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Keywords: decreasing ratio; normalized remainder; exponential function; Maclaurin series;
inequality for series
Mathematics Subject Classification: Primary 41A58; Secondary 26A48, 33B10

1. A concise review on normalized remainders

Let & be an infinitely differentiable function throughout a neighborhood 7 of the origin 0. Then the
function A has the Maclaurin series

s t
hs) = hO) + Y KOO 7. sl <7, (1.1)
t=1 ’

where r is a nonnegative number or oo, and the error
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n t
Rulh(s)] = h(s) = ) hOO) 7. sel,
=0 ’

after n + 1 terms forn € Ny = {0, 1,2,...} is called the nth remainder or the nth tail of the Maclaurin
series (1.1).

Initially motivated by the problems and solutions in [7, 14], implicitly started in the papers [6, 8],
explicitly considered in [18,21,23] and another two works in this paper, and especially in the review
and research article [13, Section 1], Qi et al. introduced the notion and designed the notation of the
normalized remainder of the Maclaurin series (1.1) as follows.

Definition 1. ( /2, Section 5], [12, p. 4], and [13, Definition 1]) Let I D {0} be an interval and let h
have derivatives of all orders throughout a neighborhood of the point s = 0 € 1. If h"*Y(0) # 0 for
some n € Ny, then we call the function

1 e+ 1)
Rn[h s ], S # 0,
T h(s)) = Loy gt )
1, 5= 0,
1 e+ 1) s
— JheD(0) g h(s) = Zh (O)E , s#0,
=0
1, 520,

for s € I the nth normalized remainder or the nth normalized tail of the Maclaurin series (1.1).

In [13, Theorem 1], some general properties for T,[A(s)] were examined. In [13], Qi connected
central factorial numbers, the Stirling numbers, the inverse of the Vandermonde matrix, the partial Bell
polynomials, and the normalized remainder 7,1 [(¥<22)] for n,q € Nand s € (-1, 1).

Since 2023, Qi et al. researched the normalized remainder T,,_;[cos s] (see [13, Section 1.6]),
studied the normalized remainder 75,[sins] (see [13, Section 1.5]), investigated the normalized
remainders T,[tan s], T»,_;[tan? s], and T,_;[sec? 5] (see [9] and [13, Section 1.4]), and discussed the
normalized remainder T, [ =] (see [24] and [13, Section 1.8]). In [11], Pei and Guo investigated

the normalized remainder for the Maclaurin power series expansion of the logarithm

2(1 = cos s)
n—

InT;[cos s] = 52
0, s =0,

, 0<|s| <2m,

see also [13, Section 1.6]. In [21], Zhang et al. considered the normalized remainder 7’,-;[In sec s] =
T5,-1[—1Incos s], see also [13, Section 1.6]. In [2,12], Qi et al. inquired into the normalized remainder
T,[e*]. In [12, Section 1], [13, Section 1], and [23, Section 1], Qi et al. reviewed, described, depicted,
and reexamined the motivations, ideas, and thoughts to introduce and invent the concept of normalized
remainders 7,[h(s)] systematically.

Since 2023, Qi et al. mainly explored the following properties of the normalized remainder 7,[h(s)]:

(1) Positivity of the normalized remainder 7,[h(s)]; see [12,21], for example.
(2) Monotonicity of the normalized remainder 7, [A(s)]; see [2, 11], for example.
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(3) Convexity of the normalized remainder 7',[h(s)]; see [21], for example.

(4) Logarithmic convexity of the normalized remainder 7,[A(s)]; see [21-23], for example.

(5) Absolute monotonicity of the normalized remainder T,,[/(s)]; see [12] and [17, Remarks 2 and 4],
for example.

(6) Maclaurin series of the logarithm In 7,[h(s)]; see [2,8,21], for example.

(7) Monotonicity of the ratio ;*E}[f(l()s])], see [9,21,22], for example.
(8) Monotonicity of the ratio %, see [2, 8, 18], for example.

(9) Some connections between the normalized remainder 7,[h(s)] with several hypergeometric
functions; see [11, 18] and [13, Section 1.10], for example.
(10) Inequalities for the function /(s) and related ones; see [2,12,21], for example.
(11) Relations between T,[A(s)] and the Bernoulli numbers and polynomials, the Stirling numbers of
the second kind, and other quantities in combinatorial number theory; see [17, Remark 2], for
example.

