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Abstract: In this paper, we investigated positive definite ternary quadratic forms of level 8N, where
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an explicit classification of positive definite ternary quadratic forms of level 8N. Second, we derived
exact formulas for the weighted sum of representations over each class within every genus of ternary
quadratic forms of level 8N, which involved modified Hurwitz class numbers. The proof of our main
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positive ternary quadratic forms of level 8 V.
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1. Introduction

Let f be a ternary quadratic form with integer coeflicients, given by the equation
f(x,y,2) = ax* + by* + ¢z + ryz + sxz + txy.
We say f is primitive if gcd(a, b, ¢, 1, s,t) = 1. The associated matrix of f is
2a 't s

M:Mf: t 2b r
s r 2c
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with discriminant
= 4abc + rst — ar’ — bs* — ct*.
The level of f is defined to be the smallest positive integer N such that N M}:l is an even matrix.

Let N be a product of s distinct odd primes. In our prior work [3], we classified positive definite
ternary quadratic forms of level 4N and analyzed their representations. This paper extends these results
to forms of level 8N, and makes several original contributions that significantly extend the existing
literature. First, we investigate levels of the ternary quadratic forms of 8N, which go well beyond
the levels previously considered, both in scope and arithmetic complexity. Second, we study a new
and structurally distinct class of quaternion orders, differing fundamentally from the classical Eichler
orders: all elements in these orders have even trace, a property not addressed in earlier works. Most
importantly, we establish, for the first time, explicit formulas for the type numbers of these orders. To
the best of our knowledge, there have been no explicit formulas for the type numbers of these orders
before.

Let N°Y (resp. N®°" or N,) denote divisors of N containing odd (resp. even or exactly r > 0)
number of prime factors. We denote Ggy 4o (resp. Ggygoneen) for the genus of primitive positive
definite ternary quadratic forms of level 8N, discriminant d, anisotropy at primes dividing N°% (resp.
2 Neven).

Theorem 1.1. Let N be a product of s distinct odd primes. The primitive positive definite ternary
quadratic forms of level 8N partition into 2**? genera:

GSN,ZNZ/N,-,N"‘M’ GSN,ZNZ/N,,ZNeve“’ GSN,64N2/N,,N°‘1"’ G8N,64N2/N,,2Ne"e“’

G8N,8N2/N,,N°dd9 GSN,8N2/N,,2N6"9“’ GSN,16N2/N,,N°dda GSN,16N2/N,,2N6"9"’

where N°¥ (resp. N©'*" or N.,.) runs over all positive divisors of N containing odd (resp. even or exactly
r) numbers of prime factors.

For coprime squarefree integers (N, N;) and negative discriminant —D, following [1], Hurwitz class
numbers H(D) can be modified as follows:

2
-DIf} x,

-D/f2 v, 2pfp—P—1_( )(zf”_p_l)
HMN)(Dy = H(D/ff,l’Nz) rl [1 - ( pN N )) rl p

-1
pIN; PN, p

2

where fy, v, 1s the maximal integer containing only prime factors of N; N, whose square divides D such
that -D/ fI%,l v, femains a negative discriminant; the products run through all primes p dividing N, and
N,, respectively. We use f, for the exact p-power dividing fy, n,. In particular, when f, = 1, the above

_ 2
fraction containing f, becomes 1 + (%) The symbol (1—'7) is the Kronecker symbol. Define

1
HYY(0) =~ | [a-p | [a+p).

PINy pIN2

and H™V-N2)(D) = 0 for every positive integer D = 1,2 (mod 4).
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To give the classification of ternary quadratic forms, we introduce two notations. Set

ﬁ(NOdd,ZN/NOdd)(n) — 4H(N0dd,2N/N°dd)(n) _ H(NOdd,ZN/NOdd)(4n) " 3H(2N°dd,N/N0dd)(4n)

and
ﬁ(ZNCVen’N/NeVeﬂ)(n) — 2H(2N€VBH’N/NCVQH)(4n) + 4H(2NCVQH’N/NBVCH)(’/Z).

Theorem 1.2. For any squarefree positive integer N and any divisors N°* and N°**" of N, and for any
nonnegative integer n, one has

Rf(n) 52 odd odd
> s =2 YN, ),
|Aut(f)|

TGy N2, odd

o pegerai gy,
|Aut(f)l

FE€Ggnon2, pneven

Z Rf(n) _ 2_5_3ﬁ(NOdd’zN/NOdd)(ern),

JE€Gyy gn2 N, Nodd A
5 R s v oy
SE€Gsn N2 N, anveven At/
J€Ggn 1632, .no0dd
Z % = QS ONTININGD (N
J€Ggn 1632 N, 2neven
S i,
T€Ggy 64n2 Iy Nodd
and Ry(n)

FE€Ggn 6an2 N, 2neven

Here, as above R;(n) denotes the number of representations of n by the form f, and we denote
Aut(f) for the number of automorphs of f. The sums are taken over a complete set of equivalent
classes in the given genus classes.

As applications, we will give explicit formulas for the number of classes in a genus and that of
primitive definite ternary quadratic forms of level 8N.

Theorem 1.3. Let |G| denote the number of classes in the genus G. Then

— odd odd
|G8N,64N2/N,,N°dd| = |GSN,2N2/N,,N°dd| =272 Z Z HNANIN )(471 —-r 2),

n2N njr
r?<4n
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—_ even even
|G8N,64N2/N,,2Neven| = |G8N,2N2/N,,2Neve"| =272 g Z HENTNIN )(4n - r 2),

n|2N nlr
r2<dn

2
_s=3 (N0 2/ Nodd r
|G8N,16N2/N,,N°dd| = |G8N,8N2/N,,N°dd| =27 Z Z H( / )(l’l - Z)’

nldN nlr
2ln 2lr

and

2
e - even even r
|G8N,16N2/N,,2Neven| = |G8N,8N2/N,,2Neven| =27 : Z E H (NTENIN )(” - Z)-

nld4N n|r
2ln 2lr

Let |C(8N)| denote the number of classes of primitive positive definite ternary quadratic forms of level
8N. Then we have

(5N 1(-4\ 1/(-3 1 N\?
=235 +3-5(5)-5(7) 3 (- (5))

N %} (H(8d) + S H(d) (21 - (%l) 3 (%) " (%l) (_74))) )

In Section 2, we review foundations of definite quaternion algebras. In Section 3, we establish
commutative diagrams linking ternary quadratic forms to trace-even orders. In Section 4, we will
present detailed proofs of the main theorems. In Appendices A and B, we provide tabulated data on
representation numbers and class numbers for ternary quadratic forms, with computational support
from SageMath.

2. Quaternion algebras

2.1. Trace-even order

In this section we will begin with basic knowledge about quaternion algebras. For comprehensive
details, we refer to [5].

Let F be a field of characteristic 0 and let a,b € F*. The quaternion algebra Q = (%) is the F-
algebra with a basis {1, i, j, k}, satisfying the relation i*> = a, j> = b, and k = ij = —ji. Denote 0, to be
the localization of Q at prime p. In this paper, F' specifically represents either Q or Q,, for prime p.

