a;) (1 < j < n) we have

2. Definition and basic properties of multidimensional (¥, G, C)-resolvent operator families

In this section, we introduce and analyze various classes of multidimensional (F, G, C)-resolvent
operator families in SCLCSs. Unless stated otherwise, we will always assume henceforth that m € N,
A X = PX)isan MLO for 1 <1< m, Cy € L(Y,X), and C, € L(X) is injective. If (44, ...,4,) € C"
and (14, ..., t,) € [0, +00)", then we simply write A = (44, ..., 4,) and t = (11, ..., 1,,).

The following notion extends the notion introduced in [7, Definition 1]:

Definition 2.1. Suppose that w; € Rfor1 <1<n,Q ={1; € C|RA; > w} X...x{1, € C|RA, > w,},
D is a discrete subset of Q, F : Q\ D - CF,: Q\D - C, G, : Q\D - Cforl <1 < m,
P [L(X)]" — L(X), and P, : [MLO(X)]" —» MLO(X).

(1) A strongly continuous operator family (R(f,...,%,))50..,50 S L(Y¥,X) is said to be a mild

(F,G,,Cy, A, P1, D)1<<m-regularized existence family if for each y € Y we have Q C Q(R;(-)y)
and

F()Cyy € Py(Gi(d) = Ar ... Gu(D) = Ay)

+00 —+00
xf f e Mimmbin R (1 t)ydt...dt,, yEY, 1€ Q\ D. 2.1)
0 0
i)Let F : Q\D - Cand G : Q\ D — C. A strongly continuous operator family
(Ro(t1, oo 1)1y 50:.,50 S L(X) 1s said to be a mild (F, G, C,, D)-regularized uniqueness family
with a subgenerator A if for each x € D(A) U R(A) we have Q C Q(R,(-)x) N Q(R,(-)y) and
+00 +00
F(D)C,y = G(A) f f e =i R (1, o )X dE . dEy,
+00 0 +00 0
—f f e~ M mm MR (1L 1)y di . i, (2.2)
0 0

for any (x,y) €e Aand 1 € Q\ D.

(ii1) Let C; € L(X) be injective and C;A; € A,C, for 1 <1 < m. A strongly continuous operator family
(R(t15 .ees ta)1y20:...0,>0 € L(X) 18 said to be an (F;, G, C;, A, P, D)1 <j<pp-regularized resolvent family
if for each x € X we have Q C Q(R(-)x), G(1) € pc,(A) for 1 <1 <m, 1€ Q\ D, and

P(Fl (D(G1(D) = A ' Chy ooy Fu(D)(G (D) = A) ' Cp |
—+00 +00
= f f e MRty t)xdty... dt,, x€ X, 1€ Q\ D. (2.3)
0 0
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In the case that n = m = 1, P : [L(X)] —» L(X) and P; : MLO(X) — MLO(X) are the identity
mappings, then any mild (F, Gy, Cy, Ay, Py)-regularized existence family, resp. (Fy,Gy,Cy, Ay, P)-
regularized resolvent family, is also said to be a mild (F, G, Cy)-regularized existence family with a
subgenerator A, resp. an (F, Gy, Cy)-regularized resolvent family with a subgenerator A;. If D = 0,
then we omit the term “D” from the notation.

We can also introduce the corresponding classes of multidimensional (F, G, C)-resolvent operator
families which are locally integrable at zero.

Remark 2.2. In [7, Proposition 1], we have observed that the notion introduced in [7, Definition 1]
generalizes the notion of an exponentially equicontinuous, mild (a, k)-regularized C;-existence family,
the notion of an exponentially equicontinuous, mild (a, k)-regularized C,-uniqueness family, and the
notion of an exponentially equicontinuous, mild (a, k)-regularized C-resolvent family, provided that
the functions |a|(-) and k(-) are Laplace transformable as well as that (La)(1) # 0 for some 4 € C such
that RA > max(0, abs(|al), abs(k)); cf. [6] for the notion. Setting D := {1 € C : RA > w, (La)A) -
(Lk)(1) = 0}, the notion introduced in Definition 2.1 fully generalizes these concepts, withm =n =1
and P, P; being the identity mappings; cf. [6, Definition 3.2.1, Theorems 3.2.4 and 3.2.5].

Although the case m = n may seem the most important from the previous research studies of
multiparameter strongly continuous semigroups, the case in which m # n also deserves attention. For
example, if m = 1 and n > 1, then we can furnish some applications of the multidimensional (a, k)-
regularized C-resolvent solution operator families to the abstract Volterra integro-differential inclusion
with multiple variables:

11 In
Bu(ty, ..., t,) € ﬂf f a(ty — Sty .en ty — S)U(ST, vy 8,) dsS1... ds,
0 0
+ Cf(t,.... t,), 1 €[0,771), ..., 1, €[0,7,),

where a € L] ([0,+00)"), 0 < 7 < 400, 0 < 7; < 4c0ofor 1 < j < n, A is a closed MLO
in X, B is a closed linear operator on X and the operator C € L(X) is injective. The notion
introduced in Definition 2.1[(i) and (ii1)], with m = 1 and n > 1, generalizes the notion of an
exponentially equicontinuous (a, k)-regularized C;-existence family and the notion of an exponentially
equicontinuous (a, k)-regularized C-resolvent family, while the notion introduced in Definition 2.1(ii),
with m = 1 and n > 1, generalizes the notion of an exponentially equicontinuous (a, k)-regularized

C>-uniqueness family in the case that Q C Q(R,(+)x) N Qups(R2(4)y) N Qgps(a) for all (x,y) € A.

Keeping in mind Lemma 1.2(v), we can simply reformulate [6, Proposition 3.2.3] in our new
framework. We proceed by introducing the following notion:

,,,,,

that a global (F;, G, C;, Aj, P, D) <j<m-regularized resolvent family (R(7y, ..., 1,))y0..,50 € L(X) 1s a
holomorphic (F;, G;, C;, A, P, D) <j<m-regularized resolvent family of type (a;, ..., @,) if there exists
a function R : X, ., — L(X) such that, for every x € X, the function R(-)x : %,, , — Xis
holomorphic, R(¢,....,t,) = R(t,....t,) for all #; > 0,..,1, > 0, and for each number 3, €
0, ay), ....8, € (0,a,), we have

lim R(z1,...,2,)x = R(0, ...,0)x, x€X.

(Z] aaaaa Zn)—>(0 ,,,,, 0);(Z1 ,,,,, Zn)€2ﬁ| ..... n
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Furthermore, we say that a global (F;,, Gy, C, A, P D)i<<yregularized  resolvent
family (R(t1, ..., t1))1,;20....,>0 € L(X) 1s an exponentially equicontinuous (equicontinuous), holomorphic
(F;, G, Ci, Ay, P, D) <j<p-regularized resolvent family of type (ay,...,@,) if for each numbers
B € (0,ay),....6, € (0,,), there exist real numbers wy,...,w, (w; = 0,...,w, = 0) such that the
operator family {e™“'*' ™" R(zy, ..., 24) * (Z15-.-,2n) € Zp,,.p,} 1S equicontiunuous. In order to avoid
confusion, we will identify R(-) and R(-) henceforth.

