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1. Introduction

The classical Hermite-Hadamard (H-H) inequality, serving as a litmus test for convexity, formally
establishes that if the function . : [J;,3,] — R is a convex function satisfying the essential
containment relationship between its midpoint value and integral mean. Specifically, the following
inequalities are satisfied:
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Convexity inequalities have numerous applications in the study of different models from real-world
applications [1,2]. Because the H-H inequality is of great significance in convex analysis, it is widely
applied in various fields such as integral inequalities, information theory, and optimization theory.
In recent years, it has been extended and generalized through various forms of convexity, such as
log-convexity [3, 4], harmonic convexity [5, 6], h-convexity [7-9], convexity in g-calculus [10-12]
and especially s-convexity [13]. Since 1994, s-convexity has been a significant development and
widespread application and various generalizations and results regarding H-H inequalities related to
s-convex mappings have been established in [14-16].

From another perspective, interval analysis provides an effective numerical tool for solving
uncertain and nonlinear problems. Since the publication of the first monograph in 1966 [17], it
has evolved into a distinct branch of mathematics, with applications spanning data mining, machine
learning, and various other fields. A key focus has been interval-valued (IV) function inequalities.
Recently, based on interval calculus and generalized convexity, some authors like Ali et al. [18-20],
Budak et al. [21,22], Costa et al. [23-25], Du et al. [26,27], Khan et al. [28,29], Sarikaya et al. [30-32],
and Zhao et al. [33-35] established the interval versions of the Chebyshev’s inequality, Jensen’s
inequality, and H-H inequality. Furthermore, with the successive introduction of the bilateral Riemann-
Liouville (R-L) fractional integral operators (left-hand and right-hand variants) for IV functions, the
results related to inequalities for IV functions are more extensive and profound [36,37]. Especially,
in 2023, Budak et al. [38] introduced a novel generalized integral to demonstrate the generalized H-H-
type inclusion of IV convex functions.

Motivated by the above-mentioned literature, we have established some novel interval forms of H-H
inequalities by using generalized fractional integral operators and combining them with IV s-convex
functions. The classical convexity theory is extended to the generalized s-convex framework, some
interesting theorems are proved, and the exact inequality representation of the product of two s-convex
functions is given. Our findings not only extend the main conclusions in [36, 38, 39], but also provide
new insights for the study of IV inequalities.

The organization of this work is outlined below: Section 2 introduces essential background
concepts, while Section 3 establishes a series of H-H-type inequalities for IV s-convex mappings using
generalized fractional integral operators. Section 4 gives the conclusion.

2. Preliminaries
Let A denote a compact real interval, mathematically expressed as
[A] = [A,A] = {a e RA < a < A},
where A, A € R satisfy A < A. If A = A, the interval becomes degenerate. The intervals discussed
in this paper are all non-degenerate intervals. An interval [A] is termed positive when A > 0, and

negative if A < 0. The sets R}, R}, and R}, respectively, denote all negative, positive, and arbitrary
real-valued intervals. Additionally, we adopt the partial ordering “2” defined by

[A A2 [B,B]l = A<B and B<A.
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Forn € R and A € R;, then

_ |maAanA, ifn>o0,
nA=nA A ={ _
[nA,nA], ifn<O.

For arbitrary A, B € R, the following four arithmetic operations are given:

A+B=[AA +[B,B]=[A+B,A+ 58],
A-B=[AA-[8,8]=[A-B,A-B],
= [min{AB, AB, AB, AB}, max{AB, AB, AB, AB}),
B A = [min{B/ A, B/ A, B| A, B| A}, max(B/ A, B/ A, BIA, B/ AY,
0 ¢ [A,A.

For additional information on interval arithmetic, refer to [40].

Definition 2.1. [13] A function 7 : [31, 3,] — R is classified as s-convex if it satisfies the convexity
condition:

F (i + (1 =) < F () + (1 =)' F (), (2.1)
forall iy, hy € [341, 5] and ¢ € [0, 1] with s € (0, 1].
In [41], Breckner introduced the IV s-convex functions.

