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Abstract: The present study is devoted to investigating the inverse problem of simultaneously
reconstructing two source terms that depend solely on time in a system of coupled fractional reaction—
diffusion equations. Such coupled systems are fundamental for modelling multispecies anomalous
diffusion processes, where the evolution of each state variable is governed by unknown time-varying
sources. The inverse problem is tackled using supplementary measurements of the state variables over
the spatial domain. The coupling between the two equations presents a distinct complexity, making
the simultaneous reconstruction problem notably challenging and important. Results on the unique
solvability, are established by employing the Rothe method, whereby the problem is first discretized
in time and then stability results for the semi-discrete approximations are derived. These estimates,
together with compactness arguments, are then used to rigorously prove the convergence of Rothe
approximations to a unique weak solution. Finally, the proposed method’s effectiveness and stability
are further validated through a series of numerical simulations.
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1. Introduction

Diffusion and transport phenomena involving multiple interacting species have attracted
considerable attention and arise naturally in a wide range of applications, serving as fundamental
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tools for modelling complex phenomena in physics, biology, and the social sciences. They provide
a mathematical framework for describing the simultaneous evolution of several interacting processes,
where the dynamics of each component are influenced not only by its own state but also by the
behaviour of other variables in the system. Such models appear, for example, in fluid dynamics [1],
biology [2, 3], chemical reactions [4, 5], physics, and material sciences [6]. In particular, coupled
parabolic systems are often employed to capture diffusion and reaction mechanisms between multiple
species or physical quantities. The interaction terms describe how different components exchange
mass, energy, or momentum, while diffusion operators account for spatial spreading. Fractional time
derivatives endow diffusion models with the capacity to represent memory and anomalous diffusion,
leading to a more physically realistic portrayal of complex phenomena in heterogeneous media (for
or an overview on this topic, see [7]). Coupled fractional diffusion systems naturally arise in various
applications. For examples, in biology, interactions between multiple species, such as predator—prey or
competitive populations, can be modelled using coupled fractional diffusion-reaction equations, where
memory effects influence the dynamics. In materials science, the diffusion of multiple interacting
chemical species or ions in heterogeneous media often requires coupled fractional models to capture
nonlocal transport behavior. Other examples include coupled transport in porous media, heat and
mass transfer in multi—-phase materials, and anomalous diffusion processes in complex systems (see
e.g., [8,9)]).

Recent research, several studies [10,11], have reported that anomalous diffusion models can provide
a more accurate description of the experimental observations. For instance, anomalous diffusion
frequently arises in materials exhibiting memory effects, such as in the viscoelastic substances, as well
as kinetics of particles moving in quenched random force fields and in polymer physics (e.g., [12,13]).
In these contexts, the presence of structural heterogeneities, trapping mechanisms, and long-range
correlations in particle motion often give rise to deviations from classical Gaussian diffusion, thereby
necessitating fractional-order models for a more accurate description.

Owing to the rich mathematical framework provided by fractional-derivative models, whether
governed by a single scalar equation or by a coupled system of equations, for capturing complex
phenomena, their study has attracted increasing attention in recent years. This growing interest
is evidenced by the extensive body of research devoted to the subject, ranging from theoretical
investigations to numerical analyses.

The focus of this paper is on addressing an initial-boundary value problem governed by a system
of two coupled time-fractional diffusion equations and, in particular, formulating and studying a
corresponding inverse problem of simultaneously recovering two time-dependent source terms.

Let Q ¢ RY (d € N) be a bounded open set with a sufficiently smooth boundary 4€, and where
T < oo stands for a fixed final time. In this paper, we are interested in the following problem for two
coupled time-fractional parabolic equations:

O'u— Au+ a(x,hu + b(x, )y = F(x,1), (x,1) € Qx(0,T), (LD)
v —Av+c(x, v +d(x,Hu = G(x,1), (x,1) € Qx(0,T), ’
supplemented with the homogeneous Neumann boundary conditions and initial data
Vu(x,t)- 1 =0, Vv(x,1)- 1 =0, (x,1) e x(0,7T), (12)
u(x,0) = @ip(x), v(x,0) = Po(x), x€Q. '
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We assume throughout this paper that the coefficients a, b, ¢, d : Q% (0, T) — R are uniformly positive
and bounded, with essentially bounded time derivatives. More precisely, there are positive constants
for which the following conditions hold:

(H) a,b,c,de W(0,T;L*(Q)),
(Hy) ag <a(x,t) <ay, by <bx,t) <by, co<cx,t) <cy, dy <d(x,t) <d, (1.3)

. 1
(H3) min(ay, cp) > 5(191 +d).

Here, 87 denotes the Caputo fractional derivative of order y € (0, 1), defined as follows:

1
I'(l-7y)

Furthermore, the Caputo derivative introduced above has a representation as a convolution, namely

07z(t) =

t
f(t - 85) 7 d,z(s)ds, t>0.
0

072(t) = (W * 9,2)(t), >0,

I
I(1-y)
convolution product. It is worth noting that the kernel w” € L'(0,T) is non-negative for ¢ > 0 and

exhibits a singularity at ¢t = 0. Moreover, it satisfies (see [14, Corollary 2.2])

where the kernel is given by () = for all + > 0, and the symbol * denotes the standard

0,w'(t) <0, 0,7 () >0, forallr>D0.
In what follows, we assume that the source terms ¥ (x, ) and G(x, ) admit the following representation:
Fx,0)=pO)f(x)+ Fx,0, G0 =q0gx)+Gx1), (x1)eQx[0,T]

In the system (1.1), the functions u and v represent interacting species or state variables, while the
parameters a, b, ¢, and d capture the reaction couplings between them. The source terms ¥ (x, f) and
G(x,t) can be interpreted as external inputs or forcing terms. When both 7 (x, ) and G(x, t) are fully
known, the task reduces to determining the solutions # and v, which corresponds to the direct problem.
In contrast, when some components of these functions are unknown and need to be identified, one must
rely on the available measurements of the system, which leads to the inverse problem studied in this
paper. We emphasize that, in the present work, the unknown source terms considered are p(¢) and ¢(t),
while f(x), g(x), F(x,t), and G(x, ) are assumed to be known. This situation gives rise to an inverse
problem (for a comprehensive overview of the theory of inverse problems, see [15]).

The present study is concerned with the dual identification problem of two time-varying source
terms in the system (1.1) of the unknowns data u and v from the following time-dependent
measurements:

f u(x, dx = 6(t), fv(x, Hdx = 9t), t€][0,T], (1.4)
Q Q

where 6(f) and 9¥(t) denote a priori measured data, which may be affected by noise. The integral
measurement represents the spatial average of the state variable over the domain €. This formulation
is motivated by practical experimental setups where pointwise measurements may be unavailable or
unreliable.
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Inverse problems associated with partial differential equations, which aim at the identification or
reconstruction of unknown parameters, and stand as a cornerstone in practical various scientific and
engineering applications, including medical imaging for the recovery of internal structures [16], source
identification in environmental studies [17], characterization of material properties in engineering [18],
and exploration problems such as locating mineral deposits and assessing oil and gas reservoirs [19].

Over the years, both theoretical and computational studies of this class of inverse problems have
attracted considerable attention, especially regarding the precise identification and reconstruction of
the source terms in models with fractional features. Several numerical and regularization techniques
have been proposed for addressing inverse problems of this type. The Tikhonov regularization methods
is a widely recognized and extensively used method for addressing ill-posed problems. Until recently,
its use has been extended to address a diverse set of inverse problems for time-fractional diffusion
equations [20-22]. Additional studies have employed optimization-based methods to tackle this kind
of problem [23,24]. Other approaches, including iterative and boundary-value methods and quasi-
reversibility methods, have been proposed to effectively address the inverse problem [25-27].

Along a different line of research, the Rothe method has been applied in the context of time-
fractional evolution equations to address inverse problems of identifying time-dependent parameters.
In the pioneering work [28], Slodicka and Sigkova rigorously developed the theoretical framework
underlying the application of the Rothe method to inverse problems for time-fractional parabolic
equations. They focused on an identification problem of a time-dependent source term in a semilinear
time-fractional parabolic model, establishing fundamental results on unique resolvability of the inverse
problem. Another significant contribution [29] was made by Hendy and Van Bockstal. This work
applies the Rothe method to the problem of recovering a unique time-dependent source term in a
time-fractional diffusion equation, a challenge compounded by the presence of nonsmooth solutions.
Furthermore, in [30], the authors addressed the source identification problem in a time-fractional
degenerate diffusion model using the Rothe method, establishing the existence and uniqueness of
solutions and developing a stable numerical scheme for reconstructing the missing source terms.