As an immediate consequence of Lemma 1.3, we have the following result:

Theorem 2.4. Suppose thatm € N, A; : X — P(X) is an MLO for 1 <[ < m, C; € L(X) is injective,
CA CAC for1 <1 <m, P:[LX)]" - LX), wj € R(wj =0)and a; € (0,7/2] for all j € N,,
Q={1 € C|RA > w} X...x {1, € C|RA, > w,}, D is a discrete subset of Q, F; : Q\ D — C,
G : Q\D - Cforl <1< m,G(Ad) € pc,(A) forl <1 < m, A € Q\ D, and the following
conditions hold:

(i) There exists a strongly holomorphic function H : Q — L(X) such that
H(y, ... ) = P(F1()(G1(D) = A1) Cr,s ooy Fu(D)(Gr(D) = A) ' C),

forany A € Q\ D.
(ii) There exists a strongly holomorphic function F : (w + Z(z2)1a,) X ... X (Wp + Z(z/2)4a,) — LX)
such that

F(Ay, ..., 4,) = HAy, ..., 4,)

for R, > wy, ..., RA, > w, and, for every y, € (0,a}), ..., y» € (0,,), the set {(1; — wy) - ... -
(A — w)F (A, .., Ay) 2 (A1, 0y Ay) € (W1 + Zir/2)4yy) X oo X (W + Zinj2)49,)} i bounded in X.
(iii) There exists an operator W € L(X) such that, for every x € X, we have

lim [/11 o A, FA, ...,/ln)x] = W.

Then there exists an  exponentially  equicontinuous (equicontinuous),  holomorphic
(F, Gy, C1, A, P, D)1<j<pm-regularized resolvent family of type (ay, ..., a,).

2.1. Separation of variables

In this subsection, we consider multidimensional (F, G, C)-resolvent operator families of the form
R(1) = Ri(#1)...-R,(t,), Where t = (14, ..., ;) € [0, +00)" and (R(¢;));,>0 18 a strongly continuous operator
family. The case in which m = n will be dominant here.

We will first state and prove the following results (cf. also [7, Example 2, Theorems 1 and 2] for
some results and observations established in the one-dimensional setting):

Proposition 2.5. (i) Let (R/(s))s»0 S L(X) be a global (a,, k))-regularized C-resolvent family such
that there exists w? > 0 satisfying that the family {e“"?SRl(s) . s > 0} is equicontinuous, w; >
max(a)?, abs(|ay|), abs(k;)), and (fot a(t — )R, (s)x, R()x —k(t)Cix) € A, t >0, xe X (1 <1< n).

Define

R() :=Ri(t) - ... - R,(t,), t=(t1,....1,) € [0, +00)". 2.4)
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Then (R(t, ..., t:))10,.20 S L(X) is a global (F,G;,C;, Ay, P, D)i<<,-regularized resolvent
family, where the mapping P : [L(X)]" — L(X) is given by P(T, - ... - T,) == T, - ... - T, for
all Ty, ...,T, € L(X), D := [ g {di € C : RA> wy, (La)(A) - (Lk)(A;) # 0}, and

k(1 B

F, Q) = dz(/ll)(dz(/lz) — ﬂl) C, 1<l<n 1€Q\D.

(ii) Let (R/($))ss0 € L(X) be a global (F;, G, C;, D))-regularized resolvent family with a subgenerator
A, where w; € R is such that the family {e”“"R,(s) : s > 0} is equicontinuous, € = {1, € C :
RA; > wy}, and Dy is a discrete subset of Q; (1 < 1 < n). Define R(-) through (2.4), Q := Q; X ... X
Q,, D :=D;X..XD,and P : [L(X)]" — L(X) as in part (1). Then (R(t,, ..., t,))50:...t,>0 S L(X)
is an (F}, G, C, A, P, D) <i<,-regularized resolvent family.

Proof. By [6, Theorem 3.2.5], we have

(o9

k(DI - a(D)A) " Cx = f e "Ri(H)xdt, x € X, RA> wy, a(Dk() #0

0
and |
{— : RA> w, k(Dad) # 0} € pe,(A).
ai(d)
Then the proof of (i) simply follows by applying the Fubini theorem. The proof of (ii) can be given in
a similar manner. O

Proposition 2.6. Suppose that X =Y.

(i) Let (Rll(t))tzo be a mild (a;, k;)-regularized C{ -existence family with a closed subgenerator A,
and let the family {e“"”R}(s) : s > 0} be equicontinuous for some real number w; >
max(abs(|a|), abs(k;)) (1 <1 < n). Define

Ri(t) :=Ri(t))-...-R\(t,), t=(t1,...1,) € [0, +00)".

Then (Ri(ty,....t))150..050 S L(X) is a mild (F,G,;,C, A, Pi, D),<i<m-regularized existence
family, where the mapping P, : [IMLO(X)]" — MLO(X) is given by Py(B; - ...- B,) :=8B;-...- B,
for all By,...,8, € MLOX), ©;, = {4, € C : Ry > w), D; := {4, € C : RA >
wy, (La)(A) - (Lk)A) #0}(1<l<n),D:=DX..xD,

Gl(/l):( —3’(;), 1<l<n, 1€ Q\D,

a(Ay)

1 k)
F(QQ) = ];1 T’ 1€ Q\D,

and C, :=[], C,.

(ii) Let (R/($))ss0 € L(X) be a global (F;, G, C;, D))-regularized resolvent family with a subgenerator
A, where w; € R is such that the family {e”“"R,(s) : s > 0} is equicontinuous, € = {1, € C :
RA; > wy}, and Dy is a discrete subset of Q; (1 < [ < n). Define R(-) through (2.4), Q := Q; X ... X
Q,,D:=D; X..xXD,and P : [L(X)]" — L(X) as in part (1). Then (R(t,, ..., t,))50:...1,>0 S L(X)
is an (F}, Gy, C, A, P, D) <i<,-regularized resolvent family.

AIMS Mathematics Volume 10, Issue 6, 15040-15068.



15052

Proof. Due to [6, Theorem 3.2.4(ii)], for every A € C with RA1 > w; and a(AD)k, (1) # 0, one has
R(C) € RUI - a(A)A)) and

k(A)Clx € (I - a(D)A) f e YR/ (Hxdt, xe€X.
0

Since A, is closed, we can apply the Fubini theorem, the above equality with [ = n, and [6,
Theorem 1.2.3] to show that

+00 +00
f f e M m MR (1) t)x ... dt,
0 0

+00 +00
_ f f et Ry L LR (1)
0 0

+
X f e‘”"’"R,i(tn)xdtn] dt...dt,_;,
0
so that
]gn(/ll’l) f+oo f+°° A1t == Ap—1th—1 p1 1 1
T R ) - - R (8,21)C o x dty ... dt,—
dn(/ln) 0 0 e 1( 1) n—]( 1) nx 1 1
1
€ — A, |R(t)x,
(dnun) ) 0
for any x € X and 4 € Q \ D. Then the first part follows by induction and the second part can be
deduced in a similar manner. O