In [13, Section 1], Qi deliberately surveyed and summed up almost all results developed between
April 2023 and January 2025 on normalized remainders. Moreover, the survey article [13] was cited
in [20], which is dedicated to several problems in combinatorial number theory. This citation implies
that the normalized remainders are significant and meaningful in mathematics and engineering.

In [12], among other findings, Qi presented that the ratio L[e] for n € Ny is decreasing on the
positive half axis (0, co).

In this study, we will prove that the ratio Zz=] [e]

o] for n € Ny is decreasing on the whole real axis R.

2. Motivations of this paper

It is common knowledge that

2 3 4 5 6

- s 8T s s
:Z(; —1+s+§+§ ntsta T s €R, 2.1)

and that the quantity

[e') =¢’ _ng Z o

{=n+1

for n € Ny and s € R is called the nth remainder or the nth tail of the Maclaurin series (2.1).
In [2], Qi et al. constructed the normalized remainder

{(” D el s#0,
T,[e'] =

sl 2.2)
1, s =0,

for n € Ny and s € R. This is equivalent to Definition 1 applied to A(s) = e*. The main results of the
papers [2, 12] include the following seven conclusions:

(1) The normalized remainder T),[e*] for n € N, and s € R is positive; see [12, Section 2].
(2) The normalized remainder 7,[e’] for n € Nj is an increasing and logarithmically convex function
of s € R; see [2, Corollary 1].
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(3) The normalized remainder 7,,[e*] for n € N is an absolutely monotonic function in s € R; see [12,
Theorem 2].

(4) The logarithm In 7),[e°] for n € N, was expanded into a Maclaurin series; see [2, Theorem 1].

(5) The function

InT,[e*
noae] [e], s#0,
K
1
b :O’
n+2 S

for n € Ny is increasing in s € R; see [2, Theorem 2].
(6) The inequality

(o)

1 L& -
Z ({f+n+3)% Z ({f+n+l [Z [+n+2 ] (23)

=0 \ n+1 =0 \ n+1 520 n+l1

is true for n € Ny and s € R; see [2, Corollary 2].
(7) The ratio ;*E[f] for n € Ny is decreasing in s € (0, o); see [12, Theorem 1].
}'Hrl[e ]

In this paper, we will present that the ratio -5 for n € Ny is decreasing in s € R. This result is a
positive and confirmative answer to a guess posed i 1n [12, Remark 5].

3. An inequality for specific Maclaurin series

Before verifying that the ratio %

inequality for specific Maclaurin series.

for n € Nj is decreasing in s € R, we prove the following

Theorem 1. For s € R and n € Ny, the inequality

& 1 f 2 4

Z (€+n+2)ﬁz t+n [l < Z [+n+1 lz £+n+1 (3.1)

=0 \ n+1 [:0 n =0 n+1 =0 n

%)
)

is true. Consequently, for given s € R, the sequence

1 ¢
Z;io W% Z;o 0 (t+1)s*

(t’+n+l)‘ (32)
Z[ 0 (f )gv Zf 0 (g_,_n)v
is decreasing in n € N
For proving the inequality (3.1), we present three lemmas below.
Lemma 1. Forn € N and s € R, we have the integral representation
S 1 b _
= 1 =) e dy. 3.3
LiCrn+ !’ (n—l)zfov (I-vet Ty -3)
Proof. For n € Ny and s € R, denote
o (+1
qn(s) = ‘ (3.4)

P NN
e €+n+1)!
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For n € Ny and s € R, we have the integral representation

Sn+1 1
R,[e'] = f Vet dy, (3.5)
0

n!

see [2, Lemma 4], [12, Lemma 2], and [1, p. 502]. Making use of the integral representation (3.5), we

acquire
(s) _ (Rn—l[es] ), _ [ 1 fl vn—] es(]—v) dV:l’ _ 1 fl vn—l(l _ V) es(]—v) dv
n 5" n-10J n-10J; ’

for n € N and s € R. The integral representation (3.3) is acquired. The proof of Lemma 1 is complete.

