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Abstract: Consider a graph G having edge set E, and denote by d, the degree of a vertex x in G.
A unicyclic graph is defined as a connected graph containing exactly one cycle. This work focuses
on unicyclic graphs of a fixed order and examines the graph invariants of such graphs of the form
BID4(G) = X,.cr ¢(d,,d;), where ¢ is a symmetric and real-valued function. Such graph invariants
are known as BID (bond incident degree) indices. The main objective is to determine the graphs that
either minimize or maximize the quantity B/D, among fixed-order unicyclic graphs with prescribed
maximum degree, under specific assumptions on the function ¢. These assumptions are satisfied
by several classical and modern degree-based graph invariants. Generally, the results obtained are
applicable to a wide range of such invariants. In particular, one of the obtained results covers the
harmonic and sum-connectivity indices, while another applies to the recently proposed Sombor and
Euler—Sombor indices as well as their reduced versions.
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1. Introduction

This work is concerned solely with simple, finite, and connected graphs. For fundamental graph-
theoretic and chemical graph-theoretic terminology, the reader is referred to standard texts such as
[9,11,16] for general graph theory and [32,35] for chemical graph theory.

In chemical graph theory, real-valued graph invariants are often referred to as topological indices
[12]. The first Zagreb index, appeared in 1970s (see [10,20,21]) within the study of certain energy, is
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one of the most-studied topological indices. Given a graph G, this index can be defined [5, 10] as

ZiG) = ) [d+dy,
xyeE(G)
where d, denotes the degree of vertex y and E(G) is the set of edges in G. When comparing multiple
graphs, we denote the degree of y in G by d,(G). Numerous known properties of Z; can be found in
the surveys [5, 10].
The harmonic index [8, 13] and the sum-connectivity index [38] can be considered as variants of
Z1, which are defined, respectively, as

2 1
and SC(G) = ——
xy;G) dy + dy xy;G) Vi + d,
The readers interested in the existing properties of these two indices are referred to the survey [8].
A geometry-based approach was introduced by Gutman [18] to develop certain degree-based
topological indices, which led to the formation of the Sombor and reduced Sombor indices. The
Sombor index (SO) and its reduced version are, respectively, defined as

S0G) = Y B+& and RSOG)= Y. i~ 17 +(d - D2

xyeE(G) xyeE(G)

H(G) =

We refer the reader to [17,25-27] for applications and various known properties of the SO.
The Euler-Sombor (EU) index [19, 30] and its reduced version [2] (namely, the reduced Euler-
Sombor (REU) index) are, respectively, defined as

EUG) = Y| \Jdd, +d>+d;
xyeE(G)

and

REU(G) = Z \/(dx -y, - 1)+ (d, - 1)*+(dy,— 1)
xyeE(G)
Several mathematical characteristics of the EU index can be found in [23,29].

Each of the indices above fits into a broader class of degree-based topological indices expressible
[22,34] as

BID4(G) = Z ¢(d,, dy), (1.1)
xyeE(G)
where ¢ is a symmetric real-valued function defined on the set of all distinct vertex degrees of G. These
indices are commonly referred to as bond incident degree (BID) indices [7,36,37], a term introduced
in [33]. Recent developments related to BID indices can be found, for instance, in [4, 14,28,31] (see
also the survey [3]).

A unicyclic graph is a connected graph containing exactly one cycle. The primary aim of the
present study is to identify the graphs that either minimize or maximize B3D, among all unicyclic
graphs of a given order and prescribed maximum degree, under specific conditions on the function ¢.
These conditions on ¢ are met by several classical and contemporary degree-based indices. Generally,
the obtained findings are broadly applicable. Notably, one of the results obtained is applicable to the
harmonic and sum-connectivity indices, while another one covers the recently introduced Sombor and
Euler—-Sombor indices, along with their reduced versions.
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2. Results

Before stating and proving the results of this paper, some definitions and notions are recalled first.