Let Q be a quadration algebra ramified at 2. Define the ramified order at 2 as:

05 = {(;‘; g) aBeZy +2‘/Ezz,tr(a),tr(ﬁ) € 222},

where € is any positive integer such that (5) = —1. This is an order in Q,, and the unique maximal
order 05,1 satisfies [Orz’1 1051 =4.

When Q, = M,(Q,), the maximal order is isomorphic (over Z,) to M»(Z,). Define the split order
at 2 as:

X a b
02:{(2C d)ICl,b,C,dEZQ,d‘Fd,b‘FCEZZQ}.

One can check that O; is an order in M>(Q,), [M»(Z,) : O] = 8.
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Definition 2.1. Let N be a product of s distinct odd primes. The order O is called a trace-even order
of discriminant 8N with level (N°%, 8N/N°) if it satisfies the following:

(1) O, is maximal when Q ramifies at prime p | N°%,

(2) O, is isomorphic (over Z,) to (pZi’ ;” ) when Q splits at prime p | N/N°%,
p Lp

(3) 0, = 03

The order O is called a trace-even order of discriminant 8 N with level (8N¥", N/N'") if it satisfies
the following:

(1) O, is maximal when Q ramifies at prime p | N*'",
(2) O, is isomorphic (over Z,) to ( Zy Ly ), when Q splits at p | N/N°",
PLy Zy
(3) 0, =0;.
Example 2.2. (/) Let Q = (%) and then O = Z + Zi + Zj + Zk is a trace-even order of discriminant
24 with level (3, 8).

(2) Let Q = (_ld_l), and then O = Z + Zi + Z(j + k) + Z(j — k) is a trace-even order of discriminant 8
with level (8, 3).

2.2. Normalizer

Define the normalizer of O, in Q, ®g Q as
N(O,) = {x, € (Q, ® O)|x,'O0px, = O,}.

Before we give the formula of N(O,,), we introduce the following lemma concerning O .

Og,l = {(a_ g) : Q,BEZz+ 1+2\/EZ2},

Lemma 2.3. Let

which is maximal order in Q,. Let

0;, = {(“ 5) 0 feTyt +2‘/Ezz,tr(a) c 222},

28 @
and then
1++/e 1 1-+e 1
(Og,l)x :(Og,z)xu " 1-+e (Og,z)xu 2 1++/e (Og,z)xa
2 2 2 2
and
0% 0o~ 1 1+2\/E 0%
(05,0 = (05 u(l_% 1 )( o,

that is, [(O} )* : (05)*] = 6. Similarly, let

05, = {(;‘C Z) La,b,c,d € zz},

AIMS Mathematics Volume 10, Issue 6, 14757-14783.
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and then
(O;,l)x = (Oéz)x

and

, v 11 :
O =0y ulg )@

that is, [(O5 ) : (O3)*] = 2.

a
28 @
ory € Z3. If x € Z3 buty € 27Z,, lety = 2y’, and we have

GO )

Proof. Set e = —3 and ( ) € (0;))*, and we have n(@) € Z7. Leta = x + 1J”/Sy, and then x € ZJ

2

- 2B x+y — vV=3y

and its trace is even. If y € Z7 but x € 2Z,, let x = 2x’, and then we have
_1 _ _
]+;/3 1 (a/ :8) _ —1+2\/3a + zﬁ a+ —1+2‘/3ﬁ
2 ) 28 @) 2e+ (-1- V3B 50+ 28)
that is,

[ —1+2\/§a, + 2B J+ —1+2\/SB]

(X —y+ V-3y+2B c'x+_1%g[3
20+ (-1 - V=38 2553 +28

- ( 2a+(-1- V=38 —x-y- V-3y+ 23)
and its trace is even. If y € Z7 and x € Z7, then we have
= (cx /3) (a4 a+A3p
2 )28 @) 20+ -1+ V3B a4 28)
that is,

—‘”2*5’04 +2B @+ —‘”zﬁ[f
20+ (-1 - V=3)3 5535 408

_|y- —”F(x +y)+28 a+ —_HZ‘EB
20+ (-1 - V3B y- 10 +y)+28
and its trace is even.
a p r X
Let 2B C_y) € (0)*. If tr(B) ¢ 27Z,, then
-1 _
1 #) (a_ ﬁ):(a—(1+\/—3)ﬁ B- 1135 ]
1-v=3 1 28 @) \-(1- V=3)a+28 a-(1- V=3)8)
Let @ = x+ V-3y, and then x € Z7,y € 2Z, or y € Z5, x € 2Z,. Then

V-3 1+ V=3

(8 — 1+T07) = tK(B) ~ tH(=2y + — (¥ +)) = tr(B) — x + 3y,
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and —x + 3y ¢ 2Z,, and we have tr(8 — 1*¥3a) € 27,.

Analogously, let
a b s \x
(2c d)e(oll) '

Since ad — 2bc € 75, we have ad € Z7, that is, a + d € 2Z,.

Let
a b o x
(2c d) €00

where a +d € 27,. If b + ¢ ¢ ZX, we have

1 1\ (a b\ [a-2c b-d
0 1 2¢ d] \ 2¢c d |’
and ad € 7%, hence, b + ¢ —d € Z7. O

Now we give the formulas of N(O,) as follows.

Proposition 2.4. If O is an order, such that

M(Z,) if p12N,
Z, Z
[ P ] if Q ramifies at an odd prime p,
PZ, Z,
Cy_ [_3} ca,BER, if Q splits at an odd prime p,
O, =4\\p8 @

{ 26,; '?) ca,BEZy + 1+2\EZ2’ tr(a), tr(B) € ZZZ} if Q ramifies at 2,
@

b
{ 2“ d] : a,b,c,dEZZ,a+d€ZZz,b+CEZZZ} if O splits at 2,
C

where R, = Z, + \€Z, and (i) = —1, then
0,Q,; if pft2N,

N@O,) = 0 1 .
’ O;Q;u(p O)O;@; if pIN.

If Q ramifies at 2, then

— AXAX 0 1 X VX 1 L+ e X X 1_‘/E 1 X VX
N(OZ)_OZQZU(z 0)02Q2U(1_ \/E % )OZQZU( 2 1+ \/E)OZQZ

If Q splits at 2, then

X X 1 1 X X O 1 X X 0 1 X X
N(O,) = 0;Q; U(O 1)02Q2 U(2 0)02Q2U(2 2)02Q2-

AIMS Mathematics Volume 10, Issue 6, 14757-14783.



14764

Proof. If Q ramifies at 2, let € = —3. Since tr(a"'Ba) = tr(8) for @ € O, we have

01
ML) =N = @, 7 Uy g0

It is not hard to check that

2
-1 1+V-3 -1 1+V=3
01 02(0 1)202’ 1 > 0, 1 5 -0,
2 0 2 0 1-vV=-3 1 1-vV=-3 1
X M\X 01 X )X 1 H_‘£ X VX I - +e 1 X X
vos-osesof! Yoo, 1 Flosero' ! Joses

When Q splits at 2, since tr(a~!Sa) = tr(B) for a € Q*, we have
N(O;,) = N(O;)).

