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1. Introduction

Let S = K[e1, . . . , el] be the polynomial ring over the field K, equipped with the standard grading.
Let M be a finitely generated graded S -module and suppose that M has the following minimal free
resolution:

0 −→
⊕

j∈Z

S (− j)βr, j(M) −→
⊕

j∈Z

S (− j)βr−1, j(M) −→ · · · −→
⊕

j∈Z

S (− j)β0, j(M) −→ M −→ 0.

Let us denote the Castelnuovo-Mumford regularity of a module M as reg(M). Then, reg(M) =
max{ j − i : βi, j(M) , 0}. The projective dimension of a module M, denoted as pdim(M), is defined as
pdim(M) = max{i : βi, j(M) , 0}.

Let G = (V(G),E(G)), be a graph with vertex setV(G) = {e1, . . . , el} and edge set E(G). All graphs
considered in this paper are simple, finite, and undirected. The degree of a vertex is the number of edges
incident on it. The edge ideal of a graph G is the squarefree monomial ideal I(G) = (eie j : {ei, e j} ∈

E(G)). If I is a monomial ideal and G(I) represents the minimal system of monomial generators of I,
then supp(I) := { ei : ei | a for some a ∈ G(I)}. For m ∈ R, ⌊m⌋ := max{b ∈ Z : b ≤ m} and ⌈m⌉ :=
min{b ∈ Z : b ≥ m}. Let l ≥ 2 be an integer and A be a subset of {1, . . . , ⌊ l

2⌋}. A circulant graph Cl(A)
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is a graph with vertex set {e1, . . . , el} such that {ei, e j} ∈ E(Cl(A)) if and only if |i− j| ∈ A or l-|i− j| ∈ A.
It is worth noting that Cl(A) can be considered as a generalized cycle since Cl = Cl({1}). For simplicity,
the graph Cl({b1, . . . , bm}) is denoted as Cl(b1, . . . , bm). A circulant graph Cl(b1, . . . , bm) is 2m regular,
except in the case when 2bm = l, in which case it is (2m−1) regular. Let t ≥ 1, and G be a graph. Then,
the graph G

′

is called the t-fold bristled graph of G if we add t pendants to each vertex of the graph
G. For a graph G, the t-fold bristled graph of G is denoted by Brt(G). There are many applications of
circulant graphs in group theory [1] and network theory [2, 3].
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Figure 1. From left to rightDn,2 and En,2.
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Figure 2. Fn,2 .

This paper draws inspiration from the recent work of Shaukat et al. [4], which specifically explores
the algebraic invariants of the residue class rings of the edge ideals of some four and five regular
circulant graphs, namely, C2n(1, n−1), C2n(1, 2), and C2n(1, n−1, n), where n ≥ 3. For n ≥ 3 and t ≥ 1, if
Dn,t, En,t, and Fn,t represent the bristled graphs of these graphs, respectively, thenDn,t := Brt(C2n(1, n−
1)), En,t := Brt(C2n(1, 2)), and Fn,t := Brt(C2n(1, n− 1, n)). This study aims to investigate the regularity,
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depth, and Stanley depth of the residue class rings of the edge ideals of Dn,t, En,t, and Fn,t. These
graphs are shown in Figures 1 and 2. Before proving our main results, we further require investigating
the said algebraic invariants of the residue class rings of the edge ideals of various subgraphs of these
graphs. These supporting results are obtained in Section 3. We prove our main results in Section 4. We
prove the following main theorems for regularity.

Theorem 1.1. Let n ≥ 3, t ≥ 1, and S = K[V(Dn,t)]. Then,

reg(S/I(Dn,t)) =

n, if n is even;

n − 1, if n is odd.

Theorem 1.2. Let n ≥ 3, t ≥ 1, and S = K[V(En,t)]. Then,

reg(S/I(En,t)) =

2⌈ n−1
3 ⌉, if n ≡ 0, 1 (mod 3);

2⌈ n−1
3 ⌉ − 1, if n ≡ 2 (mod 3),

Theorem 1.3. Let n ≥ 3, t ≥ 1, and S = K[V(Fn,t)]. Then,

reg (S/I(Fn,t)) = ⌈
n − 1

2
⌉.

We prove the following main result for depth and Stanley depth.

Theorem 1.4. Let n ≥ 3, and S = K[V(Dn,t)]. Then,

sdepth (S/I(Dn,t)) ≥ depth (S/I(Dn,t)) =

n(t + 1), if n is odd;

n(t + 1) + t − 1, if n is even.

We acknowledge the use of CoCoA [5] and Macaulay2 [6] during our experimental calculations.
These software tools have limitations when generators of the edge ideal increases. In such scenarios,
additional mathematical calculations and theoretical frameworks are necessary to compute the
algebraic invariants that cannot be computed by these software packages.

2. Preliminaries

In this section, we present some definitions and findings that are extensively used in the subsequent
sections of this paper. Let M be a finitely generated Zl-graded S -module. A Stanley decomposition of
M is a presentation of the K-vector space M as a finite direct sum:

T : M =
z⊕

j=1

u jK[W j],

where u j ∈ M is a homogeneous element, W j ⊆ {e1, . . . , el}, and u jK[W j] is a K-subspace of M
generated by u jb, where b is a monomial in K[W j]. The Zl-graded K-subspace u jK[W j] of M is
called a Stanley space of dimension |W j| if u jK[W j] is a free K[W j]-module. The Stanley depth of
T is defined as sdepth(T ) = min{|W j| : j = 1, . . . , z}, and the Stanley depth of M is defined as
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sdepth(M) = max{sdepth(T ) : T is a Stanley decomposition of M}. In 1982, Stanley conjectured
in [7] that for a Zl-graded module M, sdepth(M) ≥ depth(M). In 2016, Duval et al. disproved this
conjecture in [8] by providing a counter example. Stanley depth has gained attention, particularly
when Herzog et al. presented an algorithm in [9] for computing sdepth(M) for modules of the form
M = Q1/Q2, where Q2 ⊂ Q1 ⊂ S are monomial ideals. This algorithm is useful for studying Stanley
depth in certain special cases. However, calculating Stanley depth using this algorithm is generally a
challenging combinatorial problem. Therefore, finding Stanley depth for particular classes of modules
is useful, see for instance [10–12].

