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Abstract: This paper explores the well-posedness of the Cauchy problem for the Fokker-Planck
equation associated with the partial differential operator L with low regularity condition. To address
uniqueness, we apply a recently developed superposition principle for unbounded coefficients, which
reduces the uniqueness problem for the Fokker-Planck equation to the uniqueness of solutions to the
martingale problem. Using the Cholesky decomposition algorithm, a standard tool in numerical linear
algebra, we construct a lower triangular matrix of functions o~ with suitable regularity such that A =
oo’ This formulation allows us to connect the uniqueness of solutions to the martingale problem with
the uniqueness of weak solutions to [td-SDEs. For existence, we rely on established results concerning
sub-Markovian semigroups, which enable us to confirm the existence of solutions to the Fokker-Planck
equation under general growth conditions expressed as inequalities. Additionally, by imposing further
growth conditions on the coeflicients, also expressed as inequalities, we establish the ergodicity of
the solutions. This work demonstrates the interplay between stochastic analysis and numerical linear
algebra in addressing problems related to partial differential equations.
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1. Introduction

This paper explores the existence and uniqueness of solutions to the Fokker-Planck equation,
which is an important topic across various fields, including the theory of partial differential equations,
stochastic analysis (cf. [5,23]), and recently, in generative models that have been actively studied in
artificial intelligence (cf. [2,26]). To describe the Fokker-Planck equation, we begin with the following
local regularity condition:
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H-1):d>2 Ge LZ)C(R",R”’) with p € (d, ), and A = (a;;)1<i j<a 1S a symmetric matrix of functions
such that a;; € H 1105 RHYNCRY) forall 1 <i,j < d. Moreover, A is locally uniformly strictly elliptic
on RY, i.e., for each open ball B, there exist strictly positive constants Ag and Ag such that

lIER < (AE €) < Al forall x € Band & € RY.

L is a partial differential operator on C*(R?) defined as
1
Lf = Etrace(sz f)+(G,Vf), feC*RY.

In Definition 2.1, we present a definition of a solution to the Cauchy problem for the Fokker-
Planck equation associated with L and the initial distribution ¢,, which is also well-explained in the
introduction of [9] and [5, Proposition 6.1.2]. If the coefficients of L are smooth and satisfy mild
growth conditions expressed as inequalities, then the existence and uniqueness of solutions to the
Cauchy problem for the Fokker-Planck equation associated with L are well-known, as established
in [23, Theorem 4.1]. Indeed, the results mentioned in [23, Theorem 4.1] ensure the twice continuous
differentiability of the solution’s density, which allow the solution to be considered as a classical
solution. However, when the coefficients are non-smooth, such classical solutions may not be expected.
Consequently, solutions defined in the distributional sense, as introduced in Definition 2.1, are required.
This area of research has been extensively studied by Bogachev, Krylov, Rockner, and Shaposhnikov,
with comprehensive coverage in their monograph [5]. Specifically, it is shown in [5, Theorems 6.6.4
and 9.4.6] that if the components of A are locally Lipschitz continuous, G € L ZZ(Rd,Rd) with
p € (d, ), and certain growth conditions on the coefficients, expressed through Lyapunov functions,
are satisfied, then the existence and uniqueness of the Fokker-Planck equation associated with L and
initial distribution ¢, hold.

One of the most important aspects of their argument in [5] is the use of the fact that the solution to
the Fokker-Planck equation is absolutely continuous with respect to the Lebesgue measure, enabling
us to use arguments to show that the ratio of the two densities of solutions equals one. Actually,
independent of existence and uniqueness, the study of the regularity of solutions under the assumption
of a priori existence of a solution has been well-established by [4]. Moreover, [4, Theorem 4.1] shows
the existence of a solution to the Cauchy problem for the Fokker-Planck equation associated with L
and the initial distribution J,, under the assumption that a;; € Hllo’f +2(Rd) forall 1 < i,j < d and
Gel tZ(Rd ,RY), in addition to (H-1). Research utilizing densities with appropriate regularity to
demonstrate uniqueness has also been extensively explored in [6,7,25].

Recently, several attempts using stochastic analysis have been made to approach the existence and
uniqueness of solutions to Fokker-Planck equations, without relying on regularity information about
the solutions. One of the most important tools for this is the superposition principle. To explain it,
we first introduce the concept of the martingale problem up to a finite time 7" in Definition 2.2, which
is widely studied in stochastic analysis, as described in the introduction of [9]. The superposition
principle states that, under appropriate conditions on the coefficients of L, if (v;)e0.77 1S @ solution to
the Cauchy problem for the Fokker-Planck equation associated with L and the initial distribution ¢,,
then there exists a corresponding solution P, to the martingale problem for (L, Cg"(Rd)) up to a finite
time 7 as in Definition 2.2 such that

P.(X, € E)=v,(E) forany E € BRY) and € [0, T].
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This superposition principle was introduced in [12, Theorem 2.6] where the coefficients of L were
required to be globally bounded, and later [28] slightly relaxed the globally bounded conditions on the
coeflicients. For instance, by using [12, Theorem 2.6] and [27, Theorem 6.3.4], one can derive the
following uniqueness result: If A = oo’ all components of o = (7)1« j<s and G = (g1, ..., 84) are
globally bounded and satisfy that for some constant C > 0,

d

Z lo7ij(x) = o7 + 1G(x) = Gl < Cllx =yl forall x,y € R,

ij=1

where || - || denotes the Euclidean norm in RY, then the uniqueness of solutions to the Cauchy
problem for the Fokker-Planck equation associated with L and the initial distribution ¢, holds (see [5,
Theorem 9.8.5]). Similar uniqueness results were handled in [24] by showing the pathwise uniqueness.
However, this type of uniqueness result derived through the superposition principle and stochastic
analysis does not explicitly guarantee the existence of solutions to the Fokker-Planck equations.
Therefore, to establish the existence of solutions, a separate and independent discussion apart from
uniqueness is required.