1+vV=3 1 1-V-3 1
and( ; 1—\F]’ ( 2 H@] are not in N(05), and
2 2

that is,

It is not hard to check that
N c N(Oz,z),

-1
0 1 0 1
2 o @[ o)=0>
11y 11
(o 1) 02(0 1):02‘

11 0 1 0 1 N
N(Oz):Ogqu(O 1)O§Q§u(2 O)O§Q§u(2 2)O§Q2.

and

Hence,

We present an equivalent condition for two-sided principal O-ideals.

Lemma 2.5. Let O be a trace-even order of level (N°Y, 8N/N°Y) (resp. (8N*", N/N®*")). For any
element x € O, Ox is a two-sided principal O-ideal if and only if n(x) | 4N, 2 | n(x), and n(x) | tr(x).

Proof. Let Ox be a two-sided principal O-ideal. We have

o, if pt2N,
01 .
O;U(p O]O; S
€ (I 01 1- 1
205 u2- > loxu ox | Ve 0% if Q ramifies at 2,

1— e 1 2 0 2 1+ e
11 0 1 01

205U2- o5 U o5 U O if Q splits at 2.

2 [012[20]2(22)2 Csp

AIMS Mathematics Volume 10, Issue 6, 14757-14783.
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When p is an odd prime, it is analogous in the proof of [1, Lemma 2.13].
When x € 2075, since n(x) € 4Z5 and tr(x) € 4Z,, we have n(x) | tr(x).
2 1+ V-3
2-2vV-3 2
O;,tr(a) € 27Z,, tr(B) € 2Z, such that

_ 2 1+ V=3\(ea B))_ _
tr(x)—tr((z_zﬁ 5 )(ZB @))—tr(2a+2(l+ V-3)B) € 42,.

Let € = —3. When x € ( )O;, we have n(x) € 4Z5. There exists (a/_ ’8) €

28 @

Hence, n(x) | tr(x).
When x € (g (1)) O3, we have n(x) € 2Z7. There exists (ZQB ’g ) € O3, tr(a) € 2Z,,tr(B) € 2Z; such
that

tr(x) = tr ((g (1)) (262 i)) = 2tr(B) € 4Z,.
Hence, n(x) | tr(x).

1- V=3 1 a B
Whenxe( ) 1+ V33 25&

27,5, tr(B) € 2Z, such that

B 1-+-3 1 a B\ _
tr(x)—tr(( 5 1+\/—_3)(2B &))—tr((l—\/—_S)a+2,8)e2ZZ.

)O;, we have n(x) € 2Z5. There exists ( ) € 05, tr(a) €

Hence, n(x) | tr(x).

Conversely, let x € O, n(x) | 4N, 2 | n(x), n(x) | tr(x). Since Ox is a left O-ideal, we will prove Ox
is a two-sided principal O-ideal, that is, for all p, we have x € N(O,). When p is an odd prime, it is
analogous.

When 2 || n(x), let x, = ( P

2% d/) € O,, where tr(a), tr(8) € 2Z,, n(a) — 2n(B) € 2Z7. Leta =

-1
w + v V=3. If tr(e) € 4Z,, then u; € 2Z;, n(a) € 2Z,, and v, € 2Z,. We have (O 1) (“ IB) i

2 0/ \28 a
(’g aéz), and tr(8) € 2Z, tr(a/2) = u; € 2Z,, thatis, x € N(O,). If tr(a) ¢ 4Z,, that is, u; € Z7,

then n(e) € 2Z, implies v; € Z7. Hence, n(a) € 4Z,, and 2n(B) € 2Z5. Let B = u, + v, V=3, that
1

_ 1 - V=3 1 (a b Ly, B LVsSp_lg

, U+ v, € Z5. Weh = 2 _ 2 27|, and
is, ur + v, 5. We have ( 5 - ,—_3) (2C d) ((1 FVE-a g g an
tr(—1+2‘_3a —B) =u; —3v; —tr(B) € 22Z,, tr(%ﬁ - %C_Z) =uy — 3vy + uy € 275, thatis, x € N(Op)

a

a = uy + vy V-3, and then u; € 2Z, implies v; € 27Z,, that is, n(@) € 4Z,. Let 8 = up + v, V-3. If
uy € 27Z,, then 2n(p) € 2Z, implies v, € 2Z,, that is, x/2 € O;. Otherwise x/2 ¢ O, that is, u, ¢ 27,,
and we have u,,v, € Z. Then 2n(8) € 8Z,, which implies n(a) € 4Z5. Hence, u; € 4Z,, v\ € 2Z
2 1+ \/—3)‘1 (a/ /3) B [—%m VS5 Y3, g

2-2V=-3 2 2B a) | 1mZ,-1p _lg4lnigf

When 4 || n(x), let x, = (;B ﬁ) € O,, where tr(a) € 4Z,, tr(B) € 2Z,, n(a) — 2n(B) € 4Z7. Let

orvy € 422, u; € 2Z;< We have (

AIMS Mathematics Volume 10, Issue 6, 14757-14783.



14766

and tr(—1o + =Y2B) = —uy 4wy + 3v, € 22, 0(iBa — 1) = (uy = 3v1)/2 — us € 2Z,, that s,
x € N(O)).
The case when Q splits at 2 is analogous. O

2.3. Type number formula

Fix an order O of level (N;, N;), and then all two-sided O-ideals form a group, which is denoted
by 3. The number of elements of group I(0)/Q* is 2°N*2_ All two-sided principal O-ideals form
a subgroup, which is denoted by B(0). We have the following proposition for card(B(0)/Q*) and
Aut(O) which will be used in proving the type number formula.

Theorem 2.6. Let O be a trace-even order of level (N°Y, 8N/N°) (resp. (8N'", N/N='*")), and m(O)
be the number of left O-ideal classes containing a two-sided O-ideal. Then we have

e(N)+2
card(B(0)/Q™) = )" (2.1
Let po(n, r) be the number of x € O where n(x) = n and tr(x) = r, and then
X\ pO(n’ r)
card(B(0)/Q%) = ;N Z e (2.2)
2ln r2<4n
2lr
and
e(N)+2
card(Aut(0)) = WZm(O). (2.3)
Proof. See [1, Proposition 2.14]. O

By (2.1)-(2.3), we have

T;VoddvgN/Nodd
— yeN)+2 2 : HeN)+2

u=1

’
TNodd’gN/Nodd

’
TN()dd ,8N/N"d‘]

_ 5-etN)+2 Z m(0,,) card(B(0,)/Q*)
p=1
T/
2—e(N)+2 e (0 po# (n, r)
= ; m(0,) ,;41;, ; W(Oﬁ)

2 2<4n

’
TNOdd’gN/Nodd

_ poﬂ(l’l,r)
=213 ) ; card(Aut(0,))’

AIMS Mathematics Volume 10, Issue 6, 14757-14783.
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It is analogous for 8N®*" as follows:

T/
nodd ,SN/NOdd
T 51 po,(n,r)
SENREESD 3 M e i
v = card(Aut(0,))
2ln y2<an
2|r

Corollary 2.7. Let O be a trace-even order of level (N°, 8N /N°Y) (resp. (8N=", N/N®'*")), and we

have
T[’\]Odd’gN/Nodd 1 1
_ gyt L l—[ (-1 ]—[ (p+1),
— card(Aut(O,)) 12 el SN /ol
and
TéNevenyN/Neven 1 1 n n
— =2 [T -1 [] @+
card(Aut(0,)) 4 Sy SN Neen

