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1. Introduction

Let S = K[ey,...,e/] be the polynomial ring over the field K, equipped with the standard grading.
Let M be a finitely generated graded S-module and suppose that M has the following minimal free
resolution:

0 — @S(_j)ﬁr,j(M) N @S(_j)ﬁr—l,j(M) e @S(_j)ﬁOJ(M) — M — 0.

JEZ JEZ JEZ

Let us denote the Castelnuovo-Mumford regularity of a module M as reg(M). Then, reg(M) =
max{j —i: B; (M) # 0}. The projective dimension of a module M, denoted as pdim(M), is defined as
pdim(M) = max{i : B; (M) # 0}.

Let G = (V(G), E(G)), be a graph with vertex set V(G) = {ey, ..., e;} and edge set E(G). All graphs
considered in this paper are simple, finite, and undirected. The degree of a vertex is the number of edges
incident on it. The edge ideal of a graph G is the squarefree monomial ideal I(G) = (e;e; : {e;, e;} €
E(G)). If I is a monomial ideal and G(/) represents the minimal system of monomial generators of /,
then supp(/) := { e; : e;|a for some a € G(I)}. For m € R, |[m]| := max{b € Z: b < m} and [m] :=
min{b € Z : b > m}. Let [ > 2 be an integer and A be a subset of {1,..., Lé]}. A circulant graph C;(A)
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is a graph with vertex set {ey, ..., ¢;} such that {e;, e;} € E(C;(A)) if and only if |i — j| € Aor [-[i— j| € A.
It is worth noting that C;(A) can be considered as a generalized cycle since C; = C;({1}). For simplicity,
the graph C,({by, ..., b,}) is denoted as Cy(by,...,b,). A circulant graph C,(by,...,b,,) is 2m regular,
except in the case when 2b,, = [, in which case it is (2m — 1) regular. Let # > 1, and G be a graph. Then,
the graph G’ is called the ¢-fold bristled graph of G if we add ¢ pendants to each vertex of the graph
G. For a graph G, the t-fold bristled graph of G is denoted by Br,(G). There are many applications of
circulant graphs in group theory [1] and network theory [2, 3].

Figure 2. 7, .

This paper draws inspiration from the recent work of Shaukat et al. [4], which specifically explores
the algebraic invariants of the residue class rings of the edge ideals of some four and five regular
circulant graphs, namely, C,,(1,n—-1), C»,(1,2), and C,,(1,n—1,n), wheren > 3. Forn > 3and ¢t > 1, if
D,., Eny, and 7, represent the bristled graphs of these graphs, respectively, then D, , := Br,(C,,(1,n—
1)), &, := Bri(Cy,(1,2)), and F,,, := Br,(C,(1,n— 1,n)). This study aims to investigate the regularity,

AIMS Mathematics Volume 10, Issue 5, 11330-11348.



11332

depth, and Stanley depth of the residue class rings of the edge ideals of D,;, &,,, and F,,. These
graphs are shown in Figures 1 and 2. Before proving our main results, we further require investigating
the said algebraic invariants of the residue class rings of the edge ideals of various subgraphs of these
graphs. These supporting results are obtained in Section 3. We prove our main results in Section 4. We
prove the following main theorems for regularity.

Theorem 1.1. Letn >3, t> 1, and S = K[V(D,,)]. Then,

n, if n is even;

reg(S/1(D,,)) = {n —1, ifnisodd

Theorem 1.2. Letn >3,t > 1, and S = K[V(E,,)]. Then,

2(%1, ifn=0,1 (mod 3);

reg(S/1(E,,)) = {2[%] -1, ifn=2 (mod 3),

Theorem 1.3. Letn>3,t> 1,and S = K[V(F,.;)]. Then,

-1
reg (S /1(F.)) = r”Tl

We prove the following main result for depth and Stanley depth.
Theorem 1.4. Letn > 3, and S = K[V(D,,)]. Then,

n(t+ 1), if nis odd;

sdepth (S/1(D,,,)) > depth (S/1(D,,,)) = { o
nit+1)+t—1, ifniseven.

We acknowledge the use of CoCoA [5] and Macaulay2 [6] during our experimental calculations.
These software tools have limitations when generators of the edge ideal increases. In such scenarios,
additional mathematical calculations and theoretical frameworks are necessary to compute the
algebraic invariants that cannot be computed by these software packages.

2. Preliminaries
In this section, we present some definitions and findings that are extensively used in the subsequent

sections of this paper. Let M be a finitely generated Z'-graded S -module. A Stanley decomposition of
M is a presentation of the K-vector space M as a finite direct sum:

z
T M= @MjK[Wj],
=1

where u; € M is a homogeneous element, W; C {e;,...,e;}, and u;K[W;] is a K-subspace of M
generated by u;b, where b is a monomial in K[W,;]. The Z'-graded K-subspace u;K[W;] of M is
called a Stanley space of dimension |W,| if u;K[W,] is a free K[W;]-module. The Stanley depth of
7 is defined as sdepth(7") = min{|W;| : j = 1,...,z}, and the Stanley depth of M is defined as
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sdepth(M) = max{sdepth(7") : 7 is a Stanley decomposition of M}. In 1982, Stanley conjectured
in [7] that for a Z'-graded module M, sdepth(M) > depth(M). In 2016, Duval et al. disproved this
conjecture in [8] by providing a counter example. Stanley depth has gained attention, particularly
when Herzog et al. presented an algorithm in [9] for computing sdepth(M) for modules of the form
M = Q,/Q,, where O, € Q; C § are monomial ideals. This algorithm is useful for studying Stanley
depth in certain special cases. However, calculating Stanley depth using this algorithm is generally a
challenging combinatorial problem. Therefore, finding Stanley depth for particular classes of modules
is useful, see for instance [10-12].

