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1. Introduction

Fractional differential equations can better describe practical problems than classical differential
equations. This has attracted the interest and attention of many scholars to the fractional p-Laplacian
(—A); [1-5]. The fractional 2-Laplacian operator of the form (—-A)* (p = 2) was first mentioned in
physics when observing the Levy steady-state diffusion process, and later it was also used to depict
abnormal plasma diffusion, fluid dynamics, and stochastic analysis [6—8]. Not only for mathematical
purposes, but also for their importance in practical models, this paper will investigate the Kirchhoff-
type wave models involving logarithmic nonlinearity and the fractional Laplacian operator as follows:

y + M ([ul}) (=A)'u + (=A)'u, = luf Pulnlul, x€Q, t>0;
u(x, 0) = uo(x), u,(x, 0) = uy(x), xeQ; (1.1)
u(x, 1) =0, xeRV\Q, t>0,
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where, among them, (—A)*(s € (0, 1)) is the fractional Laplacian operator satisfying

u(x)—u(y)d

2s+N

(—A)'u(x) =2 lim
#2207 JrMs,0 X =l
The Kirchhoff term M () = a + ¥’ is a function that satisfies local Lipschitz continuity, a > 0,
1<6< %, where
+00, if N<2s,
20 = 2N
, If N>2s,
N —2s if >
is the critical exponent of the fractional Sobolev embedding inequality. If ¥ = ¥(z), we impose the
following assumption on M(y):

d
M [y (O] < CM [y (@)]. (1.2)

Moreover, Q ¢ RY(N > 1) is a bounded domain and the boundary dQ is the smooth and nonlinear
index 260 < k < 27.

Recently, the research on Kirchhoff-type equations [9, 10] has received widespread attention. This
kind of problem develops a major effect in the applications of nonlinear elasticity, electrorheological
fluid, and image restoration [11, 12]. It is meaningful to investigate the nonexistence, existence, blow-
up, extinction, and decay estimation of its solutions. Kirchhoff [13] first introduced the following
equation:

L 2 2
phut,+6u,:{P0+—f (%(x,t)) dx}@+f, t>0, 0<x<1L,

o \Ox 0x?
where u denotes lateral displacement, 6 denotes the resistance modulus, p denotes mass density, &
represents the cross-section area, Py denotes initial axial tension, L is the length, E is Young’s modulus,
and f represents external force. Since then, many researchers have become concerned with this kind
of equation and have had excellent research results. In particular, many literatures have been devoted
to discussing the Kirchhoff equation as follows:

ty + g (ur) = M (|IVull®) Au = f (), (1.3)

where f(u) is a nonlinear function that satisfies appropriate conditions and M > 0 is a local Lipschitz
function. When g(u,) = Au,, Wu and Tsai [14] made a profound study for Problem (1.3), where they
found the upper bound of the blow-up time of solutions by the direct energy method. Yang and Han [15]
also discussed Problem (1.3), through the Banach fixed point theorem, where they proved uniqueness
as well as local existence of weak solutions. Then, through constructing a potential well, the lifespan
of solutions with arbitrary initial energy was established. When g(u,) is the non-linear dissipation term
lu,|"'u, or the linear dissipation term u,, Ono studied Problem (1.3) involving f (1) = |u|’u in [16,17],
when the initial energy is negative, and proved the finite time blow-up. In addition, when the initial
energy was positive, he provided sufficient conditions for the finite time blow-up of the solutions. More
research on the problems of Kirchhoff-type can be found in references [18-22].

In 2017, Pan et al. [23] investigated the degenerate fractional Kirchhoff-type hyperbolic problems
as follows:

Uy + [u]f(g_l) (=A)’u = |ulu.
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Combining the potential wells theorem with the Galerkin method, they proved the global existence.
Moreover, the vacuum isolating phenomenon and blow-up properties also were acquired. Additionally,
the study of logarithmic source has a long history, appearing in different modules of physics [24].

Inspired by the above works, we investigate Problem (1.1) involving the fractional the Laplacian
operator strong damping and logarithmic source, which is the first work that takes into account the
blow-up property and decay estimate of weak solutions of Problem (1.1). We not only overcome the
difficulty of logarithmic nonlinearity, but also deal with the fractional Laplacian operator. This work is
extremely meaningful.

The structure of this article is as follows: In Section 2, we introduce important lemmas and basic
definitions. In addition, potential wells and their properties are provided. Next, the local existence and
uniqueness of the weak solutions are proved. Then we gain the global existence of weak solutions and
establish an exponential decay estimate in Section 4. Finally, the finite time blow-up of the solutions
is obtained.

2. Notations and primary lemmas

We introduce some symbols, lemmas, and basic definitions in this section. For convenience, we
define the L*(Q) norm through ||-||,(1 < k < o0). First, some definitions of Sobolev space are reviewed,
which can be found in [25].