Proof. We will use the Eichler mass formula [5, Proposition 26.6.4]. Let O’ be an Eichler order in
Qo With level (N°%, 2N /N°4), and then

h
NOddA,ZN/N“dd
1 1

Z: Wnt(();)):ﬂl—[@_l) [] @+D.

plNOdd p|2N/N°dd

It is not hard to check that 0" ¢ O, and O}, = O, for all odd primes p. Then we have

R oda dd hyodd dd
Nodd g0 Nodd /o

1 . A% 1
; card(Aut(0y) [0;" - O] ; card(Aut(0)))’

1

Since [0 : O] = 2, and that is

h;Voddng/NOdd 1 1
> —————==]]e-» || @+
— card(Aut(Q;)) 12 el 2NN
Hence,
T;\IOd%]:/NOdd 1 _ T;vodfi/lvodd 2m ( Oﬂ)
& card(Aut(Qy) & 20 2card(Aut(O,))
h;vodd,gN/Nodd 1
— p-eN)-2
; card(Aut(O;))
—e 1
=2 [Te-v [] @+
pINOdd pIQN/NOdd
The rest of the proof is analogous. O

AIMS Mathematics Volume 10, Issue 6, 14757-14783.



14768

3. Ternary quadratic forms and quaternion orders
In this section, we will discuss two maps between trace-even orders and ternary quadratic forms.

3.1. Two bijections between even orders and ternary quadratic forms
Since the trace of all elements in trace-even orders are even, it is not hard to check that exists
tr(a;) = tr(a,) = tr(as) = 0, such that
O:Z+ZC¥1 +ZC¥2+ZC¥3.

For a trace-even order, 0° = O N Q° = Za, + Za, + Z(a3), where Q° = {a € Q : tr(a) = 0}, is an even
integral lattice, when equipped with the bilinear form (x,y) — tr(xy). When the quaternion algebra is
positive definite (ramifies at o), it is positive definite. We have the following ternary quadratic form:

Joo = n(xay + ya, + zas)

= n(a1)x* + n(a2)y” + (0(3))7” + tr(ax@)yz + tr(a@3)xz + tr(e @)Xy,
and the Gram matrix of fpo,

tr(ayay) tr(ayas) tr(aias)
= |tr(@a)) tr(ara;) tr(anas)|.
tr(azay) tr(azan) tr(asas)

My

o0

For a quaternion algebra over Q,,, we can give the following characterization of the genus which fo
belongs to.

Proposition 3.1. Let N be a product of s distinct odd primes, and for an order O, we denote foo by f.

(1) Let O C Quwu be a trace-even order of level (N°%, 8N/N°Y), and then d; = 16N*,N; = 8N, and
f is anisotropic only in the p-adic field for p | N°Y. The genus which f belongs to is denoted by

GgN’16N2’Nodd.

(2) Let O C Qoyeven be a trace-even order of level (8N*", N/N®'*"), and then d; = 16N2,Nf = 8N,
and f is anisotropic only in the p-adic field for p | 2N®". The genus which f belongs to is
denoted by Ggy 1652 2neven.

Proof. For an odd prime p, one can see [3, Proposition 4.3]. We only give f>.

(1)
f 3 x* = 2y? - 27

)
f 3x% +2y% + 62°.

O

If f is a non-degenerate ternary quadratic form integral over Z, we define Cy(f) to be the even
Clifford algebras over Z associated with f. Subsequently, Cy(f) is an order in a quaternion algebra
over Q. For a more-detailed definition of Clifford algebras, refer to [5, Chapter 22]. Conversely,
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consider that O = Z + Ze, + Ze, + Zes is an order in a quaternion algebra Q. Then A = O N Q°
represents a 3-dimensional Z-lattice on o°. If O = (e, €], €, e}) where e is the dual basis of ¢;, then
A = (e}, e}, ;). Define a ternary quadratic form fy associated to O by

fo = discrd(O) - n(xe| + ye, + ze5).

Theorem 3.2. [5, Main Theorem 22.1.1] Let R be a principal ideal domain. The maps [ — Cy(f) and
O b fp are inverses to each other and the discriminants satisfy discrd(O) = d(fp). Furthermore, the
maps give a bijection between analogousity classes of non-degenerate ternary quadratic forms integral
over R and isomorphism classes of quaternion R-orders.

Assume that f = (a,b, c,r,s,t),ds = d. We have
2 _ _ —_—
e; = re; — bc, eres = aey,
2 _ _ b_
€, = §ex; —dac, esze = bey,

e% = tes — ab, e1e, = ces.

By the definition of a dual basis, it follows that O 2 O and tr(ey) = 1,tr(e}) = tr(e)) = tr(e}) = 0,
where

de, = d — 2(abc + rst) + (ar + st)e; + (bs + rt)e; + (ct + rs)es,
de| = ar + st — 2ae| — te; — ses,
de,, = bs + rt — tey — 2be; — res,
de, = ct +rs — se; — re; — 2ces,
and
n(Ne)) = Na, tr(Ne,Ne}) = Nr,
n(Ne,) = Nb,tr(Ne;Ne) = Ns,
n(Ne}) = Ne, tr(Ne/ Ne,) = Nt.

Recalling that O contains a basis of Q over Q, it follows that (e, €/, €}) form a Q-basis for the trace-
zero elements of Q (that is, (i, j, k) can be represented by (], ¢}, e}) over Q). Now we have some
properties of even Clifford algebras.

Theorem 3.3. The following statements hold.

(1) fo is positive definite if and only if O is positive definite.
(2) 2card(Aut(0)) = | Aut(fo)l.

(3) O ramifies at p if and only if fp is anisotropic at p.

(4) fo is primitive if and only if O is Gorenstein.

For more-detailed definition of Gorenstein orders, one can see [5, Chapter 24.2].

Proposition 3.4. Let N be a product of s distinct odd primes, and for an order O, we denote fo by f.
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(1) Let O C Qyou be a trace-even order of level (N°%, 8N/N°Y), and then d; = 8N,Ny =8N, and f
is anisotropic only in the p-adic field for p | N°%. The genus which f belongs to is denoted by

GSN,SN,NOdd'
(2) Let O C Qyou be a trace-even order of level (8N®*", N/N**"), and then dy = 8N, N; = 8N, and f

is anisotropic only in the p-adic field for p | 2N®". The genus which f belongs to is denoted by
Gy snaneven.

Proof. For an odd prime p, one can see [4, Proposition 4.8]. We only give f>.

)

fZXZ_yZ_zzz.

2)

f3 3x% +y* + 62%.

3.2. Commutative diagram

Recall ¢, : C(N, p*d) — C(N, pd) for an odd prime p, p + N,d and ¢, : C(8N,2*d) — C(8N,2%d)
is a bijection defined by Lehman [2].

Proposition 3.5. Let O be a trace-even order with level (N°%, 8N/N°) or (8N", N/N'"), where
N = py...p,s, and then ¢, o ..o ¢, o ¢(for) = fo.