Lemma 2.1 ( [13, Lemma 3.3]). Let I ⊂ S be a squarefree monomial ideal such that supp(I) =
{e1, e2, . . . , el}. Suppose β := ei1ei2 . . . eir ∈ S/I and e jβ ∈ I for all e j ∈ {e1, e2, . . . , el} \ supp(β). Then,
sdepth(S/I) ≤ r.

The following lemmas are important for finding lower bounds for depth and Stanley depth of
modules.

Lemma 2.2 ( [14]). If 0 → M′ → M → M′′ → 0 is a short exact sequence of modules over a
Noetherian graded ring with S 0 local, or a local ring S , then

(a) depth(M) ≥ min{depth(M′′), depth(M′)}.
(b) depth(M′) ≥ min{depth(M), depth(M′′) + 1}.
(c) depth(M′′) ≥ min{depth(M′) − 1, depth(M)}.

Lemma 2.3 ( [15, Lemma 2.2]). Let 0 → M′ → M → M′′ → 0 be a short exact sequence of a
Zl-graded S -module. Then, sdepth (M) ≥ min{sdepth (M′), sdepth (M′′)}.

Lemma 2.4 ( [16, Theorem 4.7]). If I is a monomial ideal and e is a variable in S , then

(a) reg(S/I) = 1 + reg(S/(I : e)), if reg(S/(I, e)) < reg(S/(I : e)).
(b) reg(S/I) = reg(S/(I, e)) if reg(S/(I : e)) < reg(S/(I, e)).
(c) reg(S/I) ∈ {reg(S/(I, e)), reg(S/(I, e)) + 1}, if reg(S/(I : e)) = reg(S/(I, e)).

Lemma 2.5 ( [17, Proposition 2.2.20]). Let I1 and I2 be monomial ideals, I1 ⊂ S
′ = K[e1, . . . , ep] and

I2 ⊂ S
′′ = K[ep+1, . . . , el], where 1 ≤ p < l, and S = S′ ⊗K S

′′. Then, S/(I1 + I2) � S′/I1 ⊗K S
′′/I2.

Lemma 2.6 ( [17, Proposition 2.2.21]). Let I1 ⊂ S ′ = K[e1, . . . , ep], I2 ⊂ S ′′ = K[ep+1, . . . , el] be
monomial ideals, where 1 ≤ p < l. If S = S ′ ⊗K S ′′, then

depth (S ′/I1 ⊗K S ′′/I2) = depth (S/(I1S + I2S ))) = depthS ′ (S
′/I1) + depthS ′′ (S

′′/I2).

A vertex of degree one in a graph is termed as a pendant vertex or leaf. A vertex that is not a leaf is
called an internal vertex. For r ≥ 2, a star graph denoted as S r is a graph with one internal vertex and
r leaves connected to it. For p ≥ 2, a path on p vertices is denoted as Pp, and for p ≥ 3 a cycle on p
vertices is denoted as Cp. Let S p,t := Brt(Pp) and Cp,t := Brt(Cp).

Lemma 2.7 ( [18]). Let S = K[V(S r)] and I = I(S r). Then,

depth(S/I) = reg(S/I) = sdepth(S/I) = 1.
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Lemma 2.8 ( [19, Theorem 2.28]). Let S = K[V(S p,t)] and I = I(S p,t). Then,

(a) reg(S/I) = ⌈ p
2 ⌉.

(b) depth(S/I) = sdepth(S/I) = ⌈ p
2 ⌉ + ⌈

p−1
2 ⌉t.

Lemma 2.9 ( [19, Theorem 2.30 and Theorm 2.9]). Let S = K[V(Cp,t)] and I = I(Cp,t). Then,

(a) reg(S/I) = ⌈ p−1
2 ⌉.

(b) depth(S/I) = sdepth(S/I) = ⌈ p−1
2 ⌉ + ⌈

p
2 ⌉t.

Lemma 2.10 ( [15, Corollary 1.3] and [20, Proposition 2.7] ). Let I ⊂ S be a monomial ideal. Then,
for all monomials a < I,

(a) depth(S/(I : a)) ≥ depth (S/I).
(b) sdepth (S/I) ≤ sdepth (S/(I : a)).

Lemma 2.11 ( [21, Lemma 2.13]). Let I1 ⊂ S ′ = K[e1, . . . , ep], I2 ⊂ S ′′ = K[ep+1, . . . , el] be
monomial ideals, where 1 ≤ p < l and S = S ′ ⊗K S ′′. Then,

sdepth (S ′/I1 ⊗K S ′′/I2) = sdepth (S/(I1S + I2S )) ≥ sdepthS ′ (S
′/I1) + sdepthS ′′ (S

′′/I2).

Lemma 2.12 ( [9, Lemma 3.6] and [22, Lemma 3.5]). Let I ⊂ S be a monomial ideal. If S ′ =
S ⊗K K[el+1] � S [el+1], then

(a) depth (S ′/IS ′) = depth(S/I) + 1.
(b) sdepth (S ′/IS ′) = sdepth(S/I) + 1.
(c) reg (S ′/IS ′) = reg(S/I).

The following lemma is proved by Kalai et al. [23, Theorem 1.4] for squarefree monomial ideals.
Herzog further extended this result to any monomial ideal [24, Corollary 3.2].

Lemma 2.13. For monomial ideals I1 and I2 of S , reg(S/(I1 + I2)) ≤ reg(S/I1) + reg(S/I2).

A graph G is a weakly chordal graph if neither G nor its complement graph Gc contain an induced
cycle of length n ≥ 5. A matching, denoted byM, in a graph G is a subset of E(G) where there is no
common vertex between any pair of edges. A matching that forms an induced subgraph of G is referred
to as a induced matching in G. Furthermore, indmat(G) represents the induced matching number of
graph G, which is defined as follows: indmat(G) = max{|M| : M is an induced matching in G}.

