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1. Introduction

Let f be a locally integrable function on R* = (0, c0), and the classical Hardy operator H and its
adjoint H* are defined by

1 X (o]
Hf =~ fo fordy, B o= [ LDy,

Hardy [9, 10] proved that
WH fllr@s < Pfllress  1H fllres < pllflles,
where 1 < p < oo, 1/p+ 1/p’ =1, and the constants p’ and p are best possible, i.e.,
|Hlr @ty —rr@n = P's H @@ = p-

Faris [6] introduced the following n-dimensional Hardy operator:

Pf(x) =

fO)dy, xeR"\ {0}, (1.1)

yl<lxl

Qx|
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for nonnegative functions on R”, where Q,, = r(ilr—i) is the volume of the unit ball in R" and I'(1 + 3) =
2

fooo t2e~'dt. Christ and Grafakos [3] obtained that for 1 < p < oo,
||P||U’(R")—>LP(R") = P'-
Zhao, Fu, and Lu [20] obtained the sharp bound for the weak-type (p, p) inequality,
IPllr@ry—rro@ny =1, 1 < p < oo,

We use the following notation: dy = dy; - - - dy,,, B(0, R) denotes a ball of radius R centered at the
origin, for 1 <i <m,y; = (y1;,- -+ , yui) denotes elements of R”, and the Euclidean norm of each y; is

il = (2 ly;il*)!/* and of the m-tuple (y1,- -+, y) is (V1. -+, ym)l = (% i)',
= i=

The Hardy operator was extended to the multilinear setting by Fu, Grafakos, Lu, and Zhao [8].
Letm e N, fi,---, f,. be locally integrable functions on R”, and the multilinear Hardy operator P" is
defined by

P(fr, s S () =

Q lxlmn \ﬁ , fl(yl) fm(ym)d)_;’ (12)
mn Yo ym)I<[Al
where x € R"\{0}. They obtained the sharp bounds for the multilinear Hardy operator P”* mapping from
product Lebesgue spaces to Lebesgue spaces (both equipped with power weights) and from product
central Morrey spaces to central Morrey spaces. After that, many researchers studied sharp estimates
for the multilinear Hardy operators and their variants on Lebesgue spaces and Morrey-type spaces (see
e.g., [13,14,16] and the references therein). Wei and Yan [18] gave the sharp bounds for the multilinear
Hardy operators P" on mixed radial-angular central Morrey spaces. Readers are referred to [7,11,17]
for more details. Two other variants of multilinear Hardy operators were introduced and studied by
Bényi and Oh [2].
The adjoint operator of the n-dimensional Hardy operator P is
Of(x) = L @dy, xeR", (1.3)
Q Jyizi I

defined for locally integrable functions on R". Usually, we refer to both P and Q as n-dimensional
Hardy operators. Using the fact that

WPller@ny—rr@ny = p's 1 < p < oo,
and by duality, we obtain ||Q||»&)—rr@r < p. Consider f(x) = |x|_%+8)(3(0,1)(x), and it is easy to get that
1Ollr@ny—rr@n = p, 1 < p < oo

Duoandikoetxea, Martin-Reyes, and Ombrosi [4] gave weighted inequalities for the n-dimensional
Hardy operators P and Q.

Letm € N, fi,---, f,, be locally integrable functions on R", and we define the multilinear Hardy
operator Q™ as

Q"(fi-+ s f)x) =

Qi [6JF%

dy, (1.4)
ol (O Y™
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and obviously, Q' = Q.
Letl < p<oo,—-1/p<A<0,ae€R,and f be a measurable function on R", and we define the
central (also known as local) Morrey spaces with power weights B”(|x|*dx) by

Bp/l(|x|adx) ={f¢€ le(|x|adx) : ||f||BM(|x|adx) < oo},

where
1 P+l 1%
Wi = 98 (g |, VN Iatd)”

Yee and Ho [19] obtained the boundedness of the Hardy operators on weighted local Morrey spaces.
When @ = 0, B”*(|x|°dx) is the central homogeneous Morrey space B”4(R") introduced by Alvarez,
Guzmadn-Partida, and Lakey [1]. The classical Morrey space was introduced by Morrey [12], and the

