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1. Introduction

The Diophantine equation is a classical problem in number theory. Let [@] denote the integral part
of the real number «, and let N be a sufficiently large integer. In 1933, Segal [1, 2] firstly studied
additive problems with non-integer degrees and proved that for ¢ > 1 being not an integer, there exists
k(c) > 0 such that the Diophantine equation

[X{ ]+ 5]+ +[x]=N (1.1)

is solvable for k > k(c). Later, Deshouillers [3] and Arkhilov and Zhitkov [4] improved the Segal’s
bound for k(c). Laporta [5] demonstrated in 1999 that the equation

[pil1+[p5l=n (1.2)

is solvable in primes p;, p, provided that 1 < ¢ < % and N is sufficiently large. Recently, the range of
cin (1.2) was enlarged to 1 < ¢ < 13 by Zhu [6].
In 1995, Laporta and Tolev [7] considered the equation

[pi]+[p5] + (P51 =n (1.3)
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with prime variables p;, p,, p3. Denote the weighted number of solutions of the Eq (1.3) by

Rmy= > (ogpi)iog p>)log ps), (1.4)

[P 1+ P51+ pS]=n

where N/2 < n < N and N is a sufficiently large integer. They established the following asymptotic
formula

R(n) = —Zn%_1 + O(N%_1 exp( - log%_é N))

forany 0 <6 < % and 1 < ¢ < %. Afterwards, the range of ¢ was enlarged to 1 < ¢ < % by Kumchev
and Nedeva [8], to 1 < ¢ < 233 by Zhai and Cao [9],t0 1 < ¢ < $3] by Cai [10],to 1 < ¢ < 322 by Li

119 2703
and Zhang [11], and to 1 < ¢ < 338! by Baker [12].

In this paper, we shall investigate the solvability of the following Diophantine equation

n = [pil+[p5] + [p5] + [p4] (L.5)

in prime variables pi, p», p3, ps. Denote the weighted number of solutions of the above equation by

Rm= >, (ogpi)iog p>)log ps)log pa) (1.6)

[p{1+Ip5 1+ p51+Ip41=n
and establish the following theorem.

Theorem 1. Let N be a sufficiently large integer. Then for 1 < ¢ < % and n € (£, N] but
O(N exp(— log% N))

exceptions, we have

4 1
R(n) = wn%_1 + O(N%_1 exp (— log# N)) , (L.7)

r)
where the implied constant in the O-term depends only on c.

Notation. Throughout the paper, we assume that 1 < ¢ < %. The symbol N always denotes a
sufficiently large integer. Let € € (0, 10‘10(% - c)). Let p, with or without subscripts, be reserved
for a prime number. We denote the fractional part of x by {x} and the distance from x to the nearest

integer by ||x||. Let

P=N:¢, =P e(x) =™, S(a)= ) (logple(alp),

p<P

S@X)= Y (ogpealp, T(@X)= ) elnla).

X<p<2X X<n<2X
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2. Auxiliary lemmas

To prove Theorem 1, we need the following lemmas.

Lemma 2.1. [13, Lemma 5] Suppose that z, is a sequence of complex numbers, then we have

SRR

N<n<2N q=0 N<n<2N-q

where Re(7) and 7 denote the real part and the conjugate of the complex number ¢, respectively.

Lemma 2.2. [14, (3.3.4)] Suppose that [x| > 0 and ¢ > 1. Then for any exponent pair (k, 1), M < a <
b <2M, we have

1-c

. . M
Z e(xn®) < (|x| MY MY + o
X

Lemma 2.3. [15, Lemma 12] Suppose that 7 is not an integer and H > 3. Then for any a € (0, 1), we

as<n<b

have
1
e(—aft}) = cp(a)e(ht) + O (min 1, — ),
hl;, ' ( H||t||)
where
1 —e(-a)
@) = T a)

Lemma 2.4. [13, Lemma 3] Suppose that 3 < U <V < Z < X, and {Z} = %, X > 647°U, Z >
4U?, V3 > 32X. We further assume that F(n) is a complex valued function such that |F(n)| < 1. Then
the sum

Z A(n)F(n)

X<n<2X

may be decomposed into O(log'® X) sums, each of which either of type I:

a(m) Z F(mn)

M<m<2M N<n<2N

with N > Z, where a(m) < m® and X < MN < X, or of type II:

Z a(m) Z b(n)F(mn)

M<m<2M N<n<2N

with U < M <« V, where a(m) < m®,b(n) < n° and X < MN < X.