We denote the vertex set in a graph G by V(G). A graph with a predetermined number of vertices
is referred to as a fixed-order graph. Specifically, if a graph has n vertices, we call it an n-order graph.
Given a vertex x € V(G), the set of all vertices adjacent to it is denoted by Ng(x). Any vertex y € Ng(x)
is referred to as a neighbor of x. A vertex of degree one is known as a pendent vertex. A nontrivial
path P : s15,...s,1n G is termed a pendent path if min{d,,(G), d,,(G)} = 1, max{d,, (G),d, (G)} > 3,
and d;,(G) = 2 when 2 < i < r — 1. Adjacent pendent paths in a graph are the ones sharing a common
vertex. The complement of a graph G is represented as G. If A and B are two nonempty sets such that
A C E(G) and B C E(G), then the graph constructed from G by dropping all the members of A and
inserting all the members of B is denoted by G — A + B. If either A or B is a singleton, we replace it in
the notation G — A + B by its element; for instance, if A = {xy}, then we write G — xy + B instead of
G — A + B. The set of all real numbers is denoted by R.

Now, we are in a position to prove our first result.

Lemma 1. Let ¢ be a real-valued symmetric function defined on the set
{(ri,r) €R?:ry > 1andr, > 1}

such that ¢ meets the following constraints:

(i) The function V¥ defined as Y(n) = ¢(n, &) — d(n, &), withn > 1, is decreasing (that is, if 1 <n; <n,
then Y(1;) = Y(112)), where & and &, are fixed integers satisfying & > & > 1.

(ii) The inequality
¢(i,3) — ¢(i,2) + min{$(3,3) — #(2,3) + (1, 3) — ¢(2,2), #(3,3) + (1, 2) — 2¢(2,2)} > 0

holds for every integer i > 3.

Let G be a given graph such that it contains a pendent path P : s\s, ... s,, where d, (G) = 3. Let s}, s,
and s, be the neighbors of s1. Define G’ := G — 5|51+ 8|5, If dy(G) < 3, then BIDy(G") < BIDy(G).

Proof. Let A := max{d,(G) : x € V(G)}. Then, A > 3. We note that d.(G) = d,(G’) for every
x € V(G) \ {51, s,}, whereas d,,(G) = 1 =d,,(G') =2 and d, (G) + 1 = d, (G") = 2.
First, we consider the case where r = 2. Then, we obtain

2
BIDY(G) — BIDY(G') = Y |#(d(G).3) - (dy(G). )] + $(1.3) - $(2.2).

i=1
By conditions (i) and (ii), it holds that
BIDH(G) — BIDY(G') = [¢(A,3) — #(A,2)] + ¢(3,3) — (2,3) + ¢(1,3) — ¢(2,2) > 0.

Now, we consider the case where r > 3. Then, again because of conditions (i) and (ii), we obtain

2

BIDY(G) - BIDY(G) = ) [¢(dy(G),3) - ¢(dy(G),2)]

i=1
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+¢(2,3) + ¢(1,2) = 2¢(2,2)
> [¢(A,3) = (A, 2)] + ¢(3,3) — $(2,3)
+¢(2,3) + ¢(1,2) — 2¢(2,2) > 0.
O

The following lemma’s proof is obtained by similar steps as in Lemma 1, and is omitted for brevity.

Lemma 2. Let ¢ be a real-valued symmetric function defined on the set
{(r,n)eR*:ry>landr, > 1)

such that ¢ meets the following constraints:

(i) The function VY defined as Y(n) = ¢(n, €1) —d(n, &), withn > 1, is increasing (that is, if | <y <,
then ¥(n,) < ¥(1n2)), where &, and &, are fixed integers satisfying & > & > 1.

(ii) The inequality
¢(i,3) — (i, 2) + max{$(3,3) — ¢(2,3) + ¢(1,3) — #(2,2),¢(3,3) + ¢(1,2) - 2¢(2,2)} < 0

holds for every integer i > 3.