Lemma 2.1 ( [13, Lemma 3.3]). Let I C S be a squarefree monomial ideal such that supp(I) =
lei,es,...,e). Suppose B :=e;e;,...e; € S/lande;B €1 foralle; € {e,e,,..., e} \ supp(B). Then,
sdepth(S/I) <r.

The following lemmas are important for finding lower bounds for depth and Stanley depth of
modules.

Lemma 2.2 ( [14]). If0 - M’ - M — M” — 0 is a short exact sequence of modules over a
Noetherian graded ring with S local, or a local ring S, then

(a) depth(M) > min{depth(M""), depth(M’)}.
(b) depth(M’) > min{depth(M), depth(M") + 1}.
(c) depth(M"") > min{depth(M") — 1, depth(M)}.

Lemma 2.3 ( [15, Lemma 2.2]). Let 0 - M’ — M — M" — 0 be a short exact sequence of a
Z!-graded S -module. Then, sdepth (M) > min{sdepth (M), sdepth (M"")}.

Lemma 2.4 ([16, Theorem 4.7]). If I is a monomial ideal and e is a variable in S, then

(a) reg(S/I) =1+r1eg(S/U : e)), ifreg(S/(1,e)) <reg(S/(I : e)).
(b) reg(S/1) =reg(S/(1,e)) ifreg(S/(I : e)) < reg(S/(,e)).
(c) reg(S/1) € {reg(S/(1, e)),reg(S/(1,e)) + 1}, if reg(S /(1 : e)) = reg(S/(I, €)).

Lemma 2.5 ([17, Proposition 2.2.20]). Let I, and I, be monomial ideals, I, C 8" = K[ey, ..., e,] and
LS =Klepit,...,el,wherel <p<l,andS =8 ®¢ S". Then, S/(I, + I,) = 8/, ® S" /.

Lemma 2.6 ( [17, Proposition 2.2.21]). Let I, C S’ = Kley,...,e,, L, € S” = Kle,1,... e be
monomial ideals, where 1 < p <. IfS =8’ Qx S”, then

depth (S'/I} ® S” /1) = depth (S/(I;S + I,S))) = depthg, (S'/I) + depthg, (S”/1,).

A vertex of degree one in a graph is termed as a pendant vertex or leaf. A vertex that is not a leaf is
called an internal vertex. For r > 2, a star graph denoted as S, is a graph with one internal vertex and
r leaves connected to it. For p > 2, a path on p vertices is denoted as P,, and for p > 3 a cycle on p
vertices is denoted as C,. Let S ,, := Bri(P,) and C,; := Br,(C)).

Lemma 2.7 ([18]). Let S = K[V(S,)] and I = I(S,). Then,
depth(S /1) = reg(S/I) = sdepth(S/I) = 1.
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Lemma 2.8 ([19, Theorem 2.28]). Let S = K[V(S )] and I = I(S ;). Then,

(a) reg(S/I) = [51.
(b) depth(S/I) = sdepth(S/T) = [2]+ [511r.
Lemma 2.9 ([19, Theorem 2.30 and Theorm 2.9]). Let S = K['V(C, )] and I = I(C,,). Then,
(a) reg(S/D) =51,
(b) depth(S/I) = sdepth(S /1) = [25+] + 1t

Lemma 2.10 ( [15, Corollary 1.3] and [20, Proposition 2.7] ). Let I C S be a monomial ideal. Then,
for all monomials a ¢ I,

(a) depth(S/(I : a)) > depth (S/I).
(b) sdepth (S/1) < sdepth (S/(I : a)).

Lemma 2.11 ( [21, Lemma 2.13]). Let I; € S’ = Kley,...,e,], b € §” = Kleps1,... e be
monomial ideals, where 1 < p <land S =S’ ®x S"”. Then,

sdepth (S'/1, ® S” /1) = sdepth (S/(1;S + 1,S)) > sdepthy, (S'/1;) + sdepthg, (S” /).

Lemma 2.12 ( [9, Lemma 3.6] and [22, Lemma 3.5]). Let I C S be a monomial ideal. If S’ =
S ®k Klen1] = Slep1], then

(a) depth (S'/IS’) = depth(S/I) + 1.
(b) sdepth (§'/1IS") = sdepth(S/I) + 1.
(c) reg(S'/IS") = reg(S/I).

The following lemma is proved by Kalai et al. [23, Theorem 1.4] for squarefree monomial ideals.
Herzog further extended this result to any monomial ideal [24, Corollary 3.2].

Lemma 2.13. For monomial ideals I, and I, of S, reg(S/(I; + 1)) < reg(S /1) + reg(S /).