As a recent result established in [17] (cf. [19]), an analytic approach to stochastic differential
equations has been successfully developed. As an intermediate result of this approach, under the
assumption (H-1), it was proven in [19, Proposition 3.13(iii)] (cf. [17, Lemma 3.14(iii)]) that there
exists a sub-Markovian semigroup (P,);» satisfying that for each ¢ € C*(R?),

t
P.o(x) — @(x) = f P;Lo(x)ds forall t € (0,00) and x € R,
0

Furthermore, by establishing additional continuity of (P;)~o at t = 0 as in Proposition 3.1,
the existence of a solution to the Cauchy problem for the Fokker-Planck equation with the
initial distribution ¢, was demonstrated, where the details were explained in Theorem 3.1. To
establish the uniqueness, we turn our focus back to stochastic analysis based on the superposition
principle. The superposition principle developed in [12, 28] imposes strict growth conditions on the
coeflicients. However, the more recent superposition principle [9] developed by Bogachev, Rockner,
and Shaposhnikov not only allows coefficients with mild growth but also permits locally unbounded
drift coefficients. Now, to achieve uniqueness for solutions to the Cauchy problem for the Fokker-
Planck equation associated with L and the initial distribution 6,, we need several steps. First, we
construct a solution P, which solves the martingale problem up to a finite time 7 by using the
superposition principle in [9, Theorem 1.1]. Then, in Proposition 2.1, we extend the solution P, to
a probability measure on C([0, c0), RY).

We then show in Theorem 4.1 the existence of a matrix of functions o = (07j)i<i j<a With 0; €
Hllo’f RYYNCRY forall 1 <i,j < dsuchthat A = oo, where A is the matrix of functions given in
(H-1). One of the conventional approaches is to find a symmetric matrix of functions o = (0))1<i j<d
with A = o2 as in [13, Chapter 6, Lemma 1.1] (cf. [11, Lemma 2.1]). However, the symmetric matrix
of functions o as described in [13, Chapter 6, Lemma 1.1] is defined as a complex-valued contour
integral for a matrix of functions, and hence it is not easy to check whether o;; € H ;(;f RH N CRY)
forall 1 < i,j < d. To resolve this, we utilize the Cholesky decomposition [1, Section 6.3], which
is widely employed in numerical linear algebra. Specifically, using the Cholesky decomposition, the
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process of finding a unique lower triangular matrix o = (0;)1<; j<q Satisfying A = ool and o;; > 0
for all i = 1,...,d proceeds algorithmically. This process is carried out sequentially in the order
of the column indices of o, and within each column, calculations are performed in the order of row
indices. At each step, each o; is expressed in an algebraic form based on the previously computed
data. Consequently, it can be shown algorithmically and inductively that o;; € H, llo’f R4 N C(RY) for all
1 <i,j <d (see Theorem 4.1 for details). As the final step for uniqueness, we apply Ikeda-Watanabe’s
theorem ( [15, Chapter II, Theorem 7.1’]) to identify the solution to the martingale problem defined in
Proposition 2.1 as a weak solution to the corresponding It06-stochastic differential equation (Ito-SDE).
Then, by utilizing the well-established pathwise uniqueness results for [td-SDEs as in Theorem 4.4, we
can invoke Yamada-Watanabe’s theorem (cf. [16, Chapter 5, Proposition 3.20]) (for original results,
see [29, Proposition 1]) to establish uniqueness in law. This ultimately leads to the uniqueness of
solutions to the Cauchy problem for the Fokker-Planck equations associated with L and the initial
distribution ¢,.

Now, before presenting our main results in this paper, we additionally consider the following
condition:
(H-2): There exists a constant K > 0 and Ny € N such that

IAG| < K + K||Ix|* In(1 + ||IxII*)  for all x € R?
and
(G(x),xy < K + K||x|* In(1 + ||xI[*)  for a.e. x € R?\ By,.

Here, ||A|| denotes the operator norm of A, i.e., ||Al| := sup{||A€]| : ||€]] < 1}.
Theorem 1.1. Let x € RY, and assume that (H-1) and (H-2) hold. Then, the following hold:

(i) There exists a family of probability measures (14;)e[0.00) ON BRY) such that (4e)ref0.00) 1S @ solution to
the Cauchy problem for the Fokker-Planck equation associated with L and the initial distribution
0, as in Definition 2.1.

(1) (U)refo.0) in (i) is a unique solution to the Cauchy problem for the Fokker-Planck equation
associated with L and the initial distribution ¢, in the following sense: Let T > 0 be arbitrarily
given. Then, if a family of probability measures (v;)ico.r) on BRY) is a solution to the Cauchy
problem for the Fokker-Planck equation associated with L and the initial distribution 6, as in
Definition 2.1, then

U, =v, on BRY foreacht e [0,T].

(iii) Let (Uy)iefo.00) De as in (i). If there exist constants M > 0 and Ny € N such that either the
inequality (3.6) or (3.7) holds, then there exists a probability measure fi on B(R?) such that

f Lfdii=0 forall f € Cy(RY)
R4
and

lim y1,(E) = i(E)  for any E € B[RY).
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The proof of Theorem 1.1(1) is described as in the one of Theorem 3.1(iv) and Remark 3.1(1), where
u(dy) := P/(x,dy). The proof of Theorem 1.1(ii) is addressed in the one of Theorem 4.4. Finally,
the proof of Theorem 1.1(iii) is presented in the one of Theorem 3.1(v) and Remark 3.1(ii), where
o o= M(ﬂl%,,),u. The novelty of this paper lies in combining the results of [9, 17, 19] to establish the
well-posedness of Fokker-Planck equations associated with operators whose drift terms are locally
unbounded and not weakly differentiable, which are cases that could not be covered by [12] and [28].
In addition, we establish the ergodicity of solutions, which further strengthens the applicability of our
results to future developments in applied areas such as MCMC algorithms [14, 22, 26], especially in
contexts involving more general operators and target measures described by limiting distributions.