Morrey spaces with general weights were introduced in [15]. The case 4 = —1/p corresponds to the
Lebesgue spaces with power weights.
Letm € N, 1 < py < oo, 1 <p<oo,a <pn(l=1/p)i=1-,m%L=1L4...4L

and @ = Y, @;. Fu, Grafakos, Lu, and Zhao [8] obtained the multilinear Hardy operator P maps
L7 (377 dx) x - x Lo (|2 ™

am [ m

dx) to LP(|x|*dx) with norm equal to the constant

" n 1 ;
pmnw,; £I1 G- i ﬁ))

m—1 —n - n _1_«a ’
2" wp(pmn —n =) T(5(m— - — <))

where w, = nQ,. Letm € N, 1 < p; <00, =1/p; < 4; < 0,1 < p <oo, - =3 lp,p/l Didis
i=1,---,m,and A = ¥, A;. They also obtained that P"" maps B”"*!(R")X - - ><Bf"" An(R") to BPA(R™)
with norm

maw'? [T, F(%(l +4;)

n

2" pp(m + ) T(5(m + Q)

||Pm||Bp1 A1 (RM)X- X BPmAm (R — BP-A(RM) =

In this paper, we establish the sharp bounds for the multilinear Hardy operators P and Q" mapping
from product central Morrey spaces to central Morrey spaces (both equipped with power weights) in
Sections 2 and 3, respectively. We also obtain the precise norm of the multilinear Hardy operator Q™
on Lebesgue spaces with power weights.

We recall the definitions of the beta function B(z, w) = fol (1 — t)*~'dt and the gamma function

I'z) = fom t~'e7'dt, where z and w are complex numbers with positive real parts. These functions
satisfy the identity B(z, w)['(z + w) = I'(2)T'(w).

2. The sharp bounds for P on central Morrey spaces with power weights

In this section, we obtain sharp bounds for the multilinear Hardy operator P" on the central Morrey
spaces with power weights. Our results include, as special cases, the sharp bounds for the central
Morrey spaces.

Theorem 2.1. Letm e N, 1 < p; < 00, =1/p; <1, <0,1 < p < o0, ;:pi+ <-4+ —, @; < pnd; + pn,
i=1,--- ,ma= 27:1 @j,and A = Z A;. Then the multilinear Hardy operator P defined in (1.2)

1
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m]’m

maps the product of central Morrey spaces with power weights B?1+ (|x|al%dx) X - X BPmAn(|x| " p
to BP(|x|*dx) and

dx)

1Pl

R 1Py . XmpPm . =
BPLAL(x| TP dx)x-x BPmAm (x| TP dx)— BPA(|x| dx)

where . N
n i

pmnw)) [T, TGA + 4 = 25)
2" wp(pmn + pnd —a)  T(5(m+ 1 - 0))

C =
Iffori=1,---,m, pA = p;A;, then

Pl o1 = (.
BPuAL(|x| TP dx)>< XBl’m”‘m(IxI v dx)—>Bf”l(|x|"dx)

Remark 2.2. For 1 < p < oo and —1/p < A < 0, the operator norm from BP4(R") to itself of the
n-dimensional Hardy operator P defined in (1.1) was evaluated in [8]. It was found to be independent
of n.

Remark 2.3. Assume that % Z —and A = Z Aj. Then for all i = 1,---,m, the inequality
pAd < p;A; holds if and only if pA = p,/l,

Proof of Theorem 2.1. As in the proof of [8], the operator P™ and its restriction to radial functions have
the same operator norm on the spaces B”(|x|%dx). Taking radial functions f; € B”f’”i(lxl%dx), i =
1,---,m, by the Minkowski integral inequality and the Holder inequality, we have

1 1
B ———— Pm s s m X P xad'x '
(o R wa,R)l Gioree SNl d)
(1 - 1) - fuOm)dy| |x%dx)’
(IB(O R)|1+p B(OR)'an|x|mn 31, ym)|<|x| =y il )
| 1 f f P ,
_ (Ixly)dy| |x|“dx)’
mn(lB(O R)|1+/lp (OR)‘ Lesym)I<l l—][f g 5})’ )

1 f f m
< —_— H(xlyiD| x| dx
Qo Jiy1 ymi<1 (|B(0 R Jpor) n ! )

=1

1 - 1 f i L
= T A |fiCelyiDI |x ™ dx) "™ dy
Qun i1, yml<1 1 (IB(O,R)IM"" BO.R) )
! B ! f 12
B - FOPI Y di—5 )" d¥
Qo (15 ym)I<L =g (|B(OaR)|1+’l’p’ B(O,lyiIR) |yi|”+ - )

|3

1 m
(l‘l'
< f vy [ Al o
Qi |1 ym)I<L =g i BPiti(|x] 7P dx)

and

m
-2
f [ [t ay
mn J|(yi,ym)l<l G

i=1

m z z 1
l’l(,l) 2 2 a
Wimn 0 0 0
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. m a;
m—i—1+ 3} (n+n/1j—7—1)