A graph G is a weakly chordal graph if neither G nor its complement graph G contain an induced
cycle of length n > 5. A matching, denoted by M, in a graph G is a subset of E(G) where there is no
common vertex between any pair of edges. A matching that forms an induced subgraph of G is referred
to as a induced matching in G. Furthermore, indmat(G) represents the induced matching number of
graph G, which is defined as follows: indmat(G) = max{|M| : M is an induced matching in G}.

Lemma 2.14 ( [25, Lemma 2.2] and [26, Corollary 6.9] ). For a finite simple graph G, reg(S/1(G)) >
indmat(G). Furthermore, for a chordal graph G, indmat(G) = reg(S/1(G)).
Lemma 2.15 ( [27, Theorem 14] ). For a weakly chordal graph G, indmat(G) = reg(S/1(G)).

Lemma 2.16 ( [28, Lemma 3.2]). Let 1 < p < L If], ¢ & = Kley,...,epJand I, C §" =
Kle,i1,...,e)] are non-zero homogeneous ideals of S’ and S” and we regard I, + I, as a
homogeneous ideal of S = 8’ ®x S”, then

reg(S /(I + 1)) = reg(S'/11) + reg(S" / I).
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Forn > 1,let A,, B,, and C, be subgraphs of C,,(1,n-1), C5,(1,2), and C,,(1,n—1, n), respectively.
Subgraphs A, B,, and C, are shown in Figures 3 and 4. Let us denote the the #-fold bristled graphs of
A,, B,, and C, as follows: A, ; := Br/(4A,), B, := Br«(B,), and C,; := Br,(C,).

1 f2 f:’a f4 n n n 1 fZ f3 f4 n n n

€n-2 €n-1 €n

Figure 3. From left to rlght A, and B,,.

o h B fa far for S
777n— €n-1 €n

Flgure 4. C,.

3. Algebraic invariants of cyclic modules associated to A, ;,B,;,and C,,

In this section, we compute the regularity of the cyclic modules K[V(A,)]/I(A,,),
KIV®B,.)1/IB,,), and K[V(C,,)]/I(C,,). We also compute depth, Stanley depth, and projective
dimension of K[V(A,,)]/I(A,,). These results are crucial for our main findings in the next section.
Let I ¢ S be a squarefree monomial ideal that is minimally generated by monomials of degree at most
2. We define a graph G; associated with the ideal I, where V(G,) = supp(l) and
E(G)) = {{ei,e;} : eiej € GI)}. Examples of G,z and Gag,), fs.0s) are given in Figure 5. These
graphs help us to understand the following isomorphisms:

K[V(As2)/(I(As2) : fo) = K[V(A42)]/1(As) ®k K[V(SDI/I(S2) ®k Kl fs, f5,1, [5.25 €5.1, €521,

K[V(As2)]/(I(As2), f6.€6) = K[V(As2)]/1(As») ®k K[ fe.1, fo.25 €6.15 €621

) R\ B\ f\] S5

[ ﬂ'
(4] [5) [} €4 €5 €q

Figure 5. From left to I'ight G(I(Aé,z)ifé) and G(I(Aé,z),fé,f@)'
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Remark 3.1. We may have the following special cases in our proofs. These special cases are fixed as
follows:

o K[V(Ao)]/1(Ao,) = K. Thus,
reg(K[V(Ao)]/I1(Ao,)) = depth(K[V(Ag,)] / I(Ag,)) = sdepth(K[V(Ao)1/1(Ao,)) =

* K[V(Bo,)]/I(Bo,) = K. Thus,
reg(K[V(Bo,)1/1(Bo,)) = depth(K[V(Bo,)]/ I (Bo,z)) = sdepth(K[V(Bo,)]/I(Bo,)) = 0

* K[V(Con1/I(Co,) = K. Thus,

reg(K[V(Con1/1(Co,)) = depth(K[V(Co,)]1/1(Co,)) = sdepth(K[V(Co,)]/1(Co,)) = 0

If n = 1, then K[V(A | )I/I(A,) := K[V(S)I/IS,) ® K[V(S)I/I(S,). By Lemmas 2.7 and 2.16,
reg(K[ V(A1) 1(AL)) =2

Lemma 3.2 ([11, Lemma 3.6] ). Let G be a graph. Then, Br,(G) is weakly chordal if and only if G is
weakly chordal.

Let G be a graph and Q € V(G), where Q is called an independent set if no two vertices in Q
are adjacent in G. A maximum independent set is an independent set of the largest possible size. The
cardinality of the maximum independent set is called the independence number of G and is denoted by
a(G).

Lemma 3.3 ([11, Lemma 3.7] ). If G is a graph, then indmat(Br,(G)) = a(G).
Lemma 3.4. Letn,t > 1,S = K[V(A,,)] and I = I(A,,). Then,

n+1, ifnisodd;
reg(S/1) = S
n, if nis even.
Proof. Let E < V(A, such that E = ey, fi,es3 f3,...,€u1, fu_1} if n is even, and
E = {ey, fi,e3, f3,...,€u, [} if nis odd. One can easily see that E is a maximum independent set of

A,, |E| = n when n is even, and |E| = n + 1 when n is odd. Since A, is a weakly chordal graph, then
by Lemma 3.2, A, is a weakly chordal graph. Thus, by applying Lemmas 3.3 and 2.15, the required
result follows. a

Lemma 3.5. Forn,t > 1,5 = K[V(B,,)] and I = I(B,,). Then,

=+ 1, ifn = 1mod(3);

reg(S/1) = {2f§-|, ifn = 0,2mod(3).

