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1. Introduction

The Rao-Nakra beam model is an extension of the classical Euler-Bernoulli beam theory, which
incorporates the effects of shear deformation and rotational inertia in the analysis of the beam. The
three-layer sandwich beam model is used in aerospace and automotive structures. Due to their high
strength-to-weight ratio, Rao-Nakra beam models are also used in shipbuilding. This model takes into
account the motion of two outer face plates (assumed to be relatively rigid) and an inner core layer that
is sandwiched between two compliant layers [1]. The Rao-Nakra model, captures the coupling between
bending and shear forces and contributes to more accurate predictions of beam deflections, natural
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frequencies, and dynamic response. For three-layer or sandwich models with arbitrary boundary or
constrained-layer, see [2, 3]. Different types of multilayer plates models can be found in [4,5].
1.1. The Rao-Nakra model

Consider Figure 1, where h; for j = 1,2,3 is the thickness of each layer in the beam, and h =
hy + hy + h3 is the thickness of the beam.
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Figure 1. Triple layer beam.

Liu et al. [7] derived (1.1) as the generalized Rao-Nakra beam model after imposing the Kirchhoff
hypothesis on the outer layer plates and assuming that the displacement through cross-sections are
continuous in addition to being piecewise linear. The model according to Liu et al is as follows

p]hlatt_Elhlaxx_6:O7 (X,I)E(O,L)X(0,00),
p3h3bﬂ - E3h3bxx +0= O’ (-x9 t) € (09 L) X (O’ OO),
phcy + EIC o — Gihik(c, +y'), — Gshs(c +y)) s — a6, =0, (x,1) € (0, L) X (0, ), 0
h .
pilyl — E\Ly!, - 316 +Gihi(cy +y") =0, (x,1) € (0, L) x (0, ),
h
pslsy, — EsLy,, — 336 +Gshy(c, +yY) =0, (x,1) € (0, L) x (0, c0),

where the bottom and top layers of the plate, longitudinal displacement, and shear angle are represented
by a and b, y' and y?, respectively. The transverse displacement of the beam is denoted by ¢, while the
shear stress of the core layer is denoted by the symbol 6. Furthermore, G, p; > 0 are the shear modulus
and density for each layer j = 1,2,3. The parameters E; and /; represent Young’s modulus and
moments of inertia, respectively. Also, EI = E1I,+ E;I, + EsI; and p;, = p1hy +p2hs +p3hs, (see (1.1)5).
Neglecting the rotary inertia in top and bottom layers of the beam, leads to p;I; = p3l3 = 0in (1.1)4
and (1.1)s. Furthermore, if we ignore the transverse shear, we obtain c, + y1 =c, + y3 = 0, which is
the Euler-Bernoulli condition. Moreover, assuming the material in the core layer has a linear elastic
property and that the relationship between the stress and strain is given by 6 = 2G,e, then

1 hi+h
8:2—}12(—a+b+acx),anda:h2+ 12 2

is the shear strain. Thus, we arrive at this particular Rao-Nakra beam model given by,
pihay — Eihiay, —k(—a+b+ac,) =0, (x,1) € (0,L) X (0, 00),
p3hsby — Eshsb,, + k(—a+ b +ac,) =0, (x,1) € (0,L) X (0, 00), (1.2)
phcy + Elcy —ak(—a+ b+ acy), =0, (x,1) € (0,L) x (0, 00),
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. G, E,
thk=22.G, =
W B 2T 21+ )

. . . . 1
, and the poison ratio v, is in the interval (-1, 5)'