O
Lemma 2. Forn =2,3,... and s > 0, we have
e 1 ‘S 1 LS 1 ak
oy - <> 21 36
n Hl+n-Dl+n) - +n+ D(E+n+2)L! L +n)l+n+ 1!
Proof. When s = 0, the inequality (3.6) is equivalent to ﬁ < ﬁ forn=2,3,....
It is clear that, for given n = 2, 3, ..., the sequence
(€+n—1)(€+n+2)_1 2
C+n+n+1) C+nmf+n+1)
is increasing in £ € Ny. Hence, the inequality
C+n—-1D+n+2) S (n—1)(n+2)
+n)(f+n+1) — nn+1)
is valid for £ € Ny and n = 2,3, . ... Therefore, we have
-1 1 +1 1 1
n n (3.7)

n +n—-D(+n+2) Sn+2(£’+n)(€+n+1) < C+n(l+n+1)

fort e Ngandn =2,3,....
Forn=2,3,... and i, £ € Ny such that i < ¢, let

(i+n+ 1D +n) N (+n)(+n+1) B
i+n-D{+n+2) (+n+2)(+n-1) '

w0 ="

It is obvious that

3(6+2) 2(€+3)]_2_ 0 +150+8

1
h2(0,5)=§[ I+ 4 +4(€+1) __m<

Forn =2 and ¢ > i > 1, it follows that

hy(i, ) =

1[(i +3)(C+2) N I+2)(¢+ 3)] B
216+ DH(E+4) €+ DE+4)
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_ @3+ HE+DE+D +(+ DE+DE+ ) +4) )
20+ DA+ + (€ +4)
@)D+ DE+2) -2+ DE+ )+ DL+ 4)
B 20+ DA+ 4+ (€ +4)
N G+ DE+2D)E+3)E+4) -2+ DHE+HL+ 1)+ 4)
20+ DI+ 4+ 1)+ 4)
_ (+dH+ DA —i)—6i—2] N @+ DE+D(1-¢) -6C-2]
20+ DHE+HL+ 1)(C+4) 20+ DHE+HL+ 1)(C+4)
< 0.

Forn >3 and 0 <i < ¢, we have

(i+n+1)(f+n) 14 2 _ 2 B 4
(i+n-D{+n+2) i+n-1 ¢+n+2 (@(+n-1D{+n+2)
<1+ 2 - 2
i+n—-1 €+n+2’
and
(+ml+n+l) N 2 B 2 B 4
(+n+2){f+n-1) f+n—-1 i+n+2 (@(+n+2)({+n-1)
<1+ 2 2

C+n—-1 i+n+2
Accordingly, by virtue of the inequality (3.7), we obtain

i _n—l[ (i+n+1D(+n) N i+n(f+n+1) ]_
(i 6) = n li+n-DC+n+2) (+n+2)(l+n-1)
sn_1(1+, 2 - 2 +1+ 2 — - 2 )—2
n i+n—-1 {€+n+2 t+n—-1 i+n+2
_n—l[ 6 N 6 ]_%
on li+n-D@i+n+2) (+n-Dl+n+2)] n
6(n+1) 1 1 2
< + _Z
n+2 [(i+n)(i+n+l) (€+n)(€+n+l)] n
6(n+1)[ 1 1 ] 2
< + S
n+2 lnn+1) (d+nmn+?2) n
_2(n2—2n—2)
n(n +2)>?
<0,

forn>3and 0 <i < €. In conclusion, forn = 2,3,... and i, £ € N such that i < £, we have

(G(+n+1)({+n) N +n)(+n+1) - 2n
(+n-Dl+n+2) (+n+2)(l+n-1) n-1
Using the inequalities (3.7) and (3.8), we obtain

(3.8)

1 st

n-—1
Z]({’+n—1)(€+n)£"Z(£+-11+1)(€+11+2){"
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i+

Sy [ 1 s
-~ Tn Z;( n—Di+m(l+n+ DC+n+2)il!

i=0 ¢:

"MS

1
[(l+n—1)(z+n)(€+n+1)(€+n+2)

n i=0 ¢>i

1 Sl+€

Tl n-Dlinitns Ditn+ 2l
1 1 2

+l’l Z )

n (C+n—DC+n)l+n+ 1) +n+2))>

2 si+[

IZO:;(l+n)(l+n+1)(€+n)(€+n+1)l'€‘

1 S2€

¥ ; (C+n)(L+n+ 1) (£!)

[ee)

8

1 si+€

:Z (l+n)(l+n+1)(€+n)(€+n+1)l‘€‘

i=0 (=0

¢ 2

= s
LZO: O+l +n+1)

Lemma 2 is thus proved.

