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Abstract: The problem of counting the number of solutions to equations over finite fields has been
a central topic in the study of finite fields. Let g be a prime power, and denote by F, the finite field
with g elements. In this paper, we address the problem of determining the number of solutions in [}
to a system of quadratic form equations with n unknowns over F,, a question initially proposed by
Carlitz. By employing methods from character sums over finite fields, we derive explicit formulas for
the number of solutions to general systems consisting of multiple quadratic forms. Our results provide
a complete solution to Carlitz’s problem. Separate treatments are provided for the cases of odd and
even characteristics.
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1. Introduction

The study of equations over finite fields forms a cornerstone of modern algebra, with profound
connections to number theory, algebraic geometry, and combinatorics. In particular, the problem
of counting the number of solutions to such equations has attracted considerable attention in recent
decades. Numerous researchers have explored equations of specific forms, yielding a wealth of results.
Early studies, such as [5], examined the number of solutions to the equation ale2 ++a,X? =
bX; --- X, + c over a finite field, while [2, 3, 9] investigated certain diagonal equations. More recent
contributions include [1], which employed the degree reduction matrix to derive an explicit formula for
the number of solutions to a polynomial, and [6, 10, 11], which applied Smith’s normalized forms to
determine the number of solutions to specific equations. For foundational theories and general results
concerning equations over finite fields, we refer the reader to [7, 8]. Nevertheless, determining the
exact number of solutions to general polynomial equations or systems of equations remains a highly
challenging task.

Let p be a prime and g a power of p, and denote by F, the finite field with g elements. For a positive
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integer n, a quadratic form in n variables over F, is defined as a homogeneous polynomial of degree 2

in F,[Xi,...,X,], or the zero polynomial. Let Q(Xj, ..., X,) be a quadratic form over IF, and b € F,,.
We refer to the equation Q(xi,...,x,) = b as a quadratic form equation over FF, with n unknowns
Xi,...,X,. It is well known that the number of solutions to a single quadratic form equation over F,

admits a uniform description; see Theorems 6.26, 6.27, and 6.32 in [7].

A natural question then arises: what can be said about the number of solutions in Fj to systems of
multiple quadratic form equations? In fact, this problem was first proposed by Carlitz [4], who studied
a system consisting of two specific quadratic form equations and derived an explicit formula for the
number of solutions in the case of odd characteristic. However, a complete answer to this problem for
general systems remains unknown.

Let m > 2 be an integer, 01(Xi,...,X,),..., Qu(Xi,...,X,) be given quadratic forms over F,, and
by, ..., b, € F,. In this paper, we study the number of solutions in Fj to the following system:

Oi1(x1,...,x,) = by,

QZ(‘xl,...,xn) = by, (1.1)

Qm(xl» ey xn) = bm-

Actually, by employing tools from character sums over finite fields, we obtain explicit formulas for the
number of solutions in Fy to the system (1.1), thereby providing a complete solution to the problem
originally raised by Carlitz.

The paper is organized as follows: In Section 2, we present some preliminaries on quadratic forms
over finite fields. In Section 3, we derive the main results for the case of odd characteristic. Section 4
is devoted to establishing the corresponding results for even characteristics. Finally, in Section 5, we
provide examples to illustrate the application of our main results.

2. Preliminaries

Let p be a prime, and g be a power of p. Denote by F, the finite field of order g. In this section, we
present several basic definitions and results concerning quadratic forms over F,.

As usual, for a given column vector X = (X|,...,X,)’, a linear substitution is defined by X = CY,
where C is an n X n matrix over F,, and Y = (Y4,..., Y,)! is a new column vector of variables. If C is
invertible, the substitution is called a nonsingular linear substitution. Two quadratic forms, Q; and Q5,
are said to be equivalent if there exists a nonsingular linear substitution transforming Q; into Q,.

Clearly, if Q; and Q, are equivalent quadratic forms over FF,, then for any a € F,, the equations
O1(x1,...,x,) = aand O,(xy,...,x,) = a have the same number of solutions in F’;.