Let G be a given graph such that it contains a pendent path P : s\s, ... s,, where d, (G) = 3. Let s}, s,
and s, be the neighbors of s,. Define G’ := G — 5|51 + 575,. Ifds/l (G) < 3, then BIDy(G') > BIDy(G).

Lemma 3. Let ¢ be the function defined in Lemma 1, satisfying condition (i) stated therein. Also,
assume that the inequality

2[¢,4) = (i, 3)] + ¢(3,4) — 2¢(2, 3) + min{¢(1,4), #(2,4) + ¢(1,2) - ¢(2,2)} > 0 2.1)

holds for every integer i > 4.

Let G be a given graph such that it contains a pendent path P : sis,...s, where d,(G) = 4.
Let s, s, s4, and s, be the neighbors of s\. Define G’ := G — s|s| + §/s,. Ifa’sfl (G) < 3, then
BIDy(G') < BID4(G).

Proof. Let A := max{d,(G) : x € V(G)}. Then, A > 4.
First, we assume that » = 2. Then, by condition (i) of Lemma 1 and inequality (2.1), we have

3
BIDY(G) — BIDY(G) = ) [#(dy(G), 4) - ¢(dy(G),3)] + ¢(dy; (G), 4) - $(dy(G), 2)

i=2
+¢(1,4) — $(2,3)
> 2[$(A,4) - ¢(A,3)] + ¢(3,4) — $(2,3) + ¢(1,4) - $(2,3) > 0.

Now, we assume that » > 3. Then, again by condition (i) of Lemma 1 and inequality (2.1), we have

3
BIDY(G) — BIDY(G') = ) [#(dy(G), 4) - ¢(dy(G),3)| + ¢(dy; (G),4) - $(dy,(G),2)

i=2

AIMS Mathematics Volume 10, Issue 10, 24500-24513.



24504

>2[¢(A,4) — (A, 3)] + ¢(3.4) — ¢(2,3)
+ ¢(2,4) — d(2,3) + ¢(1,2) — $(2,2) > 0.

The next lemma’s proof is obtained by similar steps as in Lemma 3, and is omitted for brevity.

Lemma 4. Let ¢ be the function defined in Lemma 2, satisfying condition (i) stated therein. Also,
assume that the inequality

2[¢(i,4) — ¢, 3)] + ¢(3,4) = 2¢(2,3) + max{¢(1,4), #(2,4) + $(1,2) - ¢(2,2)} < 0

holds for every integer i > 4.

Let G be a given graph such that it contains a pendent path P : s;s,...s, where d;(G) = 4.
Let s, s, s%, and s, be the neighbors of s\. Define G’ := G — s|s| + /s, Ifdsfl (G) < 3, then
BIDy(G) > BIDy(G).

Lemma 5. Let ¢ be the function defined in Lemma 1, satisfying condition (i) stated therein. Also,
assume that the inequalities

(b-2)[¢(a,b) — ¢(a,b— 1)] - ¢(b - 1,2) + 2¢(b, 1) — ¢(1,2) > O, (2.2)
(b —2)[¢(a,b) = ¢(a, b= D] = ¢(b = 1,2) + ¢(b, 1) + ¢(b,2) - $(2,2) > 0, (2.3)
(b —2)[pla,b) — ¢p(a,b— 1)] = p(b — 1,2) + 2¢(b,2) + ¢(1,2) — 2¢(2,2) > 0 (2.4)

hold for all integers a and b satisfying a > b > 3. Let Q : qiq>...q, and Q' : q\q, . ..q be pendent
paths in a connected graph G such that q, = q| := w. Define G' := G — q\q, + q,q,. Then, it holds that
BID4(G) > BIDy(G).

Proof. We note that d,,(G) > 3. Let A := max{d,(G) : x € V(G)}. Then, A > 3.