The structure of this paper is as follows. In Section 2, we introduce the fundamental notations that
will be used throughout the paper. Section 3 focuses on establishing the existence of solutions to the
Cauchy problem for the Fokker-Planck equations associated with L and the initial distribution 6,.
In Section 4, we address the uniqueness of solutions by employing Cholesky decomposition and

stochastic analysis. Finally, Section 5 concludes the paper with a brief discussion.

2. Basic notations and definitions

In this study, we work within the Euclidean space R¢ for d > 2, equipped with the standard
Euclidean inner product (-, -) and the corresponding Euclidean norm || - ||. An open ball centered at
xo € R? with radius r > 0 is defined as Bg(xy) := {x € R? : |lx — xoll < R}. For real numbers
a,b € R, the notations a A b := min(a, b) and a V b := max(a, b) are used. Let U be an open subset of
R¢. The notation B(U) denotes the set of all Borel measurable sets or functions on U, as appropriate.
The Lebesgue measure on B(R?) is denoted by dx. For fixed x € R?, §, denotes the Dirac delta
measure on B(R?) centered at x. For a subset A c B(U), the subset A, consists of functions f € A
such that supp(f - dx) is compact and contained in U. The set of continuous functions on U and its
closure U are denoted by C(U) and C(U), respectively. Additionally, C(U), are denoted as Cy(U). For
k € N U {oo}, the space of k-times continuously differentiable functions on U is denoted by C*(U),
and Ci(U) := CK(U) N Cy(U). Let T € (0, o), and denote by C([0, T], R¢) the space of all R?-valued
continuous functions on [0, T']. Similarly, C([0, c0), R?) denotes the space of all R¢-valued continuous
functions on [0, c0). Let r € [1,00]. The L"-space on U with respect to a measure v is denoted by
L’(U,v), equipped with the standard L"(U, v)-norm. Similarly, L"(U,R¢,v) denotes the space of L’-
vector fields on U with norm |[F|[;-,) := ||||F|| LU’ For localized L"-spaces, L; (U, v) denotes the
set of all Borel measurable functions f such that f|y € L"(W, v) for any bounded open set W C R? with
W c U. The set of all vector fields F on U satistying ||F|| € L{ (U, v) is denoted by L; (U, R, v).

For simplicity, the following notations are used:

L'(U) := L'(U, dx),
Ly (U) = L] (U,dx),

L'(U,RY := L"(U,RY, dx),
L (URY :=L (URY dx).

loc loc

The weak spatial derivative of a function f with respect to the i-th coordinate is denoted by 9;f,
provided it exists. The weak time derivative of f is denoted by d,f. Sobolev spaces are defined as
follows:
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e H'(U): The space of all functions f € L"(U) with 8;f € L'(U) for eachi = 1,...,d, equipped
with the standard H'"(U)-norm.

. HIIO’Z(U): The set of all functions f such that f|y € H'"(W) for any bounded open set W C R?
with W c U.

The weak Laplacian is defined as Af := Z,‘-’ZI 0;0;f, and for a twice weakly differentiable function f,
the weak Hessian matrix is V2f := (9;0 if)i<ij<a- Let B = (bij)i<i j<a be a (possibly non-symmetric)
matrix of functions and define trace(B) := le b;;. Therefore, by the commutativity of the differential
operator, we obtain that for each twice weakly differentiable function f and B = (b; <ijed = %(B+BT),

d d
trace(Bsz) = Z b,ja,a]f = Z l;,]a,a]f = trace(Esz).

ij=1 ij=1

Definition 2.1. Let x € RY T € (0,00), and assume that (H-1) holds. A family of probability
measures ([;)e[0.1] ON BRY) is called a solution to the Cauchy problem for the Fokker-Planck equation
associated with L and the initial distribution ¢, if the following properties (i)—(iii) are satisfied:

(i) o = 8, where 6, is the Dirac delta measure on B(R?) centered at x.
(ii) For each f € Cy(RY), the map t; 1[0, T] — R defined by

60 = f FOuldy), 1€ [0,T],
Rd

is continuous on [0, T].
(iii) G € LY(B x (0,1), usds) for any open ball B and t € [0, T] and

f pdu, = p(x) + f f Lo(y)ug(dy)ds forallt € [0,T] and ¢ € CS"(R"). 2.1
Rd 0 Jrd

By [5, Proposition 6.1.2], under the assumption that (i) and (ii) hold, (2.1) is equivalent to
ff (0 + L) dusds =0 forall ¢ € CY(RY x (0, T)).
RI%(0,T)

Additionally, a family of probability measures (U)cjo.0) 01 B(RY) is called a solution to the Cauchy
problem for the Fokker-Planck equation associated with L and the initial distribution 6, if (4s)ie[0,00)
satisfies (i)—(iii), where [0, T'] is replaced by [0, 00).

Definition 2.2. Let x € RY, T € (0, o), and assume that (H-1) holds. Let Qr := C([0, T1, R?) with the
standard supremum norm on [0, T]. For each t € [0,T] and & € Qr, let X(®) = @(t). A probability
measure P, on (Qr, B(Qy)) is said to solve the martingale problem for (L, cy (RY) up to a finite time
T if the following properties hold:

(i) P, (a) € Qr : @(0) = x) = 1.
(ii) For each f € Cy(RY),

(f()?t)—f(x)— f Lf()_(s)ds)
0 1€[0,T]

is a continuous martingale with respect to the measure P, and the natural filtration F, = o(X, :
s € [0, t]) (the filtration (F;)e0.1) and B(Qr) are always considered with augmentation under the
probability measure P.,).
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The following embedding result follows straightforwardly from Definition 2.2.