Proof. The proof of this lemma is similar to the proof of Lemma 3.4. If |E| is a maximum independent
set, then E is of the form:

1) E ={f1,e: fa,€5,..., fn2,€n1}, When n = 0mod(3); and so |E| = 2[5].
2) E={fi1,es, fa,€5,...,€,2, fn}, when n = 1 mod(3); and so |E| = 2[”;—1] + 1.
3) E={fi,ex fas€5,. .., a1, €,}, When n = 2mod(3), and so |E| = 2[5 ].

O
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Lemma 3.6. Letn,t > 1,S = K[V(C, )] and I = I(C,,). Then, reg (S/1(C,,)) = [51.
Proof. The proof is similar to the proof of Lemma 3.4. m|

If G is a graph and e; is a vertex of G, then in Br,(G) the newly added ¢ pedants to vertex e; are
labeled as e; 1, €2, ..., €.

Lemma 3.7. Letn>2,t> 1, and S = K[V(A,,)]. Then,

n(t+1), if nis even;

sdepth (S/1(A,,)) > depth (S/I(A,,) = {na +0)—1+1, ifnisodd

Proof. If n = 2, then we have the following short exact sequence:

0— S/(I(A2y) : f2) 2, S/1(Ay) — S/(I(Azy), o) — O, (3.1)
and

S/U(Az) 2 o)
SU(Az), 12)

IR

K[VES)IIIES ) &k K[, fias--- s fimerts ... e,
K[V(S3)I/I(S3,) ®k K[ fo1,--. 5 fosl.

IR

By Lemmas 2.6 and 2.12, depth(S/(I(A,,) : f»)) = depth(V(S)]/I(S,) + 1 + ¢+ ¢, and
depth (S/(I(Az)), o)) = depth(K[V(S3,)]1/1(S3,)) + t. By applying Lemmas 2.7 and 2.8,
depth(S/1(A,,) : fo) =2t + 2, and depth(S/(I(Ay,), f2)) =2+t +1t=2t+ 2. By Lemmas 2.2 and 2.10
along with the use of the short exact sequence 3.1, depth(S/I(A,,;)) = 2t + 2. Let n > 3. Considering
the short exact sequence:

0— S/U(Ano) 2 fn) 2, S(An) — S/UT(An), fo) — 0,

we have

S/U(Any) = f) = K[V(A2)]/I(An-2) @k K[V(S)I/I(S )] ®k K[ fus fu-1.15- -+ 5 fu-115
Cn-11s-+- 1], (3.2)

Let
L:= (I(An,t), fn) = (I(An—l,t)a ﬁz, f;z—lena €n€n-1, enen,l’ ey enen,t)~

We consider another short exact sequence
0— S/(L:e) = S/L— S/(L,e,) — 0,
and it is easy to see that
S/(L:ey) = K[V(Ay )/ I(An-rs) ®k Klen, fu-1,15- -+ 5 fa-ts€n-1,15 - -+ s €n-14], (3.3)
S/(L,en) = K[V(Au_1 )/ 1(Ap-1,) ®k Klen, ... s enss furs- s fuil- (3.4)
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Case 1: If n is odd, then applying Lemmas 2.6 and 2.12 on Eqgs (3.2)—(3.4),
depth(S /(I(An,) : fo)) = depth(K[V(A,2)1/1(An2,)) + depth(K[V(S )I/I(S ) + 1 + 21,

depth(S/(L, e,)) = depth(K[V(A,—1 )]/ I(An-1,)) + 21,
depth(S /(L : e,)) = depth(K[V(Au—201/1(Ay—,)) + 31.

By mathematical induction on n along with the use of Lemma 2.7,

depth(S/(I(A,) : fu) =(n=2)A+)—t+1+1+1+2t=n(t+1)-1+1, (3.5)
depth(S/(L,e,))) =(n—=1D)E+1)+2t=n(l+1)+1-1, (3.6)
depth(S/(L:e,) =@+ D(n—-2)—t+2+1t+2t=n(l+1). (3.7

Using Lemmas 2.2 and 2.10 on Eqs 3.6 and 3.7,
depth(S /1(An,), fu)) = n(t + 1). (3.8)
By applying Lemmas 2.2 and 2.10 on Eqgs (3.5) and (3.8), we get
depth(S/I(A,,) =nt+1)—t+ 1.