Definition 2.2. [41] & : [31, 3,] — R; is defined as an IV s-convex function if

(e + (1 = 0hy) 2 F(y) + (1 = 0)* (o), (2.2)
for iy, h, € [34,Ts] and « € [0, 1].
NP
Consider § : [J,, J,] — R, we define F()dL by
NI
NP 9> Iz _
Fde = §(L)dL,f ?;(L)dt]
RE RY RE

and say that the function & is interval Lebesgue integrable on [, J,] (or that § € IL;g, 5,1 )-

Definition 2.3. [42] Let 7 € L[J, 3,]. The bilateral R-L fractional integral operators, namely the
left-sided [f ¢ ¥ and the right-sided [f g , are defined as

1 J
T3 7@ = o5 | @ =0 7o
and
T F(0) = — Sza—(r)“-‘ﬁu)dt
- @) :

respectively, where « > 0, 3, >0, . g. +9’ (0)=J. gz_ (o) = F(0) and I'(«) is the Gamma function.
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The H-H inequality in the form of R-L fractional integrals was proved by Sarikaya et al. in [32] as
follows:

Theorem 2.4. Let # € L[3,,3,] be a mapping from [3, 3,] to R*. If .F satisfies the convexity
condition, then

3, +3 r 1
F(IE) < 0D (e 2@+ Ty F )

2 T 2T, -3
1
< 5(F(@)+.7(3)
with a > 0.

Definition 2.5. [36,37] Let § : [3,,3,] — R}. The IV R-L fractional integral operators, including
both left-sided and right-sided variants, are defined as follows:

1 g
Igl+°{y(a):@fS (c-0"'§d, o> I,

and

I
Iy &) = @ f (- o) 'Fd, o< Iy,

respectively. Here, I'§  &(0) = [T 5,80, T §]+§(0')], and a > 0.
In [36], Budak et al. gave the fractional H-H inequality for IV convex functions as follows:

Theorem 2.6. Let § : [, 3,] > R}, and a > 0. If § is an IV convex function, then

F(31) + F(Tr)
—

51+52)D I'la+1)

3(=5—)253,-5

(15,832 + I _F(T1))2 (2.3)

Definition 2.7. [31] Let ¢ : [31,3,] — R* be a monotonically increasing mapping, and suppose
F,p € L[34, ;). The generalized R-L fractional integral operators J. gli wﬁ and g g’zk_ wgf are defined
by
(04 1 7 a—
L0 = s [ =0 o) - p0) Fod o> 3
I'(a) Jg,

i+
and 5
2 PN = s =0 - ) F o, o <3

respectively, where k e NU {0}, @ > 0, and J; > 0.
In 2023, Budak et al. introduced the generalized fractional integral for IV function as follows:

Definition 2.8. [38] Let ¢ : [31,3,] — R* be a monotonically increasing function, and § :
[31,8:] = Rj. The generalized R-L fractional integrals I g{:qﬂ‘& and 1 g;k—gag of interval-valued
functions are defined by

1 g
I3, (B)o) = @ Jo 7~ D @) — o) FOdr, o> Iy,
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and

I
5 @) = 5 f (=) W) = @(@) FWdr, 7 < I,

respectively, where « > 0, 3, > 0 and k € N U {0}.

The families of all functions that are Riemann integrable and interval Riemann integrable over the
closed interval [J,, 3,] are respectively represented by the notations R(g, 5,; and 7R;g, 5,]-

Theorem 2.9. [38] Suppose & € IR5,5,, ¢ : [31, 321 — R is a monotonically increasing function
on (31, 3y) with ¢ € L[3,, J,]. Letting (1) = F() + F(IJ; + T, —v), then ® € IRy,.5,), and we have
B(5(5) + B))(I2E_ (B2 + T4 (1(S))
2 1 2 I+, 2 Fo—p 1

1 . a,
2 (755 (@32 + IE (@)(3))

1+, o0

1
2 S(ES) + FE(L, () + 5L (D(S),
where o > 0 and k € N U {0}.

3. Main results

Let d(w) = (@) + F T, + I, —w) and A(w) = G(w) + G(T, + I, — @) for w € [T, T,]. Itis
straightforward to demonstrate that if &, G € 7Ry, 5,], then ®(@), A(w) € TR3,.5,)-

Theorem 3.1. Let § : [31,3,] = R}, & € IRy, 9,0, and ¢ : [31,3,] = R* be a monotonically
increasing function. If § is an IV s-convex function, then

J+3
12 2)(

| o
2 5, (5, (@)(T2) + TG (©)(T1) 3.1)

1
2 (&I + FENTE, (D) + 5 (1),

Ia,k

51+,t,0

5

((3o) + Ik (D)D)

where @ > 0 and k € N U {0}.