Lemma 2.14 ( [25, Lemma 2.2] and [26, Corollary 6.9] ). For a finite simple graph G, reg(S/I(G)) ≥
indmat(G). Furthermore, for a chordal graph G, indmat(G) = reg(S/I(G)).

Lemma 2.15 ( [27, Theorem 14] ). For a weakly chordal graph G, indmat(G) = reg(S/I(G)).

Lemma 2.16 ( [28, Lemma 3.2]). Let 1 ≤ p < l. If I1 ⊂ S
′ = K[e1, . . . , ep] and I2 ⊂ S

′′ =

K[ep+1, . . . , el] are non-zero homogeneous ideals of S′ and S′′ and we regard I1 + I2 as a
homogeneous ideal of S = S′ ⊗K S

′′, then

reg(S/(I1 + I2)) = reg(S′/I1) + reg(S′′/I2).
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For n ≥ 1, letAn, Bn, and Cn be subgraphs of C2n(1, n−1), C2n(1, 2), and C2n(1, n−1, n), respectively.
Subgraphs An, Bn, and Cn are shown in Figures 3 and 4. Let us denote the the t-fold bristled graphs of
An, Bn, and Cn as follows: An,t := Brt(An), Bn,t := Brt(Bn), and Cn,t := Brt(Cn).

e1 e2 e3 e4 en−2 en−1 en

f1 f2 f3 f4 fn−2 fn−1 fn

e1 e2 e3 e4 en−2 en−1 en

f1 f2 f3 f4 fn−2 fn−1 fn

Figure 3. From left to right An and Bn.

e1 e2 e3 e4 en−2 en−1 en

f1 f2 f3 f4 fn−2 fn−1 fn

Figure 4. Cn.

3. Algebraic invariants of cyclic modules associated to An,t , Bn,t , and Cn,t

In this section, we compute the regularity of the cyclic modules K[V(An,t)]/I(An,t),
K[V(Bn,t)]/I(Bn,t), and K[V(Cn,t)]/I(Cn,t). We also compute depth, Stanley depth, and projective
dimension of K[V(An,t)]/I(An,t). These results are crucial for our main findings in the next section.
Let I ⊂ S be a squarefree monomial ideal that is minimally generated by monomials of degree at most
2. We define a graph GI associated with the ideal I, where V(GI) = supp(I) and
E(GI) = {{ei, e j} : eie j ∈ G(I)}. Examples of G(I(A6,2): f6) and G(I(A6,2), f6,e6) are given in Figure 5. These
graphs help us to understand the following isomorphisms:

K[V(A6,2)]/(I(A6,2) : f6) � K[V(A4,2)]/I(A4,2) ⊗K K[V(S 2)]/I(S 2) ⊗K K[ f6, f5,1, f5,2, e5,1, e5,2],

K[V(A6,2)]/(I(A6,2), f6, e6) � K[V(A5,2)]/I(A5,2) ⊗K K[ f6,1, f6,2, e6,1, e6,2].

e1 e2 e3 e4 e5 e6

f1 f2 f3 f4 f5

e1 e2 e3 e4 e5 e6

f1 f2 f3 f4 f5 f6

Figure 5. From left to right G(I(A6,2): f6) and G(I(A6,2), f6,e6).
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Remark 3.1. We may have the following special cases in our proofs. These special cases are fixed as
follows:

• K[V(A0,t)]/I(A0,t) :� K. Thus,
reg(K[V(A0,t)]/I(A0,t)) = depth(K[V(A0,t)]/I(A0,t)) = sdepth(K[V(A0,t)]/I(A0,t)) = 0
• K[V(B0,t)]/I(B0,t) :� K. Thus,

reg(K[V(B0,t)]/I(B0,t)) = depth(K[V(B0,t)]/I(B0,t)) = sdepth(K[V(B0,t)]/I(B0,t)) = 0
• K[V(C0,t)]/I(C0,t) :� K. Thus,

reg(K[V(C0,t)]/I(C0,t)) = depth(K[V(C0,t)]/I(C0,t)) = sdepth(K[V(C0,t)]/I(C0,t)) = 0.

If n = 1, then K[V(A1,t)]/I(A1,t) :� K[V(S t)]/I(S t) ⊗K K[V(S t)]/I(S t). By Lemmas 2.7 and 2.16,
reg(K[V(A1,t)]/I(A1,t)) = 2.

Lemma 3.2 ( [11, Lemma 3.6] ). Let G be a graph. Then, Brt(G) is weakly chordal if and only if G is
weakly chordal.

Let G be a graph and Q ⊂ V(G), where Q is called an independent set if no two vertices in Q
are adjacent in G. A maximum independent set is an independent set of the largest possible size. The
cardinality of the maximum independent set is called the independence number of G and is denoted by
α(G).

Lemma 3.3 ( [11, Lemma 3.7] ). If G is a graph, then indmat(Brt(G)) = α(G).

Lemma 3.4. Let n, t ≥ 1, S = K[V(An,t)] and I = I(An,t). Then,

reg(S/I) =

n + 1, if n is odd;

n, if n is even.

Proof. Let E ⊂ V(An) such that E = {e1, f1, e3, f3, . . . , en−1, fn−1} if n is even, and
E = {e1, f1, e3, f3, . . . , en, fn} if n is odd. One can easily see that E is a maximum independent set of
An, |E| = n when n is even, and |E| = n + 1 when n is odd. Since An is a weakly chordal graph, then
by Lemma 3.2, An,t is a weakly chordal graph. Thus, by applying Lemmas 3.3 and 2.15, the required
result follows. □

Lemma 3.5. For n, t ≥ 1, S = K[V(Bn,t)] and I = I(Bn,t). Then,

reg(S/I) =

2⌈ n−1
3 ⌉ + 1, if n = 1 mod(3);

2⌈ n
3⌉, if n = 0, 2 mod(3).