The above results can be also formulated for the class of (F;, G;, C;, A;, P),<<,-regularized resolvent
families and the class of mild (F, G;, Cy, A, P1)1<i<,-regularized existence families. Further on, we are
obliged to say that the notion introduced in Definition 2.1(ii) is only an unsatisfactory attempt to extend
the notion introduced in [7, Definition 1(ii)] in a proper way; concerning this issue, we would like to
emphasize that we have only one MLO in Definition 2.1(i1) as well as that it would be very difficult to
constitute this notion for two or more MLOs, as the following illustrative example shows:

Example 2.7. Suppose that n = 2 and (R;(#;));>0 1s a mild (F;, G,, Clz)—regularized uniqueness family
with a subgenerator A;, where [ = 1,2, (x,y) € A, and (C%y, 7) € A;. Using the Fubini theorem, we get

+00 +00
Gz(/lz)f f 6_/11“ _/lztzR(l)X dt dt,
0 0

+00 + 00 + 00
= Fz(/lz)f E_AIIIR%(tl)C%yl dtl - f f e_dltl_/lztzR(t)y dtl dtz,
0 0 0
for any A € D. Multiplying both sides of this equality by G(4,), we get

—+00
G2(/12)|:F] (/11)sz + f €_/IIIIR%(Z1)Z dl’]]
0
+00 +00
= Gl(/h)Gz(/lz) f f 6_/llt|_/lzt2R(l)X dt, dt,
0 0

—+00 —+00
+G1(4)) f f e bRy dty dt,, A € D,
0 0

which cannot be easily interpreted in any reasonable sense.
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2.2. Some applications to the abstract Volterra integro-differential inclusions with multiple variables

In this subsection, we will first continue our recent analyses of abstract partial fractional differential
inclusions with Caputo derivatives; cf. parts [1-4] below.

Suppose that n = 2, @; > 0 and A; is a closed subgenerator of an exponentially
equicontinuous (g,;, C;)-regularized resolvent family (R;(¢));»0, j = 1,2. The similar conclusions can
be given in the case that the operator A; is a closed subgenerator of a (local) (g.,, C;)-regularized
resolvent family (R(?))se(o.r;)» Where 0 < 7; < +oo for j = 1,2 (cf. parts [3 and 4] below):

1. Assume that x € D(A,), R(A,) C D(A,), and R (1) A, € AR, (¢) for all # > 0. Define

u(ty, 1) := Ri(t))Ry(t2)x, 1,20, 1, >0.

Due to [6, Proposition 3.2.15(i)], we have Dgzu(tl, 1) € Ri(t)A[Ra(tr)x], t; = 0, t, > 0, so that for
each 1, > 0 there exists an element y(#,) € AyR,(2;)x such that Dzzu(tl, 1) = Ri(t)y(t),t1 2 0,1, > 0.
Since R(A,) € D(A,) and R(t)A, € AR (¢) for all t > 0, we have that the mixed partial fractional
derivative D}'' D}’ u(t,, t;) is well-defined for all #; > 0 and #, > 0, as well as that

DZIDZZM(ll, lz) € ﬂ]Rl(Il )y(tz) c ﬂ]Rl(ﬁ )ﬂzRg(tz)x
c ﬂhﬂle(ll)Rz(Z‘z)x = ﬂ]ﬂzu(ﬁ, l‘z), th>0,1>0.

2. Suppose that x € D(A,), y € D(A,), ¢, € C,c, € C,and cjcr # 0. Set u(ty, 1) := c1Ri(tr)x +
Csz(tz)y, Hh=>0,t>01If

0 € AR (t))x N ARy (12)y, t1 =0, 1,>0, (2.5)
then we have
D} u(t), 1) € AreiRi(t)x] € Ar[eiRi(t)x + coRy(R2)y], 6120, 1, >0,
and

D u(t, 1) € Ay[eaRa(t2)y] € AR (t1)x + c2Ra(12)y], 1120, 1,20,
so that, for every « € Cand 8 € C,

aDZlu(tl, tz) +ﬁDZzu(t1, tz) € [a’ﬂl +ﬂﬂ2]l/t(t1, fz), 11 >0, 1,>0.

In the remainder of this subsection, we will consider some classes of the abstract Volterra integro-

differential inclusions with multiple variables. We will always assume that 0 < 7 < +00,0 < 7, < +00,
(R;($))ser0.rp 18 a (local) (a;, k;)-regularized Cj-resolvent family with a closed subgenerator A;, and
(fotj aj(ti— s)R;(sj)xds;,Ri(tj)x—Cjx) e Aj, x€ X, j=1,2.
3. Leta; € L, ([0,71)), a2 € L;, ([0,72)), and a(t;, 1) = ai(f) - ax(t2), ¢ € [0, +00)*. Suppose that
(R;(8))sefo.r; is a (local) (a;, kj)-regularized C;-resolvent family with a closed subgenerator A;, j = 1, 2,
as well as Ri(\)R,(-) = R,())R;(:) and R,(-)C; = CR (+). Lety € A x and z € A,y. Then we have
Ri(t)x=ky(1)C1x = [ ai(ti =R (s)yds, 1y € [0,71), and Ro(t2)y—ka(12)Cay = [[” aaltz = $)Ro(s)z s,
t, € [0, 13), so that the Fubini theorem implies

11 15
f f Cl(l] — S1,0h — S2)R1(S1)R2(S2)Z dS] dS2
0 0
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11 15
= f f al(tl - Sl)(lz(l’z — Sz)Rl(Sl)Rz(SQ)stl dS2
0 0
5l 15}
= f al(tl - S])R](Sl)[f az(fz - Sg)Rz(SQ)ZdSQ] ds
0 0

= f a(t - Sl)Rl(Sl)[Rz(lz)y - kz(lz)czy] ds;
0
= Ry(t2)|[Ri(t1)x = kn(1)C1x| = ko) Co Ru(11)x = a (11)C 1 x]
= Ry(t2)R1(t1)x — ki (t1)R2(12)C 1 x — ko (t2) CaR (t1)x + ki (21)ka(22)C2C ) x,

for any #; € [0,7) and 1, € [0, 7). Let us assume now that R;(-)A, € AR(-), Ry(:)A; € AR>(),
C]Rz(') = RQ(')C], and k](O) . kQ(O) # 0. Define l/l(l‘l, lz) = R](l] )Rz(lz)x, 0<t <711,0< 1 <71, Then
we have ki (1))Rx(12)C1x = ki(11) - [k1(0)] 7' u(0, 1), ka(£2)R1(t1)Cax = ka(t2) - [k2(0)] ' u(#y, 0), and

Ri(t)Ry(12)z € R (1)) AR:(12)y € AR (11)R2(12)y € AL AR (1)Ro(12)x,

forany 0 < t; < 7y and 0 < 1, < 7,. Keeping in mind [6, Theorem 1.2.3] and the closedness of
operators A; and A,, there exists a continuous function u;, : [0, 7y) X [0, 72) — X such that (¢, 1) €
ﬂzﬂlu(tl,tz), 0<H<1,0<1 <1y, and

11 15
f f a(ty — s1,ta — s2)uia(s1, $2) dsy dsy
0o Jo
=u(t, t) — ki(t1) - [kl(O)]_lu(O, 1)

— ka(12) - [ka(0)] (1, 0) + ke (11 ko (£2) C2C 1 x
11 15
Eﬂzﬂlf f Cl(l] —Sl,lz—Sz)M(Sl,Sz)dS] dSQ, OSI] <T, OSIQ < T.
0 0

4, Let 25 hold for 0 <t < 7,0 <5, < 15,¢1 € C, ¢, € C, and cic; # 0. Set u(ty, 1) :=
caRi(t)x + Csz([z)y, t €10,7y), 1 € [0, 7). Then we have

cl[Rl(tl)x - kl(tl)Clx] € A ftl a(t - S[)[ClRl(Sl)x + Csz(fz))’] ds,
0

and

15}
Cz[Rz(lz)y — kg(tz)Czy] €A f Clz([z - Sz)[C]R](I] ))C + C2R2(S2)y] dSQ,
0
so that

M(f] 5 tg) —ci1ky (l])C]X - Czkz(lz)CZy

5l 5]
€A f ai(t; — s\ )u(s1, ) ds) + A, f ax(ty — sp)u(ty, s2) dss,
0 0

forany0 <ty <tyand 0 <1, < 15.