Proposition 2.1. Let x € R, T € (0, o), and assume that (H-1) holds. Assume that a probability
measure P, on (Qr, B(Qr)) solves the martingale problem for (L, Cg"(Rd)) up to a finite time T, as
defined in Definition 2.2. Let Q := C([0, ), RY), and for each t € [0, ) and & € Q, define X,(&) :=
(). Let © : Qp — Q be a map defined as follows: for each @ € Qr, O(®) is a continuous function on
[0, o0) satisfying

), te][0,T],

O@® = {LD(T) t>T

Define a probability measure B, on (Q, B(Q)) by
P.(®A)) :=P(A) forall A € B(Qy).

Then, the following properties hold:

(i) Po(@eQ:@(0)=x) =1
(ii) For each f € Cg"(Rd),

(AT
(f(XtAT) - f(x) - I} Lf(f(s) ds)

>0

is a continuous martingale with respect to the measure P, and the natural filtration ¥, := o(X,
s € [0,¢]) (the filtration (F;)=0 and B(Q) are always considered with augmentation under the
probability measure P,).

3. Existence and ergodicity of solutions

Lemma 3.1. Let (P,)o be a sub-Markovian semigroup as in [19, Theorem 2.3.1] (cf. [17,
Theorem 3.8]). Additionally, define Py := id. Let B.(z) := {y € RY : |ly — zll < r} be an open ball
in RY and fix xo € B.(2). Let (x,,t,),s1 be a sequence in RY x [0, o) such that (x,,t,) — (x,0) as
n — oo. Then,

lim P, 15,05 = 1.

Proof. Let s := ||xg — z||. Then, xo € B,(z) := {x € R : ||x — z|| < s} C B,(z). Now, choose a compactly
supported smooth function f on R with supp(f) € B.(z), 0 < f < 1onR? and f = 1 on By(z). Then,
0 < f < 1y, onR? and hence

0<P,f(x,) <P, 1p(x,) <1 foranyn > 1.

Since lim P, f(x,) = f(xo) = 1 by [19, Lemma 2.30] (cf. [17, Proposition 3.6(ii1)]), we discover that
lim P, 1p5,;(x,) = 1, as desired. O

Proposition 3.1. Under the assumption (H-1), let (P,);o be a sub-Markovian semigroup as in [19,
Theorem 2.3.1] (cf. [17, Theorem 3.8]) and additionally define Py := id. Let (P/x,dy))so be a
family of sub-probability measures on BR?) as in [19, Theorem 3.1] (cf. [17, Proposition 3.10]) and

AIMS Mathematics Volume 10, Issue 6, 13555-13574.



13562

additionally define Py(x,dy) = 6,. Let xo € R? be fixed and f € By(R?) be continuous at x,. Define
vr: RY% [0, 00) — R given by

ve(x, 1) == P f(x) = fRd JO)P(x,dy) forany (x,t) € R x [0, o).

Then, for each ty € [0, o), v is continuous at (X, ty).

Proof. By [19, Theorem 2.3.1] (cf. [17, Theorem 3.8]), it is enough to show that v, is continuous at
(x0,0). Let (x,, t,).=1 be a sequence in R? x [0, c0) such that (x,,1,) — (xo,0) as n — co. Now, let & > 0
be given. Since f is continuous at xy, there exists 6 > 0 such that |f(y) — f(xo)| < € for any y € Bs(xo).
Then, by the sub-Markovian property of (P,);»9, we have

1P, f) = fx0)
f )P, (s dy) - f FGP, G )| + | FC30)P, (5 B — 30)
Rd Rd

<

<

+ + [ f(xo)l(1 = Py, 1pa(xn))

f O = FGOIPy G ) f ) = FGOIP, G )
R4\ B;s(xp) Bs(x0)

< 20 fll oy P, (X, R\ Bs(x0)) + &Py, (X5 Bs(x0)) + |1 fll Loy (1 = Py, 1,00 (X))
< 2||f||L°°(Rd) (1- Pt,llBg(xo)(xn)) +e+ ||f||L°°(Rd)(1 = P 1g,0x0)(Xn)).

Therefore, by Proposition 3.1, limsup,_,, |P;, f(x,) — f(xo)| < &, and since € > 0 is arbitrarily chosen,
the assertion follows. ]

Theorem 3.1. Let x € RY, and assume that (H-1) holds. Let (P,) be a sub-Markovian semigroup
as in [19, Theorem 2.3.1] (cf. [17, Theorem 3.8]) and (P,(x,dy))o be a family of sub-probability
measures on B(RY) as in [19, Theorem 3.1] (cf. [17, Proposition 3.10]). Define Py(x,dy) := 6. Then,
the following hold:

(i) G € L"(B x (0, T), P/(x,dy)dt) for any open ball B and T € (0, o), and
Ld () Pi(x,dy) = ¢(x) + f; Ld Lo(y) Py(x,dy)ds forallt € [0,00)and ¢ € Cg"(Rd).
(ii) There exists ;1 = pdx with p € Hllo’f R N C(RY) and p(x) > 0 for any x € R? such that
fRd Lodu=0 forall p € CYRY). (3.1)

Moreover, for each t € (0, o), there exists p,(x,-) € L*(R?) such that

Pi(x,dy) = p/(x,y)p(y)dy.

(iii) P,(x,E) > 0 for any t € (0, 00) and E € BRY) with dx(E) > 0.
(iv) For each f € C,(RY), the map {; . [0,00) = R defined by

by(0) = fRd JOP(x,dy), 1€][0,00),
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is continuous on [0, o). Moreover, assume that (P,)¢ is conservative, i.e., P,1ga = 1 on R for
any t > 0 (cf. Remark 3.1(i)). Then, (P,(x,dy))so is a family of probability measures on B(R?),
which is a solution to the Fokker-Planck equations associated with L and the initial distribution ¢,
as in Definition 2.1.