Let the fractional exponent s € (0, 1), H* (RN ) be the fractional Sobolev space satisfying

e (7) = { () 101D RN)} 2
x =y’

equipped with the norm

1

_ 2 2
il (avy = ( f fR - %dxdy + ||u||§z(RN)) . (2.2)

We denote space O = C (Q) x C (Q) c RN where C (Q) = RM\Q, and then denote Q = (RN x RN ) \O.
From nonlocal characteristics, we define the space

_ 2
W= {u e L (RY): f ) %dxdy < oo}. 2.3)

LetWo={ueW:u(xt) =0,xeC(Q)}, which is a closed linear space, and W, ¢ W. Moreover, [u];
is the Gagliardo seminorm satisfying

i (x) = u )P )5
= — 7 dxdvy] . 2.4
[ud, (f ey 2.4)

From the results of [26], it can be concluded that [u], is equivalent to the norm of W), and it is clear
that the main space W, is a Hilbert space. Moreover, we denote the inner product in L? as (-, -), the
inner product in Wy as (-, -)y,, and the dual product of W, in Y as (-, -)y,. Y is the dual space of W,.
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For u € W,,, we denote the main energy functional of this paper:

1 a 1 1 1
E®=37 e |3 + 3 el + 2 ey, = z fg ol In Jue] dx + 2 el

In addition, we define the potential energy functional
J(u) = g luall,, + % iy, — % fQ Jul* In [u dx + é fual
and Nehari functional
1) = allully, + i, - fg Jul* In |u] dx.
By direct computation, we have
E(r) = J(u) + % o2

and (k—-2) k- 20 1
alk— 2 - 20
K lleellyy, + 0k lleellyy, + %1 (u).

We also define the depth of the potential well and the Nehari manifold, respectively, as

J () =

4= fnf S,
N = {u € Wo\{O}, 1) = 0}.
Further, we will introduce the sets
W* = {u € Wyl (u) >0} U {0},

W™ ={ue Wyl (u) <0}.

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

In this paper, to avoid confusion, we simply write u(x,t) as u(f) sometimes. Next, we give some

definitions.

Definition 2.1. The function u = u(x,t) is a weak solution of Problem (1.1) on Q X [0, T, supposing

that
u e C([0,T1; Wo) N C' ([0, T1: L* () N C*([0,T1: Yo)

and u, € L* (0, T; Wy) satisfying u(0) = ug, u,(0) = uy, and it holds that
(s By + M ([1]?) s )y, + (i D)y, = (IulPueln ful, ¢).

for arbitrary ¢ € W, where the inner product

(U, V), = f f @@ -u@)O®-vE) dy,
0

|x _ y|2s+N

Definition 2.2. Let u (x,t) be a weak solution of Problem (1.1), and if the maximal existence time T,

is finite and

!
. 2 2
hm(f lull3, dit + ||u||2) = too,
1> Tmax 0

we say that u (x, t) blows up in finite time.

AIMS Mathematics Volume 10, Issue 6, 14032-14054.



14036

Lemma 2.1. Let u € Wy \ {0}, and we have
(@) Al_i)r+nm J(Au) = —o0, Algg J(Au) = 0;
(ii) J(Au) is decreasing when A € (A, +o0), and increasing when A € (0, A,);
(i1)) I(Au) < O when A € (A, +00), and I(Au) > 0 when A € (0, A,).

Proof. By (2.6), we have

ar’ A% Ak Ak Ak
J(Au) = —= ey, + E7) leel, = ﬁlnﬂllullﬁ 7 fg ol In Jul dx + 2 Jlull

so the conclusion of (i) is obviously valid. For the derivation of the above formula, we can obtain

d _ _ _
- () = ~ A A |Jullf - A* 1f|u|k1n lul dx + ad |lully, + 2" (lully,
Q

=1 (—AH In A Jully — 272 fg |ul* In |ul dx + a |lully, + 2 ||u||%30) :
Let
g =1 (— In A full; - fg Jul* In Ju] dox + 20 IIuII%SO) ;
and since k > 26 and 6 > 1, we can obtain
limg (4) = 0and lim g (1) = —oo. (2.11)

Further, we have

g =24 [2 ||u||€30 0 — 1) 2% — (k= 2) |ullf In A — (k - 2) f |l In |ue] dx — ||ulli]
Q
=21nW0),

where

() = 2lully, (0 = 1) 2 = (k= 2) |lully In A = (k - Z)f Jul“ I Jul dx = [l
Q

which, together with k > 260 > 2 and 6 > 1, gives us Alim h(A) = —co and %in(l)h (1) = +o0. Taking the
—+00 —
derivative of 4 (A1), we obtain

~2Jullyy, (k —26) (@ — 1) 227 — (k — 2) ||ullf 0

h () = 1

So we infer that there is a unique A that satisfies /(1) =5, = 0, which means that

<0, dg <A< +o0,
g g =0, 1= 2, (2.12)
>0, 0<A<A.

Combining (2.11) and (2.12), there is a unique A; that satisfies g (1) [;=,, = 0. Then we can get that

thereis a A, > A, satisfying a|ully, +g (1) = 0, which means that £ J (Au) |-, = 0, £ J(Au) is negative
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on (A%, +00), and %J (Au) is positive on (0, A*). Therefore, it can be seen that the conclusion of (i) is
valid. By (2.6) and (2.7), we have

d <0, A, <A< +00,
I(Au) = /laj(/lu) =0, 4=4,,
>0, 0<A<A,.

Thus, the conclusion of (iii) holds. We have completed the proof of the properties of J(Au). O

Lemma 2.2. [27] Suppose that u is a positive constant. We can get
[P InP| < (e, if0<¥<1,

and
P In W < (ep) "W, if P > 1,

where e is a natural constant.