Lemma 2.5. Let P1T < X < P, H=X % and cy(a@) denote complex numbers such that ¢,(@) <
(1 + |A)~". Then uniformly with respect to « € (7, 1 — 1), we have

S, = Z cn(@) Z a(m) Z e (h + @)(mn)°) < X¥+% 2.1

|h|~H M<m<2M N<n<2N

for any a(m) < m?®, where X <« MN < X and M <« X0,
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Proof. We have

S; <« X max Z
|Ae(r,H+1)
M<m<2M

Z e(A(mn)°)).

N<n<2N

(2.2)

For the inner sum over 7 in (2.2), we have

|Ale(r,H+1)

S; < X° max Z ((|/1|X“)3'0N§3 i
M<m<2M

I/llXC)
< X%+28’

where Lemma 2.2 with the exponential pair («, 1) = (30, 30) is used. O

Lemma 2.6. Let PTT < X < P, H=X 51*8, and let ¢,(a@) denote complex numbers such that ¢,(@) <
(1 + |A)~". Then uniformly with respect to @ € (7, 1 — 1), we have

Su= Y al@ > am) Y bme(h+a)mn)) < X5 (2.3)

|h|l~H M<m<2M N<n<2N

for any a(m) < m®, b(n) < n®, X < MN < X and X% <« M < X,

Proof. Taking Q = X », then Q = o(N). According to Cauchy’s inequality and Lemma 2.1, we get

ISl < X > le(@) (— =D

1

|

e(fu(m, n, q))

|h|<H q<Q M<m<2M |N<n<2N
2.4)
where f,(m,n,q) = (h + @)n°((m + q)° — m®). Thus, it is sufficient to estimate the sum
"= ) elfutmn,q)).
N<n<2N
By Lemma 2.2 with the exponential pair (k, 1) = ( 2 3) we have
X
S’ < ((qHXCM-l)éNi + ) .
qrX©
Putting the above estimate into (2.4), we can obtain
1
o x \)
ISyl < X* Z len(@) (— + — Z Z ( (gHX M ")sN2 + X)}
lh<H q<Q M<m<2M qr
< X%t
Thus we complete the proof of Lemma 2.6. O

AIMS Mathematics Volume 10, Issue 6, 14488—-14501.



14492

Lemma 2.7. [16, Theorem 2] Suppose K > 1,y > 0,¢ > 1,c ¢ Z. Let A(K; ¢, y) denote the number
of solutions of the inequality

In] +n5 —n5 —ny| <y, K<ny,ny,nz,ng <2K,

then we have
WK;c,y) < (YK + KHK®.

Lemma 2.8. For 1 < ¢ <3 (¢ # 2), we have
1
f IS (@)*da < (P* + P*)P*.
0

Proof. By a splitting argument, it is sufficient to show that

[ s(3)

4
da

4
da < (P + PHPe.

We have

(o)

1
J
1
Z (log p1)-- - (log p4) fo e (([pi1 + [p3] = [p5] = [piD)e) da

£<p1,p2.p3.ps<P

D, Uogp)--logpy < (ogh) > L

§<pl,pz,]73,p4§P §<nl,n2,n3,n4§P
C Cl=[pC c c C1=[,C c
(S PG 1=1p§ 1P (S 1+ =[S 1+ 115

If [n{] + [n5] = [n5] + [ng], we can obtain

In{ + n5 —n§ —nyl = l{n]} + {n5} — {n5} — {ny)l < 2.
From Lemma 2.7, we have

! P

f IS (@)*da < (log P)* - (5; c 2) < (P + PYYP",
0

which completes the proof of Lemma 2.8. O
3. The estimation of S (@)