For a quadratic form Q over F,, the rank of Q, denoted rank(Q), is defined as the minimal
nonnegative integer r such that Q is equivalent to a quadratic form in r variables. It is easy to verify
that equivalent quadratic forms have the same rank. In particular, a quadratic form Q in n variables
over [F, is said to be nondegenerate if rank(Q) = n.

When ¢ is odd, it is known that any quadratic form Q(Xj, ..., X,) over F, can be written as

Q(Xl,...,Xn) = Z (ll'inXj, where a;; = aj.

1<i,j<r
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Associated with Q is the r X r symmetric matrix A = (a;;), called the coefficient matrix of Q. We denote
by det(Q) the determinant of the coefficient matrix A.

A quadratic form Q is called diagonal if its coefficient matrix is diagonal. The following lemma is
a standard result:

Lemma 2.1. [7, Theorem 6.21] For q an odd prime power, every quadratic form Q over F, is
equivalent to a diagonal quadratic form with rank(Q) non-zero entries on the main diagonal.

For a quadratic form Q(Xj,...,X,) over F,, we define its diagonal multiplier as C = cjc;---¢c,,
where Q is equivalent to a diagonal form ¢, le +---+cY ,2 with each ¢; # 0.
For even ¢, we have the parallel result:

Lemma 2.2. [7, Theorem 6.30] Let q be a power of two. Let Q be a quadratic form with rank n over
F,. Each of the following statements holds.

(a) If nis odd, then Q is equivalent to

X1 Xo + X3 X4+ -+ XX, + X2

(b) If n is even, then Q is equivalent to
X1 Xo + X3Xg + -+ X 3X, 0 + bX> | + X, 1 X, + dX7,
for some b,d € F, and ¢ € F,. Moreover, Q is equivalent to
X1 X+ X:Xu+ -+ X1 X,
ifb =0, or b # 0 and Tr(dbc™?) = 0, and
X\ Xy + XXy + -+ X, 1 X, + X2, +dbc™* X2,

if b # 0 and Tr(dbc™?) = 1. Here, Tr denotes the trace function from F, to F,.

Let y be the canonical additive character of IF, and 1 be the quadratic multiplicative character of FF;
that is, y(x) = exp(2niTr(x)/p) for any x € F,, where Tr is the absolute trace from F, to its prime field
F,, and

1, X 1s a nonzero square,
n(x) =4—-1, xisanonsquare,
0, x=0.

Let g be the quadratic Gauss sum over F, defined by

g= > x(mx). 2.1)

x€Fy,

Its exact value is given by the following lemma.
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Lemma 2.3. [7, Theorem 5.15] Let p be an odd prime and q = p*, with s being a positive integer.
Then the quadratic Gauss sum g over F, is given by

(—1)5_1q1/2, ifp=1 (mod 4),
(-1, ifp=3 (mod 4),

where i is the imaginary unit. Consequently, g*> = n(—1)gq.

For the system of Eq (1.1), let b = (by,...,b,), and denote by N, the number of solutions in IFZ
to (1.1). Consider the following associated system:

O1(x1,...,x,) — b1y2 =0,
Or(x1, ..., X,) — boy* =0,

(2.2)
Qm(xl’ ceey xn) - bmy2 = 0’
where y is a new variable distinct from x, ..., x,. Define N, as the number of solutions in IFZ” to the
system (2.2). Observe that for each y € F, the map
('x]’ .. "‘xn’y) H (y_l‘x]’ .. "y_l'xn)
induces a bijection from the set of solutions (xi,..., x,,y) to (2.2) onto the set of solutions to (1.1).
Consequently, we have
| P
Ny = —— (N, — No), (2.3)

q—1

where Ny denotes the number of solutions in I to the system (1.1) with b being the zero vector. Thus,
to determine N, it suffices to compute the number of solutions in Fy to the system of the type

Ql(-xla oo axn) = Oa

QZ(.XI, ey Xn) = 0, (24)

Qm(-x17~ .. 7-xn) = O’

which will be carried out in Section 3 for the case where ¢ is odd and in Section 4 for the case where ¢
is even.