1.2. Literature review

The Rao-Nakra beam model (1.2) is popular, and numerous researchers have investigated it
with various kinds of damping on different layers. By coupling (1.2) with Maxwell-Cattaneo heat
conduction, Raposo et al. [9] proved an exponential stability result. Mukiawa et al. [10] studied a
Rao-Nakra beam model with a linear frictional force on (1.2);, Fourier law on (1.2), to account for
thermal heat, and viscoelastically damped on (1.2),. In addition to establishing the wellposedness of
the problem, the authors obtained a general decay result. Mukiawa [25] investigated the stability of
Rao-Nakra beam model through Gurtin-Pipkin’s thermal law. Li et al. [14] investigated the system (1.2)
and established unstable decay given that only one of the equations in (1.2) is damped. Furthermore, Li
et al. [14] proved that when two of the three equations in (1.2) are damped, the system is polynomially
stable. Last, when only one of the equations in (1.2) is damped, a polynomial decay result whose rate
changes, and is dependent on the damping location and boundary conditions was demonstrated by Liu
et al. [15]. Enyi [13], proved a general decay estimate for a triple layer beam model with time-varying
internal damping and feedback. For the exact and boundary controllability of Rao-Nakra or multilayer
beam models, see Hansen et al. [16—18] and Rajaram [19]. Cavalcanti et al. [20] studied the asymptotic
behavior of the Rao-Nakra beam model with non-linear localised frictional and external forces. Fon
more asymptotic analysis or long-time dynamics of the Rao-Nakra beam model, we refer the read to
the articles in [21-23], and the references therein for more detailed results.

Some authors have considered a generalized Rao-Nakra beam model consisting of two viscous
damping and proved the non-existence of exponential stability and existence of polynomial stability in
some cases. Liu and Akil [12] considered the following Rao-Nakra beam model (1.3)

pihay — Eiha, — 06 +eja; =0,
p3hsby — Eshsby + 0 + e2b, = 0,

phctt + ElcC o — Glhlk(cx + yl)x - G3h3(cx + y3)x - h26x + e3¢ = 0, (1 3)
h )

> 8+ Gihi(c, +y") + esy, =0,

piliyy — Eiliyy, —

h
P313y,3t - E3I3y§cx - 33(5 + Gihs(c, + yg) + €5y? =0.

Damping positions are organized into two categories, distinguished by the condition that both the
upper and lower layers are either directly damped or not, with each of the categories having three
subcategories. Different results consisting of necessary and sufficient conditions for strong stability
and instability were proved, in addition to obtaining polynomial decay rate for these categories, as
seen in the table below (see [12] for more details).

Category 1 Category 2
Subcategory 1 e,e,>0&e;=e3=¢5=0 e,e>0&e3s=e,=e5=0
Subcategory 2 e,e5>0&e=e3=€,=0 e1,e3>0& ey =e,=¢5=0
Subcategory 3 e,es>0&e;=e3=¢,=0 er,e3>0& e =es=e5=0
Stability type Strong stability & instability Strong stability & polynomial stability
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Motivated by the results of Liu and Akil [12], for the first time, Ali et al. [8] investigated
the well-posedness and stabilization of the generalized Rao-Nakra beam (1.4) when subjected to
either local or global viscoelastic Kelvin-Voigt damping effects, by considering different boundary
conditions, namely,

pihiay — (Eyhia, + Di(X)a,), — 6 =0,

h
pily;, — (EiLyL + Dy(x)y,,), — 315 +Gih(c, +y") =0,

Phcn + (Elcxx + D3(X)Ctxx)xx - Glhlk(cx + y])x - G3h3(cx + y3)x - h25x = O’ (14)
p3h3by — (Eshsby + Dy(X)byy), + 6 = 0,

h
p3lsy) — (E3Lsy? + Ds(x)y?), — 535 + G3hz(c, +y) = 0,

in (0, L) x (0, T). To start, they showed that the relevant semigroup is analytic, contingent upon the
presence of global Kelvin-Voigt damping on all five equations in system (1.4). Moreover, under the
influence of only two local damping mechanisms affecting the shear angle displacements at the top and
bottom layers (i.e., D,,Ds > 0 & D; = D3 = D4 = 0), they revealed that the energy of the system
decreases polynomially. Quispe et al. [31] considered (1.1) and studied the stability of the system
when the Kelvin-Voigt damping is allowed to act on the first and third equations. They showed global
well-posedness and lack of exponential stability for the system; hence, they went ahead to show that
the system has a polynomial stability at the decay rate of 3. In Al-Gharabli et al. [32], the authors
considered a thermoplastic Rao—Nakra (sandwich beam) beam system having a nonlinear damping of
variable exponent type on one of the equations, while the other two equations are damped by a thermal
effect produced by the Coleman—Gurtin’s thermal law. Utilizing the multiplier method, they derived
overarching results regarding energy decay, with exponential decay serving as a specific example.
Specifically, they considered the system

piha, — Ethiac, — k(—a + b + acy) + 6,60, =0,
p3h3btt — Eshsb + k(—a + b+ ac,) — 5,0 + 6,0, =0,
phey + EIC o — ak(—a + b + acy)y + 630)||c]|"™™ ¢, = 0,