A review of the relevant literature shows that most existing studies have concentrated on the
identification of unknown parameters or sources in single-equation fractional models. Although
the analysis of such problems is already very challenging, the extension to coupled systems is
far from straightforward. The presence of interaction terms introduces additional analytical and
numerical difficulties that preclude the direct use of established approaches. In the setting of time-
dependent source identification, the situation becomes even more intricate: The inverse problem
is essentially very ill-posed, necessitating the adaptation and refinement of existing techniques to
enable the decomposition of the joint effect of p(f) and ¢(t). The coupling also implies that each
source influences both state variables, rendering the measurements for # and v interdependent. This
interdependence raises critical issues of identifiability and stability that simply do not arise in single-
source reconstruction problems.

The present work contributes to the understanding of inverse problems for coupled fractional
systems by addressing a problem that, to the best of our knowledge, has not been previously studied.
Against this background, the contributions of the paper are twofold. First, we establish a rigorous
theoretical framework for the inverse problem. By reformulating it in a coupled weak form and
applying the Rothe method, we prove the existence and uniqueness of a weak solution. This analysis
relies on deriving nontrivial a priori estimates for the semi-discrete approximations and employing
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compactness arguments to pass to the limit. Second, we design a stable and computationally efficient
numerical scheme within the Rothe framework, which naturally yields a time-step algorithm. At
each step, the unknown source terms are recovered explicitly from the delayed state solutions and
the measurement data, after which the system for the new states is solved. This direct, noniterative
approach is consistent with the theoretical analysis and is highly efficient, as it avoids the computational
overhead of the iterative optimization methods commonly employed in inverse problems. Finally,
numerical experiments confirm the accuracy and robustness of the proposed scheme, demonstrating
its ability to reconstruct the source terms with high fidelity, even in the presence of significant
measurement noise.

The following sections comprise the remainder of this work. In the next section, we present some
preliminaries and reformulate the inverse problem into a suitable weak formulation. In Section 3,
we introduce the semi-discretization in time via the Rothe method, detailing the construction of
the semi-discrete scheme and establishing the unique solvability and essential a priori estimates for
the discrete approximations. Section 4 presents the theoretical findings, where our main results
on existence and uniqueness are established by passing to the limit in the discrete problem and
employing stability estimates together with compactness arguments. Section 5 addresses the numerical
reconstruction, illustrating the practical implementation of the method, and presenting a series of
numerical experiments that validate the efficacy and robustness of our approach. Finally, the paper
concludes with a summary and discussion of future research directions.

2. Reformulation of the inverse problem

The starting point for studying the inverse problem is to reformulate it appropriately. For simplicity,
and without loss of generality, we restrict ourselves to the case F' = G = 0. As a first step, we multiply
the two equations of the problem (1.1) by the test functions ¢,y € H'(Q), integrate with respect to x
over €, and subsequently use Green formula, which yields the following system:

{((w“/ * 0u)(1), Py + L1, v 0) = p(O(f, ©), 2.0

(@ % OO0 + LoD, 15) = g8, ),

where

Li@®)(u(0), v(1); @) := (Vu(1), Vo) + (a(D)u(t) + b()v(1), ),
Ly (), u(1); ) := (VV(0), Vi) + (c()v(1) + d(@Ou(?), ¥).

The next step is to express the unknown source terms p and ¢ in terms of u,v and the available
measurements data 6,79. By taking ¢ = 1 and ¢ = 1 as test functions in (2.1) and employing the
integral measurements (1.4), we obtain

(W = 0)(1) + f (au + bv)dx = p(t) f fdx,
Q Q

(W = 9")(t) + f (cv + du)dx = ¢(1) f gdx.
Q Q
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Assuming that f fdx #0and f g dx # 0, we can immediately obtain
Q Q

(W = 0)(1) + f (au + bv)dx (" = 9)(@) + f (cv + du)dx
Q Q

[ rar | [ zar

Accordingly, the inverse problem can be interpreted in the following sense: Find a quadruple S =
(v, p, q)

p(t) = q(t) = (2.2)

u,v € L*(0,T; H(Q)), p,qe€L*0,T), with d'u,d0’ve L*0,T;L*(Q),

such that (u, v) satisfies for almost all ¢ € (0, T) and for all ¢, € H'(Q), the system (2.1), with p(¢)
and ¢(7) are determined by the equations of (2.2).

3. Time-discretization

The Rothe method relies basically on semi-discretization with in the time variable. For doing so,
we partition the interval [0, 7] into n uniform subintervals [#;_;,;] of length 7 = %, where t; = it for
i =1,...,n. For a function z, we use z; to denote the approximation of z(¢;). The same convention is
adopted for other functions as well. The temporal derivative at #; is discretized using the explicit Euler
scheme, that is,

Zi = Zi-1
Oyz(t;) ~ 6z 1= ———.

Similarly, we define

(W 2)(1) ~ (W) 1= ) Wit
k=1

In view of the definition above, we have the following identity:

i-1

Wz i Wz i— .
oW sy = DT gy S W, iz, G.1)
k=1
as (W x z)¢ := 0. Furthermore, (3.1) implies
S(W 20 = Wiz + ) 65 Wie1a = Wiz + (W %62, i 2 1. (32)

k=1

In terms of the consideration above, the weak problem in (2.1), (2.2) is approximated by a sequence of
boundary value problems governed by a system of coupled elliptic equations, which consists of finding
u;, v; € H'(Q), and (p;, q;) € R* foralli = 1,-- - , n satisfying the following for all o,y € H'(Q):

(W * ou)i, ) + Lil(ui’ viet; @) = pilf, ¢),
(" % V)i, ¥y + Ls(vi, uim13 %) = qi(g, ¥), (3.3)

uy = iy, Vo = Vo,
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and
(W % 6); + f(aiui—l +bvi_1)dx (W *9'); + f(civi—l + diu;_y) dx
Q Q

Pi= s qi =
ffdx fgdx
Q Q

We note that the fourth equations in (3.3) and (3.4) are linear and decoupled. Hence, foreach 1 <i <n,
the pair (p;, ¢;) is computed from (3.4) using (u;_1, v;_1), after which (u;, v;) is obtained from (3.3). We
pass now to proving the existence of a unique solution to (3.3) and (3.4).

(3.4)

Theorem 3.1. Assume that iiy, ¥y € L*(Q), and f, g € L*(Q) with

f f(x)dx f g(x)dx
o o

Moreover, assume that the assumptions (1.3) hold. Then, for all i = 1,--- ,n there is a unique
quadruple S; = (u;, v;, pi» q;) such that

ZCf>0, ZCg>O.

U, v; € HI(Q), and p;,q; € R,

solving the discrete problems (3.3) and (3.4).
Proof. Let us assume U; = (u;,v;),V = (¢, ) and define the product space H(Q) := H'(Q) x H'(Q)

equipped with the norm

s Wl = (Il + IWB) > Vi) € HQ.
Now, we first rewrite the problem (3.3) in the following form
AU, V) = FAV), (3.5)
where A; is bilinear on H(Q) given explicitly as
A (U, V) = 0”(1) (i, @) + (Vi ) + (Vuy, Vo) + (Vvi, Vi) + (aiuti, @) + (civi, ¥)

and F; : H(Q2) — R is a linear form that collects all the contributions from the previous time steps i — 1,
together with the source terms at the current step, p;(f, ¢) and g;(g, ¥). It is given explicitly by

Fi(V) = pi(f, ) + qi(g: ¥) + &' (O)((Ui-1, ) + (Vie1, ¥))
— (W % 6u), ;T — (W *6v),_ T+ (bviey, ) + (dui_y, ¥).

For i = 1, by knowing uy = iy and vy = ¥y, (3.4) determines the unique (p;,q;). Conversely, it can
be readily verified that A; is continuous and coercive on H(€2) under the assumptions of (1.3), and F;
is a bounded linear form on H(€). Hence, the existence and uniqueness of a solution (u;, v;) for (3.5)
follows directly from the Lax—Milgram lemma. Furthermore, for i > 2, one can prove, by induction,
the existence of a unique solution (u;, v;) € H(€2) to the problem (3.5) by assuming that we have solved
up to the step i — 1, that the right-hand side ¥; is known, and that the Lax—Milgram lemma applies
again due to the coercivity of A;. O
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The following lemmas constitute key components in the establishment of the necessary a priori
estimates. It should be emphasized that the proof follows analogous arguments to those used in [28],
which we extend to fit our framework.