Case 1. Both r and s are equal to 1.
Here, by condition (i) of Lemma 1 and inequality (2.2), we have

BIDY(G) — BIDy(G') = Z [#(d(G), d(G)) — ¢(d\(G), d\(G) — 1]

W ENGW\g2.5)
+2¢(d(G), 1) — ¢(d,(G) - 1,2) — ¢(1,2)

> (dw(G) = 2) [¢(A, d(G)) — (A, dW(G) — 1)]
+2¢(d,,(G), 1) — ¢(d,,(G) — 1,2) — ¢(1,2) > 0.

Case 2. One of r and s is equal to 1, and the other is greater than 1.
In this case, by condition (i) of Lemma 1 and inequality (2.3), we have

BIDY(G) — BIDy(G') = Z [#(dw (G), d\/(G)) = ¢(d\(G), d(G) — 1]

w eNc(W\{q2.q5}
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+¢(d(6),2) = p(d(G) — 1,2) + ¢p(d(G), 1) — ¢(2,2)
> (dy(G) = 2) [¢(A, d\(G)) — ¢(A, d,(G) — D]
+¢(dw(6),2) = p(d(G) = 1,2) + ¢(d\(G), 1) = ¢(2,2) > 0.

Case 3. Both r and s are greater than 1.
Here, by condition (i) of Lemma 1 and inequality (2.4), we have

BIDy(G) - BIDy(G') = Z [¢(d(G), d(G)) — ¢(d\y(G), d\(G) — 1]

WweNGW\(g2.5)
+2¢(d(G),2) — ¢(d(G) - 1,2) + ¢(1,2) - 2¢(2,2)

> (d(G) = 2) [¢(A, d(G)) — ¢(A, d(G) — 1)]
+2¢(d,,(G),2) — ¢(d,(G) — 1,2) + ¢(1,2) = 2¢(2,2) > O.

The next lemma’s proof is completely analogous to that of Lemma 5, and is omitted for brevity.

Lemma 6. Let ¢ be the function defined in Lemma 2, satisfying condition (i) stated therein. Also,
assume that the inequalities

(b =2)[¢(a,b) = ¢la,b = 1)] = ¢(b = 1,2) + 2¢(b, 1) - ¢(1,2) <0,
(b —-2)[#la,b) = p(a.b— D] = (b - 1,2) + $(b, 1) + ¢(b,2) — $(2,2) < 0,
(b —2)[pla,b) — ¢p(a,b— )] = p(b — 1,2) + 2¢(b,2) + ¢(1,2) — 2¢(2,2) < 0

hold for all integers a and b satisfying a > b > 3. Let Q : qi1q>...q, and Q" : q\q, . ..q, be pendent
paths in a connected graph G such that q, = q; := w. Define G’ := G - q,q, + q,q,. Then, it holds that
BIDy(G) < BID(G).

The following result immediately follows from Lemmas 5 and 6.

Corollary 1. Let ¢ be the function defined in Lemma 1 (respectively, in Lemma 2), satisfying
condition (i) stated therein. Also, assume that the inequalities, involving ¢, listed in Lemma 5
(respectively, in Lemma 6) hold. Then, the path graph P, uniquely minimizes (respectively, maximizes)
BID, in the class of n-order trees for every n > 4.

The next lemma follows from Lemmas 1, 2, 5, and 6.

Corollary 2. Let ¢ be the function defined in Lemma 1 (respectively, in Lemma 2), satisfying
conditions (i) and (ii) stated therein. Also, assume that the inequalities, involving ¢, listed in Lemma
5 (respectively, in Lemma 6) hold. Then, only the cycle graph C, attains the minimum (respectively,
maximum) value of BID, among n-order unicyclic graphs for every n > 4.

Lemma 7. Let ¢ be the function defined in Lemma 1, satisfying conditions (i) and (ii) stated therein.
Also, assume that the inequalities, involving ¢, listed in Lemma 5 hold. If U is a unicyclic graph of
maximum degree A > 3 and order n such that it yields the minimum value of BID, among all such
graphs, then U contains a single vertex having the maximum degree.