(v) Assume that u in (ii) is finite and an invariant measure for (P,);so (cf. Remark 3.1(ii)), i.e.,

mm:]ﬁﬂuﬂljmmeeﬂRﬁ
R4

Then, (P,) is conservative and for each E € B(R?),

H(E)
p(RY)”

(vi) Assume that j1 in (ii) is finite and (P,)q is conservative. Then, for each E € B(R?), (3.2) holds.

lim Py(x, E) = (3.2)

Proof. (1) First, let B be an open ball in R?and T € (0, 00). Then, by [19, Proposition 3.13],

T T
f f IGOIP,(x, dy)dt = f f IGOIIP:(x, dy)d
0 B 0 R4

T
= f P(LEIGIN@dr < ¢ pe” 1Gllir(z,0
0

where ¢,, > 0 is a constant which only depends on x and p. Moreover, it follows from [19,
Proposition 3.13(iii)] (cf. [17, Lemma 3.14(iii)]) that, for each ¢ € [0, c0) and ¢ € Cg"(Rd), we have

fR AOIP(x.dy) — ) = Pap() — () = fo Py Lo(x)ds = fo fR Le)P(x.dyds.

and hence (1) follows.
(i) Indeed, (P,); is a sub-Markovian Cy-semigroup of contractions on L' (R, 1), where u = pdx with
pE Hllo’f(Rd) N C(RY), p(x) > 0 for all x € R? and u satisfies (3.1) (see [19, Section 2.2]). In particular,

P,(x,dy) < u, and hence there exists p,(x,-) € L'(R9, u) such that P,(x, dy) = p,(x,y)u(dy). Moreover,
forany f € L'(R%, u) and ¢ > 0,

jl; S O)px, y),u(dy)’ = fR SOPx, dy)‘ = [P f(O] < Kl fllz rago)-

Thus, from the Riesz representation theorem, p,(x,-) € L*(R¢, 1) and ||p,(x, -)|| oy < Koy

(i11) It follows from [19, Proposition 2.39(1)] (cf. [17, Corollary 4.8(i1)]).

(iv) Let f € C,(RY). The continuity of £ + on (0, 00) follows from [19, Theorem 2.3.1] (cf. [17,
Theorem 3.8]). The continuity of £, at 0 holds by Proposion 3.1. If (P,)s0 is conservative, then
P,(x,RY) = P,1ga(x) = 1 for all ¢ > 0, and hence the assertion follows from Theorem 3.1(i).

(v) It holds by [19, Theorem 3.46(iv)].

(vi) Since u is finite, the conservativeness of (P;)o implies that u is an invariant measure for (P;),
by [19, Remark 2.13]. Thus, the assertion follows from (v). m]
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Remark 3.1. (i) If there exist constants M > 0 and Ny € N and a function g € C*(R¢ \ENO) N C(RY)
such that _
Lg < Mg fora.e. R?\ By, and lim g(x) = oo, (3.3)

[lxl|—00
then it follows from [19, Lemma 3.26, Corollary 3.23] that (P,)s in Theorem 3.1 is conservative.
As a typical example for g satisfying the above conditions, one can choose a function g(x) :=
In(||x|]> V Ng) +2, x € RY Thus, if

_<A(||);)|E’_x>+%traceA(x)+<G(x),x>SM||X||2(1H||X||+1) forae R\By,  (3.4)

then (3.3) is satisfied, so that (P,)~o is conservative. It can be directly verified that if (H-2) holds,
then (3.4) is fulfilled. _
(ii) If there exist constants M > 0 and Ny € N and a function g € C*(R? \ By,)NC (R?) such that
Lg<-M forae R'\By, and lim g(x)= oo, (3.5)

[Ixf|—c0

then it follows from [ 19, Lemma 3.26] that p in Theorem 3.1(iii) is finite and an invariant measure
for (P))o. As a typical example for g satisfying the above conditions, one can also choose a
function g(x) := %ln(llxll2 \% Ng) +1, x € RY, or alternatively, g(x) = %llxllz, x € RY. Then, if either

—% + %traceA(x) +(G(x), x) < —M||x|]? fora.e. RY\ By, 3.6)
or 1
EtraceA(x) +(G(x),x) < —M fora.e. R*\ By, (3.7)

holds, then (3.5) is satisfied, so that u in Theorem 3.1(iii) is finite and an invariant measure for
(P t)t>0-

The following result presents a peculiar property related to the growth of diffusion coefficients when
d=2.

a ap

Proposition 3.2. Under the assumption (H-1) with d = 2, write A = ( ) Let (P;)so0,

app an
(P/(x,dy))s0 and pu = pdx be as in Theorem 3.1. Then, the following hold:

(i) If there exist constants M > 0 and Ny € N such that

lai — axn
2
then (P,)io as in Theorem 3.1 is conservative, and hence by Theorem 3.1(iv), for each x € R,
(P,(x,dy));s0 as in Theorem 3.1 is a solution to the Fokker-Planck equations for L with the initial
distribution ¢, as in Definition 2.1.
(ii) If there exist constants M > 0 and Ny € N such that

+lanl +(G(x), x) < MIIxIP (nllxl + 1) for a.e. R\ By,

02 ool + (G, ) < ~MIKP forae. B\ By,
then p in Theorem 3.1 is finite and an invariant measure for (P,)o, so that for each x € R? and
E € BRY),
: _ H(E)
tlgg P:(x,E) = WRD
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Proof. (1) Since A is symmetric and strictly positive definite, by elementary linear algebra, there exist

a diagonal matrix of functions D = ( ) and orthonormal matrix of functions Q such that

1
0 ¥,
A=0"DQ forall x e R%

Then, by the proof of [19, Corollary 3.28],

A@xx 1 Ax) < [F1(x) = o)l

Rilcatthatd for all x € RY. 3.8
PE > > or all x (3.8)

Meanwhile, from elementary linear algebra,
¥, + ¥, = traceD = traceA = a;; + a»» on R?

and
T]“Pz =detD = detA = apayy — a%z on Rd.