Lemma 3.1. Let (z)an be a sequence of L*(Q), and let (W)en be a real sequences. Assume that
(W))ien is non-negative, bounded, and decreasing. It then holds that

2(6(W % 2)i,z1) = S(W = lzlIP), + Willzill,
where

J
2 2
(W [zl )j = E Wj+1—i||Zi|| T.
i=1

Proof. Let us write J := 2(6(W * z;),z;) — (W = ||z]|*), — Willzil[*. Now, by expanding the backward
discrete differences, we obtain

i i-1 i i-1
T =2\ Wiz z) = ) Wikl zi)] - (Z Wictellzel? = ) Wi_knzknz] ~ Wiz,
k=1 k=1 k=1 k=1

Performing some arrangement of the terms, we obtain

i—-1
T = D Wi = We) (20 2) = llzddP) + (Wi = Wzl
k=1

Notice that

i—-1
D Wi = Wi) = Wi = Wi,
k=1

Consequently, we obtain

i—1
T =D Wik = W) 2z 2) = Izl = 1IziP)
= (3.6)

i-1
= Z(Wm-k - Wi (= llzi = zlP).
=1

The sequence (W;);ay is decreasing, so we have Wi, — W, < 0 foreach 1 < k < i— 1. Hence, all
the terms in the sum J are positive, as they arise from the product of two negative quantities, which
yields that 4 > 0. From this last result, we deduce the desired result. O

Lemma 3.2. Let the hypotheses of Lemma 3.1 be satisfied. It then holds that

J J
23 (W 2)yz) = WladP), + D Willdlf, 1<i<j<n.
i=1

i=1
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Proof. For each i > 1, we have according to Lemma 3.1 that
2(6(W % 2)i,z) = W = [IzIP); + Willzill*.
Summing overi = 1,..., j yields

J J J
23 (W 2z)r = ) oW s lldlPyr + ) Willzd.
i=1 i=1

i=1

In view of the convention (W * ||[u*)y, we can verify that

SW = Izt = (W = Iz, = (W [IzlP)o = (W I2l?),.

J
i=1

Consequently, we obtain

J J
23" (W i z)T = (W ldP);+ ) WilkilPr,
i=1 i=1

which is the desired result.

O

Lemma 3.3. For a function m € C([0, T]), suppose that a positive constant C,, > 0 and a real number

ywith 0 <y <y < 1, exist such that
Im)| < C, 7', forall0<t<T.
The following discrete estimate then holds
|@"«m)| < Cyv,%.T), i=1,...,n
Proof. Fix i > 1. For s € [t;_1, ;] with 1 < k < i, we have

Ly=ti— < ti—=8 < =l = liyi—

—Y

Since t — WY (1) = r<t1__y) is decreasing on (0, T'], it follows that

W, < Wt-5) < W

.
Integrating over [#;_y, t;] gives
Tk
Tw,, , < f W' (t; — 5)ds.
Tk—-1

Therefore, using the assumption (3.7), we obtain

i
Z W}y Mt T

k=1

i i
-1
< C7; (ft;l W' (t; — s)ds)tz )

(" my| =

(3.7)

(3.8)
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Keeping in mind that ¥ — 1 < 0, the function s +— 5! is decreasing. Hence, tz_l < 77! for all
s € [ti1, tx]. Therefore, it follows that

ti
|(a)7 * m)l-| < Cyf W' (t; — 5) s ds.
0

Recalling o’ (f) = F(l > We obtain
C ti _
|(w7 * m),»| < z f (ti— )7 s ds
I'd-vJo
< F I(yra -v)
TG+l
r@)
"TH+1-y) ’
which proves (3.8). |

Lemma 3.4. Let the assumptions of Theorem 3.1 be satisfied. Suppose that iiy, vy € H'(Q), f,g € L*(Q)
and the assumptions of (1.3) are fulfilled. Moreover, assume that 6,9 € C*([0, T)) satisfying for some
constant C > 0,

0l + Ol <cr™t, 0<1<T, (3.9)

with fixedy € (y,1). Then C > 0 and 1 exist such that for any 0 < T < 1, the following estimates hold

2
Flai,i (w ||u|| E @ |luill"T + E i3 7 < C, (3.10)
y Y|, 112 12
max (o« V), + §¢UWMT+§HMmmJSC- (3.11)

i=1 i=1

Proof. Starting from (3.4), we have

|(wy*0,)i|+flaiui—lldx"'flbivi—lldx

Q o)

ffdx
Q

By Lemma 3.3, the first term on the numerator admits an upper bound. For the other terms, applying
the Cauchy—Schwartz inequality yields factors involving a; and b;, which are uniformly bounded, since
a;, b; € L*(Q) according to (H;) in (1.3). Hence, we obtain

|pil <

Ipil < C (L + lluiall + vizilD - (3.12)
Similarly, one can obtain

lgil < C (A + lleti—t |l + |[vizalD) - (3.13)
Now, if we set ¢ = u;7 and ¥ = v;7in (3.3) and sumup fori = 1,---, jwith 1 < j < n, we obtain

2((w7*6u),,u)T+ZIIVu|| T+Z(aul,u)7'— —Z(bvl 1,M)T+Zp, (f,upt, 3.14)

i=1 i=1
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and

}i«wwanﬁwr+zzmeT+§E@Mﬂgr_—22uu,hww+§2%gﬁgr (3.15)

i=1 i=1

For the first term on the left-hand side of the identity (3.14), we invoke Lemma 3.2, which yields the
following lower bound:

J
Z((wy*éu),,u)r> Z(d(wy*u)l,u)T—Zw (ug, u)T
i=1

i=1

[S—

2

1 1
> = (W« lulf), (5— )Zwyuuuf Co.

Making use of the assumption (H;) in (1.3), we obtain

J J

2
§ (au;, u;)T > ao § lleail|"7.
i=1 i=1

On the other hand, the right hand-side of (3.14) can be estimated using the Cauchy—Schwartz and
e-Young inequalities, namely

J J J J
= > iuyr+ ) pilfiuyr < villladie + > Ipill fllldie
i=1 i=1 i=1 i=1
1 J J 1 J
< 52 D veilPr+e ) P+ o= > IpFilfIP.
i=1 i=1 i=1

In view of the estimate (3.12), it follows that

J J J J
2
2
=Y iyt + . pilfur < Co 3 (14 il + it ll) 7+ & - lluilPr
i=1 i=1 i=1 i=1
J-1 Jj-1 J
2 2 2
< Co| 1+ ) luilPr+ Y Il |+ & ) s,
i=1 i=1 i=1

Collecting all estimates leads to the following bound:

J J J Jj-1
w s )+ =8) ) wiulPr+ ) IVuillPr(ao—&) ) luilPr < Co| 1+ ) NPt + IIV Pz
J
i=1 i=1 i=1

i=1 i=1

J
> (W )+ 5 > w]l] T—Zw’nunnuour (3.16)
i=1 i=1

[\

Now, by choosing a sufficiently small £ > 0, it results in

j-1
Wy * ||u|| Wylluzl T+ IIM 7T < Cl1+ ) il + ||V [s (3.17)
@

i=1 i=1
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Estimating, similar to the above, with both sides of (3.13), following the same line, one can obtain

J-1 J-1
(W = IvIP), Z W lvilPT + Z Vil T < c[1 + ) lwilPr+ Y wilPr|. (3.18)
i=1 i=1

By summing (3.17) and (3.18) , we obtain the following discrete inequality:

j-1

S,-SC(1+ S,-], l<i<j<n,

i=1

where § ; collects together all the terms that we intend to estimate, that is

2
Sy = (W = )+ (w” = i), Zwﬁnun + Il >T+Z (I ) + 011 ) 7

Now, an application of the discrete Gronwall inequality leads to the fact that S ; < Cforall j=1,--- ,n,
which is exactly the desired result. O