Proof. By the assumption, we have

hy + Ny _ () + E(h)
B—5—)2 =% (3.2)
Letting 7i; = 31+ (1 = )Ty, i, = (1 — )T + ¢, for ¢ € [0, 1], we obtain
J9,+93 1
B(F22) 2 (B0 + (1 =032 + 5((1 - 03 +.3)). (33)
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Then, multiplying the two sides of (3.3) by (*"1(¢(J,) — (T, +(1 —L)Sz))k and integrating on [0,1],
we obtain
31 + 82
2

1
S22 [ (e - g+ (- 0T d
0

1 1
2 E(f N @(T2) = 9Ty + (1= 0T FT) + (1 - 0)Tp)de
0

1
v f 7N P(B2) = 9Ty + (1= 0T B = )T, +1Ta)dh).
0

Letting y = (3 + (1 —J,), we have

314‘82
2

NP
&( ) fs (32— )" (@(T2) - o) dy

1, (™
255 [ @207 () - ) 0y

NP

+ (32 =) (@(T2) — 1)) F(31 + Ty = y)dy).
That is, .
1
&( ‘; F)I5E (D32 2 5 T3, (@)(T). (3.4)

k
By multiplying the two sides of (3.3) by L"“((p((l -3 +13,) - <p(81)) and integrating on [0,1],
we obtain

51+52
2

1, (. ;
QE(I N @((1 =031 +12) = @(3) FIy + (1 - )T)de
0

5

1
)f(; T"_l(go((l -3 +19,) - (,0(51))de

1
. f e (1 = 03y +155) = @(8)) F( =0T, +152)de).
0

Letting y = (1 — )3 + ¢J,, we have

J+3
12 2)

Combining with conclusions (3.4) and (3.5), we obtain

51+82
2

1
2 5 (T5), (@)(T2) + T (@)(T1).

7o (D(Sl)z%f”" (D)(T>). (3.5)

- -

5

&( )(ZE (D(@2) + T (1)(T1)

I+

According to (2.2), we have

FeI 1+ A -0T2) 2F )+ (A - 0)°FHD2),
F((1 =0T +137) 2°F(T) + (1 =)’ F(Ty).
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That is,
F31+ (1 -032) +F((1 =0T +Ty) 2 (FTy) + F(T2)). (3.6)

k
Multiplying the two sides of (3.6) by L“‘l(go(ﬁz) — (I + (1 - L)Sz)) and integrating on [0,1], we
obtain

1
f La—l((p(gz) — (eI + (1 - L)Sz))kg(tﬁl + (1 -03y)de
0
1
+ f N @(T2) - oSy + (1 - L)Sz))kg(tgz +(1=931)de
0

1
> () + 5O [ o= o8+ (1 - 0%
0

Letting y = (3 + (1 — 1)J,, we have

ND) g, — e
fg (3,= ;) (@(32) - () Ty

+f5(52_y)“_1( (32) - () TS + T - y)d
5, \J,- 9, p(I2) —oly 1 2 —yay

J,-y
NP

NP e
> (F(I1) + F(32) fs ( )" (@32 - p()'dy.

That is,

5 (@)(T2) 2 (F(T1) + FO)IGE, (1)(F). (3.7

I+ Ji+e

k
Similarly, multiplying the two sides of (3.6) by L‘”‘l((p((l -3 +.9;) - <p(51)) and integrating on
[0,1],1lety = (T, + (1 — )T, we have

% y=3; ye-l K
L (8 51) () —@(81)) FB1 + T2 — y)dy

-
NP - o

+ fs gz—z;l) (00 - ¢(3)) FO)dy

% y-3

N J
2 )+ ) | (52_31

)H(so(y) — p(31))dy.
Then, we obtain
I3 (@)(31) 2 (F(T) + FEN 5 (D). (3.8)
By (3.7) and (3.8), we have
IgE, (@) + I35 (@)(T) 2 (FTD) + FE))I5, (D) + I5E (1)),

Hence, Theorem 3.1 is verified. O
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Corollary 3.2. If (1) =t — wfor w e R and s = 1, then

81+52)D F(a+k+1)(

a+ -+ 1
) 2 g e (T5 B + T5A5(30) 2 (B30 + 5I),

5

Remark 3.3. If s = 1, Theorem 3.1 is reduced to Theorem 4.1 obtained by Budak et al. in [38].