Case 2: If n is even, then by applying Lemmas 2.6 and 2.12 on Eqs (3.2)—(3.4), we have

depth(S/(I(A,0) : 1))
depth(S/(L : e,))

depth(K[V(A,-2)1/1(An-2,)) + depth(K[V(S)I/I(S,) + 1 + 1+ 1,
depth(K[V(Apa )/ I(Ayo)) + 1 +3t =t = 1 + n(1 + 1),

depth(S/(L, e,))

depth(K[V(A,—1.)1/1(Ap-1,)) + 21,

By mathematical induction on n along with the use of Lemma 2.7,

depth(S/(I(A,) : 1) = m=2)t+1)+2+2t=n(t+1), (3.9
depth(S/(L:e,) = (n—=2)t+1)—t+1+2t=n(l+1), (3.10)
depth(S/(L,e,)) = m—=2)¢+1D)+t+1+2t=n(1+1t)+1t—1. (3.11)

By applying Lemma 2.2 on Egs (3.10) and (3.11), we have
depth(S/(I(A,,), fu)) = n(1 +1). (3.12)

Since e,_; ¢ L,

depth(S/(L : €,-1)) = K[V(A,-3)1/1(Ay-3) @k KIV(S)I/I(S 1) ® Klen-1,€n-215-- - »
en—Z,t’ f;’l—z,la QI ’fn—Z,Za en,la sy en,t]' (313)

By induction and applying Lemma 2.7,

depth(S/(L:e,-1)) =3t+(n—=3)t+1)—t+t+3=n(t+1). (3.14)
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Now, using Lemma 2.10 on Eq (3.14),
depth(S /(I(An,), f)) < depth(S/((I(An), fu) © €n-1)) < n(l +1). (3.15)
From Egs (3.12)—(3.15), we get
depth(S/(I(Ay), f)) = n(t + 1). (3.16)
By using the depth lemma on Egs (3.9) and (3.16),
depth(S /1(A,,)) = n(t + 1), (3.17)

To find the bound for Stanley depth, the proof is similar, and we use Lemma 2.3 instead of Lemma 2.2.
]

Corollary 3.8. Lett,n > 1 and S = K[V(A,,)]. Then,

n(l +1), if nis even;

di I(Ay) =
pdim (S/1(A,,,)) {n(1+t)+t—1a if nis odd.

Proof. The desired result can be obtained by applying Lemma [14, Theorem 1.3.3] and Lemma 3.7. O

4. Algebraic invariants of cyclic modules associated with bristled graphs of some circulant
graphs

In this section, we prove our main results. We compute the regularity of the cyclic modules,
namely K[V(D,)1/1(D,;), K[V(E,)1/1(E,), and K[V (F,.)1/I(F,,). Furthermore, we compute a
lower bound for the Stanley depth and exact values for depth of K[V(D, )]/1(Dn,).

Theorem 4.1. Letn >3,t > 1,and S = K[V(D,,)]. Then,

n, if n is even;

reg(S/1(D,,)) = {n —1, ifnisodd

Proof. Let n = 3. Then,

S/(U(Ds,) : e3) = K[V(Ao)1/1(Ao,) ®k KIV(SHI/I(S ) ®k Kles,ern,... ,ernexts--.,
€2,z,f1,1,--- ,fl,z,fz,l,--- ,fz,r]’ 4.1)

S/((I(Dsy), e3) = f3) = K[V(Ao )/ 1(Aoy) @k KIfs, fits s fis fotsevo s ops€its. s

el,l,ez,la"' 562,1‘7 63,17'-' 763,t]’ (4'2’)

S/((I(D3,t)9 63)’ ]%) = K[(V(AZ,Z)]/I(AZ,I) ®K K[€3,1, CIEIEINS 63,17 fz‘;,l’ cee s fz‘;,t]' (43)
By applying Lemmas 2.12 and 2.16 on Eqs (4.1)—(4.3), we obtain

1eg(S/(I(Ds,) = e3)) = 1eg(K[V(Ao)]/I(Ao,)) + reg(K[V(S)I/I(S ), (4.4)
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reg(S/((I(Ds,), €3) 1 f3))
1eg(S /((I(Ds,), e3), f3))

reg(K[V (Ao )]/1(Ao,)),
reg(K[V(A2)1/1(Az,)).

Applying Lemma 2.7 and Remark 3.1, we have

reg(S/(I(Ds,) : e3)) = 1,
reg(S/((I(Ds,), e3) : f3)) =0,

and
reg(S/((I(D3,), e3), f3)) = 2.

Since
reg(S/((I(D3,), €3) = f3)) < 1eg(S/((U(Ds,), €3), f3))s

now, using Lemma 2.4(b),

1eg(S/(I(Ds,), e3)) = 2 > 1eg(S/(I(Ds,) : €3)).

Again, by applying Lemma 2.4(b), reg(S/1(Ds,) = 2. If n = 4, then

S/U(Day) : e4) = K[V(AIDI/I(A) @k K[V(SHI/I(S,) ®k Kles, er,...,e1,€31,...,
€3,z,f1,1,~. ,fl,z,fa,l,--

S/((I(Dayres) : fa) = K[VAIDIIAL) Ok Kl fas fits-- o fios s s Beitsee s

€1,:5€315++ 5,631,641, ..

S/((I(Day, e), fs) = KIV(A;3 )1/ 1(As,) ®k Kleay, - .., eal.
By applying Lemma 2.12 on Eqs (4.7)-(4.9),

1eg(S/(I(Da,) : e4)) = 1eg(K[ V(A )/1(A1,) + 1eg(K[V(S )I/I(S o)),

1eg (S /((I(Day, e4) : f2)) = reg(K[V(AIDI/I(AL),
1eg (S /((I(Dass €4), f4)) = 1eg(K[V(A3)]/1(A3)),
By applying Remark 3.1 and Lemma 2.7,
1eg(S/(I(Da,) : €4)) =3,

1reg(S/((I(Ds,), es) : fa)) = 2,

1eg(S/((I(Day,), es), f1)) = 4.