3. Odd characteristic case

In this section, we investigate the number of solutions to the system (2.4) in F; for odd g. We begin
by introducing a key lemma.
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Lemma 3.1. For an odd prime power q, with x as the canonical additive character of F, and n as the
quadratic multiplicative character of ¥, consider a quadratic form Q(X,...,X,) in n variables over
IF, with rank r. Then

D Q%) =g

where 7y is a diagonal multiplier of Q, and g is the quadratic Gauss sum defined as in (2.1). In
particular, if r = n, then

X(Q(x1, ..., x,)) = n(det(Q))g".

Proof. First, from Lemma 2.1, we know that there exists a nonsingular linear substitution X = CY that
transforms Q into the diagonal form
c1Y12 +. 4+ can,

where ¢; € F, forany 1 <i < r, and ¢; = 0 for any i > r. It then follows that

D@, e = D x(ed e+ ad)

(X1 e X )EFE O15-yn)€Fg
- 2 2
=q"" Z x(eyy+--+ey;)
01 ----- yr)ng
r
_n-r 2
=4 | | 2 xtend
i=1 yeF,

LetS ={x*:x¢€ ]F;}. One sees that the map o : x — x* from [, onto § is 2-to-1. We also note that

2, ifxes,

x)+1=
%) {0, ifxeF,\S.

It implies that for any ¢ € F,

D ixe) =142 xley)

yeF, yeSs

=1+ ) p@)@) + D+ > xen)e) + 1)

yes YEF\S

=1+ Z)((Cy)ﬂ(LY) + ZX(C)’)

yeF; yeF;

= Zx(cy)n(y) + Zx(cy)

yeF; yeFy,
=n(c)g,

where the last equality holds since ;g x(cy) = 0. Therefore, we derive that

D Q%)) =g ﬂ > xead) =nng'q" ™,

(X1 yeees X )EFR i=1 y;eF,
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where y = ¢; --- ¢, is a diagonal multiplier of the quadratic form Q. This proves the first part of the
lemma. Particularly, if r = n, then

DT Q%)) = e ang 3.1

Let A be the coefficient matrix of Q, and A = diag(cy,...,c,). Then we have A = CTAC. It implies
that n(c; - - ¢,) = n(det(A)) = n(det(C)*det(A)) = n(det(Q)). Hence, the second statement follows
immediately from (3.1). This completes the proof of Lemma 3.1. O

Before stating the main result, we introduce some notations. Let ¢ be an odd prime power, and
let m > 2 be an integer. Consider m distinct quadratic forms Q(Xy,...,X,), ..., Ou(X1,...,X,) In n
variables over the finite field IF,. Define a polynomial d(Z,, . ..,Z,)inF,[Z,,...,Z,] as the determinant
of the quadratic form Z,0(X;,...,X,) + -+ + Z,0,(X;, ..., X,,) in the variables X, ..., X,. We call
d(Z,,...,7Z,) the associated polynomial of the quadratic forms Qy,..., Q,. Clearly, d(Z,,...,Z,) is
either a homogeneous polynomial of degree n or the zero polynomial.

Suppose d(Z,, ..., Z,) has two nonzero linear factors over F,, say

llzaIZI+---+amZm and 12:b121+---+mem.

We say that [; and [, are equivalent if the vectors (ay,...,a,) and (by,...,b,,) are linearly dependent
over F,.
Let L denote the set of pairwise inequivalent nonzero linear factors of d(Z,, ..., Z,,) over F,, referred

to as the linear factor set of d(Z,, ..., Z,). The cardinality of L, denoted by |L| = ¢, is called the linear
index of the quadratic forms Q;, ..., Q,,. Clearly, 0 <t < nifd(Z,,...,Z,) is not identically zero, and
1= LT3 ifd(Z,...,Zy) = 0.