Proof. The proof of this lemma is similar to the proof of Lemma 3.4. If |E| is a maximum independent
set, then E is of the form:

1) E = { f1, e2, f4, e5, . . . , fn−2, en−1}, when n = 0 mod(3); and so |E| = 2⌈ n
3⌉.

2) E = { f1, e2, f4, e5, . . . , en−2, fn}, when n = 1 mod(3); and so |E| = 2⌈ n−1
3 ⌉ + 1.

3) E = { f1, e2, f4, e5, . . . , fn−1, en}, when n = 2 mod(3), and so |E| = 2⌈ n
3⌉.

□
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Lemma 3.6. Let n, t ≥ 1, S = K[V(Cn,t)] and I = I(Cn,t). Then, reg (S/I(Cn,t)) = ⌈n
2⌉.

Proof. The proof is similar to the proof of Lemma 3.4. □

If G is a graph and ei is a vertex of G, then in Brt(G) the newly added t pedants to vertex ei are
labeled as ei,1, ei,2, . . . , ei,t.

Lemma 3.7. Let n ≥ 2, t ≥ 1, and S = K[V(An,t)]. Then,

sdepth (S/I(An,t)) ≥ depth (S/I(An,t)) =

n(t + 1), if n is even;

n(1 + t) − t + 1, if n is odd.

Proof. If n = 2, then we have the following short exact sequence:

0 −→ S/(I(A2,t) : f2)
· f2
−−→ S/I(A2,t) −→ S/(I(A2,t), f2) −→ 0, (3.1)

and

S/(I(A2,t) : f2) � K[V(S t)]/I(S t) ⊗K K[ f2, f1,1, . . . , f1,t, e1,1, . . . , e1,t],

S/(I(A2,t), f2) � K[V(S 3,t)]/I(S 3,t) ⊗K K[ f2,1, . . . , f2,t].

By Lemmas 2.6 and 2.12, depth(S/(I(A2,t) : f2)) = depth(V(S t)]/I(S t)) + 1 + t + t, and
depth

(
S/(I(A2,t), f2)

)
= depth(K[V(S 3,t)]/I(S 3,t)) + t. By applying Lemmas 2.7 and 2.8,

depth(S/I(A2,t) : f2) = 2t + 2, and depth(S/(I(A2,t), f2)) = 2 + t + t = 2t + 2. By Lemmas 2.2 and 2.10
along with the use of the short exact sequence 3.1, depth(S/I(A2,t)) = 2t + 2. Let n ≥ 3. Considering
the short exact sequence:

0 −→ S/(I(An,t) : fn)
· fn
−−→ S/I(An,t) −→ S/(I(An,t), fn) −→ 0,

we have

S/(I(An,t) : fn) � K[V(An−2)]/I(An−2) ⊗K K[V(S t)]/I(S t)] ⊗K K[ fn, fn−1,1, . . . , fn−1,t,

en−1,1, . . . , en−1,t]. (3.2)

Let
L := (I(An,t), fn) = (I(An−1,t), fn, fn−1en, enen−1, enen,1, . . . , enen,t).

We consider another short exact sequence

0 −→ S/(L : en)
·en
−−→ S/L −→ S/(L, en) −→ 0,

and it is easy to see that

S/(L : en) � K[V(An−2,t)]/I(An−2,t) ⊗K K[en, fn−1,1, . . . , fn−1,t, en−1,1, . . . , en−1,t], (3.3)

S/(L, en) � K[V(An−1,t)]/I(An−1,t) ⊗K K[en,1, . . . , en,t, fn,1, . . . , fn,t]. (3.4)
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Case 1: If n is odd, then applying Lemmas 2.6 and 2.12 on Eqs (3.2)–(3.4),

depth(S/(I(An,t) : fn)) = depth(K[V(An−2,t)]/I(An−2,t)) + depth(K[V(S t)]/I(S t)) + 1 + 2t,

depth(S/(L, en)) = depth(K[V(An−1,t)]/I(An−1,t)) + 2t,

depth(S/(L : en)) = depth(K[V(An−2,t)]/I(An−2,t)) + 3t.

By mathematical induction on n along with the use of Lemma 2.7,

depth(S/(I(An,t) : fn)) = (n − 2)(1 + t) − t + 1 + 1 + 1 + 2t = n(t + 1) − t + 1, (3.5)

depth(S/(L, en)) = (n − 1)(t + 1) + 2t = n(1 + t) + t − 1, (3.6)

depth(S/(L : en)) = (t + 1)(n − 2) − t + 2 + t + 2t = n(1 + t). (3.7)

Using Lemmas 2.2 and 2.10 on Eqs 3.6 and 3.7,

depth(S/I(An,t), fn)) = n(t + 1). (3.8)

By applying Lemmas 2.2 and 2.10 on Eqs (3.5) and (3.8), we get

depth(S/I(An,t)) = n(t + 1) − t + 1.

Case 2: If n is even, then by applying Lemmas 2.6 and 2.12 on Eqs (3.2)–(3.4), we have

depth(S/(I(An,t) : fn)) = depth(K[V(An−2,t)]/I(An−2,t)) + depth(K[V(S t)]/I(S t)) + 1 + t + t,

depth(S/(L : en)) = depth(K[V(An−2,t)]/I(An−2,t)) + 1 + 3t = t − 1 + n(1 + t),

depth(S/(L, en)) = depth(K[V(An−1,t)]/I(An−1,t)) + 2t.