Since
1eg(S /((I(Da,), €4) : 1)) < 1eg (K[V(Ds )]/ ((I(Ds,), €4), f2)),

AIMS Mathematics Volume 10, Issue 5,
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now, using Lemma 2.4(b),

1eg(S /(I(Day), €4)) = 4 > 1eg(K[V(Du)]/(I(Ds,) : €4)).

Again, by applying Lemma 2.4(b), reg(S/1(D.,) = 4. Now we consider two cases.
Case 1: Let n be even. Then,

S/((I(Dyy) : ) = K[V(A, 3 )/ 1(Ay—3,)] ®k K[V(S)I/I(S ) ®k Klen, er1,- .. e,
Cntlse st J1lse s Sl Juct s oo s a1l

S/(U(Dnn), en) = fu) = KIV(Aus DI/ 1(Ay30) @k Kl fs fr1s- - s faotts oo s famts

el,la vy el,ta en—l,l’ ey en—l,ta en,l’ ey en,t]a

S/((I(Dn)» en)s fn) = KIV(A, 1)1/ T1(An1.0] ®k Klewis .- senss fatas- -+ a1l
by applying Lemmas 2.12 and 2.16 on Eqs (4.13)—(4.15),
reg (S/(I(Dy,) : €n))
reg (S/((I(Dy); en) : f0)
reg (S /((I(Dns). €n): 1))

1eg(K[V(A,3)1/1(Ay-3,)) + K[V(SHI/I(S ),
reg(K[V(A,3)1/1(An-3,)),
1eg(K[V(An-1,0)/I(An-1,))-

By using induction on n and applying Lemmas 3.4 and 2.7 on Eqgs (4.16)—(4.18),
reg(S/(I(D,y) i e)) = n=3+1+1=n-1,
reg (S/(I(Dui)en) 1 f) = n=3+1=n-2,
1eg(S/((I(Dn)s €n), fu)) = n—1+1=n.
As, 1eg (S/((I(Dn1), €n) = 1)) < 1eg (S/((L(Dys), €n), 1)), by applying Lemma 2.4(b),
1eg(S/(I(Rn,s), €n)) = n.
Also, reg (S /(I(D,.,) : e,)) < reg(S/(I(D,.),en)), and again by applying Lemma 2.4(b),
reg (S/1(D,,)) = n.

Case 2: When 7 is odd.

S/(HDas) = €) = KIV(ns )V 1(A2) @ KIVS /IS ) @k Kleer.... v

€n—11s--+ »Cntts Jlls-v s Jlts Jamldse v s fn1uls

S/((I(Dny)sen) = fr) = KIV A3 I(Ay3) @k K[ fu, fits - s fios famts oo facins

el,l’ cee el,l" en—l,lv LI} en—l,t’ en,19 LI} e}’l,t]’

(4.13)

(4.14)

(4.15)

(4.16)
(4.17)
(4.18)

(4.19)

(4.20)
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S/ D), en), fn) = KIV(Apa DI Ay1 )] @k Klent, - - s nps fot s s famii],

By Lemmas 2.12 and 2.16 on Eqgs (4.19)~(4.21),
reg (S/((I(Dy.) : en))

reg (S/((I(Dn.): en) = f))

reg (S /((I(Dn.) en), 1))

reg(K[V(An-3)1/1(An-3,)),
1eg(K[ V(A1 )/ 1(Ay-1,)).

reg(K[V(A,3)1/1(An-3,)) + K[V(S)I/I(S ),

By applying induction on n along with the use of Lemmas 3.4 and 2.7 on Eqs (4.22)—(4.24),

reg (S/(I(D,.,) : en))

reg (S/(({(Dn.s), en) = fn))

reg (S /((I(Dn)s en). f))

As 1eg (S/((I(Dns)s en) = fu)) < 1eg(S/((I(Dns), en), f), by applying Lemma 2.4(b),

1eg(S/(I(Dn), €x)) =n— 1.

n—-3+1=n-2,

n-3,

n—1.

Also, reg (S /(I(D,,) : en)) < reg (S/(I(D,.y), e,)), so applying Lemma 2.4(b),

reg (S/1(D,,) =n-1.

(4.21)

(4.22)

(4.23)
(4.24)

O

Lemma 4.2 ( [29, Corollary 4.4]). Let G be a graph, and S = K[V(G)]. Then, reg(S/I(Br,(G))) =

indmat (Br:(G)).
Theorem 4.3. Letn >3,t > 1, and S = K[V(E,,)]. Then,

2[4 -1, ifn=2 (mod 3);

reg(S/1(E,,0)) = {ZF%]’ ifn=0,1 (mod 3),

Proof. Let n = 3. Then, clearly indmat (&;,) = 2, so by using Lemma 4.2 we have
reg(S/1(Es,)) = 2.

For n > 4, we have the following isomorphisms:

S/((I(Sn,t) : en—l) : fn—Z) = K[(V(Bn—4,l)] /I(Bn—4,t)] ®K K[en—l ’ fn—Z’ en,l seee 3€npy

en—z,l’ ey en—z,ta ﬁl—l,l’ oo 9fn—l,l‘9 f;’l,la fee ’f;’l,t’ ﬁ1—3,19 .o af;1—3,t]’

S/ ((I(Eny) = en-1)s fu—2) = KIVB,3)1/I(By-3,) ®k Klen-1,€n1s--- »€nss€n-ai,-.