Lemma 3. For se Rand n € N, we have

S+l S+l [ e+l T
Z S —s < P E——— ) .
(¢ +n)! — (¢ +n+2)! — & +n+1)!

Proof. The inequality (3.9) is equivalent to

Gn1(5)Gns1(5) < q2(5),

where ¢g,(s) for s € R and n € Ny is defined by (3.4).
It is obvious that

[ee)

{+n+1
" ga(s) = (f + s Z (£ — nre(s),

(€+n+1)' e

and

D (E=n=Dr(s)= D (€=n—=1rds),

{=n+2 {=n+1

for s € R and n € Ny, where r,(s) = ;—f
A straightforward operation gives

SZ"+2(qn_1(S)qn+1 (S) - [Qn(s)]z)

(3.9)

(3.10)
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= [SnQn 1(S)][ n+ZCIn+l(s)] [ HHQn(S)]

—Z(f n+1>rg<s>Z(f n—Dre(s) - Z(f (o)’

{=n+2 {=n+1
2
= [rn(s) + Z (C—n+ l)rg(s)] D €=n=rds) - [ - n)rg(s)]
{=n+1 {=n+1 {=n+1
= Y Gi=n+Drls) Y (€ =n=1Dres)
i=n+1 t=n+1
= Do i=myrds) D (€ =mr(s) +r(s) Y (€=n—1res)
i=n+1 {=n+1 {=n+1
= Y D Ma=n+ D =n=1) == )€ =]rds)re(s) + ro(s) D (€=n=1r(s)
i=n+1 {=n+1 {=n+2
= > D C=i=Dr(or(s) + ra(s) D (E=n=Dre(s)
i=n+1 {=n+1 t=n+2
= > DM =i=Dr(ore(s) + (i = €= Dreo)r()] = D [P + 1) D (€=n=Dre(s)
i=n+1 {>i i=n+1 {=n+2
= =2 3" Y rrd) = D O +rls) D (€= 2n = Dry(s)
i=n+1 {>i i=n+1 {=2n+2
== D0 > rrds) +rls) Y (€ =2n=Drey(s)
i=n+1 {=n+1 {=2n+2
o {—n—1 oo {—n—1
== D, D e+ DL ) rea(s)n(s)
(=2n+2 i=n+1 {=2n+2 i=n+1
oo {—n—1
= D 2 lrealn() = r)rei(s))
{=2n+2 i=n+1
00 € {—n—1
“ 2.5 20

<0,

for s > 0 and n € N, where we used in the last line the combinatorial inequality

o) <) 7=
<l n<i<{-n.
n i

The inequalities (3.9) and (3.10) are thus true for s > 0 and n € N.
Since gy(s) = e,

o s ] yef=1-sy (1 1y, 1
ql(s)_kz(mz)!}_( s )‘(E‘?)CJ“?’
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and

1 © Toqel—l-s—s227 (1 2y, 2 1
‘D(s)_[_zz_;(fw)v] :[ 52 ] :(?_F)e R

it follows that

2f

415) = () = Sle'+ 7 (7 +2)] = 262(2“4). 0,

for s € R. The inequalities (3.9) and (3.10) are thus true for s € R and n = 1.
By virtue of the integral representation (3.3), we arrive at

qn—l(s)CI}Hl(s) - q;21(s)

1 1 1 i
Lo 12)1 f V- et dv][%f V(1= v)e™ dv] — [(n : D1 f V(L = ) et dv]
— . 0 | O — ! 0
= e n-l 1 n-2 —sv : n —sv 1 n—1 —sv :
—[(n—l)!]z( " fO V(I =v)e dvf0 Vi(l =v)e dv—[fo vl =v)e dv] )

forse Randn =2,3,.... Since

1
f Vi —v)e™dy =
0

11
n 1(1 V)Z( SV)

¢
(;) fv’”f_](l—v)dv
bodo

(—s)" 1
0 O+ L+ 1y
1 ~ B (S)f 1
n—-201 _ sV
fov A=me = - D+ O

=0

o (—s) 1
fov(l_v)e dv = Z 0 4+ D+ l+2)

g EMz Ebllﬂg c%

we derive
n-1 ! ! 1 2
f V2 (1 —v)e ™ dv f V(1 —v)e™dv — [ f VL —v) e dv]
n 0 0 0
-1 1 (—5) © 1 ) [< 1 (—s) |
T on €:O(€+n—1)(€+n) £! 5:0(€+n+1)(€+n+2) 4 _Lzo(f+n)(£+n+1) 4
<0,

for s < 0 and n = 2,3,..., where the last inequality follows from applying the inequality (3.6) in
Lemma 2. The inequalities (3.9) and (3.10) are thus true for s <Oandn =2,3,....