Lemma 2.3. [28] For Vr € [1,2}] and u € Wy, there is a constant Cy(N, r, s) > O that gives us
llell, < Co lleellyy, -

Lemma 2.4. [29] Assume that W is a Banach space, and if f € L¥(0,T; W), %’; € LX0,T; W), then

when the value is transformed in a suitable set of measure zero in [0,T], f is a continuous injection
from [0, T] onto W.

Lemma 2.5. [30] Assume that (X, d) is a complete metric space, F : X — X ,and for any x,y € X, we
have

d(F(x),F(y) <dd(x,y),
for some constant 0 < 6 < 1. Then F has a unique fixed point x € X such that F (X) = X.

Lemma 2.6. Assume that u(x,t) is a weak solution of Problem (1.1), so the energy functional E(t) is
non-increasing about t.

Proof. We multiply the first equation of (1.1) by u, and integrate it on Q X [0, #), we can get

5 g5l + 5 Wl + 55 W+t = 5 [ 1ok = 5
namely,
fot ey, d7+ E (1) = E(0). (2.13)
Deriving E (¢) about ¢, and we get
E'(t) = = lluclly, <0.
Therefore, the proof of the properties of E(¢) has been completed. O
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3. Local existence

Lemma 3.1. Forany2 <20 <k <2, T >0,ueH = C([0,T]; Wo) N C' ([0,T1: L* (Q)), there is a
unique
ve C(0,T1; Wo) N C' ([0, T1; L* () 0 C*([0,T1; Yo)

such that
v+ M ([ul?) (=AY + (=A)v, = uf Pulnlul, xe€Q, t>0;
u(-x’ 0) = MO(X), ut(-x’ O) = ul(.X), X € Q, (31)
u(x,t) =0, xeR¥\Q, t>0.

Proof. (i) Proof of the existence.

According to literature [31], there is an eigenfunction sequence {e j}j C Cy (Q) of fractional
Laplacian operators, which is a completed orthogonal basis of W, and is an orthonormal basis in
L*(Q). A; > 0 is defined as the corresponding eigenvalue satisfying (—A)‘¢; = A,e;. Taking

W,, = S paniey,--- ,e,} and constructing the approximate solutions

v (60 = D e (O R (0),

J=1

for every n € W,, and ¢ > 0, satisfies the equations

f |9+ M ([12) (=AY Vi + (=8) " = |l un ul | pdx = 0,
Q

vm(0) = ug =

INNgE

1

(fuo-ejdx)ej%uo in Wy asm — oo, (3.2)
j Q

Vn(x) = ul' = 3, (f Ui -ejdx)ej > up in Ly(Q) asm — oo,
Q

J=1

For j = 1,---,m, we make n = ¢; in the first equation in (3.2), and {h;”};n_

| satisfies the Cauchy
equations

{ h']n(t) =F; (t,h’ln ), (@), (t)),

h’]’?(O) = fuo -e;dx, hT(O) = ful -e;dx,

Q Q

where
Fp= =407 (6) = M ([ul}) LR (1) + f e; (x) - Jul"2uln |u| dx,
Q

which is a linear ordinary differential equation about /’?. On the basis of Peano’s theorem, a local
solution 7% € C 110, T has been obtained for the Cauchy problem mentioned above.

Now, we take n = ¢; and multiply two sides of the first equation (3.2) by hfj (1), and then sum over
Jj from 1 to m to get

d% Il + = [ (1) Il ] + 2 el = 2 f Vi - il ] e + vl dit | M (1u1?)].

dt o

AIMS Mathematics Volume 10, Issue 6, 14032-14054.
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We integrate the above equation on [0, 7] to get

t
ml2
Vel 3+ M ([24]) Vil + 2 f Vel d = a5 + M ([uo]?) [l ||,
0

t d 1
2 2 k=2
+ fo ||vm||WOE[M([u]S)]dT+2 fo fQ Ve~ [l 2uIn || dxd.

Recalling u € H, we see that [jul|y, is bounded. Through the definition and assumption of function
M(m), we arrive at

(3.3)

fo t Vil d% | M (1u1?)] dr < fo t CM ([ul?) vully, d

t
:foc(a+||u||2<9 ) IWally, dr (3.4)

!
2
< f vl dr.
0

Among them, C| is a positive number that only depends on 7. Then we estimate the integral containing
a logarithmic source on the right side of (3.3). Through Holder’s inequality, we can obtain

!
2 f f Ve - Ul 2u In |u| dxdt
0 Q
N%{\%X
de) dr (3.5)

<2 f ( f |va|N2sdx) ( f |12 In fu
Q

k=2
<2 f [ u1n|u|||  dr.