By mathematical induction on n along with the use of Lemma 2.7,

depth(S/(I(An,t) : fn)) = (n − 2)(t + 1) + 2 + 2t = n(t + 1), (3.9)

depth(S/(L : en)) = (n − 2)(t + 1) − t + 1 + 2t = n(1 + t), (3.10)

depth(S/(L, en)) = (n − 2)(t + 1) + t + 1 + 2t = n(1 + t) + t − 1. (3.11)

By applying Lemma 2.2 on Eqs (3.10) and (3.11), we have

depth(S/(I(An,t), fn)) ≥ n(1 + t). (3.12)

Since en−1 < L,

depth(S/(L : en−1)) � K[V(An−3)]/I(An−3) ⊗K K[V(S t)]/I(S t) ⊗K K[en−1, en−2,1, . . . ,

en−2,t, fn−2,1, . . . , fn−2,t, en,1, . . . , en,t]. (3.13)

By induction and applying Lemma 2.7,

depth(S/(L : en−1)) = 3t + (n − 3)(t + 1) − t + t + 3 = n(t + 1). (3.14)
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Now, using Lemma 2.10 on Eq (3.14),

depth(S/(I(An,t), fn)) ≤ depth(S/((I(An,t), fn) : en−1)) ≤ n(1 + t). (3.15)

From Eqs (3.12)–(3.15), we get

depth(S/(I(An,t), fn)) = n(t + 1). (3.16)

By using the depth lemma on Eqs (3.9) and (3.16),

depth(S/I(An,t)) = n(t + 1). (3.17)

To find the bound for Stanley depth, the proof is similar, and we use Lemma 2.3 instead of Lemma 2.2.
□

Corollary 3.8. Let t, n ≥ 1 and S = K[V(An,t)]. Then,

pdim (S/I(An,t)) =

n(1 + t), if n is even;

n(1 + t) + t − 1, if n is odd.

Proof. The desired result can be obtained by applying Lemma [14, Theorem 1.3.3] and Lemma 3.7. □

4. Algebraic invariants of cyclic modules associated with bristled graphs of some circulant
graphs

In this section, we prove our main results. We compute the regularity of the cyclic modules,
namely K[V(Dn,t)]/I(Dn,t), K[V(En,t)]/I(En,t), and K[V(Fn,t)]/I(Fn,t). Furthermore, we compute a
lower bound for the Stanley depth and exact values for depth of K[V(Dn,t)]/I(Dn,t).

Theorem 4.1. Let n ≥ 3, t ≥ 1, and S = K[V(Dn,t)]. Then,

reg(S/I(Dn,t)) =

n, if n is even;

n − 1, if n is odd.

Proof. Let n = 3. Then,

S/(I(D3,t) : e3) � K[V(A0,t)]/I(A0,t) ⊗K K[V(S q)]/I(S q) ⊗K K[e3, e1,1, . . . , e1,t, e2,1, . . . ,

e2,t, f1,1, . . . , f1,t, f2,1, . . . , f2,t], (4.1)

S/
((

I(D3,t), e3
)

: f3
)
� K[V(A0,t)]/I(A0,t) ⊗K K[ f3, f1,1, . . . , f1,t, f2,1, . . . , f2,t, e1,1, . . . ,

e1,t, e2,1, . . . , e2,t, e3,1, . . . , e3,t], (4.2)

S/
((

I(D3,t), e3
)
, f3
)
� K[V(A2,t)]/I(A2,t) ⊗K K[e3,1, . . . , e3,t, f3,1, . . . , f3,t]. (4.3)

By applying Lemmas 2.12 and 2.16 on Eqs (4.1)–(4.3), we obtain

reg(S/(I(D3,t) : e3)) = reg(K[V(A0,t)]/I(A0,t)) + reg(K[V(S t)]/I(S t)), (4.4)
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reg(S/
((

I(D3,t), e3
)

: f3
))
= reg(K[V(A0,t)]/I(A0,t)), (4.5)

reg(S/
((

I(D3,t), e3
)
, f3
))
= reg(K[V(A2,t)]/I(A2,t)). (4.6)

Applying Lemma 2.7 and Remark 3.1, we have

reg(S/(I(D3,t) : e3)) = 1,

reg(S/
(
(I(D3,t), e3) : f3

))
= 0,

and
reg(S/

(
(I(D3,t), e3), f3

))
= 2.

Since
reg(S/

(
(I(D3,t), e3) : f3

))
< reg(S/

(
(I(D3,t), e3), f3

))
,

now, using Lemma 2.4(b),

reg(S/(I(D3,t), e3)) = 2 > reg(S/(I(D3,t) : e3)).

Again, by applying Lemma 2.4(b), reg(S/I(D3,t) = 2. If n = 4, then

S/(I(D4,q) : e4) � K[V(A1,t)]/I(A1,t) ⊗K K[V(S t)]/I(S t) ⊗K K[e4, e1,1, . . . , e1,t, e3,1, . . . ,

e3,t, f1,1, . . . , f1,t, f3,1, . . . , f3,t], (4.7)

S/
((

I(D4,t, e4
)

: f4
)
� K[V(A1,t)]/I(A1,t) ⊗K K[ f4, f1,1, . . . , f1,t, f3,1, . . . , f3,t, e1,1, . . . ,

e1,t, e3,1, . . . , e3,t, e4,1, . . . , e4,t], (4.8)

S/
((

I(D4,t, e4
)
, f4
)
� K[V(A3,t)]/I(A3,t) ⊗K K[e4,1, . . . , e4,t]. (4.9)

By applying Lemma 2.12 on Eqs (4.7)–(4.9),

reg(S/(I(D4,t) : e4)) = reg(K[V(A1,t)]/I(A1,t) + reg(K[V(S q)]/I(S q)), (4.10)

reg
(
S/
((

I(D4,t, e4
)

: f4
))
= reg(K[V(A1,t)]/I(A1,t)), (4.11)

reg
(
S/
((

I(D4,t, e4
)
, f4
))
= reg(K[V(A3,t)]/I(A3,t)), (4.12)

By applying Remark 3.1 and Lemma 2.7,

reg(S/(I(D4,t) : e4)) = 3,

reg(S/
(
(I(D3,t), e4) : f4

))
= 2,

reg(S/
(
(I(D4,t), e4), f4

))
= 4.

Since
reg(S/

(
(I(D4,t), e4) : f4

))
< reg

(
K[V(D4,t)]/

(
(I(D4,t), e4), f4

))
,
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now, using Lemma 2.4(b),

reg(S/(I(D4,t), e4)) = 4 > reg(K[V(D4,t)]/(I(D4,t) : e4)).