m—1
: l—[(cos 6,5~ (sin 6;) j=ivl drdf, ---db,,_,.
i=1
By an elementary calculation, we obtain that

n 1
2
f (cos ) (sin)*'do = f (1 =21 1dr (¢t = sin )
0 0

1 1
= Ef (1 -x"'x"dx (x=1%)
0

1
= EB(W, 2). (2.1)
Therefore, we have
! f ﬁ "7 dy
Qun Jiyy, o ywli<1 i
e oDy
—2m-l,.(pmn + pnd — ) 2 ’ 2
l%(n+n/l,-—;") n+ni, — 2 N+ nd, — = n+nd, — =t
-B( = , p )B( , P )
2 2 2 2
= C].
Thus
1P| apy <C.

. . XmpPm . >~
BPUAL(|x] TP dx)x---xBPmAm(|x| T P dx)— BP-A(|x|2dx)

Iffori=1,---,m, pAd = pA,let ﬁ(x) = le”A"_%, x € R”, and then

— —~ @pi L
|l oy = Sl (— ~xp"x7dx)"’
WAy R£|mamwwuLMJ“”"
n'i
= —/l’. T
wy' (1 + pid;)r

We have

— —_ 1 n
PG 0 = Lv [ ] £axtyoas

“ym)l<l1 i=1
1 - %
o b [ [
mn |0’1""’ym)|<1 i=1
m S~
=Ci | | A,
i=1
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and

WP (fis- s Sl ragueax

=sup( f IP" (o F) P el dx)
B(O,R)

>0 B0, R)['*4P

[ [\ Fcorieax)

i=1

1
lepde) P

1
=C;s _
: REE(IB(O, R)|1+4p fg:(o,R)

o J,
=C Su —_—
! R>‘8(|B<o, BRI Jpor)

n/l

- 1
w1+ pA)r

n'i
]
A

i WL+ pu)

m
C1 1:1 ||ﬁ||Bpi,ﬂ,'(|x|%dx).
i=

= C,

This ends the proof.
When a; =0 foralli =1,--- ,m, the result above was proved in [8].

3. The sharp bounds for Q" on central Morrey spaces with power weights

In this section, we obtain sharp bounds for the multilinear Hardy operator Q™ on the central Morrey
spaces with power weights. Additionally, the sharp bounds for central Morrey spaces are derived.
Theorem 3.1. Let m € N, 1 < p; < 00, =1/p; < 4, < 0,1 < p < oo, i =3, pij, @; < pnl; + pn,
i=1,---,ma= Z;-”zl aj, A= ZT:] 4;, and pnA < a. Then the multilinear Hardy operator Q™ defined

in (1.4) maps B74 (x| 7 dx) x - - - x BPwn(|x] ™" dx) to BP4(|x|dx) and
10"l

Gy,

Am P
D

. apy . m . S
BPUAL (X TP dx)xex BPmdm (x| TP dx)—BPA(|x|*dx)

where " "
pmnw.! [T, TG+ 4 - 25)

T 2 p(a — pnd)  T(Gm+4-0))
If pA=piA;, i=1,---,m, then

1"l @) =C,.

. . YmpPm . —_
BPrA(|x] TP dx)x---xBPmAm(|x| " P dx)—BPA(|x|2dx)

G,

Remark 3.2. For 1 < p < o0 and —1/p < A < 0, the operator norm from BP(R") to itself of the
n-dimensional Hardy operator Q defined in (1.3) is independent of n.

Proof of Theorem 3.1. As before, we note that the operator Q™ and its restriction to radial functions
have the same operator norm in B”!(|x|%dx), and taking radial functions f; € Bpi"i(lxl%dx), i =

1,---m, then
f f1(|x|)’1) U fm(lxlym)d—>
V.
|(y|v""ym)|>1 |(yl’ U »ym)lmn

Qm(fl, U ’fm)(-x) = an
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By the Minkowski integral inequality and the Holder inequality, we have

1 1
(o | 107G gPlatias)
B(O,R)

|B(O, R)|!*+4»
1 f f SiGxdyil) -+ fuCxlymD P 7

I dy| |x|*dx)”
(|B(0, R Jpor) ‘an G gmls1 O Y™ )7‘ )

1 1 Silxyl) - ey P 0 V3
< Q f (BO R 1+/lpf ‘ mn ’ |x| dx) dy
mn J|(y1, ym)l>1 |B(0, R)| B(O,R) IO, s Ym)l