Thus,

V) — 2l = \/(‘Pl +¥,)? — 4\, = \/(011 +an)? — 4anan - d%z)

= (a1~ an)? +4al, < lay — anl+ 2ail  on R (3.9)
Therefore, the assertion follows from (3.9), (3.8) and (3.4).
(i1) Analogously, the assertion follows from (3.9), (3.8) and (3.6). O
Remark 3.2. As observed in the above Proposition 3.2, in dimension d = 2, if the difference

between the two diagonal coefficients of the diffusion matrix is bounded by a quadratic times
logarithmic growth, the existence of a solution to the Fokker-Planck equation is guaranteed through
Theorem 3.3(iv), no matter how large the growth of the individual diagonal coefficients is. This
demonstrates that the existence of solutions can be discussed under much weaker growth conditions
for the coefficients than those required by the condition (H-2) in Theorem 1.1(ii), which ensures
the uniqueness of solutions to the Fokker-Planck equation. In fact, in the case of (3.6), it can be
checked that if the growth condition of (G(x),x) is sufficiently negative, the diffusion coefficients
can exhibit rapid growth. However, such rapid growth is not permissible under the condition (H-2).
Therefore, further research may be needed to generalize the growth conditions of (H-2) to broaden the
applicability of the superposition principle for solutions to the Cauchy problem for the Fokker-Planck
equation associated with L and the initial distribution 8, as in Definition 2.1 (cf. [10, Question 8]).

4. Uniqueness of solutions by stochastic analysis

Theorem 4.1. Let A = (a;))1<i j<a be a symmetric matrix of functions as in (H-1). Then, there exists a
(unique) lower triangular matrix of functions o = (0j)1<ij<a With oij € H zlof RHNCRY) and o > 0
forall 1l < i, j<d such that

A=c0" onR%
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Proof. The existence and uniqueness of a lower triangular matrix of functions o = (07)1<; j<« Such that
A=ccl andoj; > 0forall 1 <i < d isshown as in [1, Theorem 6.3.1]. Now, it is enough to show
that oy, € H llof RYHNCMRY) forall 1 <i, j < d. Indeed, the specific calculations for the components of
the lower triangular matrix of functions o are described as in [1, Section 6.3.1]. These are conducted
by the columnwise computation and described as the following Algorithm 1.

Algorithm 1. Cholesky decomposition (Columnwise computation)

Require: Symmetric positive-definite matrix of functions A of size d X d

Ensure: Lower triangular matrix of functions o such that A = oo’ and the diagonal components of
o are strictly positive.

1: Compute the first column (j = 1):

2 0o = Aan

3. fori=2toddo

4: o= 0%1

5: end for

6: for j =2toddo

7 Compute the diagonal element of column j:

8: Compute the off-diagonal elements of column j:
9: fori=j+1toddo
1 &
Oij = —|4ij — Zo'jko'ik
Tji k=1
10: end for
11: end for

We now show that by using Algorithm 1, 0;; € Hllo’f RYNCRY) forall 1 < i, j < d. First, steps 1-5
in Algorithm 1 deduce that oy € H,”(RY) N C(R) for all 1 < i < d, since ay, € H,”(RY) N C(RY

and a;;(x) > O for all x € R?. Next, suppose that there exists a column index m, 2 < m < d, such that
ox € HPRHNCRY) forall 1 <k <m-—1and1<i<d. Then,by step 7 in Algorithm I,

m—1
Ty = |G = ) 02 € HYP(RY) 0 C(RY)
k=1

and by steps 9 and 10 in Algorithm 1,

1 m—1
i = —— (aim - Z amka,»k) e HP(RHNCRY)  forallm+1<i<d.

O-mm k=1

Since 07, = 0 for all 1 < i < m — 1, we obtain that 07, € H,"(R") N C(RY) forall | < i < d. By

induction, we conclude that o; € H, zlof RHNCRY foralll <i<dand1<j<d. O
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The following result demonstrates that a solution to the martingale problem up to a finite time 7T
can be identified as a weak solution to an [t6-SDE.

Theorem 4.2. Let x € RY, T € (0, 0), and assume that (H-1) holds. Let P, be a solution to the
martingale problem for (L, CS"(Rd)) up to a finite time T as in Definition 2.2. Let «Q, F, (7})20, P,) be
a filtered probability space and (X,);so be a canonical process as in Proposition 2.1 such that (i) and (ii)
in Proposition 2.1 hold. Let o be a lower triangular matrix of functions such that A = oo, o; > 0
foralll1 <i<dando; e Hllo’f(Rd) NCRY) forall 1 <i,j <d, as in Theorem 4.1. Then, there exists
an extension (Q, ?A-, P,, (7?,)20, (X)is0) of Q,F,B,, (93,),20, (X))i»0), and there exists an (ﬁ),zo—standard
Brownian motion (W,)QO such that

t A
X =x+ f o(X,)dW, + f G(X)ds, 0<t<T, P -a.s.
0 0

In particular, for each 0 <t < T, we have that

~ A

Pxo}_(t_l:IFP%COX,_]:]POJA(;1 on BRY).