When s = 0, the inequality (3.9) is ;5 < - Which is still strictly valid for n € N. The proof
of Lemma 3 is complete. O
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We are now in a position to prove the main result in this section, the inequality (3.1) for specific
series in Theorem 1.

Proof of Theorem 1. The inequality (3.1) in Theorem 1 is equivalent to

an($)bn+1(5) < Api1(5)bn(s), (3.11)

for s € R and n € Ny, where a,(s) and b,(s) are defined by

o0 o0

and b,(s) =

:0 :0 n

a,(s) =

respectively.
When n = 0, the inequalities (3.1) and (3.11) are

Y

¢

Z:(; +2¢! Z:(;{’ Z:(;f {’Zzolf
that is,
Ss—= 1D+ 1 -1
G-l el Ly
S S

and % < 1 for s = 0. These inequalities are apparently true. Therefore, the strict inequalities (3.1)
and (3.11) are valid forn = 0 and s € R.
For s € R and n € N, denote

Py(s) = sR,-1[e’] — nR,[e"],
and

Fy(s) = Ry1[€°1Py11(s) — Ry[€°]P(s).
Then, for n € N and s € R, we have

Ppii(s) = sR,[e'] — (n + DR, [€’]
= s(R,-1[e’] = 1,(s)) — n(R,[e'] = rs1(5)) — Rus1[€’]
= sR,_1[e'] — nR,[€’] — ur,(s) + nr,1(s) — Ryi[€’]
= sR,_1[e’] = nR,[€'] = (n + D)r,11(5) + 71 (8) — Ryyi[€']
= P,(s) — R,[¢e’],

where r,(s) = % This means that the equality
Pn+1(s) - Pn(s) = _Rn[es] (312)

is true forn e Nand s € R. Forn € N and s € R, we have

AIMS Mathematics Volume 10, Issue 6, 14739-14756.



14749

o O+ {—n
s’*lqn(s):z(;ﬁs“"”: == "—Zﬁ - —s—sR,, e TR, [e5]1= Po(s). (3.13)

{=n+1 {=n+1 = n+1

Then, in light of Lemma 3, we acquire

P ($)Pri1(8) = PA(8) = 57" quo1(5)qns1(5) — q(5)] < O

that is,
Puoi(5)Puii(5) < Pi(s), (3.14)

for n € N and s # 0. By the equality (3.12) and the inequality (3.14), we acquire
Fn(s) = [Pn—l(s) - Pn(s)]Pn+1(S) - [Pn(s) - Pn+1(s)]Pn(s)
= Py i(8)Puii(s) — Pi(s)
<0,

for n € N and s # 0. In summary, the inequality
F.(s) <0 (3.15)

is true for s # 0 and n € Ny,
It is standard to obtain that
s"ay(s) = n!R,_i[e"],

and
" b,(s) = n!s" g, (s) = nlP,(s),

for s € R and n € Ny, where the last equality followed from the relation s
in (3.13). Further, in view of the inequality (3.15), we obtain

g (s) = P,(s) derived

S [An($)bpa1 (8) = Ane1(9)bu($)] = nIR,_1['](n + 1)!Ppii () — (n + 1)IR,[e°]n!P,(5)
= n!(n+ DI(Ry-1[€°]Pni1(s) — R,[e"]P,(5))
=n!l(n+ DF,(s)
<0,

for s # 0 and n € N. Accordingly, the strict inequalities (3.1) and (3.11) are true for s # 0 and n € N.
When s = 0, the strict inequalities (3.1) and (3.11) become

11 1 < 1 1
()G mr2 (o)) et
for n € Ny, which is obviously valid for n € Nj. The case s = 0 and n = 0 was also verified on
page 14748 in this paper. In conclusion, the strict inequalities (3.1) and (3.11) are true for s € R and
n € Nj.