)
m W NE
B Qim 01yl 1 I(yll, -1' lyl, )™ 1:1 (IB(O, |yi|1R)|1+/lipi fB(O,IinR) lﬁ(t)lpilﬂ%dt)p%dy
! M‘W :1[ i g4

Qi Jigre st [O15 =yl

and by Eq (2.1), we obtain that
1 il
- f i=1 |y | P d)—))
Q < ym)>1 |(Y1, e ,Ym)|mn

_ mnwj! f f f pa-2-1

m—i—1+ Z (n+ndj— pf 1)

: n(cos 6"~ (sin 6)) = drd6, - --de,,_,
pmnw" E‘z(n i =) g nd — <
= 2m—1wmn(a, _ pn/l) ( 2 ) 2 )
i%(fl'f‘l’l/li_%) n+n/l—7 n+n/1m—“7’” n+n/lm_1—"’"7*'
. B( 5 , 5 )B( : ’ : )

=(,.

Thus

||Qm|| ) P . ampm . S 2.
BPLU (x| 7P dx)x--XBPmAm(|x|” P dx)—BPA(|x]|?dx)

If fori = 1,---,m, pA = p;4;, as in the proof of Theorem 3.1, let ﬁ(x) = |x|”ﬂi_%, x € R”, and
we have

. — 1
R R

P
_ |x|M—f [T ™ i3
Qyn (IR S (G JPRERIN )

Volume 10, Issue 6, 14183-14195.

f A - fonlymD) i
31 ym)>1
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=G ﬁ fix)
i=1
and
Q" (Frs -+ s fillnagueas
1
=0 (g o 0T By
- C2 ililg (W f(O R) 1—[ |fl(x>|p|X|adX)
ol AL
-1 Wy (1+ pid)7
=G ]_1[ U g2 0
This ends the proof.

Leta; =0,i=1,---,m, and we have the following result.
Corollary 34. Let m € N, 1 < p; < o0, =1/p; < A; < 0,1 < p < oo, é =", pl/ pAd = pid;,
i=1,---,m,and A = Y., ;. Then the multilinear Hardy operator Q" maps B”"!! (R")x- - -x BP4n(R")
to BP(R™) with norm

mow'™ m F( (1 + A ))

n

||Qm|| A Yook BPmAm (Rn)—s BP-A(RM) — —
BATL R Brman (R BED T am=1 gy, 1 F(z(m+/l))

4. The sharp bounds for Q" on Lebesgue spaces with power weights

In this section, we establish sharp bounds for the multilinear Hardy operator Q" on Lebesgue spaces
with power weights.
Theorem 4.1. Let m € N, 1 < p; < 00,1 < p < oo, }U =3, pi,’“i <pn(l=1/p),i=1,---,m,
a =Y @), and n + a > 0. Then the multilinear Hardy operator Q’" maps the product of weighted

Lebesgue spaces LP1(|x|%dx) X - % LPn(| X

pmnw,’ [T, TG - ,%,. - %))
2 wpn(n + @) T(§0m =5 = )

Proof. As before, we observe that the operator Q™ and its restriction to radial functions have the
P . .

same operator norm on L”(|x|°dx). Let f; € LPi(|x|"» dx), i = 1,--- ,m, be radial functions, and by

Minkowski’s integral inequality and Holder’s inequality, we have

NO™(fi,- -, filler(uedy)
1 Filldy) - Fullrlyn)
Qi (315 ym)I>1 |(Y1, T ’ym)|mn

dy*‘p|x|“dx)”

AIMS Mathematics Volume 10, Issue 6, 14183-14195.
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—_—

X e X P 1
< f f 'fl(l 1) fm(|m|nym)‘ |xladx)pd+
Qun Sy i1~ Jre b A0 Yl
1 X - fn(X p 1
_ f Silxlyil) -« - f nlzml)‘ lxladx)pda
an |(y|,---,y,,,)|>1 R" |(Y1’ e ,)’m)|
m
- f L TT( [ b ax)
- l L
an [(y1, s ym)I>1 |(y1a e ,)’m)|mn i=1 R"
1 1 =
<o | v | [,
e SO L | (LA
m
= Cs [ [N,
i=1
and by Eq (2.1), we obtain that
mnw" (2 LR
o=t [ ...f [
Wmn Jo 0 Ji
mlo m—i—1+ Iin] ( —pl—]—,j— )
[ Jtcosoy o singy 5 7T drde, -+ d6,,-y
i=1
Z(n L -4 _a_a
__ pmnwy ( PETRIT D )
2L m(n + @) 2 ’ 2
m
B-2-% ,a_m s, a e
_B(z—3 P2 P )B( Pm p Pm-1 14 )
2 ’ 2 2 ’ 2
I'2(1 - - - "—’
ey HTEO=3-2)
2" @wp(n + @) F(E(m - P - )
To show that Cj is the best possible constant, we should obtain that
V(]
”Q ||L”l(lxl ll’pl dx)><~-><L1’m(|x|(Ym%dx)—)LI’(lxladx) -
For a sufficiently small €, 0 < &€ < min{l, ”*", \F} and we define
W <
g X pi D i s x| < _m’
(X)) =
Ji 0, x> —=,
m
where i = 1,--- ,m. We have that
w
AN wp == I = —=(—=)"".
LPU(x| 7 dx) (x| P dx)  PpmE