Proof. For discrd(O) = p, see [3, Proposition 6.1]. Let f = (2a, b, c,2r,4s,4t) be a positive definite
ternary quadratic form of level 8 and discriminant 8. Recalling ¢,:

¢,'((2a, b, c,2r,4s,41)) = (a,2b,2c,4r,4s,41),2 1 ac,

and then disc(O) = 8, and
0= Z+Z€1 +Z€2+Z€3,

with
e% =2re; — bc, ere3 = 2aeq,
e3 = 4se; — 2ac, ese, = bey,
e% = 4te5 — 2ab, eex = ces.
Then

8e(, = 8 = 2(2abc + 32rst) + (4ar + 16st)e; + (4bs + 8rt)e, + (4ct + 8rs)es,
8e| = dar + 165t — 4ae| — 4te; — 4ses,
8¢}, = 4bs + 8rt — 4tey — 2be; — 2res,
8¢l = 4dct + 8rs — 4se| — 2re; — 2ces.

We have tr(2¢)) = tr(4¢}) = tr(4e}) = 0, and
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n(2e)) = a, tr(4eydel) = 4r,
n(4e)) = 2b, tr(4ej2e!) = 4s,
n(4e}) = 2c, tr(2e}4e}) = 4t.

We will show that
O = Z2e, + Z2e} + Z4e, + ZA4é,,.

We have
2e;, 2 —abc — 16rst ar+4st bs+2rt ct+2rs\(1 1
2el | ar + 4st —a —t ) er| M e
4eh| 2bs + 4rt -2t -b —r el T Plexl”
de’, 2ct + 4rs -2s —r —c e3 e

Since d; = 8, we have
abc + 4rst — ar® — 4bs® —4ct> = 1,

and
2e) + 2re| + 4séy + 4tely = 2 — abc — 4rst + ar® + 2bs” + 2ct* = 1.

It is not hard to check that
det(M,) = —(abc + 4rst — ar* — 4bs* — 4ct*) = —1.

Hence,
O = Z2e, + Z2e| + 7A€, + ZAéj,
where tr(2¢)) = tr(4¢}) = tr(4¢}) = 0, and
foo = n(x2e] + yde, + z4€})
= n(2¢})x* + n(4ey)y* + n(4dey)z + tr(4e’2@)yz + tr(ZeQQ)xz + tr(2e’1@)xy
= ax® + 2by* + 2cz* + 4ryz + dsxz + 4txy.

The rest of the proof is analogous.
m]

Theorem 3.6. Let N = p,...p,, and ¢oy = ¢p, o ... 0 ¢, o ¢p. In a positive definite quaternion

algebra Qyeu (resp. Qoneen), we choose a complete set of representatives {O},=12.. 1 T (resp.

NOdd 8N /NO
{O#}I’FIZ_NTMeven yeven ) for these types of trace-even orders. We give the commutative diagrams as
follows. ’

Co
GSN,I()NZ,N"dld

{0/1 }y:1,2...T/

Nodd g /yodd

M B
\ lq&ZN
GSN,SN,NOdd

Co
GSN,16N2,2NEVC"

{Oy }/.t=1,2...T’

gNeven y/yeven

My _
\ L¢2}l}

Ggn snaNeven
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Since C is a bijection, 2card(Aut(0)) = | Aut(fp)| and ¢ are bijections of equivalence classes which
preserve automorphism counts, abd it is not hard to prove the following corollary.

Corollary 3.7. M, is a bijection, and
2card(Aut(0)) = | Aut(foo).
Corollary 3.8.
|G8N,16N2,N°dd| = |G8N,8N,N°dd| = T;\/odd’gN/Nodd'
IGsn,16n2 2neven| = |Gy gnaneven| = Tgyeven yjyeven-
Proposition 3.9. Let O be a trace-even order and po(n, r) be the number of zeros of x* — rx + n in O,,
and then we have )

-
Ry, (n— Z) = po(n, r).

Proof. 1t is analogous as [3, Proposition 6.5]. O

4. Proof

Proof of Theorem 1.1. Note that there are 2°*! genera in C(4N, 64N?), C(4N, 16N?), C(4N, 8N?), and
C(4N,2N?) [2, Lemma 3], and there are 2>**! genera for all primitive positive definite ternary quadratic
forms of level 8N. It is not hard to check that there are 2%*! genera which are

GSN,64N2/Nr,N"“ld ’ G8N,64N2 [Ny, 2NeVen GSN,ZNZ/N,,N"‘M ’ GSN,QNZ/NHZNCVS“

(see [3, Proposition 4.4, Proposition 4.8]) and

Gsn,16n2 /v, o> Gy 16n2 v, 2nevens Gan gz v, vodd, Gy gz i, 2neven
when N°¥ Never and N, run over all factors that divide N. O

Before we give the proof of Theorem 1.2, we first give a new base of the Eisenstein space
& (8N, %, 1) where &(8N, %, 1) 1s the orthogonal complement of the subspace of cusp forms in the
complex linear space of modular forms of weight 3/2, level 8N, and character y; with respect to the
Petersson inner product. For a more-detailed definition one can see [6].

Theorem 4.1. Let I denote the set of all positive divisors of 2N except 1, d € I, and I°* denotes the
set of all positive divisors of 2N with an odd number of primes except 1. Set

Ouonsa(2) = Z H4NID (40
n=0

where one can see [3, Theorem 7.2] and

N Ry(n) N d2N/d
O1onsa(2) = 2%+ ———1q" = ) H"Nn)q".
; feGZ | Aut(f)] ;

8N,64N2,d

We have the following bases of spaces of Eisenstein series of weight 3/2.:
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(1) The set {642n/4(2)}1 is a basis of &(4N, %, id), and the set {6;2n,4(2)}1 U {GQ’ZN/d(Z)}]add is a basis of
&8N, 3, id).

(2) Let L be the divisor of N, and y, denotes the primitive characters such that y (k) = (%) for (k,4l) = 1.
The set {0,on,4(12)}; is a basis of & (4N, %, X1), and the set {0n,4(12)}1 U {6,y / J[2)} poaa is a basis of
&8N, 2, x).

Proof. 1t is well-known that these functions are in the space of Eisenstein series of weight 3/2. Since
N is squarefree with s distinct odd prime factors, it is well-known that dimé&’ (8N, %,)(z) =3-2°-1.
To give a basis of &(8N, %, X1), it suffices to find 3 - 2° — 1 linear independent elements in the space
EBN, 2, x)).

We only prove the case y; = id, that is, / = 1, and the others can be proved similarly.