Lemma 3.5. Let the assumptions of Lemma 3.4 be satisfied. Then C > 0 and 7 exist such that for any
0 < 7 < 19, the following estimates hold

n

2
max (il g, + Villaey) + ), (= it ) + i = vicalng)) < C. (3.19)
i=1
max |p;| + max |g;| < C. (3.20)
1<i<n 1<i<n

Proof. For each i > 1, we test the first equation in (3.3) with ¢ = du;7 and summing from i = 1 to j
with 1 <i < j < n, we obtain

J J J J J
(@ Sups, )T+ Y (Vuy, Vouyr+ » (@i, 6u) v = = » (i, 6u) T+ > pilf,6u) 7. (3.21)
i=1 i=1 i=1 i=1

i=1

The analogous computation for the second equation, tested with ¥ = év;7 and summed, gives

J J J J J
Z (" = 6v);, Ov)) T+ Z(Vv,-, Vov)T + Z(c;v,-, o) T =— Z(d,-u,-_l, oV T + Z qi(g,ov) 1. (3.22)
i=1 i=1 =1 i=1 i=1

According to [31, Eq 3.2] the positivity of the first term on the left-hand side is guaranteed. Furthermore

we have .
j
> (Vui, Vouyr = ||VuJ||2 — [Vl + Z Vs = Vi oI |

i=1 i=1

On the other hand, one can readily verify that
i j j
2> (@, 6u) T = (ajuj, ) — (aotto, o) = Y (S, i) T+ (@ = w1, u; = uiy).
i=1 i=1 i=1

AIMS Mathematics Volume 10, Issue 12, 29285-29318.



29297

Therefore, by (1.3), a lower bound for the third term on the left-hand side of (3.21) is obtained as
follows:
J 1 _ Jj-1 J
2 i, u) T 2 = aolllF = (@1 + Ollwoll* =& 3 el + g ) s = i,
i=1 i=1

i=1

where £ > 0 is a constant satisfying ||0,a|| < ¢, whose existence follows from the assumption (H3).
Now, we turn to seeking for an upper bound for the right-hand side of (3.22). For doing so, we rely
on the assumption (1.3), and apply the Cauchy—Schwartz and Young inequalities to obtain

J J

Z(bivi—l, ou;)) T = Z(bivi—b Ui — 1)

i=1 i=1

J
< by ) Wil = il
i=1

J

2
Ce Y Vil +eZ||ul—u, P

i=1

j-1
2 2
cg(l + " il ]+ eZ [

i=1 i=1

IA

Furthermore, we have

J
D pilf,ouyr < C, Z|pl|zr+sZ||6un%< C. +eZ||6u||2

i=1

From this inequality, it holds that

J J J-1 J
= > (v, 5u)T+ Y pilfo0u)T < Co + C, [1 + Il J & ) llus = iy + sZ lowlPr.
i=1 i=1

i=1 i=1

Combining the obtained results, we arrive at

J Jj-1 J
ey + (1= 8) D llti = i1l ) < Co [1 = ||v,-||2] +e ) llouilPr. (323)
i=1

i=1 i=1

Now, if we write & = &r, it then follows that

J J-1
~ 2 2
2 + (1 —s—e)Znu,-—u,-_lnHl(mscg(1+Z||v,~||].
i=1 i=1

Notice that, since 7 < 79 < 1, it follows that 1 — & — & > 1 — 2&. Therefore, by choosing & > 0 to be
sufficiently small and independent of 7, we ensure that the coefficient remains positive, which yields

J J-1
0y + D Nt = i1y g < C[l +> ||v,~||2). (3.24)
i=1 i=1
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In a complete analogy with the previous estimate for u;, testing the second equation with ¢ = ov;7,
summing over i = 1, ..., j, and applying the same arguments yields the bound

J J-1
W+ D Ivi = Vit gy < c(l > ||u,-||2]. (3.25)
i=1 i=1

Combining (3.24) and (3.25), and applying a discrete Gronwall lemma, we finally deduce the uniform
estimate

J
iy + Il gy + D (s = 11y ) + i = Vit 1)) < €
i=1
which, together with (3.12) and (3.13), yields the uniform boundness of p; and g;, respectively. O
In the subsequent analysis, we require the following compatibility condition at the initial time, i.e.,

we assume that the weak formulation (2.1) is also fulfilled at # = 0. Consequently, one obtains the
following identities:

(W 3u)(0) + (Vitg, Vo) + (a(0)itg + D(0)¥o, @) dx = po(f, ¢),
(W % 0v)(0) + (Vio, Vi) + (c(0)g + d(0)ito, ) dx = qo(g, ¥).

Since (w” * 0,u)(0) = (w” * 9,v)(0) = 0, and by choosing the test functions ¢ = 1 and ¢ = 1, the
identities in (3.26) allow us to define the initial values p, and g, explicitly as follows:

(3.26)

f(a()ft() + bo\j'()) dx f(COT)O + d()fl()) dx
— Yo Q

Po ,
ffdx fgdx
Q Q

Lemma 3.6. Let the assumptions (1.3) and those of Lemma 3.4 be fulfilled. Assume in addition that
6,9 € C2([0, TY). If (3.27) is satisfied, then we have

and ¢ = (3.27)

6pd + 16gl < C(L+27),  Yi=1,...,n. (3.28)

Furthermore, the following estimate holds:
Dlepidt+ Yol < ¢, VneN, (3.29)
i=1 i=1

Proof. We begin with 6p, and dq;. Subtracting (3.27) from (3.4) at i = 1 and subsequently dividing by
T, we obtain

w'(1) 0 (1) + f (it 6a; + ¥ 6by) dx " ()Y (1) + f (Vo 6cy + ity 6dy) dx
Q Q

op1 = , 0q1 =
ffdx fgdx
Q Q

Since ity, ¥y € L*(Q) and a,b € WH*(0, T; L*(Q)), it follows that

l6p1] < Clw’ ()@ (@) +C. < Ct7 +C.
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Furthermore, similar arguments can be used to obtain |6g; ‘| < C(1 + 777). Now let us consider the case
i > 2. Taking the difference of (3.4) and dividing by 7, we obtain

6(0))/ * 9/)1' + f6(aiu,~_1)dx + f&(bivi_l) dx
Q Q
ffdx
Q

5(w7*9’)i+fd(civ,-_])dx+fd(d,-ui_l)dx
Q

Q
fgdx
Q

Let us focus on ¢p;. Using the discrete convolution identity (3.2), we deduce

opi =

and

6qi =

o(w” * 6);] < |w”(1:) €' (0)] + Z 106,] @ (tis1-1) T-
k=1

Due to the regularity 6 € C?([0, T]), we have |66,| < C. Therefore,
Z 166, ] W (tis1k) T < C Z )T = C(tl_y‘r + Z t,,‘]T).
k=1 m=1 m=2

For m > 2, the monotonicity of the function s — s yields

i i o i P Ty
IREDY f s ds < f s7ds = —— < . (3.30)
e - 0 l-y 1-y

m=2

Moreover, 7,”7 = 7!7 < T'=7. Hence
i
D166 (1107 < C.

k=1

Next, under the boundedness assumption (1.3), we find

‘fé(a,-ui_l)dx' < 'f Ui—q 6al~dx‘ + ‘fﬂ,‘_l ou;_q dx‘
Q Q Q
< o] [ s+ Nl [ 1
Q Q

< C(|9,-_1| + Iéei—ll) < C

An entirely similar argument shows that ' f o(bv;) a’x‘ < C. Gathering all the preceding estimates, we
Q

arrive at the following bound:
lopl < C(1+17), Vi> 1.
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Summing this inequality fori = 1,..., j and applying (3.30), we obtain

J J
Dlepdt < €Y (1467 < C.
i=1 i=1

In a similar manner, analogous estimates can be derived for ¢g; and dg;, leading to bounds of the same
type as those obtained for dp;. O

Lemma 3.7. Let the assumptions of Lemma 3.4 be satisfied. Then C > 0 and 7 exist such that for any
0 < 7 < 19, the following estimates hold

y 2 Y 112 112
max(w” » loul) + Zl ] 6wl 7 + Zl 162611310, T < C. (3.31)
max(” » I6vIR), + Z W lovill? T + Z 16vil 0, 7 < C. (3.32)

i=1 i=1

Proof. Taking the difference of (2.2), we obtain

(3.33)

(8(w” * u);, ) + (SL) Uiy vie1; @) = Spi(f, @),
(6(w” % 6v)i, ¢) + (5L§)(Vi, ui_13Y) = 0qi(g, ¥).