Remark 3.4. If k = 0, then

314-52):) I'a+1)

a o 1
)2 55, T 557 (5,302 + I5,F(0) 2 3 (500 + 5(32).

5

Remark 3.5. If s = 1 and k = 0O, then Theorem 3.1 simplifies to Theorem 3.2 as presented by
Budak et al. in [36].

Example 3.6. Consider § : [0,2] — R}, where F(x) = [2x* — 4, -8x* + 20x — 3], (1) = ¢ — w for
weR,a=2,5s=1,and k = 1. Then we have

9, +3
1‘; 2)(

1
= 1) ——
&( )F(2) ;

Ay =5(

I3 (@) + IEE (1)(3)

T+
2((2 —x)?+ xz)dx
32

16
=5 1-2.91= [—?,48],

1
A =I5, @) + T3 _(@)(3))

2
Z%% (@207 + F)F@ + FQ - 0)dx
3 64 16 1287 [ 32 464
55+ 555l

and

1
8 =5:(B(9) + BO)(TE (D@ + T5E (1)

1 1 [?
=5(50) + 3(2))@ fo (@ - x)7 +x7)dx

:2([-4, 3] +[4,5]) = [0, ?]

Then, we obtain
A1 DAy D A;.

The graphical representation (Figure 1) confirms the results.

AIMS Mathematics Volume 10, Issue 6, 14102-14121.
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Figure 1. Illustration of Example 3.6: @ = 2,k = 1, and s € [0.4,1]. The red pattern
represents Ay, the blue pattern represents A,, and the green pattern represents As.

Theorem 3.7. Assuming that the conditions of Theorem 3.1 are met, then

51 + 82 ak ok
BTN g gy (D@D + L0 (D)

(I?/zs +52))+¢((D)(52) I((”;g +9,))— ¢( )(81))

2 —(®(3) + F )L () + I

L3143+ A(31+32)-¢

]

l\)|._l\)|,_.

(H(3)), (3.9)

where a > 0 and k € N U {0}.

Proof. First, consider 7t = :3,+1(2-0)3, and h, = 1:9,+1(2-0)F, for¢ € [0, 1] in the inclusion (3.2).
Then,

§1+82
2

)2 %(g(%ﬂ] + %(2 —03,) + ‘{g( (9, + (2 -9, ))

1
2 5(‘&(51) + §(32)). (3.10)

5

k
Then, multiplying the two sides of (3.10) by L“‘l(go(ﬁz) - <p(%t51 + %(2 — L)Sz)) and integrating on
[0,1], we obtain

1
‘8(51 ; 32)[) L“_l(go(ﬁz) - ga(%Lﬂl + %(2 - L)Sz))de

| k
2% [) L‘H(go(ﬁz) - go(%tﬁl + %(2 - L)Sz))

-(?x(%tﬁwé(z—oﬁ) 3(1L32+ ~2-03, ))
1

25 L“_](QD(Sz) - w(itﬁl + 5(2 - L)Sz)) (&(T1) + F(T2))de.

AIMS Mathematics Volume 10, Issue 6, 14102-14121.
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Letting y = 13 + 1(2 — )J,, we have

51+82)( 2

9>
5 sz_51) f L (32 =) (@(32) - o) dy

]

1 2 a
55— f (32 =) (@(32) - g (FO) + FS1 + Tz - y)dy
1

2 o [
> S EE) + 5855 ) fw(sz—y)a_](SO(Sz)—SO()’)) d,

that is,
J,+3 1
3= ; 15y (D) 2 §f FOSINC OICE (3.11)
2 —(‘&(5 )+ FE)I e (D(T2).