+00 (1.5
p49t + (ﬂl - l)gxx _ﬁl f gl(s)gxx(-x’ r— S)dS + 61(axt + bt) =0,
0

—+00
pSﬂt + (ﬁZ - 1)9xx _ﬁZf gZ(S)ﬁxx(x, r— S)dS + 62bxt = Oa
0

in (0,L) X (0,T). There has been a considerable research on the linear Rao-Nakra beam system,
considering linear and viscous damping positioned at different combinations of the five equations.
Only few papers have considered the effect of nonlinear damping on the equations of the Rao-Nakra
beam system. In this study, we investigate the role of nonlinear dampings on the stabilization of the
Rao-Nakra beam system. The critical cases with p = ¢ = r = 2 corresponds to the linear viscous
damping, which has been extensively studied in the literature. Our focus is on the non-linear Rao-
Nakra beam model, namely
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plhlaﬂ - Elhlaxx - K(_a + b + a'cx) + Mllatlp_zal‘ = gl(x’ t)9 in (0’ L) X (Oa T)a
p3hsby — Eshsb, + k(=a + b + ac,) + palb,|97%b, = go(x,1),  in (0,L) x (0,T), (1.6)
phcy + EIC ., — ak(—a + b + acy), + psle ¢, = gs(x, 1), in (0, L) x (0, T),

where 2 < p,q,r < 0, g1, 82,83 € L*>((0, L) x (0, T)) are external forces and 1, u», i3 > 0 are damping
coeflicients. We endow system (1.6) with boundary conditions

a(0,1) = b(0,1) = c(0,1) = ¢(0,1)) =0, t > 0, (1.7)
a(L,1) = b(L,1) = c(L,1) = ¢ (L,1) =0, t>0, '
initial data
a(x,0) = ag(x), b(x,0) = by(x), c(x,0) = co(x), x€(0,L), (1.8)

a:(x,0) = a;(x), b(x,0) = b;(x), c(x,0) = c1(x), x € (0, L).

We study the contributions and influence of the exponents p, g, r on the stability dynamics of
the nonlinear Rao-Nakra beam model in (1.6). We divide this into two broad cases: First is the
case (p,q,r) = (2,2,2) corresponding to the well studied linear Rao-Nakra beam with linear viscous
damping and proved exponential decay of the system, and in the second case (p, g, r) # (2,2,2) with
different subcases. Indeed, we show that the energy functional corresponding to system (1.6) satisfies,
for some C, 1 > 0,
Ce™, if (p,q,r) =(2,2,2),
O <jCA+0777,  if (pg,n) #(2,2,2),
where w = max{p,q,r}.

This article is ordered as follows: Section 2 contains some established facts that are fundamental to
achieving our result. In Section 3, we establish the well-posedness of problem (1.6)—(1.8) while the
proof of our main decay result is in Section 4. Finally, in Section 5, we provide numerical investigations
to corroborate our analytical findings.

2. Preliminaries and functional setting

The following Lemmas are important for our results.

Lemma 2.1. [26] Let X Cc V C X*, with X a reflexive Banach space, V a Hilbert space, and X* the
dual of X such that the embeddings are continuous. If z € L? ((0,T), X) and z, € L1((0,T), X*), where

% + é =1, then
z€ C([0,T], V).

Lemma 2.2. Foranyy,z € R and n > 2, the inequality
(" 2y = 2" 22)(y = 2) 2 22|y — 2[", holds. (2.1)

Lemma 2.3. Komornik [27] Given that a function ® defined from R* — R* is non-increasing, and
suppose there are two positive constants y and A such that

f O (1)dt < AD(s),0 < 5 < 0.

s
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Then, for all t > 0, we have that there exists two constants K, w > 0 such that

K
——  if y>0,
D) <4 (1 +1) (2.2)

Ke™, if y=0.
We consider the space
HZ(0,L) = H*0,L) N Hy(0, L),
and the inner product

L
(v, ‘7>Hé(O,L) :f Vi Vird X (2.3)
0

Remark 2.1. [29,30] The norm ”'”Hé(O,L) and the usual H*(0, L)-norm are equivalent. In fact, Hé(O, L)
endowed with (-, ")z 1) is a complete inner product space. Also, for v € H2(0, L), the following
embedding inequality holds