The difference can be defined for i > 2. In the case i = 1, however, it is obtained by subtracting

Eq (3.26) from (3.3). In addition, since the two equations can be handled similarly, we restrict our
attention to the first one and obtain analogous results for the second. First, notice that

(L), viets @) = (Vou;, V) + (8(aius) + 6(bvicy), )
= (V&Mi, VQD) + (Miéa,‘ + a;_10u;, (,0) + (Vi_l(Sbi + b;ov;_1, (p)

Consequently, the first equation of (3.33) can be rewritten as follows:
(5((1)7 * 614),', (,0) + (Véui, VQD) + (u,6a,- + a;_10u;, (p) = 6p,(f, (,D) - (Vi_lébi + b;ov;_1, (,0)

Now, if we take ¢ = Tou; in the equation above, and sum up to j, we obtain

J J J
Z (6(w” * du);, Suy)T + Z IVou,||*t + Z(ai_léui, ou)T
i=1 i=1 i=1

J J J

= Z opi(f, ou)t — Z (vi—16b; + biov;_y, Ou;)T — Z (wi0a;, 6u;)t.
=1 i=1 i=1

1

For obtaining a lower bound for the left-hand side, we treat each term separately. For the first term, by
means of the same argument used for (3.16), we obtain

J J Y _J
1 1 w
20" # 6u);, du) T2 S (e l6ulP), + ZZ o] I6ull 7+ Z 6w 7.

i=1
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In view of (1.3), we can derive

J J
D (@ 16us,6uyr = 4o ) lloudP.
i=1 i=1

Let us pass to the right hand-side. In a standard way, we can obtain using the Cauchy—Schwartz and
Young inequalities that

Jj J
> opif.0r < Y pill Allisulie
i=1

i=1
J J
< Co Y opilllfIPT + > lopillou’.
i=1 i=1
Making use of (3.28) and (3.29), we obtain
J

J J
> opif,0ur < C. Y 16pilllfIPT+ & ) 1opilllowilPr
i=1 i=1

i=1
J J
<Cote ) 17loulPr < Cot & ) wlllowlPr.
i=1 i=1

Furthermore, we can find by means of the assumption of(1.3), together with the Cauchy—Schwartz and
Young inequalities that

J

J J
D 16y + bidviy, ou)r < C - vl 6wl T+ C > llovil w7

i=1 i=1 i=1

J J J
2 2 2
<Co Y WialP T+ Co ) lloviaalP 7+ 8 ) llowil v
i=1 i=1 i=1

J J
<C, (1 + 3 llovial? T] +& > llow’ .

i=1 i=1

Using analogous arguments, we obtain

J J J J J
2 2 2
(wida;, ou;)t < C § lluillllouillt < Cp § luill"T + & § louill’'r < Cs + & § ll6uill"T.
i=1 i=1 i=1 =1 i=1

Collecting all the findings above, we deduce

J J
(@ *lloul), + (1 = &) Y W Ioul 7 + (@] = &) Y llowl 7
i=1 i=1

J J
+ > IVoulPr < C, (1 £ ||6vl~_1||27').
i=1 i=1

AIMS Mathematics Volume 10, Issue 12, 29285-29318.



29302

With an & > 0 that is sufficiently small, it follows that
J J J
(” s lloull®); + Y @l ol 7+ " ouilly g 7 < C{1+ D llovirlP . (3.34)
i=1 i=1 i=1
Proceeding in a similar manner, one can obtain an analogous estimate as follows

J J J
(@ 5 6VIP); + > @l llovillP T+ > llovillf g 7 < 0[1 + D lsulP T, (3.35)
i=1 i=1 i=1

Therefore, combining the coupled estimates (3.34) and (3.35), and applying discrete Gronwall provides
the desired uniform bound. O

4. Existence and uniqueness

In this subsection, we establish the existence of a weak solution to the inverse problem. For this
purpose, we first extend the discrete approximations u;, v;, p;, and g; obtained at each time step to
the entire time frame [0, T']. This extension is accomplished by constructing Rothe functions, which
interpolate the discrete solutions continuously in time. Specifically, we define the following piecewise
linear and piecewise constant functions: u,, u, : [0, T] — H'(Q),

‘> Uy =0
u, . .
" wiog + (= ti)0u; : t€ (i, t], 1<i<n,

— uy : t=0
U, :t - .
u, :1re (ti_l,t[], 1<i<n.

Similarly, we define v, and v,. Furthermore, we define the_Rothe functions analogously for the
source term and measurement, namely, p,, g., P,» 4, 0,, and 9,. Consequently, the discrete weak
problems (3.3) and (3.4) can be reformulated over the entire time frame as follows:

(B * u,)() = @Y Do, Y + L)Wy, Vs ) = PO ), @.1)
(0" % v,) (1) = @O0, ) + Ly(O) T, U3 ) = (D8, ), ‘
and
(@, = 6,)(t) + f a, (1)1t () dx + f b, (1)v(1) dx)
Pa(0) = = = :
f fdx
Q 4.2)
(@) = 9),)(1) + f Ca(OVy(t) dx + f d (1)1, (1) dx)
g, = 2 = ,
f gdx
Q

where u and v stands for the delayed Rothe function, defined, respectively, as
Uop, re [0’ T]’

u,(1) :=
ﬁn(t - T)? re (ti—lvti]a 2 < i < n,
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and
— Vo, re [Oa T],
V(1) =
Vo(t—7), te(t_,t], 2<i<n.

In view of Theorem 3.1, each of the problems (4.1) and (4.2) admits a unique weak solution for all
i = 1,...,n. Consequently, the associated Rothe functions are well defined and uniquely determined
by construction.

At this stage, we can formulate an existence result.

Theorem 4.1. Suppose that the conditions of Lemma 3.4 hold. Moreover, assume that the regularity
assumptions (1.3) hold, and the measurements data 6,9 € C*([0, T]) satisfy the condition (3.9). Then
a quadruple (u,v, p, q) solution to the problem (2.1)-(2.2) exists such that

u,v e C(I; LX(Q) N L*(I; H(Q)), p,q € LX),

where
(W * Bu), (W *dv) € LA(I; LA(Q)).

Proof. In view of the estimates (3.20) and (3.32), we immediately deduce

T
Sup ”ﬁn(t)||i11(g) +f ”atun(t)”ill(g)dt S C
0

0<t<T

Hence, by virtue of compact embedding H Q) — LX(Q), according to [32, Lemma 1.3.13], the
existence of a function

u' e C(I; L*(Q)N L0, T; H'(Q)), where du’ € L*(0,T; L*(Q)),
together with a subsequence (u,,) of (u,), such that
u,, > u', in C([0,T], L* (),
Uy (1) = u'(r), in H(Q), V1 € [0,T],
U, (1) = u'(t), inH'(Q), Y1 €[0,T],
Oy, — Ou’, in L*0,T; L*(Q).

Moreover, from Lemma 3.5, we also have

T
fo (ot (2) = T O + Nt () = T, (DI ) dlt < ngk —0, ask— oo, (4.3)
Furthermore, the triangle inequality then gives [lu,, — Uy |l;20.7:12)) — 0 as k — 0. Since u,, —
u' strongly in L*(0, T; L*>(Q)) and the differences vanish in that norm, we conclude that Uy, , Uy, alsO
converge strongly to the same limit u' in L2(0, T; L2(Q)).
The sequence (8,1, )iy is uniformly bounded in the reflexive space L*(0, T; H'(2)), and hence we
can extract a subsequence (0,u,, )ren Which converges to w strongly in L*(0,T; H'(Q)). Keeping in
mind that the embedding L*(0, T; H'(Q)) < L*(0, T; L*(Q)) is continuous, and we already know that

Oy, — Ou’  in L*(0, T; LA(Q)),
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and thus, the uniqueness of weak limits implies w = du’. From this, we deduce that u' €
W20, T; H'(Q)) c C([0,T], H(Q)). Now, if we let &, &, € [0, T] be fixed, we have

(1) = u" (EDN < ' (€)= e (EDN + it (€1) = (DI + it (€1) = ' (ED)II.