Again, by applying Lemma 2.4(b), reg(S/I(D4,t) = 4. Now we consider two cases.
Case 1: Let n be even. Then,

S/
((

I(Dn,t) : en
))
� K[V(An−3,t)]/I(An−3,t)] ⊗K K[V(S t)]/I(S t) ⊗K K[en, e1,1, . . . , e1,t,

en−1,1, . . . , en−1,t, f1,1, . . . , f1,t, fn−1,1, . . . , fn−1,t], (4.13)

S/
((

I(Dn,t), en
)

: fn
)
� K[V(An−3,t)]/I(An−3,t) ⊗K K[ fn, f1,1, . . . , f1,t, fn−1,1, . . . , fn−1,t,

e1,1, . . . , e1,t, en−1,1, . . . , en−1,t, en,1, . . . , en,t], (4.14)

S/
((

I(Dn,t), en
)
, fn
)
� K[V(An−1,t)]/I(An−1,t)] ⊗K K[en,1, . . . , en,t, fn−1,1, . . . , fn−1,t], (4.15)

by applying Lemmas 2.12 and 2.16 on Eqs (4.13)–(4.15),

reg
(
S/
(
I(Dn,t) : en

))
= reg(K[V(An−3,t)]/I(An−3,t)) + K[V(S t)]/I(S t), (4.16)

reg
(
S/
((

I(Dn,t), en
)

: fn
))
= reg(K[V(An−3,t)]/I(An−3,t)), (4.17)

reg
(
S/
((

I(Dn,t), en
)
, fn
))
= reg(K[V(An−1,t)]/I(An−1,t)). (4.18)

By using induction on n and applying Lemmas 3.4 and 2.7 on Eqs (4.16)–(4.18),

reg(S/
(
I(Dn,t) : en

))
= n − 3 + 1 + 1 = n − 1,

reg
(
S/
((

I(Dn,t), en
)

: fn
))
= n − 3 + 1 = n − 2,

reg(S/
((

I(Dn,t), en
)
, fn
))
= n − 1 + 1 = n.

As, reg
(
S/
((

I(Dn,t), en
)

: fn
))
< reg

(
S/((I(Dn,t), en), fn)

)
, by applying Lemma 2.4(b),

reg(S/(I(Rn,t), en)) = n.

Also, reg
(
S/
(
I(Dn,t) : en

))
< reg

(
S/
(
I(Dn,t), en

))
, and again by applying Lemma 2.4(b),

reg
(
S/I(Dn,t)

)
= n.

Case 2: When n is odd.

S/
(
I(Dn,t) : en

)
� K[V(An−3,t)]/I(An−3,t) ⊗K K[V(S t)]/I(S t) ⊗K K[en, e1,1, . . . , e1,t,

en−1,1, . . . , en−1,t, f1,1, . . . , f1,t, fn−1,1, . . . , fn−1,t], (4.19)

S/
((

I(Dn,t), en
)

: fn
)
� K[V(An−3,t)]/I(An−3,t) ⊗K K[ fn, f1,1, . . . , f1,t, fn−1,1, . . . , fn−1,t,

e1,1, . . . , e1,t, en−1,1, . . . , en−1,t, en,1, . . . , en,t], (4.20)
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S/
((

I(Dn,t), en
)
, fn
)
� K[V(An−1,t)]/I(An−1,t)] ⊗K K[en,1, . . . , en,t, fn−1,1, . . . , fn−1,t], (4.21)

By Lemmas 2.12 and 2.16 on Eqs (4.19)–(4.21),

reg
(
S/
((

I(Dn,t) : en
))
= reg(K[V(An−3,t)]/I(An−3,t)) + K[V(S t)]/I(S t), (4.22)

reg
(
S/
((

I(Dn,t), en
)

: fn
))
= reg(K[V(An−3,t)]/I(An−3,t)), (4.23)

reg
(
S/
((

I(Dn,t), en
)
, fn
))
= reg(K[V(An−1,t)]/I(An−1,t)). (4.24)

By applying induction on n along with the use of Lemmas 3.4 and 2.7 on Eqs (4.22)–(4.24),

reg
(
S/
(
I(Dn,t) : en

))
= n − 3 + 1 = n − 2,

reg
(
S/
((

I(Dn,t), en
)

: fn
))
= n − 3,

reg
(
S/
((

I(Dn,t), en
)
, fn
))
= n − 1.

As reg
(
S/
((

I(Dn,t), en
)

: fn
))
< reg(S/((I(Dn,t), en), fn)), by applying Lemma 2.4(b),

reg(S/(I(Dn,t), en)) = n − 1.

Also, reg
(
S/
(
I(Dn,t) : en

))
< reg

(
S/
(
I(Dn,t), en

))
, so applying Lemma 2.4(b),

reg
(
S/I(Dn,t)

)
= n − 1.

□

Lemma 4.2 ( [29, Corollary 4.4]). Let G be a graph, and S = K[V(G)]. Then, reg(S/I(Brt(G))) =
indmat (Brt(G)).

Theorem 4.3. Let n ≥ 3, t ≥ 1, and S = K[V(En,t)]. Then,

reg(S/I(En,t)) =

2⌈ n−1
3 ⌉ − 1, if n ≡ 2 (mod 3);

2⌈ n−1
3 ⌉, if n ≡ 0, 1 (mod 3);

Proof. Let n = 3. Then, clearly indmat (E3,t) = 2, so by using Lemma 4.2 we have

reg(S/I
(
E3,t)
)
= 2.