2
IVllzro.) < CelVllmzo.n) = Cellvixllzzg 1y (2.4)

where C, = C(L,p) > 0,1 < p < +oo0.
3. Existence and uniqueness

Going forward, we represent the usual norm on L*(0, L) by ||.||. C, > 0 stands for the Poincaré
constant while C > 0, and C; > 0 are generic constants. We then consider the weak form of
system (1.6)—(1.8) formulated as follows:

Definition 3.1. For any 7 > 0, find
(a,b,c) : [0,T] — Hy(0,L) x Hy(0,L) x H3(0, L),

such that
(Cl(',O), b(, O)’ C(" O)) = (aO? bO’ 60)7 (3 1)
(at(" 0)» bt("0)9 ct('9 O)) = (al ’bl9 Cl), ‘
for all (¢, ,¥) € H)(0,L) x Hy(0, L) x H2(0, L) satisfying
L L L
o1h f aypdx + E1hy f a.p.dx — kf (—a+ b+ ac)pdx
0 0
’ L L
+ W f |a,|”‘2a,¢dx = f g1¢dx,
0 0
L L L
o3h; f bupdx + Eshs f by dx + kf (—a+ b+ ac,)pdx
0 0 0 (32)

L L
+ 1o f b/l bypdx = f gopdx,
0 0

L L L
oh f cbdx + EI f Collxdx + ak f (—a+ b+ ac ),dx
0 0 0

L L
+ U3 f |Ct|r_zcz'70dx = f g3ydx,
0 0

AIMS Mathematics Volume 10, Issue 10, 24389-24430.
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for almost every ¢ € [0, T].
Next is the statement of the well-posedness theorem of our problem.

Theorem 3.1. Let
(aO’ bO’ CO) € Hé(07 L) X Hé(oa L) X Hé(07 L)7 (alv bl » Cl) € LZ(Oa L) X L2(07 L) X LZ(()’ L)

be given. Suppose g1, 8»,83 € L*((0,L) X (0,T)) and 2 < p, q,r < co. Then, there exists a global weak
solution (a,b, ¢) € L ([0, T1; H)(0, L)) x L™ ([0, T1; Hy(0, L)) x L= ([0, T1; HA(0, L)) that is unique for
the system (1.6)—(1.8). Furthermore, the solution satisfies the following

a, € L™ ([0, T1; L*(0,1)) N L7 ((0, L) X (0,T)),

by € L= ([0, T1; L*(0, 1)) N L7 (0, L) X (0, T)),

¢ € L2 ([0, T1; (0, L)) N L™ ((0, L) X (0, T)) .

Proof. Existence: The spaces H,(0, L) and H3(0, L) admit a set of orthonormal basis say (@);s1, (811,
and (y;);5, , respectively. We then define the following finite dimensional spaces:

A, = span{ay, ay, ..., @y}, By, = spanif,Ba, ....Bn}s Cw = span{yi, ya, ..., Ym}

with dimensions, m < oo, and denote

m m
) 1 ) 2
ag = Z(ao,ai>L2(O,L)ai — ap € Hy(0,L), a' := Z(al,ai>L2(o,L)C¥i — a; € L°(0,L),
i=1 i=1

by = Z(bOaﬁi>L2(O,L)ﬁi — by € Hy(0,L), b} := Z(bl,ﬂi>L2(o,L)ﬁi — by € L*0,L), (3.3)
p

i=1

m m
cy = Z(Co,%‘)LZ(O,L)% —> ¢p € H(0,L), ¢} := Z(Cl,%)B(o,Lm —> ¢y € LX(0,L).
i=1 i=1
For each m, we need to determine solutions of the form

m

(@" (6, 1), b" (6, 1), "(x,00) = | Y ui(Dei(x), Y- vidBi(x), D wit)yicx)
i=1 i=1

i=1

satisfying the approximate problem below fori = 1,2, ..., m,
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d [t L L
orhy— a'a;dx + E h alapdx—k | (=a" +b" + ac™)a;dx
dt t X Py
0 0 0
L L
+ g la"P2a" adx = f gra;dx,
0 0
d L L L
o3hs;— b'Bidx + Ezhs b"Bidx + k (—d" +b" + ac)Bidx
t X X
dt Jo 0 0
L L
) Ib’?l‘f‘zb?” idx = f gpidx, (3.4)
0

d L L
phaf c:”y,-dx+EIf xxymdx+akf( —a" +b" + acl)yi.dx
0

L
3 f e 2 yidx = f g3vidx,
0

am('90) = a:)na a;n('a 0) = alil’l’ bm(a O) = b6n7 b;’l’l(’ O) = br]na
¢M0) = e, (-0) = .