AIMS Mathematics Volume 10, Issue 10, 24500-24513.
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Proof. Assume, for the sake of contradiction, that U has € > 2 vertices with the maximum degree.

If the unique cycle of U does not contain all vertices of maximum degree, then U necessarily
possesses adjacent pendent paths outside the cycle. So, Lemma 5 confirms the existence of a unicyclic
graph U’ of order n and maximum degree A such that

BIDy(U) > BIDy(U'),

which contradicts the definition of U.

On the other hand, if the unique cycle of U contains every vertex of maximum degree and if A > 4,
then we can apply Lemma 5 at least £— 1 times without affecting the maximum degree of U. This leads
to the construction of another n-order unicyclic graph U” of maximum degree A with a strictly smaller
BID, value than that of U, again resulting in a contradiction.

The final case to consider is when A = 3, and multiple vertices with degree 3 are located on the
cycle of U. In this scenario, Lemma 1 guarantees the existence of a graph U”’ in the class of the
considered graphs with the maximum degree 3 satisfying

BIDy(U) > BIDH(U"),
yielding yet another contradiction. O

The following result’s proof is fully analogous to that of Lemma 7, and is omitted for brevity.

Lemma 8. Let ¢ be the function defined in Lemma 2, satisfying conditions (i) and (ii) stated therein.
Also, assume that the inequalities, involving ¢, listed in Lemma 6 hold. If U is a unicyclic graph of
maximum degree A > 3 and order n such that it yields the maximum value of B3I D4 among all such
graphs, then U has a single vertex with the maximum degree.

Lemma 9. Let ¢ be the function defined in Lemma 1, satisfying conditions (i) and (ii) stated therein.
Also, assume that the inequalities, involving ¢, listed in Lemmas 3 and 5 hold. If U is a unicyclic graph
of maximum degree A > 3 and order n such that it yields the minimum value of BIDy among all such
graphs, then any vertex of U with degree A must necessarily be located on the cycle.

Proof. Let x € V(U) such that d,(U) = A. Then, Lemma 7 confirms that x is the unique vertex having
degree A.

Let C denote the unique cycle in the graph U, and let V(C) be the set of vertices that belong to
this cycle. Assume, for contradiction, that the vertex x lies outside C. Select x’ € V(C) such that the
distance between x and x’ is the least.

Then, according to Lemmas 1, 3, and 5, U has exactly two vertices with degrees exceeding 2: the
vertex x, with d,(U) = A, and the vertex x’, for which d,,(U) = 3. Let the set of all neighbors of x
be {xi,xs,...,xa}; here, x; is assumed to lie on the path connecting x to x’. Also, here we remark
that the vertices x; and x” may or may not be the same. Given that x is the only vertex having degree
A and that d,,(U) = 3, it follows that A > 4. Define a new graph U’ := U — {x4x, X5X, ..., XaX} +
{x4x’, x5x’, ..., xaX’}. Then, we have d,-(U") = A and d,(U’) = 3. Whether x; = x’ or x; # x/, in either
of the two cases, by using condition (i) of Lemma 1 we obtain

3
BIDy(U) - BIDY(U') = Z [¢(d.,(U), A) = ¢(d(U), 3)] + 2[(2, 3) — $(2, A)]

i=2

AIMS Mathematics Volume 10, Issue 10, 24500-24513.



24507

> 2[p(2,A) = ¢(2,3)] + 2[¢(2,3) — ¢(2,A)] = 0. (2.5)

Observe that, in U’, there exist pendent paths that share vertex x and d,(U’) < A. By using the
graph transformation described in Lemma 5 to the mentioned paths, we find a new graph U” in the
considered class of graphs, such that BID4(U’) > BID,(U"”). Combining this inequality with (2.5),
yields BIDy(U) > BIDy(U”), which contradicts the assumption that U minimizes BID, in the
considered class of graphs. m|

The next lemma’s proof is totally analogous to that of Lemma 9, and is therefore omitted.