For n ≥ 4, we have the following isomorphisms:

S/
((

I(En,t) : en−1) : fn−2
)
� K[V(Bn−4,t)]/I(Bn−4,t)] ⊗K K[en−1, fn−2, en,1, . . . , en,t,

en−2,1, . . . , en−2,t, fn−1,1, . . . , fn−1,t, fn,1, . . . , fn,t, fn−3,1, . . . , fn−3,t], (4.25)

S/
((

I(En,t) : en−1
)
, fn−2
)
� K[V(Bn−3,t)]/I(Bn−3,t) ⊗K K[en−1, en,1, . . . , en,t, en−2,1, . . . ,

en−2,t, fn−1,1, . . . , fn−1,t, fn−2,1, . . . , fn−2,t], (4.26)

S/
((

I(En,t), en−1
)
, fn−1
)
� K[V(Bn−1,t)]/I(Bn−1,t) ⊗K K[en−1,1, . . . , en−1,t, fn−1,1, . . . , fn−1,t], (4.27)
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S/
( ((

I(En,t), en−1
)

: fn−1
)
, en
)
� K[V(Bn−3,t)]/I(Bn−3,t) ⊗K K[ fn−1, en,1, . . . , en,t,

fn,1, . . . , fn,t, fn−2,1, . . . , fn−2,t, en−1,1, . . . , en−1,t, en−2,1, . . . , en−2,t], (4.28)

S/
( ((

I(En,t), en−1
)

: fn−1
)

: en
)
� K[V(Bn−4,t)]/I(Bn−4,t) ⊗K K[ fn−1, en−1, en−1,1, . . . , en−1,t,

e1,1, . . . , e1,t, f1,1, . . . , f1,t, fn,1, . . . , fn,t, en−2,1, . . . , en−2,t, fn−2,1, . . . , fn−2,t]. (4.29)

Now consider the following cases:
Case 1: Let n ≡ 2 (mod 3).
We apply Lemmas 2.12 and 3.5 on Eqs (4.25)–(4.29). Since n − 4 ≡ 1 (mod 3), so

reg(S/
((

I(En,t) : en−1) : fn−2
))
= reg(K[V(Bn−4,t)]/I(Bn−4,t)) = 2⌈

n − 1
3
⌉ − 3.

We have n − 3 ≡ 2 (mod 3), so

reg
(
S/
((

I(En,t) : en−1
)
, fn−2
))
= reg(K[V(Bn−3,t)]/I(Bn−3,t)) = 2⌈

n − 1
3
⌉ − 2.

We have n − 1 ≡ 1 (mod 3), so

reg
(
S/
((

I(En,t), en−1
)
, fn−1
))
= reg(K[V(Bn−1,t)]/I(Bn−1,t)) = 2⌈

n − 1
3
⌉ − 1.

Since n − 3 ≡ 2 (mod 3),

reg
(
S/
(((

I(En,t), en−1
)

: fn−1
)
, en
))
= reg(K[V(Bn−3,t)]/I(Bn−3,t)) = 2⌈

n − 1
3
⌉ − 2,

Also,

reg
(
S/
(((

I(En,t), en−1
)

: fn−1) : en
))
� K[V(Bn−4,t)]/I(Bn−4,t) = 2⌈

n − 1
3
⌉ − 3.

As reg
(
S/
(
(I(En,t) : en−1) : fn−2)

)
< reg

(
S/
(
(I(En,t) : en−1), fn−2)

)
, so applying Lemma 2.4(b),

reg(S/(I(En,t) : en−1)) = 2⌈
n − 1

3
⌉ − 2,

and reg
(
S/
((

(I(En,t), en−1) : fn−1) : en)
)
< reg

(
S/
((

(I(En,t), en−1) : fn−1
)
, en
))
. By using Lemma 2.4(b),

reg(S/((I(En,t), en−1) : fn−1)) = 2⌈
n − 1

3
⌉ − 2.

Also, reg
(
S/
(
(I(En,t), en−1) : fn−1)

)
< reg

(
S/
(
(I(En,t), en−1), fn−1)

)
. By using Lemma 2.4(b),

reg(S/(I(En,t), en−1)) = 2⌈
n − 1

3
⌉ − 1.

Also, reg
(
S/
(
(I(En,t) : en−1) < reg

(
S/
(
I(En,t), en−1)

)
. By using Lemma 2.4(b),

reg(S/(I(En,t)) = 2⌈
n − 1

3
⌉ − 1.
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Case 2: Let n ≡ 0, 1 (mod 3).
Applying Lemmas 2.12 and 3.5 on Eqs (4.25)–(4.29), we have

reg(S/
((

I(En,t) : en−1) : fn−2
))
= reg(K[V(Bn−4,t)]/I(Bn−4,t)) = 2⌈

n − 4
3
⌉,

reg(S/
((

I(En,t) : en−1
)
, fn−2
))
= reg(K[V(Bn−3,t)]/I(Bn−3,t)) = 2⌈

n − 3
3
⌉,

reg
(
S/
((

I(En,t), en−1
)
, fn−1
))
= reg(K[V(Bn−1,t)]/I(Bn−1,t)) = 2⌈

n − 1
3
⌉,

reg
(
S/
(((

I(En,t), en−1
)

: fn−1
)
, en
))
= reg(K[V(Bn−3,t)]/I(Bn−3,t)) = 2⌈

n − 1
3
⌉,

reg
(
S/
(((

I(En,t), en−1
)

: fn−1 : en
))
= K[V(Bn−1,t)]/I(Bn−1,t) = 2⌈

n − 4
3
⌉.

As reg
(
S/
((

I(En,t) : en−1) : fn−2
))
< reg

(
S/
(
(I(En,t) : en−1), fn−2)

)
, applying Lemma 2.4(b),

reg(S/(I(En,t) : en−1)) = 2⌈
n − 4

3
⌉,

and reg
(
S/
((

(I(En,t), en−1) : fn−1) : en)
)
< reg

(
S/
((

(I(En,t), en−1) : fn−1), en
))
. By using Lemma 2.4(b)

reg(S/(I(En,t), en−1) : fn−1)) = 2⌈
n − 3

3
⌉.

Since reg
(
S/
(
(I(En,t), en−1) : fn−1

))
< reg

(
S/
(
(I(En,t), en−1), fn−1)

)
, by using Lemma 2.4(b),

reg(S/(I(En,t), en−1)) = 2⌈
n − 1

3
⌉.

Also, reg
(
S/
(
I(En,t) : en−1)

)
< reg

(
S/
(
I(En,t), en−1)

)
. By using Lemma 2.4(b)

reg(S/I(En,t)) = 2⌈
n − 1

3
⌉.