AIMS Mathematics
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Q"(ff,-++, f2)(x) = 0 when |x| > 1, and that

_ﬂ_g+/’mt“ H |yl|_E_]T+pil

N i
i (5 Y™

mlx|

Q"(fis- s f)) =

Qun I gl 1yt 1< syl 2

when |x| < 1.
By Eq (2.1), we have

NO"(fY, -+ s fidllLruedx)

_1_7_'_Pm‘c
1 e 1—[ |yl Pi bi p 1
_ _n_ga_ pme o 5
= 0 (f |x| P PP f - —|(y : )|mnd)71 |X| dx)
mn -~ Jxl<1 101 3> Gl lyml< g 17775 Ym
_n_%_ pme
H lyil 77w 1

_n_a p 2 1
B f ] ")’
01 )l Lyl dyal< Y2 1OV =5 V)

1
= -an ( ﬁcka s

s s N
a)ngpmg lmna)zl 2 2 me _n_a pms_
2 ( )p [ yrp rp
Pmé€ Winn 0 0 1

ey meinle S (et
-l_[(cosel-)" w T (sin6)) sl PP A d - dB,,

me vy Yn—L S By pae
:mnwm\/_PSP(l—(\/_e)P B<i=2 piopopT T p+p1)

2, (2 + 2 — P25 2 ’ 2

P
m . &
Z(n_ l -2 + pl) n (%) Pm€
) pi P pi’ n——— =4 ==
-B(l_‘ P2 p D2 )
2 ’ 2

_ Pm€E m

.B( ”’”;7 , zp pmil)ﬂ”f i ey

Finally, let £ — 0, and we get

10"l

a1p] ampm =
LPi(|x] P dx)x--XLPm(|x| P dx)—LP(|x|%dx)

This ends the proof.
Duoandikoetxea, Martin-Reyes, and Ombrosi [4] introduced the n-dimensional maximal operator

N =swp o [ oy

r>|x] Qnr [yl<r

for locally integrable functions on R”. The operator N plays a crucial role in proving the boundedness
of both the Hardy operator P and the Calder6n operator S (defined as S = P+ Q) on weighted Lebesgue
spaces. In [5], the operator N was further employed to build weights that yield the boundedness of the
fractional hardy operator. Let f be the nonnegative integrable on R”, and we obtain

Pf(x) < Nf(x) < Pf(x) + Qf (x).

AIMS Mathematics Volume 10, Issue 6, 14183-14195.
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Forl < p < oo, —]—17 <A< 0,and @ € R, by Minkowski’s integral inequality, we have

P goaqugeax)— sragxeaxy < 1N gragod—pragued)
< ||P||Bp-i(|x|adx)_)3p,/l(|x|adx) + ||Q||BM(|x|adx)_>Bp,ﬂ(|x|adx),

and

1Pl 2r(xedx)—rrxeary < WNILrxjedx—Lr(xedx)
< IPlerqueaxy—rrxedr) + 1O Lrxiedxy—r(xied)-

An immediate consequence of Theorems 2.1 and 3.1 is that forall 1 < p < oo, —% < A1<0,

pnd < a < pnd + pn,
pn
pn+ pnd —«a

pn___,_pn
pn+pnd—a a-pnd

< ||N||BP»4(|x|"dx)—>Bl’~/‘(Ix\"dx) <

By Theorems 4.1 and 1 in [8], we obtain that for 1 < p < coand —n < @ < pn —n,

pn pn pn
————— < |INllerujedn)—Lrxedyy < + .
pn—n-—a pn—-n—a n+a

5. Conclusions

We establish the precise norm of the multilinear Hardy operators P” and Q™ on central Morrey
spaces with power weights. Following the method developed in the proof of [8], we also obtain the
exact operator norms of the multilinear Hardy operator Q™ on Lebesgue spaces with power weights.
This approach may be adapted to study the multilinear Hardy operators P" and Q™ on Herz spaces and
Herz-Morrey spaces.
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