k
Similarly, multiplying the two sides of (3.10) by L“‘l((p(%@ -3, + %LSQ) - 90(51)) and integrating

on [0,1], we have

(5 [ ha-om, s Ji) - e

! : a-1 ‘
o5 | (¢(5<2—L>sl+—mz)—<p<m>)

x(‘&(%ﬂl +%(2—L)S) ?g( 3, + (2 L)Sl))dt
1
23590+ 582 [ (6(32- 0%+ 315 -3 d

Letting y = 12 - 03, + .95, we have

J1+9,

5=5) [ 090 o -e@nta

514‘52
2

5

1 2 [e% 2
> 5(52 - 81) fs 0= 30" (e0) = (T (FO) + FS1 + Iz = y)dy

J1+9,
2

1 2 a o
2 5: @@+ 505 —g) fs 0= (o) - 9(31))"dy,

that is,

51 + 52)

5 7ok (D)) 2 I"k (@)(T)) (3.12)

(3(31+32))-¢ _25((3 +32))—p

) —(3(50 + F( TG LS.

(3(31+32)-,

5

By (3.11) and (3.12), we obtain the result. |
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Corollary 3.8. If (1) =t — wfor w e Rand s = 1, then

J+3 2o+k=1T k+1
S5 2) 2 gy HOD T BE)
B9+ §(I)
> 385

Remark 3.9. If s = 1, then Theorem 3.7 simplifies to Theorem 4.4 given by Budak et al. in [38].
Remark 3.10. If k = 0, then
I+ 52) 5 2T(a + 1)
2 258, - Oy
2 %(3(51) + §(82)).

%( (IQ(51+S )+$(52) + I(;rgﬁﬁz)—g’(gl))

Remark 3.11. If s = 1 and k = O, then Theorem 3.7 which has been obtained by Zhao et al. in [39].

Example 3.12. Consider § : [0,1] — R}, where F(x) = [x*,5 - (%)"], o) =t — w for w € R,
a=2,5s=1,and k = 1. Then we have

I3 +3
12 2)(

1\ 1 2
3(—)@(f (l—x)zdx+j; xzdx)

11
_E[_ —(= )] [0.0208,0.37501,

I%k 1)(T,) + I
A (51+52))+50( )(J2) (@49

T, = & ((3)

_ 1 a.k a,k
T2 = §(I(%<Sl+sz»+,¢(q))(52) I( L(31+9)- ¢( )(51))

1 3
_ %%( f (1 = 02(F) + F(1 — 0)dx + fo P(F) + F(1 - x)dx)

~ [0.0229,0.3574],

and

(‘&(5 )+ F(I)(17 (1)(Ty) + 17

G143+ (3(31+32))—¢
|

1 0 f2 )
2r(2)( (0)+;§(1))(£ (1 - x)%dx + : xdx)

- g([‘)’ 41+|1, g]) ~ [0.0417,0.3542].

(1)(3)

Then, we obtain
T,2T, 2 T;.

Theorem 3.13. Given that the assumptions of Theorem 3.1 hold, we can obtain

51+52)(

~2) 15t (551 + 92) + T5 (531 + 92)

T+,

5(

AIMS Mathematics Volume 10, Issue 6, 14102-14121.
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Zl(f‘gkw(@)(%(ﬁl +3)) + ,,r‘\;’z"_w(cb)(l(s1 + 52))) (3.13)

> 2 (B0 + 5O 75 (501 + 9) + T3 (35 + ),

T+

fora > 0and k € N U {0}.

Proof. Considering #i; = %(1 +0)3, + %(1 —0)J, and iy = %(1 -0, + %(1 + 1), for ¢ € [0, 1] in the
inclusion (3.2). Then we obtain

51 + 82)
2
11 1 1 1
2 5(‘8(5(1 +031+ (1= 03,) + ‘&(5(1 —0T+ (14 L)Sz)) (3.14)

&(

1
2 5(3(31) + F(T2)).
Then, multiplying two sides of (3.14) by
1 1 1 k
@531+ 32) —@(5(1 +0T1 + (1= 0T))
and integrating on [0,1], we obtain

1
S [ (R - of30 403+ 50 -03) e

1 la—l 51+52
T (9”( 2

. (3(1(1 +03, + 1(1 ~03,) + ‘8;(%(1 — )3, + %(1 . L)sz))dL

k
) - 90(%(1 L 0T, + %(1 - L)Sz))

1
> 2@+ 5 [ (o2 - {30 +03, + 31 -0%:))

Letting z = 2(1 + )3 + 1(1 — )T, we have

R A e

2 21 f:*t‘z (81 ; E Z)H(sﬂ(Sl er 52) - w(z))k(?f(z) + &0+ 32 -2))dz
> 2 (B3 + B(3) f(s'%)(sl M (= B P
that is,
mm;%yxgwm*%>;;x¢®ﬁjﬁﬂ 319
> 5(8(80 + 3(52))f§’f+,¢(1)(31 ; 82).