So next we deal with the term ||v,,]| o in (3.5). According to Lemma 2.3, we have
Vil 2 < Co(N, $) [Vl lyy - (3.6)

Then let Q; = {x € Ql lu, (x)| < 1}, Qo = {x € Q||u, (x)] > 1}. Combining Lemmas 2.2 and 2.3, here
we choose 0 < u < +=5- — p, and then we can obtain

W f =2 1 | dix + f |l In ful

N+23dx

|||u|k 2uln|u|

< f [l 1 fu de+f a7 I fa] - Juaf " W gy
o (3.7)
2N (k=1+4)
< [e (k= DI7¥5 |Qf + () ™ flull ,i7%,,
N+2s
2N(k— 1:;1) 2N (k—1+41)
< [e (k= DI¥5 |Q] + (ep) ¥5C, "™ llullyy
SO we can obtain
! 2
f [l 22 In Iull|% dt
0 +25
No2s (3.8)

( N1+ N (k- 1)

le (k= DI FE Q] + () 75C, 0 ) T T =G,

AIMS Mathematics Volume 10, Issue 6, 14032-14054.
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N+2s
=190 ongie\ N

where Cz = ([e (k= DI |0 + (e #5C, 7 €™
Utilizing Young’s inequality, then combining (3.6) and (3.8), (3.5) can be written as

!
2 f f Ve« |20 In |u| dxdt
0 Q

t
k-2
<2 f Co llVmellw, ([l aa I fe| oy 7
0 N+2s

: X ) (3.9)
< f C |l 2uln ul|| 5y dr+ f Vel iy, AT
0 N+2s 0
!
< CXCOT + f Vel 4.
0
Due to the convergence of u and u', from (3.3), (3.4), and (3.9), we arrive at
!
Vinell3 + M (]2 vl ly, + f Vel T
0
!
m 2
< sl + M ([uol?) [ |1, + CCT + € f 1Vl dT (3.10)
0

t
=C+C1f||vm||€vod7',
0

~ 2
where C = llu3 + M ([uol?) ]l
Kirchhoff function M(m), we have

+ C;C,T > 0 is independent of m. According to the definition of

allvullyy, < M (112) 1valliy, - (3.11)

Combining (3.10) and (3.11), we have

!
allvully, < €+ C f 1Vl d. (3.12)
0

Making use of the Gronwall inequality, we get

C a
lli, < —e a (3.13)

and integrating (3.13) on [0, 7], we arrive at

t C~ o
j; [Vinlliy, dT < - (e at— 1). (3.14)

We substitute (3.14) into (3.10) to get

t Cv 5
v + M ([u12) By, + f el dr < = (%"= 1)+ C < Cr, (3.15)
0 1

AIMS Mathematics Volume 10, Issue 6, 14032-14054.
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where Cr 1s a normal number that depends on 7'. From (3.15), we get

Vi — Vv weakly star in L7(0,T; W), (3.16)
Vo = Vi weakly in  L*0,T; W), (3.17)
Vo — vV, weakly star in L% (0, T:L? (Q)) . (3.18)

By (3.16), (3.17), and the Aubin-Lions-Simon lemma [32], we can obtain
v — v strongly in C([0, T1, L*(Q)).
Therefore, v,,(x,0) makes sense, v,,(x,0) — v(x,0) in L*(Q), and v,,(x,0) = ug (x) — up(x) in Wy.

Thus, v(x, 0) = ug(x).
Furthermore, dividing the two sides of the first equation in (3.2) by ||7lly, , we have

W) =Dy = M (L) 0.y, + (juduIn ] )

(3.19)
17l w, (171l
By the Holder inequality, (3.7), and (3.15), we get
Vonee> 1) <Cs. (3.20)
17l

For n € W\ {0}, upper bounds are simultaneously taken on both sides of Eq (3.20), and we have
Vanselly, < Cr, (3.21)

namely
Vo = Vi weakly star in L7 (0,T;Y)). (3.22)

Combining v, € L*(0, T; L*(Q)) and v, € L*(0, T; Y,), through Lemma 2.4, we get

v, € C([0,T],Yp).

Thus v,,(x,0) is meaningful and v,,(x,0) — v,(x,0) in Y. Owing to v,,(x,0) = u{'(x) — wu;(x) in
L*(Q), we have that v,(x, 0) = u;(x). We have completed the proof of the existence.

(if) Proof of the uniqueness.

Assuming Problem (1.1) has two solutions v, and v, with the same starting conditions, substituting
them into Problem (3.1), and then, by subtracting the obtained two equations, we can get

(V1 = V2 + M ([u]2) (=AY (01 = v2) + (=AY (v = 2, = 0. (323)

Multiplying (3.23) by vy, — v, and integrating on Q X (0, T), we get

1 1 !
5 Wi = varls + 5 M ([ul}) Ive = valfy, + f Vie = varlly, dr = 0.
0

Obviously, this equality immediately yields v; = v,. This completes the proof. O

AIMS Mathematics Volume 10, Issue 6, 14032-14054.
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Based on the above lemma, we obtain the following theorem.

Theorem 3.1. Let uy € Wy, u; € L*(Q), and 2 < 20 < k < 2'. Then there is a T > 0 that gives
Problem (1.1) with a unique local solution u(x,t) on [0, T] satisfying

ue C([0,T]: Wo) N C' ([0, T]: L* () N C*([0.T]: Yo) .

Proof. For a given T > 0, we think over the important space H = C ([0, T]; Wy) N C! ([0, T];L? (Q))
which has the following norm:

2 _ 2 2
el = max (alle (), + I 0)15).

Let R? = M ([uo]?) luoll, + 113, and then we denote
My ={ueH :u (0) = uy,u(0) = uo, |lully; < R}.