We will show that the theta series 6,2y,4(z),d € I, and 9;’2 N J2,d el odd “are linearly independent.
Suppose

> e Dbaama@ + Y (@) =0,

d2Nd#1 d2Nd#1
We will show that the coefficients c(d), ¢’(d) vanish by induction. Assume that the divisor d = p is
prime. By the Chinese remainder theorem, choose a —n, < 0 such that (_T'f") = —1 and (_7"") =1,

where g | 2N/p, and if p = 2, set n, =5 (mod 8), and then we have
H®N(4n,) 0,
while the others equal zero. Ortherwise setn, = 1 (mod 8),
H(p,2N/p)(4np) £0, H(ZP’N/p)(4np) #0,
H(p,ZN/p)(4np) — H(ZP,N/P)(4np)’
and the others equal zero. Setn, =3 (mod 8),
HP2NIPD(4p,) # 0, H2PNP(4n,) # 0,
HPNID(4p,) = 3HCPNID4p),

and the others equal zero. It follows that if d is a prime, c(d) = 0. By induction, for all d € I, the
coeflicients c¢(d) vanish. Assume that the divisor d = p is prime. By the Chinese remainder theorem,
choose a discriminant —D,, < 0 such that (_TD”) =—1and (_TDq) = 1, where g | 2N/ p, and we have

H(p,ZN/p)(Dp) +0, H(p,ZN/p)(4Dp) +0,

and the others equal zero. It follows that if d is a prime, ¢’(d) = 0. Similarly, by induction for all
d € I°Y, the coefficients ¢’(d) vanish. i

Lemma 4.2. Letn =1 (mod 4), and we have

5 Ry(4n) _ 5 Ry(n)
lAut(Hl |Aut(f)I’

J€Ggy 1652 yodd 8N,16N2, Nodd
and
S Rydm) _ y o W ()
Aut Aut(f)|
F€Ggy 1682 pneven | (f)| FE€Ggy 1632 2neven | (f)|
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Proof. We will use the Siegel-Weil formula (see [4, Section 5]). We only prove that
dx2—2y2—222,2(n) = 2dx2—2y2—2zz,2(4n)

and
3d3x2+2y2+6z2,2(n) = 2d3x2+2y2+6z2,2(4”)-

It is not hard to check that
dogpa2o(dn) = 550 < x,y,2 <21 2% =2y =222 = 4n (mod 2')}|
= 0 <x<270<y.2<2 27—y~ =20 (mod 27,

while 2x*> —2n = 0, -2 (mod 8), that is, y*> + z2 = 0 (mod 8). Hence, 2 | y and 2 | z. We have

1
do g 2,5(4n) = ﬁI{O <xy,z< 20l 0x? — 4y2 —4z2=2n (mod 2" M)

= oml0=xyz< 271X -2y =27 =n  (mod 279}

= 23 0<x,y,z2<27%:x" =2y -2 =n (mod 27}
1

- de2_2y2—2zz,2(”)-

Similarly,

1
d321221620(1) = ﬁuo <x,9,2<2:3x+2y*+6z2=n (mod 2"}

= ﬁuo <xy,z<2:3x¥=n-2y*-6z2 (mod 2"}
1
=4 50 <yz< 25,2 1y,2] 2l
=1,
1
dy2i0y21620(40) = ﬁuo <xy,2<2:3x2+2y° + 622 =4n (mod 2)}|

= ml0<x<270<yz<2 68+ 437 =20 (mod 27l

while 21 — 6x% = 2,4 (mod 8), that is, y> + 3z> = 4 (mod 8). Hence, 2 | y, 2 | z or 2 { yz. We have

1
dyeinpiza@n) = {0 < x,y,2< 27" 1337 + 2y + 622 =n  (mod 2%}

22t
1
+ﬁ|{0§x< 271 0<y,z<2,24yz:6x* +y* +3z77=2n (mod 2"}
1 - 1 ;
:4'ﬁ|{0§x<2’ I’OSZ<ZI’2){XZ}|+4'ﬁ|{05y2<2t,2|y,2|z}|:5,

O
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Proof of Theorem 1.2. For the proof of the genera Ggy gan2/n, nois Ganeanz/n, 2neven, Ggyonzy, yow and
Ggnanz/n, 2neven, ODE can see [4, Section 4, Section 6].

We have
N Ry(n) 3.
1D | e SN S i),
n=0 [f €Ggy, 1682 y0dd |AUt(f)| 2
Let R
AL Z 'y
Z = C(d)ed,ZN/d(Z) + Z c (d)gd,N/d(Z)'
F€Ggn 16n2 nodd Aut(H)] del de]edd

We will prove that when d # N°% or d # 2N°%, we will have
c(d) =0,

and when d # N°Y, we will have

c'(d)=0.
Since d # N°¥ and d # 2N°%, there exists an odd prime p such that p ¥ N°, p | d or p | N°Y, p | d.
By the Chinese remainder theorem, there exists —n,; < 0 such that when ¢ | d, we have (_7”") = -1 and
when g | N/d, we have (_7”") =1,n; =5 (mod 8). It is not hard to check that

H@N 4ng) # 0, H*N (4ng) # 0

and

H 2N 4y = H4N 4 .
When p + N°¥, p | d, we have (_7’”) = —1, and when p | N°¥, p t d, we have (_Ti"’) = 1. By [1,
Proposition 3.5], we have R(n;) = 0. Hence, when d # N° or d # 2N°%, we have c(d) = 0. By
the Chinese remainder theorem, there exists —n; < 0 such that when ¢q | d, we have (_7””’) = —1; when

q | N/d, we have (_7”") =l and n; =7 (mod 8). It is not hard to check that
H' M (Ang) # 0, H*™N(ny) # 0.

Similarly we have R;(n;) = 0. Hence, when d # N°% or d # 2N°¥, we have ¢’(d) = 0.
By Corollary 2.7, we have

C(Nodd)H(N(ydd,ZN/Nodd)(O) + C(2N0dd)H(2Nndd’N/N()dd)(o) n C,(Nodd)H(Nudd,ZN/Nodd)(O)
. H(N"d“,ZN/N"d“) (0).

By the Chinese remainder theorem, there exists n” = 3 (mod 8) such that for all odd prime p | N°4,
we have (%) = —1 and for all odd prime p | N/N°¥, we have (%) = 1. Then

Rf(n/) odd odd
g — O, H(N 2N/N°Y) — 0
2. A =)

J€Ggy 1652 n0dd
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We have
o( Nodd) H(NOdd,ZN/N"dd)( 4n’) " c(2 Nodd) H(2N°dd,1v/1v°dd) ( 4 n’) - 0.

Let D’ =1 (mod 4), by Lemma 4.2, and we have

yo Ry B
J€Ggy 1652 v0dd Au (f)l J€Ggy 1632 yodd lAu (f )

Hence,
C(Nodd)H(N°dd,2N/N°dd)( 1 6D/) + c(2N0dd)H(2N°dd,N/N°dd)(16D/) + c/(Nodd)H(NOdd,ZN/NOdd)(4D/)

= ¢( Nodd) H(N"dd,ZN/N"dd)( 4D') + (2 Nodd) H(2N°dd,N/N°dd)( 4D') + ¢'( Nodd) H(N"dd,ZN/N"dd) (D).

That is
Be(N°Y) — c(2NYY) + 3¢/ (N =3 27572,
Be(N°Y) + c2N*Y) = 0,
4e(N*Y) + ¢ (N = 0.
We have

C(NOdd) — _2—S—3’c(2N0dd) =3. 2—S—3, C/(Nodd) =4. 2—3—3.

Similarly, let

Ry(n) ) /
Z Aut(H)l ; c(d)yon4(2) + d;ﬁ c'(d)0unya(2)s

FE€Ggn 1632 pneven

and when d # 2N®®", we have
c(d)=0,c(d) =0.