AIMS Mathematics Volume 10, Issue 6, 14102-14121.
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Multiplying two sides of (3.14) by

ﬁ"(w(%(l ~03, + %(1 +0T) - 90(81 ; 52))k’

and integrating on [0,1], we obtain

1
SO [ o252 o+ -
2% 1La—1(¢(51232

X (i}(%(l + 0T, + %(1 - L)ﬁz) + 3(%(1 S %(1 + L)Sg))dL

)- (,0(%(1 + 03, + %(1 - L)Sz))k

1 b 3+ 9, 1 1 k
2 5 (B(31) + F(3) fo L 1(so( )51+ 031+ 50 - osz)) du
Letting z = %(1 -0, + %(1 +1)J,, we obtain
J+9, 52 1 3+ 82
C&( 2 ) 32 w( )( ) 2 5 52 90( )( ) (3.16)
3, +3
.k 1 2
> 5(‘&(51) + %(52))152_,¢<1)( ).
Adding the inclusion (3.15) to (3.16), we complete the proof. O
Corollary 3.14. If o(t) =t — w for w € R and s = 1, then
S] +52 2“+k‘11"(0/+k+1) a/+k 51 +32 ik 81 +82
(7 )2 g, gy LS IR )

1
2 5(59(51) + F(T)).

Remark 3.15. If s = 1, Theorem 3.13 simplifies to Theorem 4.7 presented by Budak et al. in [38].
Remark 3.16. If s = 1 and k = O, then

514‘82 ZQ_IF(CY+1) ” 31+52 ” 514‘52
2 )2 (F, — J))° ( 51+C&< 2 )+I52—$’( 2 ))
1
2 5(8(51) + &(82)),
which has been obtained by Zhao et al. in [39].

Example 3.17. Consider § : [0,2] — R}, where F(x) = [x*, —x* + 8], ¢(t) = ¢ — w for w € R,
a=2,5s=1,and k = 1. Then we have

I+ 9
D= 5=
—Ts(l)—f(l—x)zdx+f(x—1)2dx

I'2)
2 2 14
3[1 1= [3 3]

5

J—ak

1+

(551 +92) + T4 (35 + 5)
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D, = 2s(f‘”‘ (@)(1(31+52>)+IW‘ (@)(1<81+52)))

i+

2r(2) f (1 = 0*(F(x) + F2 - x)dx
16 64
=I5 135
and
i 1(?«51) + )5, D(5(51 + )+ T5_ (53 + 92))
1
_§ﬁ5

1
= 3(10.8] +[4,4) = b4}

&0) +§(2) f (1 - x)’dx

Then, we obtain
D, 2 D, 2 Ds.

Theorem 3.18. Let §,G : [J1,3,] = R}, 51,5 € (0,1], and ¢ : [T}, B,] — R be a monotonically
increasing function. If § and G are both IV s-convex functions, then

a&“ 25 6T a3, 0+ 15 0s)

2 2 T+,
zw (T5F (@A) + T5 (@A)(T))) (3.17)
2 5 (P31, 32) + 031, B)(I5Y, ,(1N(F2) + IS (1)),
where
P(31,92) = F(31) - G(31) + §(T2) - G(Io),
and

0(81,82) = FB1) - G(T2) + FTy) - G(T1).
Proof. By hypothesis, then

hy + 712) 5 §(hy) + F(ho)
2 - 251

i + hz) 5 Gm) +G(h)

8( 2 252

.G

Considering 7i; = ¢J; + (1 —¢Jy) and A, = (1 — )T +¢TJ,, we obtain

J+3 I3 +3
12 Z)Q( 12 2)

2“32(3051 + (1 =182) + F(1 =0T +52))
(Q(t51 +(1=13,) + G((1 = 1) +135))
(P(31,32) + 081, 32)). (3.18)