We first prove that My is a complete metric space. Let {u,} be the Cauchy-Schwarz sequence in M.
Thus, for any £ > 0, there exists u, such that if n,m > u,, then

2 2 2
”u” - um”‘H = 59?37(, (”un - um”WO + ”un - um”z) <eg,

and by the completeness of L*(Q2) and W,, there exist u € L*(Q) such that u,, — u in L*(Q) and u € W,
such that u,, = u in Wy when m — oo, namely

2 _ 2 2
et = ully, = max (||Mn = ully, + llu, — u||2) <e.

Therefore, My is a complete metric space.

Next, using the conclusion of Lemma 3.1, we denote v = ® (u) for any u € My as the unique
solution to Problem (3.1). We will prove the mapping @ is a contraction mapping satisfying ®(M;y) C
Mz. We multiply the first equation of the Problem (3.1) with v, and integrate it on Q X (0, 7), and we
obtain

!
A+ M ([ul?) IV, + 2 f VeIl dr
0
!

= o+ (C ) ol + [ [0 (1) 1, (3.24)

!
+2 f f ve - [ul*uln |u| dxdr.
0 Q

Using a calculation method similar to the processes in (3.5) and (3.7), we find

f
2f fv,-lulk_zulnluldxdr
0 Ja

!
<2 f [vell 2 ||l In Jul| oy dT
0 N-2s N+2s

G 2 ’ (3.25)
< f >l Puin [, dr+2 f Ivelfy, de
0 N+2s 0
2 C2R? NGk=1+p) N2 t
T o R N+2s o
< % (e,U) N+23( Oa ) + [e (k — 1)] N+2s |Q| + 2[ ||VT||%/VO dr.
0
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Then by a similar computation to that of (3.4) and (3.14), we can derive that

! d ~ (&1
2 2 ar
fo I, — |M (1u1?)] dr < C(e al - 1). (3.26)
Combining (3.25) and (3.26), (3.24) becomes

Vvdl3 + M ([ul?) V15,

Nek=14p0)
. | C2T N C2R2 N+2s "
<R+C (e%T - 1) i %{(eu)NZM( 0 ) Fle(k—1)] 5 |Q|}

N+2s
N

a

Further,

2 2 2 2 2 2
M, = v + @iy, < B + M ([]?) I,

N+2s

Nek=14p)
_ | CZT N C2R2 N+2s N
<R+ c(eCaT - 1) t L{(eu)wizs( 0 ) Fle(k— D] s |Q|}
a

2

So we can choose a T > 0 to make it small enough so that ||v||§, < R%.
Next, we will prove that ® is a contraction mapping. Let vi = ® (wy), v, = ® (w,) where wy, w, €
M. Then if v = v; — vy, v satisfies

v+ M (Iw112) (80 + (=A)'v, = +wi[Twy I wi] = ol 7wy In

—[M(wi12) - M ()| (D)2, xeQ 1> 0;
v(x,0) = v,(x,0) =0, x e Q;
v(x, 1) =0, xeRM\Q, t>0.

We will multiply the first equation of the above problem by v;, and then integrate on Q X (0, ¢), and we
have

!
Vel + M (D 12) IV, +2 f IVl dt
0

< fo t%[M([Wlli)]uvH%VodT” fo | fg o1 (1w112) = 8 (121

!
+2f f(lwllk_zwl In|wi| = wo[*>w; In |W2|) vedxdr.
0 Ja

(=A)’vovdxdt (3.27)

Next, we estimate the terms on the right side of (3.27) one by one. First, by performing calculations
similar to (3.4), we obtain

j; t dit |M (w1 12)| IV, dr < fo ‘M (Iw112) vl d

¢ (3.28)
< C [ [ (o), + v
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Due to the function M(m) being locally Lipschitz continuous, we arrive at

Zflf‘M [Wl]i —M([Wz]?)
) - M (w.12)

Wl] — [wa]?

<2C; f f Iwilly, = walliy, | (=AY vov.dxdr
0 Q

(=A)’vov.dxdt

=2 w112 = [wal? dxdt

!
= 2C, [Iwillw, + wallwo | w111, = w2l f f (—A)*vav-dxdr
0 Q

!
< 2C, [Iwillw, + Iwallw, | 11wy = wallw, f f (=AY vovedxdr.
0 Q

Next we use Young’s inequality and Hélder’s inequality to obtain

2];’L’M([Wl]§) —M([Wz]f)

!
< 2C, [lIwillw, + lwallw, | lw: = W2||W0f [V2llw, lIvellw,dT
0

(=A)*vov.dxdr

R !
<4C,——lwi = willw, | Iva2llwollvellw,dr
Va
0

2 (3.29)
(@Ciliwi = wally,) o
< f Ivalfy, dr + f Ivelly, dr
0 0

4

R4 !
2 2 2
<ACE T Iwi = wally, + f Ivelfy, dr
0

R '
2 2 2
< 4CL_a3 T |lwy — wallg, + f Ivellyy, d7.
0

Similarly, taking advantage of the Lipschitz continuity of f(x) = |x*xIn|x| in R* — R*, and from
Lemma 2.3, we can see that

t
2ff |w1|k_2w1 1n|w1|—Iwzlk_zwzlnlwzl)vtdxdr

_2ff(f(wl)_f(W2))( —wy) vidxdt

<26, f wr = wallollvld
0

) ' (3.30)
<26, f i —anWOnv,nWOdr

(2C~LC§||wl wallw,)' T
< f Ivillyy, dt

~2 M4

CC
L °T||wl wall2, + f Ivilly, d.
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Substitute (3.28)—(3.30) into (3.27), and we can infer that