Lemma 10. Let ¢ be the function defined in Lemma 2, satisfying conditions (i) and (ii) stated therein.
Also, assume that the inequalities, involving ¢, listed in Lemmas 4 and 6 hold. If U is a unicyclic graph
of maximum degree A > 3 and order n such that it yields the maximum value of B3ID, among all such
graphs, then any vertex of U with degree A must necessarily be located on the cycle.

Now, we are ready to prove the first main result of this paper.

Theorem 1. Let ¢ be the function defined in Lemma 1, satisfying conditions (i) and (ii) stated therein.
Also, assume that the inequalities, involving ¢, listed in Lemmas 3 and 5 hold. If U is a unicyclic graph
with the order n and maximum degree A such that it yields the minimum value of B3ID, among all such

graphs, then U is constructed by attaching A — 2 pendent paths to a single vertex on a cycle, where
3<A<n-2

Proof. According to Lemma 7, the graph U possesses a single vertex with degree A. Also, Lemma 9
ensures that this unique maximum-degree vertex lies on U’s cycle. Let C denote this cycle, and let
x € V(U) be the vertex for which d,(U) = A. Then, by Lemma 5, each of the vertices not belonging
to C, has a degree no greater than 2. Applying Lemma 5 once more, it follows that every vertex on the
cycle, except x, has a degree not more than 3. Then, applying Lemma 1, we conclude that every vertex
on the cycle, except x, must actually have degree exactly 2. O

Remark 1. Theorem 1 covers all of the following indices, as their associated functions meet the
required assumptions: Z,, ¥, RSC, SO, RSO, EU, and REU; where BID, corresponds to
the forgotten index F (see [5, 15]) or the reciprocal sum-connectivity index RSC (see [6]) when

o(&1,8) = f% + f% or ¢(&1,&) = V& + &, respectively, whereas all the remaining indices are defined
in the introduction section.

The next theorem’s proof is completely analogous to that of Theorem 1, and is therefore omitted.

Theorem 2. Let ¢ be the function defined in Lemma 2, satisfying conditions (i) and (ii) stated therein.
Also, assume that the inequalities, involving ¢, listed in Lemmas 4 and 6 hold. If U is a unicyclic
graph with the order n and maximum degree A such that it yields the maximum value of B3ID, among
all such graphs, then U is constructed by attaching A — 2 pendent paths to a single vertex on a cycle,
where 3 < A<n-2.

Remark 2. Theorem 2 is applicable to the indices SC, H, and "SO, as their associated functions meet
the required assumptions, where BID, corresponds to the modified Sombor index "SO (introduced
in [24]) when ¢(&1,&) = 1 whereas the definitions of the other two indices are given in the

e+

introduction section.
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When B3D, depends solely on the degree sequence of a graph, without requiring information about
vertex adjacencies, all extremal graphs described in Theorems 1 and 2 yield identical values of B3 D,.
Examples of such indices include ¥ and Z; because

ZiG)= ), (d+d)= ) (@)

xyeE(G) z2€V(G)

and
FG) = ), d+d)= ) @)
xyeE(G) V(G)
Thus, for these types of indices, under specific conditions on ¢, these theorems offer a complete
characterization of graphs minimizing or maximizing B3D, among fixed-order unicyclic graphs with
prescribed maximum degree. For the case where B3D, depends not only on the degree sequence but
also on the adjacency relationships between vertices, we need to establish a few additional lemmas.

Lemma 11. Let ¢ be the function defined in Lemma 1, satisfying condition (i) stated therein. Also,
assume that

o3, 1) —¢(3,2) + ¢(2,2) — ¢(1,2) > 0. (2.6)

(We remark here that if the function ¥, defined in condition (i) of Lemma 1, is strictly decreasing, then
(2.6) holds.) Let U be a unicyclic graph with the order n and maximum degree A such that it yields the
minimum value of BID, among all such graphs, where 3 < A < n—2. If U is constructed by attaching
A — 2 pendent paths to a single vertex on a cycle, then the graph U cannot have the pendent paths of
both length 1 and length greater than 2 simultaneously.