Lemma 3.1. Forv < a <1 -1, we have
S(a) < PF+%,

Proof. Throughout the proof of this lemma, we write H = X s for convenience. We need only to show
that the estimation

Z A)e(a[n‘]) < X5+% 3.1)

X<n<2X
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holds for PT < X < Pandtr<a <1 -1. By Lemma 2.3, we can obtain

D Aeeln) = ) @ D Ame(h+an)

X<n<2X |hl<H X<n<2X
1
+0 [(log X) min (1, —C)] . 3.2)
X;SZX H||n<||
By the expansion
i (1 | ) i (hn®) (3.3)
min|l, ——| = ape(hn .
Hnell) ~ &
with
. (log2H 1 H
|ah|Sm1n( H ’W’ﬁ)’ (3.4)
we get

Z e(hn°)

) 1 -
Z mm(l,m) < Zah

X<n<2X h=—00 X<n<2X
Xlog2H 1 U ¢
< Z E((hX)2+hXC)
\<h<H
Ly ((hX‘)z ; —)
h>H
< X% log X, 3.5)

where we estimate the sum over n by Lemma 2.2 with the exponent pair («, 1) = (1 %)

Taking U = X29, V=X ,Z = [X29] + 5. By Lemma 2.4 with F(n) = e((h + a)n®), we get that the
sum
Z (@) Y Ame(h+an)

|hl<H X<n<2X

can be represented as O(log'® X) sums, either of type I

Si= > al@ >, am) Y e(h+a)(mn)), N>Z

|\hl<H M<m<2M N<n<2N
or type 11
Sy= > al@) > atm) Y bme(th+a)mn)), U<M<V.
|hl<H M<m<2M N<n<2N

By Lemma 2.5, we get

S) < X%, (3.6)
By Lemma 2.6, we get

57
S, < X®*, (3.7)
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From (3.6) and (3.7), we can obtain

Z cn(@) Z A)e((h + a)n’) < XF+2%.

lh<H X<n<2X
From (3.2), (3.5), and (3.8), we complete the proof of Lemma 3.1.

Lemma 3.2. For a € (0, 1), we have

T(@,X) < X7 logX +

aXel’
Proof. Let H' = X7 By Lemma 2.3, we obtain

c 1 1
T(a,X) = Z cn(@) Z e((h+a)n)+0[(10gX) Z mln(l,m))-

|h|<H’ X<n<2X X<n<2X

From (3.3) and (3.4), we have

Z min(l,m) < ilahl Z e(hn°)

X<n<2X h=—c0 X<n<2X
XlOgZH’ 1 11 X
< ——+ — hXCEXi+—)
o
1<h<H’
H’ .
+ — ((hX© 6X7+—)

< X7 log X,

where we used Lemma 2.2 with the exponent pair (k, A) = (3, 3). Similarly, we have

Do) Y elh+am)

lh<H X<n<2X
= cola) Z e(an’) + Z cp(a) Z e((h + a)n)
X<n<2X 1<|h<H’ X<n<2X

< X7 log X +

aXe
From (3.9) and (3.10), we complete the proof of Lemma 3.2.

Lemma 3.3. Let P11 < X < P, we have

2734-371c 36+2¢

1-7
431-87¢
f IS(@)[*'da < P 6 *¢ 4 pTsn tE 4 pTiE te
.

Proof. Let® = (1,1 — 1) and Kj(a) = S(@)|S (a)' (I = 1 or 2). Then we have

f S (a)Kl(a/)doz|
e}

(3.8)

(3.9)

(3.10)

(3.11)
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< (logN) max
P% <X<P

f S(a, X)K(a)da

(€]

+P181(10gP)f|K1(a)|da.
)

In addition, we get

f S(a,X)Kl(a)da/‘ > logp f e(a[p]) Ki(@)da
(€]

X<p<2X ©

D, logp f e(a [p“])Kz(a)da‘

X<p<2X ©

IA

IA

(logX) >

X<n<2X

f e(aln‘)]) Kl(a)da‘ .
)

By (3.13) and Cauchy’s inequality, we have

: <X (log2 X) Z
X<n<2X

2

f S(a, X)K)(a)da f e(a[n‘)) Ki(a)da
) )