!
B + M (Iwi12) vl +2 f Ve[l d
0

l 2 2 R4 C‘I%Cg 2
< cf | M (w1 12) IV, + VI3 | iz + (402—3T + T] i = wall,
0 a a

Applying the Gronwall inequality to the above inequality, we have
=2 4

Rt CiC
3 + M (w1 12) IV, < [4C%5T o T) (14 CTeT) Iy = wall,

We can take T > 0 to make it small enough so that

[402—3T+ L0
a a

T)(l + CTeCT) <1,

and we conclude that there exists ¢ € (0, 1) satisfying
1D (w1) = ® (Wo)llge = VIl < Sliwi = wallyy-

Therefore, the above processes make certain the existence of weak solutions. O
4. Global existence and decay estimate

First of all, we will prove the invariance of the set W™.

Lemma 4.1. Let u be the solution to Problem (1.1). In the case of uy € W*, u; € L*(Q), and 0 <
E(0) < d, then for all t > 0, we have u(t) € W*.

Proof. First, according to Lemma 2.6, we can get E(r) < E(0) < d. Next, we will prove through the
method of contradiction that there is a minimum time ¢, € (0, T,,,) that satisfies u(t,) € W™, i.e.,
I(u(t)) >0forte[0,¢)and I (u(t,)) = 0. From (2.8), (2.9), and (2.13), we have

1 atk—-2) k—26 !
0< 3 lluy (2115 + T Nl DIy, + Y e DIy, + j(; llur D, dT = E (0) < d,

which means that u(z.) # 0 and u,(¢.) # 0. Thus according to (2.10), we get
d>EQ0)>Et)>Ju(t)) = in{( Ju) =d,
ue
which is not valid. Hence, we obtain u(t) € W*. |

Theorem 4.1. Let uy € Wy, u; € L*(Q), and 2 < 20 < k < 28. If EQ0) < d, I(uy) > 0, and then
Problem (1.1) possesses a global weak solution u € L*(0,+oo; Wy) and u, € L* (O, +o0; L2 (Q)) N
L? (0, +o00; Wy). In addition, if

2
ak=2)( aeu \*2
E0) < {d, o (ng) } and I(ug) > 0,

there exist positive constants k and vy so that E(t) satisfies the exponential decay estimate for ¥ t > 0
as follows:
E(t) < ke™.

AIMS Mathematics Volume 10, Issue 6, 14032-14054.



14046

Proof. We will prove the global existence and decay estimate.
Step 1. Global existence.

We will divide into two cases to prove the global existence.
Case 1: I(uy) > 0and E(0) < d

First of all, we need to declare that for the cases where E(0) < d and I(ug) > 0, we have:

() If I(ug) > 0 and E(0) < 0, this contradicts (2.8) and (2.9).

(ii) If I(up) > 0 and E(0) = 0, by (2.8) and (2.9), it is evident that uy, = 0 and u; = 0, which is an
ordinary situation.

As aresult, we only need to think about the cases where 0 < E(0) < d and I(uy) > O.

From Lemma 4.1, we can see that u(r) € W*, which means that /(u(¢)) > 0. Combining (2.5), (2.9),
and (2.13), we get

1 1 a(k-2) k—260 !
T+ et + T e 3y, + ok ey, + fo litelliy, d = E (0) < d,
namely
1 a(k—2) k—26 !
3 e 3 + T ey, + ok ey, + fo eIy, dr < E (0) < d. (4.1)

The right end of Eq (4.1) is a constant unrelated to 7. This estimate enables us to take T,,,, = +c0. As
a consequence, we are able to get that Problem (1.1) has a unique global weak solution u(?).
Case 2: I(uy) >0and E(0) = d

Above all, we can select a sequence {6,},., C (0, 1) satisfying ’}Lnolo 6, = 1. Next we think about the

problem as follows:

y + M ([ul?) (=D 'u + (=A)'u, = |uf Pulnlul,  x€Q, t>0;
u(x, 0) = up, = Ouo(x), u,(x,0) = uy, = Gui(x), x€LQ,
u(x,1) =0, xeRVM\Q, t>0.

We claim that I(u,) > 0 and 0 < E(uy,) < d. In fact, from I(uy) > 0 and 6, C (0, 1), we get
1(up,) = —anf Juol" In [uoldx + a8, |lullyy, + 6;° llullyy, — 65 In 6, lluoll;
Q

k 2100112 20 11,1120
> —95‘1f luol” In fuold x + ab,, ||ully, + 6, |lully;,
Q
> 6 I(up) > 0.

On the other hand, combining the above inequality and Lemma 2.1, we have

d 1
d@n J(GnMO) = H_HI(MOn) > 07

which indicates that J(6,u) is strictly increasing relative to 6, and
J(”On) = J(QnuO) < J(”O)-
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Further, we have
1 1
0 < E(uon, u1,) = J(uon) + 3 lluiall3 < J(uo) + 3 llusll3 = E(0) = d.