Proof. For the sake of contradiction, assume that the graph U has both a pendent path P : zx of
length 1 and a pendent path Q : zz;2>...z-12, of length r > 3. Certainly, d,(U) = A. Define U* :=
U - z,_1z2, + z,x. Then, by condition (i) of Lemma 1 and inequality (2.6), we have

BIDH(U) — BIDH(U™) = ¢(A, 1) — $(A,2) + ¢(2,2) — ¢(1,2)
2 ¢(3’ 1) - ¢(3’ 2) + ¢(2’ 2) - ¢(1’ 2) > O,

which leads to a contradiction. O

The next result’s proof is completely analogous to that of Lemma 11, and is therefore omitted.

Lemma 12. Let ¢ be the function defined in Lemma 2, satisfying condition (i) stated therein. Also,
assume that

#(3,1) = ¢(3,2) + $(2,2) — ¢(1,2) < 0. 2.7)

(We remark here that if the function P, defined in condition (i) of Lemma 2, is strictly increasing, then
(2.7) holds.) Let U be a unicyclic graph with the order n and maximum degree A such that it yields
the maximum value of BID, among all such graphs, where 3 < A < n—2. If U is constructed by
attaching A — 2 pendent paths to a single vertex on a cycle, then the graph U cannot have the pendent
paths of both length 1 and length greater than 2 simultaneously.
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Lemma 13. Let ¢ be the function defined in Lemma 1, satisfying condition (i) stated therein. Also,
assume that (2.6) holds. Let U be a unicyclic graph with the order n and maximum degree A such that
it yields the minimum value of B3 D4 among all such graphs, where 3 < A < n—2. If U is constructed
by attaching A — 2 pendent paths to a single vertex on a cycle such that at least one of these paths has
length 1, then the cycle of U is a triangle.

Proof. For the sake of contradiction, assume that U has a pendent path P : zx with the length 1 and
its cycle is not a triangle, where d,(U) = A. Let 7”7’z be a path located in the cycle of U. Then,
d,(U)=2=d(U). Define U* := U — {77, 7'z} + {Z'x,7’z}. Then, by condition (i) of Lemma 1 and
inequality (2.6), we have

BIDy(U) — BIDH(U") = dp(A, 1) — ¢(A,2) + $(2,2) — ¢(1,2)
> @3, 1) —¢(3,2) + #(2,2) — ¢(1,2) > 0,
which leads to a contradiction. O

The following lemma’s proof is fully analogous to that of Lemma 13, and is therefore omitted.

Lemma 14. Let ¢ be the function defined in Lemma 2, satisfying condition (i) stated therein. Also,
assume that (2.7) holds. Let U be a unicyclic graph with the order n and maximum degree A such that
it yields the maximum value of B3ID, among all such graphs, where 3 < A <n—2. If U is constructed
by attaching A — 2 pendent paths to a single vertex on a cycle such that at least one of these paths has
length 1, then the cycle of U is a triangle.

Theorem 3. Let ¢ be the function defined in Lemma 1, satisfying conditions (i) and (ii) stated therein.
Also, assume that the inequalities, involving ¢, listed in Lemmas 3 and 5 hold. Furthermore, assume
that (2.6) holds. Let U be a unicyclic graph with the order n and maximum degree A such that it
yields the minimum value of BID4 among all such graphs, where 3 < A < n — 2. Then, the following
statements hold.

(@) The graph U is constructed by attaching A — 2 pendent paths having the length larger than 1 to a
single vertex of a cycle, where 2 < A < |(n+ 1)/2] + 1. As a result,

BIDy(U) = (n—=2A+2)d(2,2) + Ap(A,2) + (A =2)¢(1,2).