We close this section with the observation that we can similarly analyze the multidimensional
(F, G, C)-resolvent operator families of the form R(#) = R(t,....t,) - ... - Ry(t1,...t,), where t =
(t1,....1,) € [0,+00)" and (R;(ty, ..., t4))s, 204,50 15 @ multidimensional (a, k)-regularized C-resolvent
solution operator family (1 < j < n).
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3. Abstract functional Volterra integro-differential inclusions with multiple variables

In this section, we consider the existence and uniqueness of solutions to the abstract functional
Volterra integro-differential inclusion with multiple variables (1.3). For simplicity, we will not
conisder here the case in which some of the kernels a;(-) are certain translations and derivatives
of multidimensional Dirac delta (ultra)distributions, as has been done in [7, Section 3] in the one-
dimensional setting. Let us only emphasize that, since

6(t) = 6(ty) - ... - 6(t)

in a certain sense, we have (L(8(- — a)))(1) = A%, where @ = (ay,...,a,) € N, a € R", 1% =
/1‘1“ oAy, and ad = aj Ay +...+a,A,. We refer the reader to [14—19] for further information concerning
the multidimensional Laplace transform of (ultra)distributions.

In this section, we will always assume the following condition:

F)ymeN, 1; = (T}, s T) € [0,+c0)" for 1 < j < m, C € L(X) is injective, € is given by (1.4),
f [0, +00)" — X is a Laplace transformable function, B is a closed linear operator on X, A; is
aclosed MLOon X (1 < j <m), uy € L}OC(QO : X), Cup € C(Qy), and a;(?), ..., a,(t) are locally
integrable scalar-valued functions defined for ¢ € [0, +00)".

We will use the following concepts of solutions (cf. also [7, Definition 3] for parts (i)—(iv) in one-
dimensional setting; the notion introduced in part (v) is new):

Definition 3.1. Suppose that (F) holds.

(i) By a mild solution of (1.3), we mean any continuous function u# : [0,+c0)" — X such that
(a; =9 u(- + ))(®) € D(A;) forall t € [0, +00)", i € N,,, and

Bu(t) € CF(t) + ) Aila; o u(- +7,))(0), 1 € [0, +00)".
i=1
(i) By an LT-mild solution of (1.3), we mean any Laplace transformable mild solution of (1.3).
(iii) By a strong solution of (1.3), we mean any continuous function u : [0, +c0)" — X such that, for
every i € N, there exists a continuous function ; : [0, +00)" — X such that (u(t + 7;), u;(¢)) € A;
forall r € [0, +00)", i € N, and

Bu(t) = Cf(t) + Z(ai o u;)(1), t € [0, +00)". (3.1
i=1

(iv) By an LT-strong solution of (1.3), we mean any continuous Laplace transformable function
u : [0,400)" — X such that, for every i € N,,, there exists a continuous Laplace transformable
function u; : [0, +00)" — X such that (u(t + 7;),u;(t)) € A; for all t+ € [0,+00)", i € N,

and (3.1) holds.
(v) By a mild LT-solution of (1.3), we mean any continuous Laplace transformable function u :
[0, +00)" — X such that there exist real numbers w; € R (1 < i < n) satisfying that, for every

A€Q:={1; eC:RA >w} X...x{1,€ C:RA, > w,}, we have 1 € Q,(1) N Q(f) and

Bii(d) € CF(A) + Z ﬂi(L(ai s u(- + T,-))(/l)). (3.2)
i=1
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Any (LT-)strong solution of (1.3) is an (LT-)mild solution of (1.3), any strong LT-solution of
problem (1.3) is a strong solution of (1.3), and any mild LT-solution of problem (1.3) is a mild solution
of (1.3). Now we will state the following result concerning the uniqueness of LT-strong solutions
to (1.3) and the uniqueness of mild LT-solutions to (1.3); observe, however, that it is not so simple to
state a satisfactory analogue of this result for LT-mild solutions to (1.3):

Theorem 3.2. Suppose that (F) holds and there exist real numbers w; € R (1 < i < n) such that, for
every L€ Q:={1; € C: RA; > wi} X..x{1, € C: RA, > w,}and i € N, we have A € Q,4(a;)
and the operator B — ", ()M A, injective for all A € Q. Then there exists at most one
LT-strong solution u(-) to (1.3) (mild LT-solution u(-) to (1.3)) with the property that Q C Q(Bu) and
u(t) = Cuy(t), t € €.

Proof. We will provide all details of proof for mild LT-solutions to (1.3); the proof is almost the
same for LT-strong solutions to (1.3). Let u(-) and v(:) be two mild LT-solutions to (1.3) such that
Q C QBu)NL(BY), u(t) = Cuy(t), t € Qp, and v(r) = Cuy(t), t € Qp. Set z(?) := u(t)—v(z), t € [0, +00)".
Then Q C Q,5(z) N Q(Bz), z(t) = 0 for all t € Qy, and the closedness of B implies EZ(/l) = Bz(A4) for
all A € Q. Now we can apply Lemma 1.2[(v),(vi)] with a view to obtain

B3() € Z TN A5, A e Q.
i=1

Hence, we get
m

0e [B = > @A 2D, AEQ.
i=1
Since the operator B — 3™, @i(A)eM™ 47 A, is injective for all 1 € Q, we get that 2(1) = 0 for all
A € Q. By Lemma 1.2(i1) and the continuity of z(-), it follows that z = 0, as required. O

Remark 3.3. In particular, if there exists an operator C; € L(X) such that [B -
> (et A171C, € L(X), then B — >n a()ehTit-+ 4T A is injective. To prove this,
set A = B - Y, a;()etTit-+ 0T A, Then we need to prove that the operator A~ is single-
valued; therefore, let us assume that x € D(A™') and {y,z} € A 'x. Then x € Ay, x € Az
0eEAYy-Az=AQy-2),y—-z€ A '0=A"'C,0={0},sothaty = z.

Remark 3.4. Suppose that u; : [0,+c0)" — X and u, : [0,+c0)" — X are Laplace transformable
functions such that u;(r) = Cu(t) for a.e. t € Qq, uy(t) = Cuy(¢) for a.e. t € Q, and there exist real
numbers w; € R (1 < i < n) satisfying that, forevery 1 € Q := {1; e C: RA; > w1} X ... x{1, € C:
RA, > w,}, we have 1 € Qups(uy) N Qups(up) N Q(f) and (3.2) holds with the function u(-) replaced
therein with the function u;(-), j = 1,2. Arguing as in the proof of Theorem 3.2, we may conclude
that u;(¢) = u,(¢) for any ¢ € [0, +00)" which is a point continuity of both functions u;(-) and u,(-); cf.
Lemma 1.2(i1).