Since ug, — up and u;, — u; as n — +oo, we are able to get that there is a global weak solution u(¢) to
the above problem through a method similar to Case 1.
Step 2. Decay estimate.

We establish an exponential energy decay estimate of Problem (1.1) when I(uy) > 0 as well as

_2
E@g@“%ﬁﬂwz

2p \ci™
It follows from (4.1) that

2KE (0)
ey, <

S Tk-2) 4.2)

Next, we define an auxiliary function as follows:

K() = sf - udx + = lulfy, + E(0),
Q

where £ > 0 will be specified later. Through Lemma 4.1, we get I(u(t)) > 0. Then by (2.5), (2.8),
and (2.9), we obtain

o leelly, + YT llullyy, > O. 4.3)

Next, utilizing Young’s inequality, and combining (4.3) and Lemma 2.3, we arrive at

1
E@® >3 e |5 +

& & &
K () < < llull; + 3 ey, + 3 i3 + E(t)

2

& eC &
simwé%7§+§ﬁw%+Em

4.4)
corm 20, € E() + EG)
8 — —
- 2 2)atk—2)
< 772E(t)’
and
€ 2, €02 2
K@) = T lleadll + 3 lluellyy, — &€ llull; + E (1)
€ 2 (€ 2 2 5
Z—Emwf%i—%gﬁw%+Em.
Taking & small enough such that & < #, then we can obtain
0
K02~ |lull}y, + E @) > ~—E(® +E (1)
= g =T !
and we fix & and choose a sufficiently small normal number € such that £ < 29, so (4.4) can be written
as
K@)z [1-2Qe) ' |[E@® =mE®). (4.6)
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Combining (4.4) and (4.6), it is easy to conclude that L(¢) is equivalent to E(¢), because there exist two
constants 77; > 0 and 1, > 0 about ¢ satisfying

mE@) < K(t) <mE(), fort>0. 4.7)
Next, we derive K(¢) about ¢ and choose 0 < M < 26. From (2.5) and Lemma 2.3, we arrive at
K' (1) = E' (1) + & (u, ) + 8(ut, )y, + € 3

2 k 2 20 2
= = |leally, + 8(f |ul” In [ul dx — allully, — IIMIIWO) + & lull;
Q

eM acM
= —eME (1) — |3, + (7 N s) i + (T - as) %,

M 4.8
(5 =)+ (o= ) [ 1ot e+ S -

eM 1 asM
< —eME (1) + (7 te- 5) 2 + (T - as) e,

8—— flul 1n|u|dx+ ||u||k

Next we will estimate each term of (4.8). For the term ||u||i, by (4.2), we obtain

k=2
2kE(0)\
el < C lullyy, = Co lelliy,” luelly, < C{;(m) lually, - (4.9)

From (4.3) and Lemmas 2.2 and 2.3, for the logarithmic source term, we have

1
f luf In |u| dx < |u|* —|ultdx
Q o} eu

1 k+/1
k+/1 k+;1
< " llullyy, < ||u|| (4.10)
72
LG (REONE
. ak—?2) Wo

where u satisfies 0 < u < 2% — k. Substituting (4.9) and (4.10) into (4.8), we can derive that

, eM 1 asM
K'(f) — eME (f) + (7 +e— c_g) i + (T - as) Il

eM\C' T %uE©) 5 eMCA[ 2%E0) |7
+(,s ) ., +

k a (k - 2) k2 (k _ 2)
= - ME(t)+(ﬁ+ _L) 2, aM +Ck+“ 2pE (0) e (4.11)
= —¢ > £ C% lludl; + & 5 a prioen 2)

alk-2) ak—2)

k+/1 ktp=2 k k=2
kM| 2%E 0) ]2 +CM %EO 7] o
keu wo?
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2
&2
where we require E (0) < {d, ”(’;;2)(6“55,) ' } such that
0

k+p=2

2
] —-a<0.

' uE©0) T o CE™[ 2kd
a(k=2) 4= ak-2)

Now, we choose a small enough M to make

aM  CuE©) |5 M %E©O) |7
— —a+ + (4.12)
2 ak—2) ak—2)
We fix M and then select a sufficiently small € to make
eM 1
7+8—C—S<O. 4.13)
Through (4.11)—(4.13), we arrive at
K'(t) < —eME(1). (4.14)
Further, by (4.7), lety = %” and (4.14) becomes
K’ (1) < —yK(1). (4.15)

Eventually, by integrating (4.15) with (0,7), we can infer that K(r) < K(0)e™, and combining
with (4.7), we can get
O0<E@®<ke”, Vt>0,

LO

where k = .
m

5. Blow-up

First, we will prove the invariance of the set W~.