By Lemma 2.7, we have
c(zNeven)H(ZNeve“,N/Ne"e“)(0) + Cl(2Neven)H(2Ne"e“,N/Ne"e“)(0) =3. 2—3—2H(2Ne"e“,N/Ne"e“)(0),
that is,
C2N®") + ¢/(2N") = 3. 2752,
Let D’ =1 (mod 4), by Lemma 4.2, and we have
J€Ggy 16n2.2neven Sf€Ggp 16n2 aneven

This implies

30/(2Neven) — Cl(2NCV6n) + C(2NCVCI1).
Hence,

C(2Neven) — 2—5—2, C/(zNeven) — 2—5—1'

It is similar to [3, Proposition 6.6] to check if f € C(8N, p*d) where p is an odd prime, p || N, and
p 1 d, and then we have

Rp(pn) = Ry, (n).
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If f € C(8N, 16d) where p is an odd prime, and 2 1 Nd, then we have
R¢(2n) = Ry, 5)(n).
O
Proof of Theorem 1.3. By [1, Corollary 1.2], we have
Tywas gy = 2772 30 " HNHWNN 4y p2),

and

T2Neven’N/Neven — 2—3—2 Z Z H(2N3ven’N/N€ven)(4n _ ,/-2)_

n|2N nlr
r’<4n

By Theorem 2.6, we have

’
TNodd ,8N/N°dd

card(Aut(0,)) 47
T, even’ even
- card(Aut(0,)) 4
p=1
We have

ICBN)| = 2‘”1(

E TNodd 2N/ Nodd + E T2 Neven N /Neven

NOdd|N Neven| N

’ ’
+ Z TNodd’gN/Nodd + Z TgNeven’N/Neven).

Nodle Neven |N
Let
e odd odd even even
C(n) = 272 Z HN 2NN gy HONNIND oy |
Nodle NevenlN
and
~—ajodd odd -~ even even
D(n) = 753 Z N 2NN )(n) n N NIN )(n)
Nodd |N Neven IN
If 3+ N, then

IC(8N)| = 2”1((:(4) +2C(3) + 2C(0) + C(8) + D(2) + 2D(1) + 2C(4) + D(4) + 2D(0)

+ E C4d) + C(8d) + D(2d) + D(4d)).
dIN
d#1
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If 3| N, then

IC(8N)| = 2”1(0(4) +4C(3) + 2C(0) + C(8) + D(2) + 2D(1) + 2C(4) + D(4) + 2D(0)

+ Z C(4d) + C(8d) + D(2d) + D(4d)).

dIN
d#1

It is not hard to check that

I R T ) IS R 1 1
CO) = —g—:CQ) = —5—,C(4) = 5.C®) = 1, C(4d) = 7H(4d), C(8d) = 1 H(8d),
N 1 1 1 1[4 1
D) = 1¢. D) = 2.D2) = 7. D@ = 7 + 2 (W),D(Zd) = 7 H(8d),
D(Ad) = ~ H(dd) - ~H(~A(~4d 1—(ﬁ))
(4d) = SH(4d) - 7 H(-A(=4d)) 7]
We have

1 1(-d\ (-4\ 1({-4\(-d
sy = g2+ (5)-(7)-3(7) ()

a2 o3)-(2)5)

5. Conclusions

This paper established a comprehensive framework for studying positive definite ternary quadratic
forms of level 8N when N is an odd squarefree integer. Our main contributions were:

(1) Complete Classification: We provided an explicit classification of primitive positive definite
ternary quadratic forms of level 8N into 22*2 distinct genera by level, discriminant and anisotropy.

(2) Representation Formulas: We derived exact formulas for the weighted sum of representations over
each genus, expressed in terms of H™-N)(D), where (N;, N,) depend on the discriminant and
anisotropy of the genus.

(3) Class number Formulas: As a direct consequence, we obtained explicit formulas for the class
number within each genus and the total number |[C(8N)| of classes of primitive positive definite
ternary quadratic forms of level 8V.

(4) Methodological Innovations: Our proofs established novel connections between ternary quadratic
forms, quaternion algebras, modular forms of weight 3/2 and Jacobi forms.
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This work provided a foundation for deeper arithmetic investigations of ternary quadratic forms
with complex level structure, potential applications in representation numbers, and the arithmetic of
modular forms.

Appendix: Tables

In this appendix, we will give some examples of representations of ternary quadratic forms. If the
class number of a genus is one, we can give an exact formula of the representation number of n by the
ternary quadratic forms. For the genera attached to Eichler orders, one can see [4, Appendix B]. Let
O be a trace-even order. Its type number equals 1 if its level is one of the following: (8,1), (8,3), (8,7),
(3,8), (5,8), (8,7), (120,1), and we get 26 genera with one class (see Table 1). We give the explicit
formulas for the representation number of ternary quadratic forms as follows (see Table 2).

Table 1. Genera with one class.

Genus Ny dy Ry(n)
Gs 42 8 64 Ri33-2-2-2(n) = 12H®V(n)
Gsoo 8 2 Raii1in(n) = 12~H(2’1)(8n)
Gsi62 8 16 Ra22000(n) = 2H>V(n)
Ges2 8 8 R(1.12000/(m) = 2H*D(2n)
G762 8-3 64 - 32 Ri8.8-800() = 3H>(n)
G022 8-3 64-3 R g8-800/(n) = 3H*V(3n)
G418 8-3 2.32 R(1,1,6,0,0,—1)(n) — 3H(2’3)(8n)
Gaagn 8-3 2-3 Ra.1200-1(n) = 3H*)(24n)
Go4576,3 8-3 64 - 32 Ru77244(n) =2 HGD(n)
G24,1923 8-3 64 -3 Ruuas-a—a0/n) = 2H3D(3n)
Go4183 8-3 2.32 Roo2120)(n) =2 HG(8n)
Gaae3 8-3 2-3 Ri12-1-10/(n) = 2H®?(24n)
Go41442 8-3 16 - 32 2R(23.6000)(n) = [1(2,3)(,1)
Gosmp 8-3 832 2R(136000)(n) = 5(2,3)(2,1)
Gosa82 8-3 16-3 2R126000)(n) = 5(2’3)(311)
Go442 8-3 8-3 2Ra23000(m) = H 23 (6n)
Ga4.1443 8.3 16-3° Ru66000(n) = H G2 (n)
Gou723 83 8.3 Ro33000(n) = H G2(2n)
Goa433 8-3 16-3 R23000/(n) = {{(3,2)(3,0
G244 8-3 8-3 R1,1.6000) = H?(6n)
Gaoeoz 83 64 - 52 Run 1242 (n) = 2H* (n)
Gao3202 8-5 64-5 Rua7,-4-40)(n) = 2H>)(5n)
G002 8-5 2-5° Ro33.122(n) = 2H(8n)
Ga0,102 8-5 2.5 Rit13-1-10)(n) = 2H®5)(40n)
G40,1600,5 8-5 64 -5 Ra7,12,-4-4-6/(n) = H>(n)
Ga03205 85 64 -5 Ri33.11,-2,-2,-2(n) = H®?(20n)
G505 8-5 2.5 Raas1n(n) = H>?(8n)
G055 8-5 2-5 R2221.0(n) = HS?(40n)
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G40.400,5
G40.200,5
G080,
Gi0405
Gs6,31362
Gs6.4482
Gs6.982
Gse,142
Gs67842
Gs6,392,2
Gse1122
Gs6.562
Gss,7744.2
Gss.704,2
Gsgoa22
Ggs o
G120,14400,2
G 12048002
G120,2880,2
G 1209602
G 1204502
G120,1502
G12090,2
G120302
G120,3600,30
G120,1200,30
G 12072030
G 120224030
G120,450,30
G120,150,30
G 1209030
G 1203030
G120,3600,30
G120,1800,30
G120,1200,30
G120,720.30
G120,600.30
G 12036030
G 12024030
G120,120:30
G 184338562
G184,1472,2
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[\
W