Proof. Letv € C*(R?) and define
5 AT 5
M = v(Xi\r) = v(x) —f Lv(X,)ds, 0<t<oo.
0

Then, by Proposition 2.1 and a simple extension to smooth functions with compact support, we obtain
that (M})» is a local (F;),»0-martingale with respect to P.. Using Itd’s formula for the semimartinagle
(V(XiA7)),50» We have

t t
v(Xinr)? = v(x)* = f 2v(Xpr)dM! + f 2vLv(Xar)ds +(M"), forallt > 0.
0 0

In addition, (M,Vz),zo is a local (7;);s0-martingale and it holds that
) B AT B
M = v(Xar)* — v(x)* - f Lv*(X,)ds
0

AT AT
= v(Xrr)* — v(x)* — f 2vLv(X,)ds — f (AVv, Vv)(X,)ds forallz> 0.
0 0

Therefore, we obtain that ((M Yy — fOMT<AVv, Vv)(f(s)ds) is a continuous (ﬁ),zo—martingale starting
>0
(AT

at 0 with bounded variation. Therefore, (M"), = A (AVv, Vv)(X,)ds for all + > 0. Hence, by the
polarization identity, for each u, v € C2(R9), it holds that

1
<Mu’ MV)t = 5 ((Mu + MV’ M" + Mv>t - <MM, Mu>t - <MV, Mv)t)

1
=5 (M, M) = (M, M), — (MY, M"),)

1

tINT tANT INT
= > (f (AV(u +v), V(u + v))(X,)ds — f (AVu, Vu)(X,)ds — f (AVv, Vu)(X,)ds
0 0 0
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AT !
= f (AVu, Vv)(X,)ds = f Lo (s)AVu, Vv)(X,)ds  forall ¢ > 0.
0 0

Foreachi = 1,...,d, let u; := x; be the i-th projection coordinate function. For each 1 < i, < d,
define
D;i(s) := Lo (sAVu;, Vu)(X,) = 1jor(s)a;j(X,), 0<s< oo,

and
Wii(s) == 1o (9)oii(Xs), 0=<s<oco.

Then, we obtain that for each 1 < i, j < d, ®;;(s) = Zle Vi ()Y ik (s), for all s € [0, 0). Moreover, we
find that

! !
f |D(s)|ds < oo, f [W(s)’ds < oo forallt >0, P,-as.
0 0
and

!
(M", M"), = f ®;i(s)ds forallt >0, P,-as.
0

According to the Ikeda-Watanabe theorem ( [15, Chapter II, Theorem 7.1’]), there exists an extension
(Q,F, B, (F)iz0, Xiz0) Of (Q,F, By, (F)iz0, (X)iz0), and there exists an (F;),so-standard Brownian
motion (W,),»0 = (W,l, . W{’)[ZO such that foreachi=1,...,d,

(AT d f d (AT
X —xi— f gi(R)ds = M} = > f Wals)dWe = f o) dWE, Vi>0, Pas.
0 k=1 Y0 k=1 ~0

as desired. O

The following is a direct consequence of [30, Theorem 1.1] and straightforward localization
arguments.

Theorem 4.3. Let G € Li) C(R",Rd), and let & = (Gij)i<ij<a be a matrix of functions with &;; €
HP(RYNCRY) such that 567 is locally uniformly strictly elliptic on RY. That is, for any open ball B,

loc
there exist strictly positive constants Ag and Ag such that

ABlEIP < (G (x)F(x)TE € < Aglléll* forall ¢ e R? and x € B.

Let (Q, F, (?1,)20, P,) be a filtered probability space, and let (W,)s¢ be a standard (ﬁ),zo-Brownian
motion. For eachi € {1,2}, let (f(f),zo be a stochastic process adapted to (F,);so such that

! !
X =x+ f (X dW, + f GX)ds, 0<t<T, P,as.
0 0

Then,
P.(X' =X forallt€[0,T])=1.

Proof. Let N € N be such that x € By. Foreachn > N + 1, let 7, := inf{r > 0 : ||[X!|| > n} A inf{r >
0 : |IX?|| > n}. Foreachn > N + 1, let x,, € C(R?) be such that 0 < y,, < 1 onR?, y, = 1 on B, and
supp(x») C B,41. Set G, := x,G and foreachn > N+ 1 and 1 < i, j < d, define

. 1/2 d
O-?j = Xn+10j + AB{;+1(1 —)(n)(iij on R“.
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Then, we have
A, EIP < llo" (0" &P < 4Ag,,, 111,

Meanwhile, observe that foreachn > N+ 1 and i € {1, 2},
X =x+ f a(X)dW, + f G(X\)ds, 0<t<TAT, DPy-as.
0 0

By [30, Theorem 1.1], for each n > N + 1, it holds that

)

x(f(tl =X? forallte [O,T/\Tn)) =1.

Letting n — oo and using the left-continuity of X' and X? at T, the assertion follows. O
The following lemma is a consequence of [9, Proposition 2.2] and some calculations.

Lemma 4.1. Let x € RY, T € (0, ), and assume that (H-1) and (H-2) hold. Let (Ue)eero.r) be a
family of probability measures on B(RY) such that (4,)cjo0.7) is a solution to the Cauchy problem for the
Fokker-Planck equation associated with L and the initial distribution 6, as in Definition 2.1. Then,

T A + (GO, y)
A(dy)dt < oo.
fofR TG

Proof. Let V(y) = In(1 + ||y|]*), y € R?. Then,

traceA(y)  2AQ)y,y) UG, y»
T+ylP A+ T+

LV(y) = for all y € RY.