Applying the multidimensional vector-valued Laplace transform, Lemma 1.2[(1),(vi)] yields:
Bi\l(/l) e Cf(/l) + Z zl\i(/l)ﬂi[eb‘r} +...+/1,,T:7If/\t(/l) _ e/l|T3+...+/1,,T1'.'
i=1
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X f e_/lltl—...—/lnlncuo(tl, vees tn) dtl... dtn], (33)
[0,+°°)”\([T} ,+oo)><...><[r7,+oo))

where u(t) = Cuy(t), t € €, and € is given by (1.4). If (Cuy(?), Cup(2)) € D(A;), t € Qp, 1 <i<m,
then (3.4) implies (3.3), where:

B — Z Zl-;(/l)e/llTl'l+'"+/l”T?ﬂi]a(/l) > Cf(/l) _ Z a;(/l)e/ll‘rl.1+...+/lnrf

i=1 i=1

o f e~ Oy (8, oy 1) dty . L, (3.4)
[0, +e0y\ (I oo X2 +0))

Assuming that the operator [B— Y™, a@i(A)e"1% 47 A,]71C belongs to L(X) forall 1 € Q := {1, € C :
RA > wi} X ... x {1, € C: RA, > w,}, for some real numbers w; € R (1 < i < n), we get that (3.5)
implies (3.4), where:

a;(/l)e/h Tll +.4.+/l,,‘r:.‘

m -1
I’/\l(/l) — [B _ Z Zl\i(l)e/l]T’!+"'+/LlT7ﬂi] C{f(/l) _

m
i=1 i=1

y f e Mty (1, o 1) i dtn}. (3.5)
[0,+eo)"\([r,1 ,+oo)><...x[-r;.’,+oo))

Now we will formalize all this and prove the following result:
Theorem 3.5. Suppose that (F) and the following conditions hold:

(i) There exist real numbers w; € R (1 < i < n) satisfying that Qups(a;)) U Q(f) € Q := {1, € C:
R > Wi} X . X (A, €C: RA, > w,) (1 <i<m)and [B—- Y™, @(D)eh 47 A7 C e LX)
forall A € Q;

(ii) up; € L} (Qp), Cup; € C(), and (Cuy(t), Cup (1)) € A;, t € Qo, 1 < i < m;

loc

(iii) u € C([0, +00)" : X), Q C Q(u), and (3.5) holds.
Then the function u(-) is a mild LT-solution of (1.3); furthermore, we have the following:

(a) If A; = Afor1l <i <m,Cf € C(I0,+0)" : X), Bu € C([0,+00)" : X), and Q C Q,(Bu) N
Q(Bu) N Q,(Cf), then u(-) is an LT-mild solution of (1.3).

(b) If A; = A; is single-valued for 1 < i < m, Cf € C([0,+00)" : X), Bu € C([0,+00)" : X),
Q C Qu(Bu) N Q(Bu) N Qu(Cf), and, for every i € N,,, there exists a continuous function u; :
[0, +00)" — X such that (u(t + 1;),u;(t)) € A; for allt € [0,+00)" and i € N,,, as well as
Q C Q(a; xo u;) N Qu(a; %o u;) for all i € N, then u(-) is an LT-strong solution of (1.3).

Proof. Since all necessary requirements are satisfied, we get that (3.5) implies (3.3) and (3.4). Further
on, by Lemma 1.2(v), (3.3) implies

Bi(d) € CA(A) + i G(DA(Lu(- + 7))
i=1

< Cf) + Z A(@D) Lu(- + 1))
i=1
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= Cf() + i ﬂi[z(ai o (- + T,.))(z)], 1eQ.
i=1

Therefore, u(-) is a mild LT-solution of (1.3). Let us prove (a). If A; = A for 1 < i < m and all other
requirements hold, then we have

m

(L[Bu(-) - CIONW € ﬂ(Z(ai *o u(- + Ti)))(/l), 1€Q.

i=1

Since we have assumed that Cf € C([0, +0)" : X), Bu € C([0, +0)" : X), and Q C Q,(Bu) N Q(Bu) N
Q,(Cf), Lemma 1.2(iii) yields that

(Bu(t) = Cf@, Y (arsou(- + T,'))(t)) €A, 1€[0,+00)".
i=1

This implies that u(-) is an LT-mild solution of (1.3). Let us prove (b). If A; = A; is single-valued for
1 <i < m and all other requirements hold, then we can apply [6, Theorem 1.2.3] two times in order to
conclude that

Ai(L]ai w0 u(- +)|() = (Llai wo w])), AeQ 1<i<m.

This implies
(Llar =0 w1 + .. + @y 0 un])(D) = (LIBu = CfI)D), A€ Q.

Keeping in mind the prescribed assumptions, it readily follows from Lemma 1.2(iii) that u(-) is an
LT-strong solution of (1.3). O

Before proceeding further, let us emphasize the following facts:

Remark 3.6. It is far from being true that the solution «(-), which has been constructed in the previous
theorem, satisfies u(t) = Cuy(t), t € Q. For example, if uy = up; = 0 on Q, then we have

m

1
I//\t(/l) — [B _ Z Zl\i(/l)e/llT}+"'+AnT;1ﬂi] Cf(/l), 1e Q.

i=1
Furthermore, if A; =0 for 1 <i <mand B = C =1, then we have u(t) = f(¢),t > 0.

Remark 3.7. If there exist real numbers w; >0, ..., w, >0, ¢ >0, ..., € > 0 such that the functions
F :Q — X and BF : Q — X are analytic, where

m m

-1
F) = [B - Z Zl\i(/l)e/l”}*'"””?ﬂ,-] C{f(/l) _ Z Zz\,-(/l)e“}*"'”ﬂ?q

i=1 i=1

X f 6_/1”1_"'_/1"1"140,,‘(1'1, cees ln) dt... dl’n}, A€,
[0,+00y\([7! +00)x...X[7" +00))

and for each seminorm p € @ there exist a finite real constant M, > 0 and a seminorm g € ® such that
p(F(A1, ... Au)x) + p(BF (1, ... 4,)x)
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< Mgl T, xe X, R > w) (1< j<n),

then by Lemma 1.2(iv) there exists a continuous function u : [0, +00)" — X such that the function
Bu : [0,4+00)" — X is also continuous, as well as that for each seminorm p € ® there exists a
finite real constant M, > 0 such that (1.7) holds with the function f(-) replaced therein with the
function u(-) [Bu(-)].

The condition on continuity of solutions is a little bit redundant in Definition 3.5 (cf. also
Remark 3.6) and, because of that, we would like to propose the following notion (the interested reader
may also introduce and analyze the notion of a strong DC-solution of (1.3), as well):

Definition 3.8. Suppose that (F) holds.