□

Theorem 4.4. Let n ≥ 3, t ≥ 1, and S = K[V(Fn,t)]. Then,

reg (S/I(Fn,t)) = ⌈
n − 1

2
⌉.

Proof. We have the following isomorphism:

S/
(
I(Fn,t) : fn

)
� K[V(Cn−3,t)]/I(Cn−3,t) ⊗K K[ fn, fn−1,1, . . . , fn−1,t, f1,1, . . . , f1,t,

en,1, . . . , en,t, en−1,1, . . . , en−1,t, e1,1, . . . , e1,t], (4.30)

S/
((

I(Fn,t), fn
)
, en
)

� K[V(Cn−1,t)]/I(Cn−1,t) ⊗K K[ fn,1, . . . , fn,t, en,1, . . . , en,t], (4.31)
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S/
((

I(Fn,t), fn
)

: en
)
� K[V(Cn−3,t)]/I(Cn−3,t) ⊗K K[en, fn,1, . . . , fn,t, en−1,1, . . . , en−1,t,

e1,1, . . . , e1,t]. (4.32)

Applying Lemmas 3.6 and 2.12 on Eqs (4.30)–(4.32), we have

reg
(
S/
(
I(Fn,t) : fn

))
= reg(K[V(Cn−3,t)]/I(Cn−3,t)) = ⌈

n − 3
2
⌉,

reg
(
S/
((

I(Fn,t), fn
)
, en
))
= reg(K[V(Cn−1,t)]/I(Cn−1,t)) = ⌈

n − 1
2
⌉,

reg
(
S/
((

I(Fn,t), fn
)

: en
))
= reg(K[V(Cn−3,t)]/I(Cn−3,t)) = ⌈

n − 3
2
⌉.

Since, reg
(
S/
(
(I(Fn,t), fn) : en

))
< reg

(
S/
(
(I(Fn,t), fn), en

))
, by applying Lemma 2.4(b),

reg
(
S/
(
I(Fn,t), fn

))
= ⌈

n − 1
2
⌉.

Moreover, reg
(
S/
(
I(Fn,t) : fn

))
< reg

(
S/
(
I(Fn,t), fn

))
, and by applying Lemma 2.4(b),

reg
(
S/I(Fn,t)

)
= ⌈

n − 1
2
⌉.

□

Theorem 4.5. Let n ≥ 3, t ≥ 1, and S = K[V(Dn,t)]. Then,

sdepth (S/I(Dn,t)) ≥ depth (S/I(Dn,t)) =

n(t + 1), if n is odd;

n(t + 1) + t − 1, if n is even.

Proof. Consider the following short exact sequences:

0 −→ S/(I(Dn,t) : en)
·en
−−→ S/I(Dn,t) −→ S/(I(Dn,t), en) −→ 0,

and
0 −→ S/(L : fn)

· fn
−−→ S/L −→ S/(L, fn) −→ 0,

where L := (I(Dn,t), en). Then, we have the following isomorphisms:

S/(I(Dn,t) : en) � K[V(An−3,t)]/I(An−3,t) ⊗K K[V(S t)]/I(S t) ⊗K K[en, en−1,1, . . . , en−1,t,

e1,1, . . . , e1,t, fn−1,1, . . . , fn−1,t, f1,1, . . . , f1,t] (4.33)

S/(L : fn) � K[V(An−3,t)]/I(An−3,t) ⊗K K[ fn, fn−1,1, . . . , fn−1,t, f1,1, . . . , f1,t, en−1,1, . . . , en−1,t,

e1,1, . . . , e1,t], (4.34)

S/(L, fn) � K[V(An−1)]/I(An−1) ⊗K K[en,1, . . . , en,t, fn,1, . . . , fn,t]. (4.35)

Case 1: When n is odd. By applying Lemmas 2.6 and 2.12 on Eqs (4.33)–(4.35),

depth(S/(I(Dn,t) : en)) = depth(K[V(An−3,t)]/I(An−3,t)) + depth(K[V(S t)]/I(S t)) + 1 + 4t, (4.36)
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depth(S/(L : fn)) = depth(K[V(An−3,t)]/I(An−3,t)) + 1 + 5t, (4.37)

depth(S/(L, fn)) = depth(K[V(An−1)]/I(An−1)) + t + t. (4.38)

Now, by applying Lemmas 2.7 and 3.7 on Eqs (4.36)–(4.38),

depth(S/(I(Dn,t) : en)) = t − 1 + n(1 + t),

depth(S/(L : fn)) = n(1 + t) + 2t − 2,

depth(S/(L, fn)) = t − 1 + n(1 + t),

Now, applying Lemma 2.2,
depth(S/L) ≥ t − 1 + n(t + 1). (4.39)

Also, as x1 < L, and depth(S/(L : x1)) = t − 1 + n(1 + t). Now, applying Lemma 2.10,

depth(S/L) ≤ t − 1 + n(t + 1).

So,
depth(S/L) = n(t + 1) + t − 1. (4.40)

Now, by using the depth lemma, we have

depth(S/(I(Dn,t)) = n(t + 1) + t − 1.

Case 2: If n is even, then the proof is similar to Case 1.
The proof for Stanley depth similar we use Lemma 2.3 instead of Lemma 2.2.

□

Corollary 4.6. Let t ≥ 1, n ≥ 3, and S = K[V(Dn,t)]. Then,

pdim (S/I(Dn,t)) =

n(1 + t), if n is even;

n(1 + t) − t + 1, if n is odd.

Proof. The desired result can be obtained by applying Theorem 4.5 and [14, Theorem 1.3.3]. □

5. Conclusions

In this paper, we study the algebraic invariants, namely the regularity, projective dimension, depth,
and Stanley depth, of the quotient rings of the edge ideals associated to the bristled graphs of various
classes of circulant graphs. We give precise values of the said invariants for the quotient rings we
considered, except Stanley depth. For the Stanley depth, we give lower bounds that are good enough
to verify Stanley’s inequality.
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