(b) For[(n+1)/21 -1 < A < n—1, the graph U is uniquely determined by attaching 2A —n — 1
pendent vertices and n — A — 1 pendent paths having the length 2 to a single vertex of the triangle
Cs. Consequently,

BIDy(U)=n—-A+DPA2)+(n—A-1)¢p(2,1) = (n=2A + 1) p(A, 1) + ¢(2,2).

Proof. By Theorem 1, U is constructed by attaching A — 2 pendent paths to a single vertex on a
cycle. Let p;, p», and ps represent the counts of pendent paths (in U) of lengths 1, 2, and at least 3,
respectively.

(a) We assume that 2 < A < |(n + 1)/2] + 1. Then, we obtain

2A<n+ 1. (2.8)
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Assume, for contradiction, that p; > 1. Then, by Lemmas 11 and 13, the cycle of U is the triangle and
p3 = 0. Then, it holds that p, < p; + p, = A — 2. Consequently, we have

n=p+2p+ VIO =A+p,+1 <2A -1,
which leads to a contradiction with (2.8). Therefore, p; = 0. A straightforward computation then

yields the required expression for B3I D, (U).
(b) Now consider the case [(n + 1)/2] — 1 < A < n — 1. This implies the inequality

n<2A-1. (2.9)

Suppose, for contradiction, that p; > 1. Then, by Lemma 11, we have p; = 0, and so, p, + p3 = A - 2.
Consequently,
2A<2A+p3—1=2p, +3p3+3<2p, +3p3 +|V(O)| < n,

which contradicts inequality (2.9). Therefore, p; = 0.

If p; # 0, then by Lemma 13, the cycle of U is the triangle. If p; = 0, then n = |V(C)| + 2p, =
[V(O)| + 2(A = 2), which implies |V(C)| = 3 because of (2.9). Hence, in either of the two cases, we
have |V(C)| = 3. The equations p; + p, = A -2 and p; + 2p, = n — 3 yield

pi=2A-n-1 and p,=n-A-1.

These expressions make it possible to compute BID,4(U) directly. i

Remark 3. Theorem 3 covers the indices RSC, SO, RSO, BSO, CSO, EU, and REU, as their
associated functions meet the required assumptions; where RSC is defined in Remark 1, and B3ID,
corresponds to the broadened Sombor index BSO or the cubic Sombor index CSO when ¢(&1,&) =

\/gf + f% + & + & or ¢(éy,6) = | /ff + fg, respectively, whereas all the remaining indices are defined
in the introduction section.

The next theorem’s proof is fully analogous to that of Theorem 3, and is therefore omitted.

Theorem 4. Let ¢ be the function defined in Lemma 2, satisfying conditions (i) and (ii) stated therein.
Also, assume that the inequalities, involving ¢, listed in Lemmas 4 and 6 hold. Furthermore, assume
that (2.7) holds. Let U be a unicyclic graph with the order n and maximum degree A such that it yields

the maximum value of BI D, among all such graphs, where 3 < A < n — 2. Then, the statements (a)
and (b) of Theorem 3 hold.

Remark 4. Theorem 4 covers the indices SC, H, and "SO, as their associated functions meet the
required assumptions, where "SO is defined in Remark 2 and the definitions of the other two indices
are given in the introduction section.

3. Conclusions
In this paper, the problem of identifying the graphs that minimize or maximize B3ID, among all
unicyclic graphs of a given order and prescribed maximum degree, under specific conditions on the

function ¢, has been addressed. These conditions on ¢ are met by several classical and contemporary
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degree-based indices. Notably, one of the results obtained is applicable to the harmonic and sum-
connectivity indices (see Remark 4), while another one covers the recently introduced Sombor and
Euler—-Sombor indices, along with their reduced versions (see Remark 3).

Among many open problems related to the present study, the one regarding the augmented Zagreb
index seems to deserve more attention, where B3I D, corresponds to the augmented Zagreb index (see

[1]) when ¢(£1, &) = (£16) (61 + & - 2)7.
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