Hence, by relying on Lemma 3.5, one can easily verify that

() = u @Il < 2 sup [lu' (€) = uy (E)I| + Clé = &,

0<é<T

so 1f we let k — oo and take the uniform convergence of (u,, )reny into account, leads to

(&) — ' @Il < Cléy = &I, Vé1,E €10,T],

which, in turn implies that u" € Lip(0, T; L*(Q)).
Along the same lines, and using the same arguments based on uniform estimates and convergence
results, one deduces the existence of a subsequence (v,,) of (v,)qen, and a limit function

v e C([0,T]; LA(Q)) N L=, T; H'(Q)),

such that,
v, = v, in C([0, T1, L*(Q)),

v (&) = V'(®), in H(Q), Yt €[0,T],
v, () = Vi), in H'(Q), Vt€[0,T],
O, — Opv', in L*0,T; L*(Q).

We also see that the subsequences (v, )ken> (Vn ke, and (v )rew have the same strong limit vl in
L*(0, T; L*(€Y)). Furthermore, the limit function v has the following regularity:

vl e C([0,T], H'(Q)) NLip(0, T; L*(Q)), with dy' € L*(0,T; H' (Q)).

By Lemma 3.5, the sequences (p,) and (g,) are bounded in the reflexive space L*(0, T); therefore, the
functions p, g € L*(0, T) and subsequences (P kens (@, ren €Xist, such that

P — P Gy, — 4" weakly in L*(0, T).

Hence, one can write the following for an arbitrary € L*(0, T):

T T T T
f P, (D) h(t) dt — f p'(®)h(H)dt, and f q,, () (1) dt — f q' () h(t)dt.
0 0 0 0

Since (f, ¢) and (g, ¢) are independent of 7, they can be factored out. By weak convergence in L*(0, T')
and testing with the characteristic function & = y(o¢ € L*(0, T), it results in

f; Pu (DS, ) dt — f; p (S, ) dt,
jj 4, (g, ¥) dt — f q' (g, y) dt,
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for every ¢, € H'(Q) and every & € (0, T).
Now, we integrate each one of the identities in (4.1) over the interval (0, £) with &€ € (0, T'], keeping
the test functions ¢, ¥ € H'(Q) fixed. For u,,, we obtain

(@ * up)€) — f; (@, (0)iio, @Yy di + j: L, (1) (T, (1), Vo (1); ) dt = f; B, (0 (fo)di.  (45)

Similarly, for v, we obtain

(@ * V&) — f; (@ (1), Wy di + f L (DT (1), 0 (0); 07) it = f; 3, (0 (g.w)di.  (4.6)

Notice that the mapping w — (w” * w)(&) is continuous from C([0, T]; L*(Q)) into L*(Q) for all & €
(0,T]. Consequently, since u,, — u' strongly in C([0, T], L*(Q)) it follows that (w?” * up )(€) —
(w” * u")(&), which, in turn, implies by pairing with ¢ € H'(Q) that

(@ % up )@, 01— (@ % u")E), @Yy

Analogously, since v — v strongly in C([0, T']; L*(Q2)), we also have the following for any ¢ € H'(Q)

(@ v ). ¥ — (W = V)E ).

We now pass to treating the initial data terms in both identities. Since EZ , > w’in L'(0,7), and the
scalar products (ug, ¢)r2, (v, ¥);2 are fixed, dominated convergence yields

f (@) () ug, pY dt —> f (W"(1) o, @)1 dt,
0 0

and
f @z,k(’) Vo, Y)Y dt — f( (W' () vo, ) dlt.
0 0
Passing to the limit in (4.5) and (4.6) gives the following for every & € (0,T] and ¢ € H'(Q)

(@ = u")(E), oYy = f (@) uo, ) dt + f L'(t)(ut,vi; @) di = f pT(f,pdt. (47
0 0 0
Differentiating (4.7) with respect to & yields the continuous weak form

(01(@” * u)(t) — " B)itg, ) + L'(OW' V5 0) = p' (@) (f, ), forae. te(0,7). (4.8)

The same argument applied to (4.6) produces

(0@ = V))(E) — W OV, WY + OO, u’50) = ¢ (1) (g,¢), forae.t€(0,T). (4.9)

By the construction of the Rothe scheme, we have u, (0) = i and @, (0) = i for all k € N.
Consequently, from the strong convergence of (u,, )ren, it follows that

||(0) — aO”LZ(Q) = ]}l_)fg ||Mnk(0) - 5!0||L2(Q) =0.
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Therefore, the limit function u' satisfies the initial condition, that is, u'(0) = iiy. Analogous reasoning
also shows that v'(0) = ¥,. Consequently, the functions set (', v, p?, g") is obviously a solution to the
problem in (2.1) and(2.2), since

A" * u')(t) — ' Dilp = (W * du’)(t) € L*0, T; H'(Q)"),
and
F(w” = vH)(E) — W (1) = (W % v )(1) € L*(0, T; H'(Q)"),

as u' and v’ turn out to be absolutely continuous.
Next, we turn to the limit passage in the measured problem in (4.2). For this purpose, we integrate
the discrete measured equations over (0, &) c (0, T) for n; instead of n. We obtain

f P (D(f, D dt = f @, * 6, )()dr + f @)i(t) + b()v(t), 1) dt,
0 0 0 (4.10)

f 3 (D(g, 1) dt = f @), * 9, )(0)dt + f @(0)¥(t) + dDi(t), 1) dt.
0 0 0

By the standard stability property of convolution in L!(0, T), the convergences w, — W, é;k - ¢,
and 5;k — ¢ in L'(0,T) imply that @), = é;k — w” * ¢ and @), * 5;k — w” * ¥ in L'(0, T); therefore,

it follows that
f @), *6,)(0)dt — f (W + 0')1) dr,
0 0

f @), * 0,0 dt — f (@ 9)() d.
0 0

The limits of the remaining terms on the right-hand sides follow from the convergence results obtained
previously as a particular case with ¢ = ¢ = 1. Consequently, passing to the limit as k — oo and
differentiating the resulting relations with respect to £ yields, for a.e. r € (0, T)

4.11)

f pl(O(f, ) dt = f (W = 0)(@) dt + f (a@®u'(t) + b))V (1), 1) dt,
0 0 0

f q'(H(g, 1 dt = f (W = 9)(@) dt + f (W' (1) + d(Ou’ (1), 1) dt.
0 0 0

Since the limit relations hold for all ¢ € (0,7] and both sides define absolutely continuous
functions of ¢, the differentiation is valid almost everywhere. We thus conclude that the limit
quadruple(u’,v', p', ¢") solves the measured problem (2.2), which achieves the proof. i

We next turn to the proof of uniqueness of the solution.

Theorem 4.2. Suppose that the conditions of Theorem 4.1 are fulfilled. Then the system (2.1)-(2.2)
admits at most one solution of the quadruple S = (u,v, p, q).

Proof. Suppose that {(u;, vi, pi, ¢i)}, 1., be two solutions to the inverse problem, and set
U=u—uy, V=vi—wv, P=p—ps, and Q = q, — q>.
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The couple (U, V) then satisfies, for all ¢,y € H'(Q), the following system:

(" % ,U)0), @) + L' (1)U, Vs 0) = PO)(f, ), 4.12)
(" % VYD), ) + L2V, Us ) = Q()(g. ), '
where P and Q are given by
f aU(t)dx + f b(t)V(t)dx f c(HV(t)dx + f d(nU(t)dx
P(r) = 22 2 . 0 = 2 L : (4.13)
ffdx fgdx
Q Q
Putting ¢ = U(f) and ¢ = V(¢) in (4.12) yields
(W = 0,U)1), U(t)) 1 + L'(O)(U, V;U) = P()(f, U(®1)), (4.14)
(@ % VYD), V(D)) + LX()(V, U V) = Q(1)(g, V(1)). (4.15)

We now make the standard coercivity estimate for the bilinear forms L'(f) and L*(f). In view of the
assumptions in (H;) in (1.3), we have

L', V; U) + LX)V, U; V) 2 VU2, + IVV @I

(€9))

+ allU()ll}2q + Coll VOIl72q, + fg (b(t) +d() UOV(1) dx. (4.16)

Use the elementary bound

b +d
f(b+d)Ude > _atd

5 (UIZ + IVIP).
Q

b1+d1

By the hypothesis min(ay, ¢p) > , we get

aolU@I + coll V)P + fg(b(t) +d)U@V(dx > 0.
Therefore, from (4.16), one deduces the simpler lower bound

L'(t(U,V;U) + L)V, U; V) = [IVUQ@IP + IVV@IP. (4.17)
Summing (4.14) and (4.15) and using (4.17) yields, for a.e. ¢

(@ % 8,0, UW))p + {(@” VY1), V(D))

2 2 (4.18)
+HIVUDI” + IVV@II™ < PO, U®) + Q(0)(g, V(D).