VRN EEN NN N V. IRV, BV, BV |

QO = et =
e e

W W W W W W W W W W W W W W W WWWWWWwWwWww

\S]
W

VIRV, BNV, BV, BV, BNV, BV, BNV, BV, BV, BV, BV, BV, BV, BV, BV, BV, BV, BV, BV, BV, BV, BV, V)

16 - 57
8- 52
165
8-5
64 - 7
642 -7
2-7%
2-7
16 - 7%
8- 7?
16 -7
8-7

64 - 112
64-11
2117
2-11
64-3-5°
64-3-5°
64-3%.5
64-3-5
2-(3-5)?
2-3.57
2.32.5
2-3-5
64-3-5°
64-3-5°
64-3%.5
64-3-5
2-(3-5)?
2-3.52
2-3%.5
2-3-5
163252
8§-3%.5°
16-3-5?
16-32-5
8§-3.5
8§-3%.5
16-3-5
8-3-5
64 - 232
64 -23

2R25.10000/(n) = H G (n)
2R(15,10000/(m) = H ©2(2n)
2R12.10000/(n) = H ©2(5n)

2R (12,5000 = H&?(10n)
2R3.19,19.-18,-2,-2)(n) = 3H*7 (n)

77777

»»»»»

4R35,1400-2(n) = H @D (n)
4Riz5700-2(n) = H @D (2n)
4R235-200m) = H @7 (Tn)
4R(135-200/(n) = H*"(14n)
Rs.11240-80(n) = H*D(n)
Ra1824-800)(n) = H*'V(11n)
Ra32200-1(n) = H*'D(8n)
Ra230-10m) = H*'D(88n)
2R(11,1135-10-102)(n) = H*P(n)
2R 1217488 (n) = H*1(3n)
2R(4,7,31,2,4,4)(”) =H (2’15)(5”)

2R (5 5,12,-4-4.-2)(n) = H*(15n)
2R377433 () = H*)(8n)

2R 59,-5,10)(n) = H*'9(24n)
2R0535-320(n) = H*(40n)
2R 33,11, (n) = H*'9(120n)
2R3 40 40,-40,0,0)(n) = 3H®"V(n)
2R (1 4040-40,0,0)(n) = 3H®"V(3n)
2R58,1500,-8)(n) = 3H"D(5n)
2R(s8.8-5,00)(n) = 3H"V(15n)

ssss

77777

2R(1,13000-1)(n) = 3HC*D(40n)
2R(1.1,1000.-1(n) = 3H"D(120n)
4R3.1030000/(n) = H G0D(p)

4R 5,6,15000)(1) = H~(30’1)(2n)
4R1.1030000)(n) = H G0D(3n)
4R26,15000M) = H G0 (5n)
4R25.15000)(n) = H G0D(6n)
4R1330000/(n) = H G0 (10n)
4R560.00(n) = H*D(15n)
4R(13,10000/(n) = H*D(30m)
2R(11.19.51.-14.-6.-10(n) = H**)(n)
2R s5.8,12,-8-4,0/(n) = H**)(23n)
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Gisaross2  8-23 223 2Rs7.10245(n) = H**(8n)
G446, 8-23 2-23 2R 3,531, (n) = H**(184n)
Giesosasr 8-3-7  64-3-7 Ruwsaznan(n) = HD(n)
Giesowsa2 8:3-7 64-3-7  Ruziz1761212(n) = H**D(3n)
Giesaona2 8-3-7 64-32-7  Rupniz-n2-120) = H*D(7n)
Gies34442 8-3-7 64-3-7 Rua3,-a-40)(n) = H4*D(21n)
Giesssoaz  8:3-7  2-(3-7 R n) = H*D(8n)
Giespoaar 8:3-7 2:3-77 Rs,55-3,-3-4)(n) = H**V(24n)
Gies,i642  8:3-7 2:32-7 Ri335-3-30)(n) = H*D(56n)
Gie8.42,.42 8-3-7 2-3-7 Ra11-1-10(n) = H4*D(168n)
Gosogsaoz0 8-5-7  64-5-7  2Rg3570.-30/(n) = HV(n)
Gasoises070 8-5-7  64-5-7*  2Rp2a04_500)(n) = H'V(5n)
Gasoa120070 8:5-7  64-52-7  2Ri50404-500/(n) = H'*V(Tn)
Gagoo4070 8-5-7  64-5-7 2R 872,-800)(n) = H7"V(35n)
Gosopasozo  8-5-7  2-(5-7  2Rasm000-1(n) = HV(8n)
Gasoao070 8-5-7 2-5-7° 2R;33,1400,-1)(n) = H7*D(40n)
Gasosso0 8:5-7 2-5%-7 2R3 3,1000-1y(n) = H7V(56n)
G280,70,70 8-5-7 2-5-7 2R(129,0.-1,0)(n) = H7"D(280n)
Giinorsaars 8:3-13  64-3-13%  2R(91984-12-12-14(n) = H7D(n)
Giinpoaszs 8-3-13 64-3-137  2Rgaga1458(n) = H*V(3n)
Gsioasss 8:3-13 64-32-13  2Ru779244/(n) = H'®D(13n)
Giinpa967s  8:3-13 64-3-13  2R(s5508-4-4-2)(n) = H'*D(39n)
Giingongs  8-3-13 2-(3-13)* 2Rga 1717833 (n) = H®V(8n)
Giingoiazs  8-3-13 23132 2R 1303-13-10/(n) = H'V(24n)
Gsinpsazs  8:3-13 2:32-13  2Rp311-3-20/(n) = H™®D(104n)
G312,78,78 8 . 3 . 13 2 . 32 . 132 2R(1,57574’1,1)(I/l) = H(78’1)(312n)

AIMS Mathematics
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Table 2. Class number of primitive positive definite ternary quadratic forms of level 8N.

N [CEN) | N ICEBN)I| N ICBN)

1 4 35 168 69 264
3 16 37 64 71 100
5 20 39 176 73 112
7 24 41 72 77 272
11 28 43 72 79 108
13 36 47 80 83 124
15 104 51 208 85 288
17 40 53 80 87 312
19 44 55 232 &9 132
21 128 57 224 91 312
23 44 59 96 93 312
29 52 61 96 95 312
31 60 65 240 97 140
33 168 67 100
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