Define the following set

V={G1....20) €FJ\{(O,..., 00} | {z1, .., z) = O for some [ € L},

which is called the set of nontrivial linear zeros of d(Z;, ...,Z,).

We select a maximal subset {vy, ..., v} C V such that the vectors are pairwise linearly independent
over FF,; these are referred to as the F,-linearly independent representative set of V. For each linearly
independent representative v; = (z;1,...,Zn») € V, by Lemma 2.1, the quadratic form z;; Q; +- - - + 2;, O
is equivalent to a diagonal quadratic form, which we denote by

2 2 2
CilYl + C[2Y2 + e+ Cirini,

where each coefficient ¢;; € sz forall 1 < j <r. Wedenote C; = c;; - - - ¢, and refer to it as a diagonal
multiplier of v;. The integer r; is called the rank of v;.
Now we can report the main result of this section as follows.

Theorem 3.1. For an odd prime power q and an integer m > 2, let Qy, ..., Q,, be distinct quadratic
forms in n variables X, ..., X, over F,, with associated polynomial d(Z,, . ..,Z,). Define V as the set
of nontrivial linear zeros of d(Zy,...,Zy,). Denote by N the number of solutions in I} to the system

(2.4). The following statements hold:
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(a) If V is nonempty with an F,-linearly independent representative set {vi, ..., v}, then

v g+ (q— D)W +q"*>™V, ifnis even,
"+ (g - DW, if nis odd,

where

W= g ), V= Y =D G z),

1<i<s (21 5eesZm)EFY
ri even

r; and C; are the rank and the diagonal multiplier of v;, respectively.

(b) If V is empty, then
N g+ q"* "V, ifnis even,
B q, if nis odd,

where V is defined as in (a).

Proof. Let y be the canonical character of F,. First, using the orthogonality of characters, we express
N as

1 1
N=D | 2 @) ) x(zQO(x))]zq"”( 3 Y K@@+ 2 Qu(e). ()

erFL; 21€F, zm€Fy 1,...,zm)eIF{,” xe]F;;

Forz = (z1,...,zn) € F}, define a sum

S(@) = ) X(@Q1x) + - + 23 ().

T
xeFy

Clearly, S(0) = ¢", where 0 denotes the zero vector in Fy. Let dZ,,...,7Z,) be the associated

polynomial of Qy,..., Q,, and let V be the set of nontrivial linear zeros of d(Z;,...,Z,). Then we
have
DS@=q"+> S@+ > S@. (3.3)
z€FY zeV Z€F\(VU{0})
Suppose that V is nonempty with an F,-linearly independent representative set {vi, ..., v,}. For each

v;, let C; and r; be a diagonal multiplier and the rank of v;, respectively. It follows that
DS@=> > S
eV i=1 AeF;

Note that Av; has a diagonal multiplier A"/C; for any A € IF;. Thus, by using Lemma 3.1, we obtain

N

D.S@=> > nACgq T = Z g'g"" Y A CY = (g1 D n(Cg'q"", (34
1

zeV i=1 A€Fy i= A€k 1<i<s
r; even

AIMS Mathematics Volume 10, Issue 6, 13741-13754.
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where the last equality holds since

Z n(1'Cy) = {(q - Dn(Cy), if r;iseven,

iF 0, if r; 1s odd.

Now we turn attention to the last sum on the right-hand side of (3.3). Note that the quadratic form

ZIQI(XI, .. -,Xn) R ZQO(Xl’ .. -’Xn)

is of rank n for any (zy,...,2,) € Fg \ V, and recall that d(Z,, ..., Z,) is the associated polynomial of
01,...,0,. It follows from Lemma 3.1 that
D S@=g" ), nd@)=g" ) ndQ), (3.5)
zele\V zE]FZ’\V zE]FZ’

since n(0) = 0. In particular, for odd n, consider the sum

S= ), ndG....z).

Let w € F be a non-square element. Then

S= Z ndwzy, ..., wzy)) = n(w")S.