Then, for a.e. y € R?\ By, it follows that
traceA(y)  2(A()y,y) N 2(G(), y))
lIvlI? lIylI* 1+ lyl?
K(d+2 2K
< g+1<(d+2)-V(y)+—2+21<~V(y)

N2 1+N
Kd+4
<K(d+HV(y) + %

LV(y) <

Now define K := K(d + 4) and

K(d+4
W) = S

+ 15, WILVO)L,  yeR”
Therefore, we finally obtain that

LVy) < W)+ K-V(y) forae. yeR%

Note that lim V(y) = oo and that

[lyll—o0

T
f f W (dy)dt < oo
0 R4
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from the fact that G € L'(B x (0, T), u,dt). Therefore, it follows from [9, Proposition 2.2] that

T ~
f Vdu, < (V(x) + f f Wd,usds) X" forallt €0, 7], 4.1)
R4 0 R4
T . T
f f ILV(y)|u(dy)dt < 2eXT ( f Wdu,ds + V(x)) < oo, 4.2)
0 JRA 0 JRA
Observe that from (H-2) and (4.1),
! A !
Suldy)dt < TK + K V(y)u(dy)dt < . (4.3)
o Jre 1+l 0 Jrd

Moreover, it follows from (4.2) and (4.3) that
traceAQ) 2(A)y, »)

KGO, y)I fo 1
w(dy)dt = =LV(y) -
f f R (e R o 2L+ 1P (L + 1P

A
f f |LV(y>|y,<dy>dt+( +2) f fR eyt < o

Hence, the proof is complete. O

p(dy)dt

Theorem 4.4. Let x € R, T € (0,), and assume that (H-1) and (H-2) hold. Let (v)).cj0.r and
(V?)iepo.1 be solutions to the Fokker-Planck equations for L with initial distribution §,. Then, for each
te[0,T], v} = vtz on BRY).

Proof. Let i € {1,2}. By [9, Theorem 1.1] and Lemma 4.1, there exists a filtered probability
space (Qr, B(Qr), (F, )refo.71» P1) and a canonical process (X ),6[0 71 such that P’ solves the martingale
problem for (L, C”(Rd)) up to a finite time 7 as in Definition 2.2, and satisfies

P(X” € E) = vi(E) forall E € B(RY) and 1 € [0, T].

Subsequently, let (o Fi, (7': D50, I@;) be a filtered probability space and (X't(i))tzo be a canonical process
as in Proposition 2.1 such that (i) and (ii) in Proposition 2.1 hold. Then, we have

P (XY e E)y =P (X" € E) = vi(E) forall E € B(R?) and ¢ € [0, T].

Moreover, by Theorem 4.2, there exists an extension (Q, ¥, P,, (7}[)20’(&)20) of
(QF, Py, (F)is0, X)=0), and there exists an (?‘,i),zo—standard Brownian motion (VAVI(’)),ZO such
that

73 !
X9 = x+ f a(XNaw? + f GXWds, 0<t<T, P,as.
0 0
In addition, we have
P (XY e E)=P (X" e E) =P (X" € E) = vi(E) forall E € BRY)and ¢ € [0, T].

Finally, by the consequence of Theorem 4.3 and the Yamada-Watanabe theorem in [16, Chapter 5,
Proposition 3.20] where C([0, o), R¢) is replaced by C([0, T],R¢), we discover that

vI(E) =PL{(XV e E) = P2(X® € E) = v} (E) forallt € [0,T] and E € B(RY).

This completes the proof. O
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5. Conclusions and discussion

The solutions to the Fokker-Planck equations can be expressed as the one-dimensional marginal
distributions of the solutions to stochastic differential equations. This allows probabilistic objects to
be interpreted as deterministic objects in the form of solutions to partial differential equations. In this
paper, using semigroup theory, Cholesky decomposition and stochastic analysis, we show the existence
and uniqueness of solutions to the Cauchy problem for the Fokker-Planck equations associated with
a partial differential operator L with highly irregular coefficients. Furthermore, we provided results
on the long-time behavior of the solutions, demonstrating their ergodicity. Compared to prior works
such as [12] and [28], this work distinguishes itself by establishing the well-posedness of the Cauchy
problem for the Fokker-Planck equation associated with operators whose drift coefficients are not
assumed to be weakly differentiable and may even exhibit locally unbounded singularities that blow
up to infinity.

As highlighted in Remark 3.2, the growth condition expressed as inequalities in (H-2) is observed
to be slightly stringent for guaranteeing the existence of solutions to the Cauchy problem for the
Fokker-Planck equations. Thus, further investigation is needed to determine whether uniqueness can
be established under the weaker condition as (3.3). This requires additional research into whether
the superposition principle developed in [9] can be generalized under the condition (3.3) (cf. [10,
Question 8)).

Recently, the application of Fokker-Planck equations in Artificial Intelligence, particularly in image
generation algorithms, has attracted significant attention (cf. [26]). The philosophy of treating images
as samples drawn from specific probability distributions is fundamentally rooted in the ideas of Markov
chain Monte Carlo (MCMC) algorithms. This raises several questions about how the family of
probability measures expressed as solutions to the Fokker-Planck equations evolves over time, how
they converge to a target distribution as time grows large, the rate of convergence, and how to quantify
the distance between probability measures to assess this convergence. Notably, recent studies have
revealed that when non-symmetricity is imposed on the partial differential operator L, the convergence
to the stationary probability measure of the Fokker-Planck equations accelerates (cf. [14,22]). To
identify specific conditions that facilitate accelerated convergence, a systematic investigation into the
well-posedness of Fokker-Planck equations under more generalized coefficient conditions would be
critically important. As a direction for future research, we note that the limiting measure of the
solution to the Cauchy problem coincides with the solution to the corresponding stationary Fokker-
Planck equation (see Theorem 1.1(iii)). Therefore, a systematic study of not only the existence but
also the regularity and uniqueness of solutions to the stationary problem is required (see [18,20] for
related results). Furthermore, there is growing interest in physics and engineering in Fokker-Planck
equations corresponding to Stratonovich-type SDEs (see [3]) and in nonlinear Fokker-Planck equations
(see [8,21]), both of which are important directions that deserve further investigation.
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