Since the normalized remainder T,[e’] is absolutely monotonic in s € R for n € Ny, see [12,
Theorem 2], all of its derivatives are positive, that is,

(9

d’” T, [e
Z f+m+n+l)z >0, (3.16)

=0 n+1

AIMS Mathematics Volume 10, Issue 6, 14739-14756.
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for m,n € Ny and s € R; see [3, p. 98]. Considering the positivity in (3.16), we can write the
inequality (3.1) as
oo v[
Iy ([+n+2) gu =0 ﬁﬁ
< )

Z[ 0 ([+n) €l

L

Z[ 0 ([+n+1 =

for s € R and n € Ny. This means that, for any given s € R, the sequence in (3.2) is decreasing in
n € Ny. The proof of Theorem 1 is thus complete. i

4. Decreasing property

In this section, with the help of the inequality (3.1) in Theorem 1, we focus on verifying that the
ratio % is decreasing in s € R for n € N,

Theorem 2. For n € N, the ratio T;%S]A] is decreasing in s € R.

Proof. Making use of the Maclaurin series (2.1), we can write the normalized remainder T),[e’] defined

for n € Ny by (2.2) as
Z f+n+1 f!> » SER

:0 n+1

The positivity of T,[e*] for n € Ny and s € R was discussed in [12, Section 2]. Then, for s € R and
n € Ny, we have

Tn+1[es] Zf 0 (f+n+2) gv

n+2

T” [es] Zf 0 (f+n+1 s

A direct differentiation on both sides of (4.1) yields

4.1

7"

d (T,H][es]) Z[ 1 (€+n+2) (g 1): Z[ 0 (f+n+1) g; Zf 0 ((+n+2) gv Z{ 1 (€+n+1) ([ 1)‘
ds T,[e* oo Ak
[e’] [ZK:OWF]
¢
Z[ 0 (i;TA) gv Z[ 0 ([+n+1) gl Z€ 0 (€+n+2) gv Zf 0 (f:ﬁZ) o
st 2 ’
[Zf 0 (/’+n+1) ]

for s € R and n € Nj. Accordingly, for proving the decreasing property of the ratio ﬁ["]] for n € Ny in

s € R, it suffices to show that the inequality (3.1) in Theorem 1 is true for s € R and n € Ny. Because
the inequality (3.1) in Theorem 1 has been proved to be true for s € R and n € Ny in Section 3 of this
paper, we conclude that the decreasing property of the ratio "“[e I for n € Ny in s € R. The proof of
Theorem 2 is thus complete. O

5. Several remarks
In this section, we list several remarks.
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Remark 1. A slight variant of the inequality (3.1) was announced as a problem at the site https:
//math.stackexchange.com/q/4956563 (accessed on 11 August 2024).

For given s € R, as n — oo, what is the limit of the sequence in (3.2)?

The inequality (2.3) can be reformulated as

n+1

Zf 0 ([’+n+2) gl Zé’ 0 ([+n+3) g! Zf 0 ([’+n+m+1) f!

I/\

(5.1)

s‘ ’
Zf 0 ([’+n+1 Zt’ 0 ({’+n+2 Z[ 0 (i+n+m
form e N, n €Ny, and s € R. For givenn € Ngand s € R, as m — oo, what is the limit of the sequence
in the very right end of the inequality (5.1)?
These two questions on limits were also asked on the web site https://math.stackexchange.com/q/
4956563 (accessed on 11 August 2024).

Remark 2. By the definition in (2.2), we acquire

(1+2) 1 % 5T

n+2)! (s ntl s e n+l st

() Gl ) SOOI ¥ S N}

LT i (oo - 537, 5) sle -2t n)  |nt2
n+1’ ’

for n € Ny. Making use of these limits and Theorem 2, we obtain the inequality
Tonle’] _n+ 2
T,[e*] n+1’
forn € Ny and s € R. Equivalently, the inequality

Ry.1(e’] 1 R,[e']
<
Sn+2 n+1 Sn+1

is true for n € Ny and s € R. Therefore, for n € Ny, the inequality

R,[e’] 1
Sn+1 m

n—-s+1)

isvalidin s > 0 and reverses in s < 0.