Using the Cauchy and Young inequalities in the standard manner, one readily obtains an upper bound.
P(O(f, U1) + Q(0)(g, V(D) < CUUDIP + IVOIP).
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Applying the inequality [33], leading to
1
(" % 8,U0)D), UD) + (0 8,V)(0), V(1) 2 Eaty(IIU(t)II2 +IVOIP).
Collecting the preceding estimates, we conclude that
Y@ <CY(®), with Y@ = |UDI* + IVl (4.19)

Consequently, according to the fractional Gronwall inequality, the fractional differential
inequality (4.19) with Y(0) = O implies Y(¢#) = O for all + € [0,T]. Equivalently, the functions U
and V vanish almost everywhere in Q X (0, 7). From the explicit formulas (4.13) and U = V = 0, we
immediately obtain P(f) = 0 and Q(¢) = O for a.e. t. Consequently, p; = p, and g; = ¢5. m|

5. Numerical reconstruction

In this section, we address the numerical reconstruction of the unknown source terms p(#) and g()
in the problem (1.1). For clarity of exposition, we focus on the one-dimensional case, with the spatial
domain taken as Q = (0, 1) and a fixed final time T = 1.

The numerical solution of the inverse source problem is performed by implementing the algorithms
described in the preceding sections. Although the scheme can be derived directly from the discrete
formulations (3.3) and (3.4), we employ the L'-finite difference scheme to approximate for the Caputo
fractional derivative in order to improve accuracy. The spatial discretization is carried out using
standard finite element methods. The unknown temporal source functions p(f) and g(¢) are computed
directly from the discrete measurement equations, which naturally incorporate the additional integral
data into the system. This results in a consistent and unified numerical scheme for both the forward
and inverse problems.

For the numerical tests, the noisy data are generated by introducing a random perturbation, namely

Oc(1) = Ooxacs(t) + & Oeraci(1) - (2rand(sized(?))) — 1),
ﬂs(t) = 196xact(t) + 8ﬁexact(t) ’ (2 rand(sizeﬂ(t))) - 1)’

for t € (0,T), where € > 0 represents the percentage of noise, and rand(-) produces random numbers
uniformly distributed in [0, 1]. It is worth noting that if one directly uses the noisy data 6, and .,
the noise will badly affect fractional differentiation when approximating 476 and 9!9. Instead of
using noisy data directly, we can approximate it with a smooth function that fits the noisy samples
but suppresses random oscillations.

The idea to overcome this drawback is to replace the noisy data with a smooth approximating
function. The regularized data are then used instead of the noisy data for computing fractional
derivatives. Subsequently, the perturbed data are regularized using a nonlinear least-squares approach,
yielding a function that effectively approximates the noisy measurements. A standard way is to use the
nonlinear least-squares method to obtain regularized data of the form

Ocre®) = D A, and By pee(t) = D it
k=0

k=0

AIMS Mathematics Volume 10, Issue 12, 29285-29318.



29309

In order to measure the accuracy of the numerical solution, we determine the relative errors:

llgn — qT”LZ(O,T)
”qT“LZ(O,T)

lpy — pT”LZ(O,T)
||lJT | |L2(0,T)

&E(p) = , and &(q) = 5.1

where py and gy denote the approximation of the exact source terms p' and ¢, respectively.

5.1. Numerical implementation

In this subsection, we provide a concise description of the implementation of the numerical
inversion method, which is fundamentally based on the time-discretization scheme previously
employed to establish the theoretical results.

Let {t,}o<n<y constitute a uniform partition of the temporal domain [0, 7] with time step 7 = T/N.
To accurately approximate the Caputo fractional derivative, we employ the standard L1 scheme. For
a sufficiently smooth function z(#), the discrete approximation of the Caputo derivative at time t,,; is
given by:

a (04 1 - a (03 (03
0/ 2(tys1) = Dzpy1 = m Zn+l — ; (b, = bY) zper1-i — by 20|

where the coefficients
. 1- .
bl =(+1) =i, by =1,

form a strictly decreasing sequence. This discretization can be compactly written as

1
Dez01 = —————— (2,01 + HY),
T n+1 r(z—(}{)Ta/( n+1 n)
where Hj collects the history contributions of the fractional derivative.
We discretize the spatial domain Q = [0, 1] into M uniform elements with the nodes & = 0 < & <
- < &y = 1, where h = 1/M denotes the mesh size. The finite element space V), ¢ H'(Q) is chosen
as the space of continuous functions that are linear on each subinterval, that is,

Vii={v, € COQ) i vilig,ecn € P, i=1,..., M)

The standard nodal basis functions {¢ J} "~ are defined by the property ¢;(§;) = 6;;, providing the
representation

M
2(x) = ) 2N, vy €V,

J=0

The fully discrete scheme for the coupled system (2.1) seeks the approximations u;, v, € V), satisfying
the following for all ¢, Y, € V.

( a n+l ¢h)+(vuz+l V¢h)+(an+l n+1 bn+lvh,¢h) :Pn+1(f’¢h)’
(DS "“ ) + (T Vi) + (1 s +d" ) =" (g ),
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where the coefficients a™*!, b"*!, ¢"*!, and d"*! are evaluated at t, ;. Substituting the L1-approximation

and rearranging the terms yields the following coupled linear system:

W, ) + (Vi V) + ao(a™ u) ™ ¢r) =
— ao(HS,, d1) — oWV, d1) + aop™ (f, dn),
VL ) + ao(VVE, V) +ao(c i yy) =

— ao(H i) — ao(d™ ' ull, ) + @oq™ (g, ),

where ap = I'(2 — @)7%, and H;;, and H}/, represent the discrete history terms for u and v, respectively.
The unknown source terms p"*! and ¢"*! are reconstructed at each time step using the discrete
measurement equations

_ D6, + (@'l + b1 et DO + (" +d Ml 1)

. 1) A (1) ’

where 6,1 and 9, are the discrete measurement data, and (f, 1), (g, 1) are assumed to be non-zero.
Choosing ¢, =y, = ¢ for j =1,..., M — 1, we obtain the block matrix system

n+1

(5.2)

M + (l’o(A + Ma) a()Mb
aoM, M+ ag(A+ M,)

Un+l _ —(ZoHu’n - (l’oMan + CkoanF
V’H1 a —CL’()HV,n —aoM,U" + aoq"”G ’

where M and A are the mass and stiffness matrices; M,, M, M., and M, are coefficient-weighted mass
matrices; U™ and V**! are the solution vectors; F and G are the source term vectors; and H,, and
H,, are the history vectors.

This coupled system is solved sequentially at each time step, with the source terms updated using the
most recent state approximations. The resulting numerical solution (uy, vy, pi, ) provides a complete
approximation to the solution of the inverse problem, with the option for further refinement through
iterative correction steps to enhance consistency between the reconstructed sources and state variables.

5.2. Numerical tests

Example 5.1. In this first example, we consider a problem with constant coefficients as follows:

{[ﬂu —Au+au+bv=p@t)f(x)+F(x1), (x1)¢€,1)x(0,T), 5.3

v —Av+cv+du=q)gx)+G(x, 1), (x,1)€(0,1)x(0,T),
supplemented with homogeneous Neumann boundary conditions and the initial data
u(x,0) = 1 —cos(mx), v(x,0) = cos*(mx),
with the source terms defined by

F(x,t) = —m*(1* + 1) cos(nx) + (1 — cos(mx))(> + 1) + (cos*(mx)(£ + 1),
G(x, 1) = 27°(£ + 1) cos(2rx) + (cos’(mx)) (£ + 1) + (1 = cos(mx))(#* + 1),

f(x) =1 —cos(nx), g(x) = cos*(nx).
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We set the exact solutions
u(x,t) = (1 —cos(mx)( + 1), v(x,1) = cos’(mx)(£ + 1),

and the unknown source amplitudes

— 2 2—y — 6 3y
PO ra=y" 0 %Ay
It can be readily verified that the functions u(x, t), v(x, t), p(t), and q(t) satisfy the system (5.3).