(Z150ens Zm )EFZ"

Since n is odd and n(w) = —1, we have n(w") = —1, so S = -8, implying S = 0. By substituting (3.4)
and (3.5) into (3.3), combining with (3.2), and applying Lemma 2.3, we obtain the first statement of
this theorem.

If V is empty, the first sum on the right-hand side of (3.3) vanishes, and the second statement of this
lemma follows similarly.

This completes the proof of Theorem 3.1. O

4. Even characteristic case

In this section, we analyze the number of solutions to the system (2.4) in Fy for even g. We start
with a useful lemma.

Lemma 4.1. Suppose q is a power of two. Take x as the canonical additive character of F,, and let

00Xy, ..., X,) be a quadratic form in n variables over F, with rank r. Then
(o ) 0, if ris odd,
Xlyerer Xp)) =
X : 5q" "%, if ris even,

1)€Y

where 6 = 1 if Q(Xy,...,X,) is equivalent to Y\Y, + Y3Y, + --- + Y,_1Y,, and 6 = —1 otherwise.
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Proof. First, we let r be odd. Using Lemma 2.2(a), we can transform the quadratic form Q(Xj, ..., X,)
into
F(Yy,....,Y) =Y\ Y, + V3V + -+ Y, Y, + V7

by a nonsingular linear substitution. Then

D@L = Y XFG )

(X150ees xn)qu 015y y,,)EIFq
=g > Xy Yy + )
OV1ens )’V)EFZ
(r-1)/2
- 2
=q" r[ Z X(yl)’Z)] Z)((y ).
V1,y2€F, yeF,

Note that y? is a permutation polynomial of F, since g is even. It implies that

D xGH =) x(»)=0.

yeF, yeF,
Hence, we obtain

Z X(Q(xla"'axn)):o.

Now, let r be even. Similarly, from Lemma 2.2(b), we know that Q(Xi, ..., X,) is equivalent to
GY,...,. ) =YY, + sV +---+ Y, Y,

or
HY,,...,Y, ) =Y\, + V3V + -+ Y, Y, + Y2 | +aY?,

for some a € F, with Tr(a) = 1. For the first case, we have

DI CTES) E P (c/C TR )

(xl ----- xn)GIFZ (yl ----- yn)EFZ

=q"" Z XO1y2 + Y3ya + -+ Yee1yr)

r/2
=q"—’[ > X(m)] . (4.1)
Yy

1,y2€F,

And we compute that

Z x(ny2) = Z Z x(iy2) =q+ Z Z x(yiy2) = q. 4.2)

V1.y2€F, V1€F, y2€F, V1€F; y2€F,

Substituting (4.2) into (4.1) yields the desired result of this case. For the latter case, we have

D oXQ, . x) = Y X(HG,- L y)

AIMS Mathematics Volume 10, Issue 6, 13741-13754.
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=q"" Z XO1y2 + Y3ya + -+ Y1y, + Yo +ay?)

O15-Yr)EFG
(r-2)/2
= 61’”{ Z )(()’1}’2)] Z XO7 +y1y2 + ay3). (4.3)
y1.y2€F, y1.y2€F,

We need to evaluate the last sum of (4.3). On the one hand,

DxGHHymrad) = D x0D+ D x0Ty +ayd)

y1.2€F, y1€F, V1€Eg.y2 EFZ

D XO3HG1 /) + 31y + @)

V1€F,,y2€F,

D XA + 1+ a).

t€F,,yel,

On the other hand, we note that Tr(a) = 1, and then > + ¢t + a # O for any t € F,. It implies that

DL xGt v raR) =) [Z}(((t2 1+ a)?) - 1] --> 1= (4.4)

y1.2€F, teF, \yeF, teF,

Therefore, by substituting (4.2) and (4.4) into (4.3), we arrive at the final result of this case.
This proves Lemma 4.1. O

We now state the main result of this section.