(i) By a DCLT-mild solution of (1.3), we mean any Laplace transformable function v : [0, +00)" — X
such that v(1) = cuy(?) for a.e. t € Q, for every i € N,,, we have (a; *o v(- + 1;))(¢) € D(A;) for a.e.
t € [0,+c0)", and

Bv(t) e Cf(1) + Z Jﬂ,-(a,- s V(- + Ti))(l‘) for a.e. t € [0, +00)".
i=1

(i1) By a DCLT-strong solution of (1.3), we mean any Laplace transformable function v : [0, +00)" —
X such that v(7) = cuy(?) for a.e. t € g and, for every i € NN,,,, there exists a Laplace transformable
function v; : [0, +00)" — X such that (v(¢ + 7;), v;(t)) € A, for a.e. t € [0, +00)", and

Bu(t) = Cf(t) + )" (a; o v;)(1) for ae. 1 € [0, +00)".
i=1

(iii)) By a mild DCLT-solution of (1.3), we mean any Laplace transformable function v : [0, +c0)" — X
such that there exist real numbers w; € R (1 < i < n) satisfying that, forevery 1 € Q := {1, € C:
RA > wi} X...x {2, €C:RA, > w,}, we have 1 € Q,,(v) N Q(f) and

B() € CF) + Z ﬂi(ﬁ(ai %0 V(- + Ti))(/l)). (3.6)
i=1

The following existence-type result is new even in the one-dimensional setting, with A; = A for all
ieN,:
Theorem 3.9. Suppose that condition (F) and conditions (1)—(iii) from the formulation of Theorem 3.5

hold as well as that for each seminorm p € ® we have

f p(e-m-----ﬂnfncuo(rl,...,zn) dt, ...dt, < +co. (3.7)
Qo

Define the functionv : [0, +00)" — X by v(t) := Cuy(?), if t € Qo, and v(t) := u(t+h), ift € [0, +00)"\ Q.
Then Q C Q,,,(v), any point of discontinuity of function v(-) belongs to I'y, and the function v(-) is a
mild DCLT-solution of (1.3). Furthermore, we have the following:
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(a) If A; = Aforl <i<m QC Qu(Bv)NQBv) N QL(CS), there exists a Lebesgue measurable
set Ny such that m(Ny) = 0, the functions Bv(-), Cf(-), and (a; o v(- + 7;))(:) are continuous on
[0, +00)" \ Ny, then v(-) is an DCLT-mild solution of (1.3).

(b) Suppose that A; = A, is single-valued for 1 < i < m, there exists a Lebesgue measurable set N
such that m(Ny) = 0, Cf € C([0, +0)"\ Ny : X), Bv € C([0, +00)"\ Ny : X), Q C Q,(Bv)NQ(Bv)N
Q,(Cf), and, for every i € N, there exists a Laplace transformable function v; : [0, +00)" — X
such that (V(t +1;),vi(t)) € A; forall t € [0, +00)" \ Ny, as well as Q C Q(a; o v;) N Qy(a; %o v;) for
alli e N, and a; xov; € C([0, +00)"\ Ny : X) for all i € N,,,. Then v(-) is an DCLT-strong solution
of (1.3).

Proof. Since we have assumed (3.7), it is clear that Q C Q,,,(v). Further on, we have v(¢) = Cuy(?), t €
Q, Cuy € C(Q), and u € C([0, +0)"), so that any point of discontinuity of function v(-) belongs to I'y.
Now we will prove that Eq (3.6) holds with the function u(-) replaced therein with the function v(-).
First of all, let us observe that for each x € D(B) N D(A;) N ... N D(A,,) one has

B - Z a( Vel T A Cx = Ch,

i=1

m -1
[B _ Z Zl‘i(/l)e/ll‘rl! +...+/l,,‘l'?ﬂi:| .

i=1

which implies that

) = f e~ Oyt o 1) dty . dt,
Qo
m -1
+|B - Z Zl\,-(/l)e’l”fl +...+/l,1Tl'.'ﬂl_:|
i=1
X {B f e~ m i Cy(ty, s t,) di . i, + CF(D) (3.8)
Qo

m
— 1 n _ _
- Za,’(/l)e’l”ﬁ“'””’i [f e~ MmOyt s ) dty . dEy,
i=1 Qo
- f e~ MmOy ity s ) i dtn]}
[0,+oo)"\([‘r;,+c>o)><...><[‘r;’,+oo))

::f e~ Oy oty ot dty L dt, + wi(A). (3.9
Qo

Arguing as in the proof of Theorem 3.5, Eq (3.6) with the function u(-) replaced therein with the
function v(-) is equivalent to (let us recall that e~ = e~ 1=~y

B[f e_/lltl—A..—/l,,tﬂCMO(tl’ cees tn) dt,...dt, + e_/lh(.LI/l(- + h))(/l)]
Qo
e CA) + Z a;(/z)ﬂi[em}+...+4ﬂ7
i=1
X {f e_/lll‘l—...—/lnl‘nCMO(tl, veey tn) dl’]... dtn + e_/lh(l:l/l(' + h))(/l)}
Qo
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1 n o
_e/ll‘l'i+...+/1n7'i f e Aty —... /lntnCMO(tla---,tn)dtl...dtn ’
[0’+"°)n\([7'[1,+00)><...><[TI'.',+00))

for any A € Q, i.e., with
M LuC+ W) =wi (D, A€,

which is true on account of our definition of function w;(-) in (3.8) and (3.9). Therefore, the
function v(-) is a mild DCLT-solution of (1.3). The proofs of (a) and (b) can be deduced in almost
the same way as the proofs of corresponding assertions of Theorem 3.5 and are therefore omitted. O

The following notion can be also introduced:

Definition 3.10. Suppose that (F) holds and k = 6 or k € C([0, +c0)"). If there exists a strongly
continuous operator family (R(f))j0+0yr S L(X) and real numbers w; € R (1 < i < n) such

that, for every 1 € Q = {1 € C : Rl > wi} X .. x {1, € C : RA, > w,}, we have
[B— Y™, @i(D)el i+ ALC e LX), A € QR()x) N Q(k), x € X, and

-1
12(1)[3 -2 Zz?(ﬂ)e“i‘+~-”ﬂ?ﬂ,] Cx

i=1
—+00 —+00
= f f 6_/1111_"'_/1"I"R(l1, veey tn)thl ..dt,, 1€Q, xeX,
0 0

then it is said that (R(f))ej0.+c0) 15 an exponentially equicontinuous, k-convoluted C-solution operator
family for (1.3) and (1.4). Here, kD) =1ifk=56.

It is clear that the notion of an exponentially equicontinuous, k-convoluted C-solution operator
family for (1.3) and (1.4) is a special case of the notion introduced in Definition 2.1(iii) only if m = 1;
if this is not the case, then a new class of multidimensional (F, G, C)-solution operator families can be
introduced and analyzed by replacing the functions lAc(/l) and Zi}(/l)e””fl“'*’l"f? by general functions F(A)
and G;(4), respectively (1 < i < m). We will skip all details regarding this issue here.