The numerical reconstructions of the source terms p(t) and q(t) in Example 5.1 with noise-free data
are presented in Figures 1 and 2 for the fractional orders vy = 0.3 and v = 0.8, respectively. As
observed, the reconstructed profiles of p(t) and q(t) exhibit close agreement with the exact solutions in
both cases. This observation is also supported by the quantitative results reported in Tables 1 and 2,
which display the relative errors E(p) and E(q) for different values of the fractional order.

ey (exaCE) e T (ex0CE)
—e— pn (reconstructed) —e— ¢ (reconstructed)

o2 ‘ ‘ ‘ ‘ 02 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t variable t variable
(a) Reconstruction of p(7) (b) Reconstruction of g(r)

Figure 1. Numerical reconstruction for Example 5.1 with zero noise (¢ = 0) for y = 0.3.

s ) (x0CL) e T (ex2CE)
H —e— p (reconstructed) —e— ¢ (reconstructed)

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t variable t variable
(a) Reconstruction of p(7) (b) Reconstruction of ¢(f)

Figure 2. Numerical reconstruction for Example 5.1 with zero noise (¢ = 0) for y = 0.8.
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Table 1. Relative error &(p) of Example 5.1 for different fractional orders y and noise levels

&.
0% e=0 e=10.01 e=0.05 e=0.1
0.3 0.0044 0.0066 0.0161 0.0282
0.5 0.0031 0.0052 0.0147 0.0279
0.8 0.0018 0.0047 0.0173 0.0332

Table 2. Relative error E(q) of Example 5.1 for different fractional orders vy and noise levels

&.
0% e=0 e=10.01 e=0.05 e=0.1
0.3 0.0096 0.0129 0.0276 0.0466
0.5 0.0061 0.0091 0.0227 0.0401
0.8 0.0033 0.0065 0.0204 0.0381

Figures 3 and 4 illustrate the numerical reconstruction of the source terms for the fractional orders
v = 0.3 and vy = 0.8 under different noise levels. Panels (a) and (b) in each figure show that the

reconstructed profiles of p(t) and q(t) agree very well with the exact solutions, preserving accuracy
and stability even at the relatively high noise level € = 0.1.

0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
t variable t variable

(a) Reconstruction of p(7) (b) Reconstruction of g(t)

Figure 3. Numerical reconstruction for Example 5.1 for various noise levels € and y = 0.3.
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t variable t variable

(a) Reconstruction of p(7) (b) Reconstruction of g(r)

Figure 4. Numerical reconstruction for Example 5.1 for various noise levels £ and y = 0.8.

Overall, the numerical reconstructions demonstrate high accuracy, with the recovered source terms
closely matching the exact solutions and maintaining stability even under significant noise.

Figure 5 displays the perturbed measurements 0,(t) and ¢.(t) together with their regularized
counterparts Gg eo(t) and ¢, req(t). The noisy signals exhibit strong oscillations, while the regularized
data provide smooth and differentiable profiles suitable for subsequent numerical computations.

These results confirms that the regularization step plays a crucial role in stabilizing the inversion
process. Without it, the computation of the fractional derivatives of 0(t) and 9(t) would amplify noise
and lead to unreliable reconstructions of the source terms.

22

—]}E{xactl‘ d:atalﬂ . ‘d B 11 . .
egularized noisy-data 0. ;. w— Lxact data 0
o Non-regularized noisy-data éi Rﬁglcllarilzeii noisy-data 0 ey
/ 4 —— Non-regularized noisy-data 6.
""7

181 g 1
1.6f
1.41
1.2f

Uvsezvaill
0.8 - - L . 0.4 . . . .

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) Regularization of 6,(¢) (b) Regularization of ¥.(¢)

Figure 5. Regularization effect for noisy measurement data with £ = 0.1.

Example 5.2. In this second example, we test a synthetic problem with the exact source terms
p(t) = 27e™" and q(t) = te™", with the initial data uy(x) = sin (%) and vo(x) = cos(mwx). Here, the
measurements data 6(t) and 9(t) are obtained by solving the forward problem.

Figure 6 shows the numerical reconstruction of the source terms p(t) and q(t) for Example 5.2
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under noise-free conditions (¢ = 0) with a fractional order y = 0.5. The reconstructed profiles match

the exact solutions very well.

0.4

0.35[

0.3

0.25f

—e—pn (reconstructed)

0.4

0.351

0.31

0251

e T (excact
—e—pn (reconstructed)

= 0.2 T 02
0.15f 0.151
0.1r 0.1r
0.05F 0.051
0 . . . . 0 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t variable t variable

(a) Reconstruction of p(7) (b) Reconstruction of g(r)

Figure 6. Numerical reconstruction for Example 5.2 with zero noise (¢ = 0) and y = 0.5.

Figure 7 presents the numerical reconstruction of the source terms p(t) and q(t) in Example 5.2,
under various noise levels € = 0.01,0.05, and 0.1 and for the fractional order v = 0.5. The
reconstructed profiles demonstrate a remarkable ability to capture the exact solutions with high fidelity,
even as the noise level increases to 10%. The method successfully recovers the underlying temporal
source terms without significant deviation or instability.

0.45

—exat;t‘
=001
e=10.05

—e—e=0.1

0.4

0.351

0.3

0.25¢

0151

0.1

0.05[ [/

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t variable t variable

(a) Reconstruction of p(7) (b) Reconstruction of g()

Figure 7. Numerical reconstruction for Example 5.2 for various noise levels € and y = 0.5.

Tables 3 and 4 report the relative errors E(p) and E(q) for Example 5.2, under different fractional
orders vy and noise levels €. The results confirm the stability and accuracy of the proposed method:
The errors remain small for all tested cases, even as the noise level increases to € = 0.1. Moreover; it
is observed that higher fractional orders (e.g., y = 0.8) yield smaller reconstruction errors compared
with lower orders. At present, we are unable to provide a theoretical explanation of this phenomenon,
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as the conditional stability has not yet been established. Nevertheless, it is reasonable to ascribe this
behaviour to the memory effects associated with fractional features.

Table 3. Relative error &(p) of Example 5.2 for different fractional orders vy and noise levels

&.
0% e=0 e =0.01 e=0.05 e=0.1
0.3 0.0423 0.0765 0.0801 0.0930
0.5 0.0275 0.0557 0.0641 0.0852
0.8 0.0178 0.0472 0.0531 0.0701

Table 4. Relative error E(g) of Example 5.2 for different fractional orders vy and noise levels

E.
0% e=0 e=0.01 e =0.05 e=0.1
0.3 0.0376 0.0605 0.0718 0.0798
0.5 0.0224 0.0494 0.0563 0.0621
0.8 0.0145 0.0361 0.0442 0.0515

It is worth noting that the observed endpoint discrepancies are expected in inverse problems, which
typically exhibit high sensitivity to noise near the temporal boundaries. While a complete theoretical
Jjustification for this specific behavior remains an open question, our numerical experiments suggest
that it stems from the particular sensitivity of synthetic tests for time-dependent reconstruction to data
perturbations. These results are consistent with the findings in prior studies and present a challenging
question for future theoretical investigations.

6. Conclusions

In this work, we have investigated the inverse problem of simultaneously reconstructing two time-
dependent source terms in a system of coupled time-fractional reaction—diffusion equations. By
employing the Rothe method, we established the unique solvability of the problem under suitable
assumptions on the data. The analysis was based on deriving stability estimates for the semi-discrete
approximations and employing compactness arguments to rigorously pass to the limit. Within the same
framework, we developed a direct and computationally efficient reconstruction procedure that avoids
iterative optimization, thereby reducing the computational cost. Numerical experiments confirmed the
accuracy and robustness of the proposed approach, showing that the source terms can be recovered
with high fidelity even in the presence of significant measurement noise.

The findings of this paper contribute to the theoretical and numerical understanding of
inverse problems in coupled fractional systems, a setting that introduces additional analytical and
computational challenges compared with single-equation models. The consistent performance of
the proposed method across a range of test cases highlights its potential as a reliable tool for the
identification of time-dependent sources in multi-species anomalous diffusion processes.

As future work, it would be important on the theoretical side to relax the theoretical assumptions
and to establish conditional stability estimates for the reconstruction problem. From the numerical
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perspective, incorporating more advanced regularization strategies could further improve stability
under high noise levels. Another natural extension is to consider multi-term fractional problems, as
well as systems involving the fractional Laplacian.
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