Theorem 4.1. Suppose q is a power of two and m > 2 is an integer. Consider Qq, ..., Q,, as distinct
quadratic forms in n variables X, ..., X, over F,. For a vector z = (z1,...,2m) € F, define the
quadratic form Q(z) in variables X, ..., X, over F, by Q(z) = 21Q1 + -+ + 24O Foreach 0 < r < n,
define T as the set of vectors z € F' such that Q(z) has rank r, and define T, as the subset of z € F}
such that Q(z) has rank r and is equivalent to Y Y, +Y3Y4+---+Y,_1Y,. Then the number N of solutions
in By to the system (2.4) is

N=qg™"|ITol+ ) QIT}I-1Ta)g”|,

1<r<(n/2}
where |S | represents the number of elements in the set S .

Proof. Let x be the canonical character of F;. From the definition of 7', we can partition F}' into
Fy =U/- T, Forz=(z1,...,zn) € F}, let Q(z) = 2101 + - -+ + 2,Op- By (3.2), we then have

N=g" > > X@Q@++2,0u(x)=q" Z D x(Q@). (4.5)

(215--,zm)EFY x€Fy r=0 zeT,

Applying Lemma 4.1 into (4.5), we obtain

N=qg" > > 64" =q" > > 6.4

0<r<n zeT, 0<r<n zeT,
r even r even
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where 6, = 1, if Q(z) is equivalent to Y, Y, + Y3Y4 +--- + Y, Y,, and otherwise 6,, = —1. Then N can
be simplified to

N=qg"|[Tol+ Y QIT}l-1T)g™|,
1<r<|n/2]

as desired. Theorem 4.1 is proved. O
5. Concluding remarks and examples

In this paper, we investigate the number of solutions to systems of quadratic form equations over
finite fields, deriving explicit formulas for the solution counts, thereby addressing one of Carlitz’s
problems; see Theorems 3.1 and 4.1. Our results, while not always straightforward, offer a novel
algorithm for computing the number of solutions. For instance, in Theorem 3.1, one must first
determine the set V of nontrivial linear zeros of the associated polynomial d(Z,...,Z,) for the
quadratic forms Qy, ..., O, then identify a linearly independent representative subset {vy,...,v;} C V,
and compute the rank and diagonal multiplier of each v;. The desired result is then obtained using
our formula. Similarly, for Theorem 4.1, one must determine the sizes of the sets 75, and 77, which
depend on the quadratic forms Qy, ..., O,,. However, deriving closed-form formulas for |75,| and |77 |
remains a significant challenge.

Below, we present several examples to illustrate the application of our theorems.

5.1. Example 5.1

Let Fo = Fs(a), where a is a defining element of Fy over F; satisfying a®> = a + 1. We apply
Theorem 3.1 to determine the number of solutions to the following system over Fo:

QIZX%+X1XZ+2X3X4+X§+X§:1, 51
= 242 2x2 =2 G-b
Oy = x1x2 + XpX3 + X; + 2x4X5 + 2x5 = 2.
To compute the number of solutions to system (5.1), we consider two auxiliary systems:
_ 2 2, .2 .2 _
Q) = x] + x1x + 2x3x4 + x5 + x5 — xg = 0, (5.2)
Q) = x1x + xpx3 + xi + 2x4x5 + 2x§ - 2x§ =0,
with N; solutions in F§, and
Q1:x%+x1x2+2x3x4+x§+x§20, 513
_ > 2 _ (5.3)
0y = x1X2 + X2X3 + X3 + 2x4x5 + 2x5 = 0,

with N, solutions in F.

5.1.1. Solutions to system (5.2)

To determine N, we proceed as follows:
Step 1. Compute the associated polynomial and factorize it over Fo:

d(Z\,2,) = det(Z, Q' + Z, Q%) = Z\(Z, + Zo)(Zy — Z)(Z} - ZiZ, + Z3).

AIMS Mathematics Volume 10, Issue 6, 13741-13754.



13752

Step 2. Select linearly independent representatives of the linear zero set of d(Z;,Z2,), given by v; =
0,1),v, =(1,-1),and v = (1, 1).