’

(4.25)

en—2,t7 ﬁl—l,la ey fn—l,ta ﬁl—Z,b ey ﬁL—Z,t]a (426)

S/ ((I(an,t)a en—l) ’fn—l) = K[V(B,-1.)1/IBn-1,) ®k Klen-1,15--- s €n-145 fu-1.15- -

’ﬁl—l,t],

(4.27)
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S/( ((I(Sn,t)7 en—l) : fn—l) » en) = K[(V(Bn—3,t)]/I(Bn—3,l) ®K K[fn—l » en,] 9 ey en,ta
fn,l’ L ,fn,t» f;’l—z,l’ ... ’ﬁ’L—Z,ta en—l,l’ sy en—l,ta en—z,l’ cee s en—z,t]’ (428)

S/( ((I(an,t)’ en—l) : fn—l) : en) = K[(V(Bn—4,t)]/I(Bn—4,t) ®K K[fn—l’ €n-1, en—l,la ey en—l,ta
el,l, L} el,l, ﬁ,]’ e ,ﬁ,l, fn,]’ s ’fn,h en—Z,l, L} en—z,l" f;l—z,la e 7ﬁ’l—2,l]' (429)

Now consider the following cases:
Case 1: Let n =2 (mod 3).
We apply Lemmas 2.12 and 3.5 on Eqs (4.25)—(4.29). Since n —4 = 1 (mod 3), so

-1
1eg(S/((I(En) : €n-1) * fa-2)) = 1eg(K[V(B1-a)/I(By-4,)) = 2[%1 -3

We have n — 3 =2 (mod 3), so

-1
reg(S /((I(Ens) : €n)s o)) = reg(K[V(B,3)1/I(B,_3,)) = 27~ —1-2.
Wehaven—1 =1 (mod 3), so
-1
reg(S /(IEnr). €nt)s foo1)) = 1eg(K VBt N/ I(By1) = 2/ ——1— 1.

3
Since n — 3 =2 (mod 3),

-1
reg(S /((1(Enn)s €n-1) : fu-1), 1)) = 1e@(K[V(B,-3)1/1(By-3,)) = ZFHT] -2,
Also, |
reg(S/(((I(Enn)s €n-1) : fu-1) =€) = K[V (Boa )1/ 1(By-a,) = 2[%1 - 3.
As reg (S/((I(Sn,t) : en—l) : fn—Z)) <reg (S/((I(Sn,t) : en—l)’ ﬁl—Z))’ SO applylng Lemma 24(b)’

n-—1

3
and reg (S/(((I(Eny)s €n-1) : fro1) = €n)) <1eg (S/(((I(Eny), €n-1) : fu-1)> €n))- By using Lemma 2.4(b),

1eg(S/((Enys) : €n-1)) = 2[

1-2,

-1
reg(S /((I(Ens). ent)  fo1)) = 21 —1-2

Also, reg (S /((I(Ey0); en-1) t fu-1)) < 1eg (S /((I(Ep0)s €4-1)s fr-1))- By using Lemma 2.4(b),
reg($ /(€. e 1)) = A1 1.
Also, reg (S/((I(Eys) = e1) < 1eg (S /(I(E01), €41)). By using Lemma 2.4(b),
reg($ /(€)= 211~ 1.
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Case2: Letn=0,1 (mod 3).
Applying Lemmas 2.12 and 3.5 on Eqs (4.25)—(4.29), we have

—4
reg(S/((I(Ens) = en-1) : fa2)) = 1eg(K[V(B,-4)]/I(B,-4,)) = 2[%1,

-3
reg(S/((1(En) = en-1); fu2)) = 1e@(K[VBy-3)1/I(B1-3,)) = 2[%1,

n—1
3

reg(S /(({(En), €n-1), fa-1)) = re@(K[V(B,-1,01/1(By-1,)) = 2] 1,

n-—1
3

reg(S/(((1(En0)s €n-1) © fu-1), €n)) = 1eg(K[V(By-3)1/1(B,-3,)) = 2[ 1,

—4
1eg(S/(((I(En), en-1) & fuo1 : €n)) = KIVBu1 )1/ I(By-1,) = ZFHT]-

Asreg (S/((I(Eny) @ en-1) : fr2)) <1eg(S/((U(Ens) : €n-1)s fu-2)), applying Lemma 2.4(b),
n—4
3
and reg (S /(((I(En)s €n-1) © fu-1) : €0)) < 1eg(S/(((I(Ens)s €n-1) : fa-1), €,))- By using Lemma 2.4(b)

n-—3
3

Since reg (S /((I(Ens). €m1) : fi1)) < 168 (S/((U(Ens)s €a1). fy-1)), by using Lemma 2.4(b),

n-—1

3
Also, reg (S/(I(E,y) : en-1)) < 1eg (S/(I(Eny), €n-1))- By using Lemma 2.4(b)

reg(S/(I(Ep) : €n-1)) = 2] 1,

1eg(S/(I(Ens), €n-1) * fu-1)) =2[ 1.