IA

X (log?X) | Ki(B)dB | Ki@)T(e - B, X)da
® 0

IA

(1o ) [ IKiplds [ IKi@IT(@ .0l do

Then,
f |Ki(a)T (@ = B, X)| da
e}

< f@ |Kl(oz)T(a—,B,X)|da/+f . |Ki(@)T (a — B, X)| da.

le—BI<X~¢ la=pI>X~¢
For the first integral in (3.15), we use the trivial bound 7'(@, X) < X and get
|Ki(@)T (@ - B, X)|de
lo—pl<X—¢

< Xmax |K)(a) lda < X'~ max |K /(@) .
ac® ac®

la—pBl<X—<

For the second integral in (3.15), we use Lemma 3.2 and get

K (IIT (@ = B, X)| dr

|o—Bl>X—¢
x!-e
< f 1K /()| (X47 log X + )da
\(I—BI?X"‘ |Cl’ _ﬁ|

1

a
—c<la—Bl<2 la - B

< X7 logX f |Ki(@)| da + X'~ max |K ()| f
0 ae® X

< X7 (logX) f [Ki(@)ldar + X'~ max|Ki(a) log X.
® (1S

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

AIMS Mathematics Volume 10, Issue 6, 14488—-14501.



14496

From (3.12) and (3.14)—(3.17), we obtain

2 . ? 2
( f IKz(oz)lda) +Pi?+€( f 'K’(“)'d“)
o (€]

+X%7¢ max | Ky(@))| f IK,(a)| da.
ae® ®

f S (@)K (a)da
)

By applying Lemma 3.1 and the bound

1-7 1
f 1S%(a)lda < f 1S2(e)lda < Plog® P,
T 0

we can deduce from (3.18) with / = 1 that

flS(a/)l da :fS(a/)Kl(a/)da/

€]
2
< Xl-ite max 1S ()| ( |S(a)|2da)

(Xlii“fs put )(f |S(0/)|2d01)

<« X'\-ip%tite 4 x'u plte 4 piit
144 29( 25+¢

+ P

Zlee

<« P

Then it follows from (3.18) with r = 2 and (3.19) that

f 1S (@)|*da = f S (@)K (a)da
(€] ®

3 .
< X1‘5+5ma@§(|5(a)|2( f |S(a)|3da) +(X114‘+€+Pﬁ+€)( f |S(a)|3da)
e ®

144-29¢ 254c\ 3 144-29¢ 25+¢
S8 +P14)+P| (P 58 +P14)

1327-174c¢
406

< Piiise (P

36+2c

+8+Pl4+8

< Pt 4 p

b

which completes the proof of Lemma 3.3.
4. Proof of the theorem

By the definition of R(n), we have

R(n)

1-7
f S*@)e(—an)da

T

T 1-7
f S*a)e(—an)da + f S*a)e(—an)da
Ri(N) + Ry(N).

(3.18)

(3.19)

4.1)
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4.1. Evaluation of R{(N)

In this subsection, we shall prove the following equation

i+, . |
Ri(n) = %nc—l + O (N exp(—(logn)*)). 4.2)
Define
Gla) = mzs;v %mi_le(ma),
Bi(n) = fT G*(@)e(-na)de,
B(n) = f ' G*@)e(—na)da.
Then
Ri(n) = (R\(n) — Bi(n)) + (Bi(n) — B(n)) + B(n). (4.3)

As is shown in Theorem 2.3 of Vaughan [17], we can obtain

r1+1
B(n) = (F(—:)“)P‘*-C + O(P*7). 4.4)