Concerning the notion introduced in Definition 3.10, we will only state the following
multidimensional extension of [7, Theorem 3(ii)] without proof, which can be left to the
interested readers:

Theorem 3.11. Suppose that (F) holds and there exist real numbers w; € R (1 < i < n) such that, for
every 1€ Q:={1; € C: R > w1} X...x {1, € C: RA, > w,}, all requirements from Definition 3.10
hold, (R(t))cjo.+e0) IS an exponentially equicontinuous, k-convoluted C-solution operator family
for (1.3) and (1.4), and there exists a Laplace transformable function u, : [0, +o0)" — X such that

m

) = ) aetirh

i=1

e_ﬁ‘“_"'_’l”t"Cuo(tl, cees tn) dty...dt,,

<
[0.4+00)\ (! +00)x..X[ . +0))

for any A € Q. Then a continuous function u : [0, +c0)" — X is an LT-strong solution of (1.3) if and
only if
(ko u)(t) = (R [f = wm])(®). 1 €[0,+00)".
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Now we will present some applications of Theorems 3.2, 3.5, and 3.9:

Example 3.12. (i) Suppose that B =1, m = 1, a € L! ([0, +c0)"), and A, is a closed subgenerator

loc

of an exponentially equicontinuous (a, k)-regularized C-resolvent family (R(?))e[0.+w0); Cf. also [7,
Example 4(ii)]. Then Theorem 3.2 and Theorem 3.5 can be simply applied in the analysis

of problem
u(t) € CF() + (b wou(- + 1)), 1 €[0,+0)",
where
bty enty) = a(ty = Tpy sty =Ty B 2T}, by 2 T,
and

b(t, ...,t,) := 0 if there exists j € N, such that 7; < T{.
Keeping in mind Lemma 1.2(vii), we get that
m -1 m
B-— Z Zl\i(/l)e/ll‘r} +...+/L,T;’ﬂl_:| C{f(/l) _ Z a’;(/l)e/l|T‘.l+...+/l,,‘r;'
i=1

i=1

13

X f eﬂl]tli"'ﬂl"’”uo,,‘(ll R tn) dty... dl‘n}
[0,+00)"\ ([ +00)x...X [T +00))

,1 ~ -
= (I- a()A) c{ ) -a)
X f ei/l]tli"'i/l"t”uo,,‘(ll 5 s tn) dn... dl‘n}, 1€Q,
[0,+00y"\([r! +00)x...X[7" +00))

and we can make many relevant applications provided that the function

A

{f(/l) _’a\(/l) e—/lm—...—/l,,t,,

[0,4+00)"\ (7] +00)x...X[7!,+00))

1
k()
X ugi(t1y ..y tn)dtl...dtn}, 1eQ, (3.10)

is well-defined and satisfies all requirements for application of Lemma 1.2(iv) or Lemma 1.3. In
particular, if n = 2, then Theorem 3.5 implies that u(t) = Cuo(t),if0 <, <7jand 0 <1, < 77, as
well as that

11 15
u(t) e Cf(t) + A f f b(sy, sy)u(ty — s1 + T}, 1 — 59 + T%) ds, ds,
otl ot2
=Cf(t) + A, ﬁ fz a(sy — T}, §y — T%)u(tl — 51+ T}, t— 5y + T%) ds, ds
7 7

l]-Tl I2—T%
=Cf(t)+ A f f a(sy, s))u(ty — s1,t — s3)dsy ds,, t € [0, +00)?,
0 0

where we define a(-) by zero outside the first quadrant.
(i1) In the following part, we will use the operators from [6, Example 2.2.18]; cf. also [7, Examples 1
and 5]. Assume that s > 1,

— 0 , Pl
X :=3feC?[0,1]; |[fl := sup , < o0y,

p=0 Is
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and
A:=—-d/ds, D(A) :={feX; f €X, f(0)=0}.

Then (X, || - ||) is a complex Banach space. For any complex polynomial P(z), we define a closed
linear operator P(A) on X in the usual way.

Assume now that w; € R (1 < i < n), Qus(a) UQ(f) € Q :={1 € C: R > wi} X ... X
{1, e C: RA, > w,} (1 i < m), Qi1(z) = Z?’Z‘Oa]‘,lz/, z € C, ay,1 # 0 1s a complex non-
zero polynomial, Q»(z) = Zyjo a j,zzj , 2 € C, ay,» # 01s a complex non-zero polynomial, and
Ny =dg(Q;) > 1 +dg(Q,) =1+ N,. Then we know that there exist real numbers b > 0, ¢ > 0,
and ¢ > 0O such that

(102 - 2147 = o(ebw“wlNz>~r+cmw<~1~z>), rec,

and
[VN1=N)s 4 o A1/ N1 =N2)

|e10:4) - 01 £ < 2l e , (3.11)
forall A € Cand f € D(Q,(A)).
Let us consider now the problem

Bu(t) € f(t) + ) PA)(bi w0 u(- + T))(1), 1€ [0, +o0)", (3.12)

i=1

where P;(-) are complex polynomials (0 < i < m) such that B = Py = Q; and )\’ P; = QO as
well as that, for every i € N,,, we have bj(t),....1,) 1= ai(t; = T|,csty = T, 1y 2 T,y 1, 2 T,

and b(ty,...,1,) := 0, if there exists j € N, such that#; < T{. Using again Lemma 1.2(vii), we have
bi(/l)ellTI!*"'*”"T? =a;(1), 1 € Q, i € N,,, and one can apply Theorems 3.2 or 3.5 provided that the term

-1 m

-1
P0<A>[P0<A> - a‘,-(A)Pi(A)] ||

i=1

_l_

“[PO(A) - > @DPA)

i=1

can be majorized on Q by the constant multiple of the term exp(|4;|”")-...-exp(|4,|”"), where o; € (0, 1)
for 1 < i < n. This occurs, for example, if a;(t) = a(t) = g, (t1)g;, (1) for 1 < i < m and max({y,{>) <
N; — N,, when we have

m -1
| [PO(A) -> a:uwm} = A5 [A7 25 0(4) - QI(A)]_IH
i=1
< |/ll|{1|/12|§zeb|m|’Z1/(NFNQ)S|42|{2/(NI7N2)S+c /1.|{1/(N17N2)|42|{2/(N17N2), 1e 2

Using the estimate (3.11), we can similarly majorize the term

-1
ZE(/DPI-(A)] H

Po(A)[Po(A) -

m
i—1

1

on Q, provided that the function defined by (3.10) belongs to D(Q»(A)) = D(AM).
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3.1. The abstract functional partial fractional differential inclusions

In this subsection, we investigate some classes of the abstract functional partial fractional
differential inclusions with Caputo variables. We will consider a two-dimensional setting for simplicity.