Remark 3. Forn € Ny and s € R, let

and

= = 1 ST
H,(s) = Z {f+n+3 Z €+n+1 [! [Z +n+2 E] ’
=0 ( n+l1 =0 n+l =0 ( n+l ) )
These two functions G,(s) and H,(s) are slight modzﬁcations of those two functions in [12, Remark 7].
We guess that the functions G,(s) and H,(s) for n € Ny should be absolutely monotonic in s € R,
that is, GE,'”)(S) > 0 and H,({")(s) > 0 for myn € Ny and s € R. This guess is stronger than the
inequalities (2.3) and (3.1). For detailed information on the notion of absolutely monotonic functions
and its generalizations, please refer to [10, Chapter XII1], [ 19, Chapter IV], and the monograph [15].
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Remark 4. It is known [4, Chapter XIII] that the quantity

1 Y
R0 = s f FOOy - 0P dx

is called the Riemann-Liouville fractional integral of order u, where the classical Euler gamma
function T'(u) is defined [ 16, Chapter 3] by

T = lim ———— C\{0,-1,-2,...},
() "L%Hko(ﬂ et ueC\{ }

whose reciprocal == I is an entire function on the complex plane C.
The integral representation (3.3) in Lemma 1 can be reformulated in terms of the Riemann-Liouville

fractional integral of order n as
o+ 1 1o _ ,
ey 1)'s£ = T f xe™(1—x)""dx = Ryfxe™; 1),
=0 : 0

forneNand s € R.
A direct computation yields

1 y
R, {xe™; }:—f xe(y — x¥ 'dx
A= J, 0

y/1+1 1 .
= ue™ (1 —uy " du
I'(w)
i [fl 41 1 sty
= w1 —uw)l du|——
) ;; 0 o

_ el i L(+2) sH*
Ir'c+u+2) ¢
_ i t+1 ot
B LT+ p + 2)°
foru > 0and s,y € R. Making use of this expression, we may generalize the main results of this paper.

6. Conclusions

In this paper, we demonstrated that the ratio ;*E[T]J between two normalized remainders 7T ,.[e’]
and T,[e’] for n € N is decreasing in s € R. This result extends [12, Theorem 1] from (0, o) to R.

The guess in Remark 3 is interesting in mathematics.
In [5, p. 19], several remainders are collected as follows.

If a function A(s) has derivatives of all orders throughout a neighborhood of a point 7, then
we may write the series

) 3
h(n) + _h,( )+ (s n) W) + (s 77) I oy + -
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which is known as the Taylor series of the function A(s).

The Taylor series converges to the function /A(s) if the remainder
o (s—n)f
Ro(s) = h(s) = h(p) = " =—=h )
=1 :

approaches zero as n — oo. The following expressions are different forms for the remainder
of a Taylor series:

R,(s) = % fs h V() (s — 1) dt,

n
B (S _ n)n+l

(n+1) _
R,(s) = "+ Dl " (n + 0(s — ), (Lagrange), (6.1)
G ! np(n+l)
R,(s) = T(l = 0" (n+ 0(s —m), (Cauchy), (6.2)
and
R,(s) = L8 =M =90 =M A =0 iy gs_ ) (Schlomilch),  (63)

@ls =1 -0)] n!
for 0 < 6 < 1, where ¢(s) is an arbitrary function satisfying the following two conditions:

(1) It and its derivative ¢’(s) are continuous in the interval (0, s — 77); and
(2) the derivative ¢’(s) does not change sign in that interval.

If we set ¢(s) = s”*! for 0 < p < n, we obtain the following form for the remainder:

_ )\l _ pyn—p-1
Rs)= SZW A= o v s —m). (Rouché), (6.4)
(p+ Dn!

for0 <6 < 1.

Like Lagrange’s remainder (6.1), Cauchy’s remainder (6.2), Schlémilch’s remainder (6.3), and
Rouché’s remainder (6.4), Qi’s normalized remainder T,[/(s)] in Definition 1 of the Maclaurin
series (1.1) is worth being investigated deeply and extensively.

In the future, researchers can consider the following points.

(1) This paper would benefit from including applications to concrete real-life problems,
demonstrating where the results apply and how the hypotheses are verified. Providing relevant
examples would have made this paper much more interesting with not only the theoretic value.

(2) Are there other methods to verify the decreasing property in Theorem 27? Is there a simpler way
to prove the decreasing property in Theorem 2?

(3) Can the inequalities established in this paper be extended to other series expansions?

More importantly, in [17, Remark 2] and [23, Remark 2], for example, Qi et al. found that the
normalized remainder 7),[e’] has something to do with the generating functions of the Bernoulli,
Stirling, and Howard numbers and polynomials in combinatorial number theory.
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