1eg(S/(I(Ep)s n-1)) = 21 1.

-1
reg(S/1(E,,)) = 2r”T1.

Theorem 4.4. Letn>3,t> 1,and S = K['V(F,.)]. Then,

n—1

reg ($/1(Fue) = 1—

1.

Proof. We have the following isomorphism:

SIUI(F )« fr) = KIV(Co3 )1/ I(Crzs) @k Kl fs fumtts -+ s fotios fits s fins

en,]’ cet en,t’ e}’l—l,]7 L} en—],t’ el,l, LECIC ) el,[]’ (430)

IR

SI((Fn), fn)- €n) KIV@Coi I/ I(Coor) & Klfuas--o s farsnts-- . sensl, (431)
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SIUFnn, 1)+ €n) = KIV(Cos DI/ 1(Cor3 ) ®k Klew, futs- - s fups €nmits- - s €nts
€115+ 5 61,,]. (432)

Applying Lemmas 3.6 and 2.12 on Eqs (4.30)—(4.32), we have

n-3

reg (S/(I(Fus) : 1)) 2

1eg(K[V(C,301/1(Cy3,)) =T

1,

1eg (S/((I(Fn)s fu) €n))

-1
reg(K[V(Cpt )/ I(C,r_1,)) = r”TL

reg (S /((I(Fu)s fn) © €n))

-3
reg(K[V(Cps )1/ I(Cs)) = r”Tw.

Since, reg (S /((U(Fur), fu) : €n)) < 1eg(S/((I(Fns), fu): €4)), by applying Lemma 2.4(b),

n—

2
Moreover, reg (S /(I(F,.) : f)) < reg(S/(I(F,.), f1)), and by applying Lemma 2.4(b),

1
reg (S/(I(Fn), f2)) =T 1.

n—

reg (8/10F,,)) = I+
O
Theorem 4.5. Letn > 3,1 > 1, and S = K['V(D,)]. Then,
n(t+ 1), if nis odd;

sdepth (S/1(Dn,)) = depth (S /1(D,,)) = { o
nit+1)+t—1, ifniseven.

Proof. Consider the following short exact sequences:
0— S/U(Dn) : ex) = S/I(Dys) — S/U(Dy), e2) — O,

and y
0— S/L:f,)—S/L— S/(L,f)— 0,

where L := (I(D,,), e,). Then, we have the following isomorphisms:

S/U(Dyy) = en) = K[V(A,3)1/1(A,3,) O K[V(S)I/I(S:) ®k Klen, en 1,15+ »€n_145
€115 ’el,t’f;z—l,l’ ce ’fn—l,t’fl,l’ ce ’fl,t] (4.33)

S/(L . f;‘t) = K[(V(An—3,t)]/I(An—3,t) ®K K[fna fn—l,l9 e 9f;l—l,t’ fl,la e ’fl,t’ €n—1,15+++ 5 €n-11>
et .. e, (4.34)

S/(L’ fn) = K[(V(An—l)]/I(An—l) ®K K[en,h ey en,h fn,la oo ’fn,t]- (435)
Case 1: When 7 is odd. By applying Lemmas 2.6 and 2.12 on Eqs (4.33)—(4.35),

depth(S/(I(Dy,) : en)) = depth(K[V(A,—3)1/1(Ay-3,)) + depth(K[V(S)I/1(S ) + 1 + 41, (4.36)
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depth(S /(L : f,)) = depth(K[V(A,_3)1/1(A,_3,)) + 1 + 5t (4.37)
depth(S/(L, f,)) = depth(K[V(A,-)]1/1(A,-1)) +t + ¢ (4.38)
Now, by applying Lemmas 2.7 and 3.7 on Eqgs (4.36)—(4.38),
depth(S/(I(D,,) : €y)) = t—1+n(l+1),
depth(S/(L : fu))
depth(S/(L, fu))

n(l+0+2t-2,

t—1+n( +01),

Now, applying Lemma 2.2,
depth(S/L) >t —1+n(t+1). (4.39)

Also, as x; ¢ L, and depth(S/(L : x;)) =t — 1+ n(1 + t). Now, applying Lemma 2.10,
depth(S/L) <t—1+n(t+1).

So,
depth(S/L) =n(t+1)+1¢—1. (4.40)

Now, by using the depth lemma, we have
depth(S/(I(D,)) =n(t+1)+1—1.

Case 2: If n is even, then the proof is similar to Case 1.
The proof for Stanley depth similar we use Lemma 2.3 instead of Lemma 2.2.

O
Corollary 4.6. Lett > 1,n >3, and S = K[V(D,,)]. Then,
. n(l +1), if nis even;
pdim (S/1(Dy,)) = e
n(l+t)—t+1, ifnisodd.
Proof. The desired result can be obtained by applying Theorem 4.5 and [14, Theorem 1.3.3]. m|

5. Conclusions

In this paper, we study the algebraic invariants, namely the regularity, projective dimension, depth,
and Stanley depth, of the quotient rings of the edge ideals associated to the bristled graphs of various
classes of circulant graphs. We give precise values of the said invariants for the quotient rings we
considered, except Stanley depth. For the Stanley depth, we give lower bounds that are good enough
to verify Stanley’s inequality.
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