First of all, we will precisely compute the double Laplace transform of the mixed partial fractional
derivative D}' D} u(:, -)
Theorem 3.13. Suppose that u € L, ([0,+0)?), w; € R, &; > 0, m; = [a;], i = 1,2, the mixed
partial fractional Caputo derivative D;'D;?u(-, ) is well-defined and locally integrable, the functions
t > WOt )]0, 1 = 0, and t, — [((9"‘/(9t]1" D u(ty, 1)],,-0, t» = 0, are locally integrable for
0<ki<m—1andO0 <k, < my— 1, and for each seminorm p € @ there exists a real constant M, > 0
such that

p(Dlezzu(tl, 1‘2)) + p(DZzu(tl, 1‘2)) + p(u(tl, tg))

my—1 mp—1 k
" e
4 Z p([u<o,k2>(t1,;2)]t2=0) + Z p( —leIZZM(tl,tz)] )
k=0 k1=0 atl 11=0

< Mp exp(a)ltl + a)ztg),

forany t, t; > 0. Then we have

+0c0 +00
f f e—/lltl_/lztzDlegzu(tl h)dt dt
0 0

+00 +00
= /1(;1/132 f f e~ _/12[214(1‘1, tz) dt, dt,

my—1

_/lal Z /1(12 1- sz e~ hin [M(O’]Q)(h,fz)]t Odfl
=

m—1
0"
_ 2 /lm 1k f e—/lzlz[a 0 th M(tl,tz)] dtZ, %/11 > wi, %/12 > ws. (313)
t

1=0

Proof. Since all terms in (3.13) are well-defined, taking the appropriate functionals we may assume
w.l.0.g. that X = C. Keeping in mind the given assumptions, the formula (1.5), and the Fubini theorem,
the proof follows from the next calculation:

—+00 —+00
f f e_m' —/lzlzD;YIIDZZM(tl . t2) dl] dtz
0 0
(&) [ee] -1
’ — At ay * -T2 A\ a;—k;—1 akl )
= e i /11 e M lDt2 u(tl,lz) dt; — Z /ll _kD’2 u(tl,lz) dt,
0 0 or! 1=0

k1=0

+00 +0oo
1 -1
_ /lflzlf e mf e Z’ZDZZM(tl,tz) dt, dt
mp—1 a
_ Z /lal —ky— lf e—/iztz|: Ddzu(tl’tz)] dtz
5 tH=0

+00
= Am/ltn f f ~Ait /lztzbt(ll, lz) dl] dtz
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mp—1 +00
_/1(111 Z /lgz—kz—lf e~ [u(o’kZ)(l‘l,lz)] dt
0 =0
k=0
mi—1 +00 akl
=gt f e-ﬂm[—kl Dgzu(n,tz)] dy,
kr=0 0 or, 1=0

which simply yields (3.13). O

Now we will examine possible applications of Theorem 3.13 in the study of the simplest forms
of abstract functional partial fractional differential equations with Caputo derivatives; cf. also [7,
Example 3]:

Example 3.14. (i) Leta; > 0, m; = [«;], i = 1,2, and let us consider the following problem:
D!'Du(t), 1) € Au(ty + a,t, + b) + f(t1,12), 1,20, 1, >0, (3.14)

wherea > 0,b > 0,and ab # 0. If a > 0 and b > 0, then the computation (3.15) carried out below
shows that we should accompany the inclusion (3.14) with the initial condition u(t, ;) = uo(t1, t2),
where ugy € L}OC([O, +00)? \ ([@, +o0) X [b, +00))) is a given function since, in this case, the values
of terms

fu®) = [ n)| o 0<k <mi-1,

and

ok

hkz(lz) = [—leZZM(Z‘l, lz)] , 0<k <mp—1,

ot 120
are already determined. If @ > 0 and b = 0, then we should accompany the inclusion (3.14) with
the initial condition u(t;, t,) = ug(t;, t>), where ug € L}OC([O, +00)%\ ([a, +00) X [b, +0))) is a given
function and the initial conditions f,(#;), t; > a, 0 < k; < m; — 1. Finally, if a = O and b > 0,
then we should accompany the inclusion (3.14) with the initial condition u(#,%,) = uy(t,t),
where uy € L, ([0, +c0)* \ ([a,+0) X [b, +0))) is a given function and the initial conditions
hkz(tz), t>b, 0<k <mpy-—1.
We will consider the case where a > 0 and b > 0 below. If u(-,-), f(-,-), fi,(-), and hy,(-) are
Laplace transformable functions (0 < k; < m; — 1; 0 < k, < m, — 1), then there exist w; > 0 and

w, > 0 such that (cf. Lemma 1.2(vi) and Theorem 3.13):
my—1 mp—1

AP = ) AT R () = AT () - f
k2=0 k1=0

€ ﬂ[e’““”zbﬁ(/l) — ghathb f e~y (1 1) dty d |, (3.15)
[0,4-00)2\([a, +00)X[b,+00))

for RA; > w; and R, > w,. Arguing as in [7, Example 3(i)], it follows that the uniqueness of
solutions to (3.14) can be only proved in the case that o,(A) € {0}, where o ,(A) denotes the point
spectrum of (A, while the existence of solutions to (3.14) can be proved only if C \ {0} C pc(A),
where pc(A) denotes the C-resolvent set of ‘A, since the operator /1‘1“ /lé“2 — Mt b A has to be
injective for RA; > w; and R, > w,, resp., we should have [1]'15? — e+ 2P AL C e L(X) for
%/11 > w; and %/12 > Wy,
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(i1) There are also many difficulties with regards to the possible applications of double vector-valued
Laplace transforms in the study of problem

D;IllDzzu(tl, fz) € ﬂ(Pbt)(l’l,lz) + Cf(fl, l’z), 11 >0, >0, (3.16)

where a > 0, b > 0, ab # 0, Pu(t,t;) := u(ty —a,t, — b), t; > a, t, > b, and Pu(t,t;) := 0,
otherwise. Applying Lemma 1.2(vii) and Theorem 3.13, with f;,(t;)) =0, 0 < k; < m; — 1, and
hi,(t) =0, 0 < k, < my — 1, we should have

AL AL - Cf() € e P AL,  RA > wi, Ry > ws,

so that the solution u(-, -) of (3.16) is given by
A
() = A7 252 — e A Cf), R > wr, R > .

In this situation, we can construct the solution only in the case that the C-resolvent set of
A contains a set C \ K, where K is a compact set. For example, if A is the operator from
Example 3.12(ii) and P(-) is any non-zero complex polynomial with dg(P) > 2, then p(P(A)) = C
and there exists a bounded linear operator C € L(X) such that, for every r > 0, there exists a finite
real number M, > 1 such that ||(1 + P(A))"'C|| £ M,/(1 +|4]) for |A| > r. Then we can apply
Lemma 1.2(1v) to prove the existence of Laplace transformable solutions to (3.16) in the case that
a; > 1and a, > 1.

4. Conclusions

In this paper, we have investigated some classes of abstract (functional) Volterra integro-differential
inclusions with multiple variables and abstract (functional) partial fractional differential inclusions
with multiple variables. We have also provided some applications of the introduced classes of
multidimensional (F, G, C)-resolvent operator families.

Let us finally mention some topics which have not been considered:

1. In [8], we have not analyzed the differential properties of multidimensional vector-valued Laplace
transform (cf. also [6, Theorems 3.2.25 and 3.2.26]). We will consider the differential properties of
multidimensional (F, G, C)-solution operator families at a later time.

2. We have recently employed the vector-valued Laplace transform to introduce and thoroughly
analyze the notion of a generalized Laplace fractional derivative. The abstract fractional differential
inclusions with generalized Laplace derivatives are explored with the help of (F, G, C)-regularized
resolvent operator families. We will consider the multidimensional generalized Laplace fractional
derivatives and abstract fractional differential inclusions with multidimensional generalized Laplace
derivatives in a follow-up research study.

3. We will not consider here the multidimensional analogues of problem [7, (14); pp. 13—15].
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