From Lemma 2.8 of Vaughan [17], for v > 0, we have

1

! !
Bi(n) — B(n) < f IG(a)|*da < f o ida < 770 < PV (4.5)
Next we estimate |R;(n) — B;(n)|. Let W;(N) denote the set of integers 7 in the interval (¥, N] such that
T ni—l
i) - 3100 = | [ (5%@) - GH@e(-nardal > 7. 4.6)
— logn
We take W, = |W(N)|, and choose the complex number ¢, (n) satisfying |¢;(n)| = 1 and
p1(n) f (S*(a) - GYa))e(-na)da = ’f S*a) - G4(a))e(—na)doz‘ . 4.7
Thus, for n € W (N), by (4.6) and (4.7), we can obtain
Nelw g
L« f (S*() - G*(@)L(a)da, (4.8)
log N r

where L(@) = 3w, v p1(n)e(—an). By Lemma 2.8 of Vaughan [17], we have

_1

G(a) < min(N<, |a| ©).
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Thus,

1

: }
f Gla)'de < f min(N<, o] 7)*de
_ 0

1
2
1 1
N4 2 a4
< f Nvda+fozcda
0 b

< Nl P (4.9)
For |a| < 7, we have

S(a) = Z(log ple(p‘a@) + O(tP) = S*(a) + O(TP). (4.10)

p<P

Now we consider the upper bound of |S (@) — G(«)| under the condition |a| < 7. By (4.10), we have

S(@ = ) Ame(n‘a)+ O(P?) + O(xP)

n<P

= Z A()e(n‘a) + O(P'*). (4.11)

n<P
For |a| < 7 and u > 2, by Lemma 1.2 of Ivi¢ [18], we have
D ema) = f e(ta)dt + O(1).
l<m<u 1
According to partial summation and the above identity, we can obtain

Z A(n)e(n‘a)

n<P

P
f e(t“@)dt + O(P exp(—(log P)?))
1

N
f %ui_le(ua)du + O(P exp(—(log P)%))
1

Z émi’_le(ma/) + O(P exp(—(log P)?))

m<N
= G(a) + O(Pexp(~(log P)?)). (4.12)
By (4.11) and (4.12), we have
sup|S (@) — G(a)| < Pexp(—(log P)%). 4.13)

lal<T

We use Holder’s inequality, Lemma 2.8, (4.9), (4.13), and the obvious bound fol |IL(a)|*da < W; and
get

f T(S4(a) - GYa))L(o)da

AIMS Mathematics Volume 10, Issue 6, 14488—-14501.
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< f 1S (@) = G@)I(1S (@) +IG(@)P)IL(@)lda

T % 1-7 %
< suplS(a) - G(a)l ( f S (01)|4+|G(0/)|4d0/) ( f IL(0/)|4d01)

|al<T T
4.3 1 3
< Ne texp(—log* N)W/.

From (4.8) and (4.14), we obtain

3
< Nid exp(— log% NYW?,

which yields that

W, < Nexp(— log% N).

4.2. Evaluation of Ry(N)
In this subsection, let W,(N) denote the set of integers # in the interval (¥, N] such that

4]
c

1-7
Ry (n)| = f SYa@)e(-na)da| > —.
. logn

By Bessel’s inequality and taking W, = |W,(N)|, we have

2

41 -7
W, ( ' ) < < f 1S 3(a)lda.
log N nEWZZ(N) .

Since 1 < ¢ < 33 and € € (0,107'°(33 — ¢)), we can deduce from (4.17) and Lemma 3.3 that

2

1-7
f S*@)e(-na)da

431-87c

_8 37
W2 < N2 ”+£P58X4+8(P 116 +8+P

< P? < N'"=,

36+2¢

+& L P +s)

1327-174c¢
406

Let W(N) denote the number of integers »n in the interval (X, N7 such that

3 1 4
R(n) — L:_C)n?—l > Ll
F(E) logn

Then, by (4.1)—(4.4), (4.15), and (4.18), we have

F3(1+1)

T6)

From the above formula and (4.19), we can get

R(n) - <! < IRi(n) = Bi(w)| + Ry(m)] + O (n™'7*).

W(N) < W, + W, < Nexp(— log% N).

Thus we complete the proof of Theorem 1.

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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5. Conclusions

In this paper, we proved that almost all n € (N, 2N] can be represented as n = [p{]+[p5]1+[p5]1+[p5],
where p1, p2, p3, p4 are prime numbers and [x] denotes the integer part of x. Our method also yields an
asymptotic formula for the number of representations of these n.
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