Step 3. For each v;, compute the rank and the diagonal multiplier of the corresponding quadratic form
in the standard way:

e For v; = (0, 1), the quadratic form Q) has the equivalent diagonal form Y} + Y; + Y; + Y; — Y2,
with rank 5 and diagonal multiplier —1.

e For v, = (1,-1), the quadratic form Q) — 0 has the equivalent diagonal form Y+ Y} +Y;-Y;-YZ,
with rank 5 and diagonal multiplier 1.

e For vy = (1, 1), the quadratic form Q + Q) has the equivalent diagonal form Y7 +Y7 - Y3 - Y; - Yz,
with rank 5 and diagonal multiplier —1.

Step 4. Compute W, obtaining ‘W = 0.
Step 5. Calculate V as:

V= ), n(-dGz) =24,

(21,22)€F}

where 7 is the quadratic character of Fy.
Step 6. Substitute the computed values into Theorem 3.1, yielding

N; =992 495272 .24 = 6777,

solutions for system (5.2).

5.1.2. Solutions to system (5.3)

To determine N,, we follow a similar procedure:
Step 1. Compute the associated polynomial and factorize it over Fo:

d(Zy,Z,) = det(Z, Q) + Z,Q)) = Z\(Z, + Z)(Z; - ZiZ, + Z3).

Step 2. Select linearly independent representatives of the linear zero set of d(Z;,Z2,), given by v; =
0,1)and v, = (1,-1).
Step 3. For each v;, compute the rank and multiplier of the corresponding quadratic form:

e Forv; = (0, 1), the quadratic form Q, has the equivalent diagonal form Y7 + Y3 + Y3 + 2Y7, with
rank 4 and diagonal multiplier —1.

e For v, = (1,-1), the quadratic form Q; — 0, has the equivalent diagonal form Y7 + Y7 +2Y7 +2Y2,
with rank 4 and diagonal multiplier 1.

Step 4. Compute ‘W, obtaining
W =9""(n2) +n(l)) = 18.

Step S. The calculation of V is not required, as n = 5 is odd.
Step 6. Substitute the computed values into Theorem 3.1, yielding

N,=9"24+(9-1)-18 = 873,

solutions for system (5.3).
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5.1.3. Solutions to system (5.1)

Using the relationship given by (2.3), the number of solutions to system (5.1) is

_ N\ —N, 6777873

N = = 738.
8 8

5.2. Example 5.2

Let Fy = {0, 1, w, w?}, where w is a primitive cube root of unity. We apply Theorem 4.1 to determine
the number N of solutions in F] to the following system over Fy:

{Q] = x% + Xox3 + X% + wxsx,s + XZ + WZX4)C5 + .X% + X% =0, (5 4)

Q) = WX1 Xy + WPxoX3 + X3 + Wx] + X3 + x4xs + wxg + wixg = 0.

To compute the number of solutions to (5.4), we proceed as follows:
Step 1. For each (z;,z,) € F2, define the quadratic form:

0(z1,22) = 2101 + 220;.

Step 2. Classify Q(z;,z) by its rank. For each (z1,z,) € F3, compute the rank of the quadratic form
0Q(z1,22). In finite fields of even characteristic, the rank of a quadratic form can be determined using
a standard method, as described in [7, Lemma 6.29 and Theorem 6.30]. Specifically, a non-singular
linear transformation can be applied to convert the quadratic form into a canonical form, and the rank
is given by the number of variables with non-zero coefficients in this canonical form.

Step 3. Determine the sets 7 and 77 as defined in Theorem 4.1. Through computation, we obtain:

T7 = {(0, 1), (0,w), (0, w?), (1,0), (1, 1), (w, 0), (w, w), (w?, 0), (W?, )},

Ts = {(1,w), (1, w?), (w, 1), (w, w?), (W?, 1), (W, W)},
Tg = {(1,w?), (w, 1), (w?,w)}, and Ty = {(0,0)},

with all other 7, and 7 being empty.
Step 4. Substitute the computed values of |T,| and |T]| into Theorem 4.1, yielding the number of
solutions N = 1024 for system (5.4).
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