‘FS(

2S1+S2
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By multiplying two sides of (3.18) by (“"1(o(J,) — (I, + (1 - L)ﬁz))k and integrating on [0,1], we
obtain

51 +52).g(81 +32

1
TS’( > 7 )fo Lft—l((p(sz) — (I + (1 - L)Sz))kdt

1 1
25 [ S+ (- 09 S+ (1 -5
0
#1031 #4360, 113+ 61 =09, + T
2 5 (31,904 09,9) [ 76 - e, + (1 - 09

Letting y = (3 + (1 — 1)J,, then

NP
g<5‘1;“2>~g<51§f‘2><5213>“ e =

1
251+S2(82 _ 31 f (S _y)(l 1(‘10(82) 90()’))
(B0 +FE1+ B2 -y) - (GO) + G(T1 + Ty —y)dy
1 1
2;1”2(52 ) (P(31,32) + 0(34,93y)

NE
S N @(32) - o) dy,
that 1s,
31 + 52 ak ok
3( 3 )75r, (D(32) 2 2? 150, (PA)(T2) (3.19)

2 5o (P(31,32) + Q(31, B)) I W(l)(sz)-

By multiplying two sides of (3.18) by (* ! (¢((1 —0)T | +1T,) — (I 1))k and integrating on [0,1], we have

1
R Sz)fo (1= 0, +032) — p(3) de

1 1
o5 [ e et -3+ 3 - e3)
0
(FCI + (1 =182) + F((1 =0T +T))NGT; + (1 =1T2)) + G(1 = )T +1Ty))dr
1 1
2 5 f La_l(‘ﬁ((l - 031 +18y) - 90(51))k(P(51, J2) + 081, 3y))du.
0

Letting y = (1 — )3 + ¢J,, that is,

5

51 + 32 S] + S2 a.k a,k
5(=5—) 6(5 )5, (@) 2 zs — I35 (@A)
> 25 —(P(31,92) + 031, I))ITEE (DT, (3:20)
Adding the inclusion (3.19) and (3.20), we obtained the desired result. O
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Example 3.19. Assume §,G : [0,2] — R}, where §(x) = [x*, —x* + 10] and

Q(x)—[ X%, —x +8]

respectively. Let o(¢t) =t —wforw e R, =2,k =1, and s = 1. Then we have

0, = 3(51 ; 52) : g(s1 ; 52)(1@’;41)(%) + I3 (1))

2
= (1) g(l)@ (@= 0%+ x?)dx

16 8
= 3(11:91- [3.7]) = [5-336).

and
©; = 5 (1 w(ch)(iiz) +IYE (@A)
= }1% 0 (@02 + F)F0) + 5 - ) 600 + 62 - )
=[5.4857,303.2381],
and
®; = zm (P(31,32) + Q31 I)(T5), (D) + T51 (1)(3)))
—(%(0) +32)-(60) + g(z))@ fo (=2 + x*)dx

:—(8 192]) = [33—2 256).

Then, we obtain
0, 20,20;.
Analogously, we can derive the subsequent results.

Theorem 3.20. Assuming that the conditions of Theorem 3.18 hold, we consequently obtain

(2t Dy g2t Jay o ()T + 17 (D))

2 2 A (31+92)+0 A(F1+92))-
= 2s1+s2 (I?JZSHSZ)H <p((DA)(52) + fﬁ”ﬁa +3))- ¢(®A)(81))
2 5 (P15 + 0B, T(I0 0 (@) + TG S)). (2D
Theorem 3.21. Assuming that the conditions of Theorem 3.18 hold, we obtain
() S )+ TP )
2 21( 1 @n(TE) gt a2
> S (P30 + 00, 51 (P ) et p(PEE) e
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4. Conclusions

This study derives novel H-H-type inequalities through generalized fractional integrals applied to
IV s-convex functions. These not only generalize but also refine the previously proposed inequalities
established by Budak et al. and provide a foundation for further exploration of generalized convexity
and IV estimation. The developed techniques offer new tools for uncertainty quantification in convex
optimization problems with imprecise measurements. Future research directions include:

(1) Develop new interval H-H inequalities based on more general convexity.
(2) Extension to IV quasi-convex functions using variable-order fractional operators.
(3) Applications in robust portfolio optimization with IV risk measures.
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