Lemma 5.1. Let u(x, t) be a weak solution to Problem (1.1). Assuming uy € W~ and E(0) < d, for all
t >0, we have u(t) € W~. In addition, we have the following inequality:

ak=2) , k=20

o Ml + —II I, (.1

d
< 20k

Proof. It follows from uy, € W~ that I(uy) < 0. Next, we discuss it in two situations.
When E(0) < 0, from (2.8) and (2.9), we arrive at

1 1 ak-2) k—
E@) = 3 leae|l5 + %l(u) My lluelly, + TOk || I, < E(0)<0<d,
which means that I(u(?)) < 0, i.e., u(t) € W-.
When 0 < E(0) < d, by (2.13), we have
!
O0<E(@)+ f ||uT||%V0 dr=E ) <d, (5.2)
0
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which implies that u(x, r) # 0. For t € [0, T',,,), we prove that I(u(t)) < 0. If not, there isa t; € (0, T}qx)
to make u(t;) € W™, i.e., I(u(t;)) = 0 and I(u(t)) < 0, t € [0, #;). Looking back at (2.10), it is obvious
that

EQO)>E(t)>Ju(t)) = ;g{( J(u) =d,

which is opposite to (5.2). Therefore, for t € [0, T, ], Wwe get u(t) € W— .
By Lemma 2.1, due to I(u(t)) < O, there is a A, < 1 satisfying I(1.u(t)) = 0, and combining
with (2.9) gives

a(k—2) k—260

. 1 201112 201,126
d<JAu) = %l(ﬂ*u) R A Mullyy, + W/l* [leellyy,
a(k—2)2 2 k—20 20 20
= T/l* leellyy, + Wﬁ* leellyy,
atk-2) k=20
< 5 Ml + o
Therefore, Lemma 4.1 is proven. m]

Theorem 5.1. Let 2 < 20 < k < 2%, ug € W-, and u; € L*(Q). Assuming E(0) < d, the solution of
Problem (1.1) blows up in finite time.

Proof. First of all, by E(0) < d, up € W=, and Lemma 4.1, we get u € W~, which means that I(u) < 0.
We will prove that u(f) blows up in finite time. If this is not established, we assume the global
existence of u, i.e., T, = +00. For any T\, > 0, we define the positive function

t
Q(t)=(To—t)|Iuo|I%vof ety + a3 -
0

We calculate the first-order and second-order derivatives of Q(¢), respectively, as

t
Q' (1) = llully, + 2 (u, ) = lluoliy, = 2f (u, uc)w,d + 2 (u, uy) (5.3)
0

and
Q" (1) = 2l + 2w, u)y, + 2 (u, uy) = 2 |lugll; — 21 () > 0. (5.4)

Through direct calculation, we arrive at

k+2
0 Q" (-0 O
= Q0 (2 hwlly =21 W) + (k +2)- (5.5)

{@ 0 =0 =T - Dlluoly, | ( fo eIy, dr + ||ut||§)},

where the definition of y(¢) is as follows:

! t t 2
Y (1) = (fo iy, dt + ||u||§) : U; ey, d7 + ”Mt”%)_ [fo (u, ur)w, dt + (U, ut)] :
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Using Holder’s inequality and the Cauchy-Schwarz inequality, for any ¢ € (0, 7)), it is clear that
Y(t) > 0.

Further, (5.5) becomes
Q) Q" (1) - ’%Z[Q' )
> Q (1) (2 Ml = 21 ) = (k +2)| Q (1) = (T = ) lluolly, | ( fo | e Iy, dv + ||u,||%)
> Q1) [2 a3 = 21 ) = (k +2) ( fo sl dr+ ||u,||§)] (5.6)
=0 [—knu,ni — 20 (u) - (k+2) fo eIy de
=0 ¢ ),

where ¢ (1) =~k llu,|l3 — 21 (u) — (k +2) [} llucll}, dr. Moreover, by (2.5), (2.13), and (5.1), we have

k 2 !
¢ (1) = =2kE (1) + a (k = 2) |lullyy, + (5 - 2) ey, + z [ 2)f oty d
0

' k
> —2kE (0) + Zkf lltelliy, dT + a (k = 2) |lully, + (5 —~ 2) lually,
0

2 !
# 20l = e+ 2) [l e 5.7)
0
' 2 2 k w0 2k
==2kE0) + (k=2) | lluclly, dr+ a(k=2)lully, + e 2 ) ullyy, + Z leell
0
! 2
> 2kd — 2kE (0) + (k — 2)f IIMT||%V0 dr + z ||u||§.
0
Since E(0) < d, we can get ¢ (¢) > 0. The combination of (5.6) and (5.7) means that for all ¢ € [0, Ty],

k+2
0 Q" ()~ =10 I >0,

Let
k-2

g =00 4 ,
and then we arrive at
k-2 k-2
2 -1

i = _E — _E a4 ’ P E -
q" (1) = ( ) 1)( 1 )Q(I) 4 [ (O] - 0" () ) o 4
-2

k+2 k-2 -
={Q(z)Q"m—%[Q’(t)]z}(—T)Qm 4 <o

As a result, it can be obtained that
lim g (t) = 0,

t—Ty
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namely
lim Q () = +c0.
t—Ty
Therefore, the hypothesis does not hold. We have completed the proof. m|

6. Conclusions

We have investigated the initial boundary value problem that includes the fractional laplacian
operator, strong damping term, and logarithmic source. To our knowledge, Kirchhoff proposed
groundbreaking work on Kirchhoff-type problems, and we consider Problem (1.1), which has not
been studied before. We proved the local existence by the contraction mapping principle and Faedo-
Galerkin’s method, namely, Theorem 3.1. Furthermore, global existence and properties of decay and
blow-up when the initial value meets certain conditions are obtained, namely, Theorems 4.1 and 5.1.
In future work, we will attempt to study the qualitative analysis of some interesting new models.
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