Equation (3.4) yields system of ordinary differential equations with undetermined functions
(ui(t)’ V[(t), Wl(t)) s for I = 1’ 25 ceem

For each m > 1, the classical theory of ODE guarantees the existence of a C>— functions (a™, b™, ¢™)
on some finite interval 0 < ¢,, < T, for the system (3.4). We now show that for each m > 1, ¢,, can
be extended to T'. First, by multiplying (3.4);, (3.4),, and (3.4); by (1), vi(¢) and wi(?) for 1 <i < m,
respectively, and adding the resulting equations lead to

1d L
S— o1l \ + Eyhylla|P | kf (—d" + b" + ac™)a"dx
0

2dt
L L
+,ulf IaTlpdx:f g1a/'dx,
0 0

1d L
7 [,o3hg||b’"||2 + E3h3||bm|l + kf (=a" +b" + acl)b'dx
0
. . (3.5)
+ 1 Ilequ:f gbl'dx,
0
ld mp|2 2 m m
Ed—[phllc II© + E1||c” || + ak ( a" +b" + act)cldx
L
+,u3f ! Irdx:f gscy'dx.
0 0
Adding the equations in (3.5) yields
d L L L
GO0+ [l [ wrrdxep [ s
! 0 0 0 (3.6)

L L L
=f gla;"dx+f gzb:”dx+f gsc/'dx,
0 0 0
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where i
©"(0) =5 [paillaf | + Evialla P + pshsllo}I + Eshs |

1
+ 3 [phllcyIP + NP + Ki(=a” + b" + ac)IP].

Integrating (3.6) over (0,1), 0 <t < t,, foreachm > 1, we get

t L t L t L
<I)’"(t)+,ulff Ia;”lpdxds+,u2ff |b;”|quds+,u3ff lc}'|"dxds
0o Jo 0 Jo 0o Jo
t L t L t L
:(D’"(O)+ff gla’,"dxds+ff gzb:”dxds+ff gsc/'dxds.
0o Jo 0o Jo 0o Jo
Furthermore, for each 0 < ¢ < t,,,
t oL ¢ L t L
(Dm(t)+,u]ff la)"|Pdxds +,usz |b;”|quds+u3ff Ic}'|"dxd s
0o Jo 0o Jo 0o Jo
t L t AL N
S@m(0)+61ff Iaj”lzdxds+62ff |b:"|2dxds+63ff ICTIdeds
0o Jo 0o Jo 0 Jo
N N N
+C,, f f |g1*dxdt + C., f f |g:|*dxdt + C, f f |g3|*dxdt,
0o Jo 0o Jo o Jo

for some ¢ > 0,i € {1, 2, 3}, to be declared. In view of (3.3) and (3.7), we obtain

pihi . Eh ph " Eshy ph EI
a1+ =P+ =P+ =B + eI+ P

k t L
+ —||[(=a™ + b™ + a/c;”)ll2 + 1 f f la}"|"dxds +,uzf f by "dxd s
2 0o Jo 0o Jo
¢ L
+,u3f f lc}"|"dxds
0o Jo

< Ce e +6aT sup |ld"|* + &T sup ||b"|* + &T sup |ic
O<t<ty, O<t<ty, O<t<ty,

2 2
| e

with

T L T L T L
Ce o6 = ©0) + Cq fo fo |g1*dxdt + C,, fo fo |g2|*dxdt + C, fo fo g3 dxdt.

Equation (3.10) consists of positive terms, therefore taking supremum over ¢, 0 < ¢ < t,,, yields

h hs Eshs
P sup fla™ P + == sup fla"|2 + 222 sup o) + =22 = sup [IB1°

2 O<t<t,, O<t<ty, 0<t<t O<t<t,,

h EI k
+p_ sup ||c’ || + — sup ||c} || + = sup |[(—=a" +b" + ac’! )||
2 O<t<t,, 0<t<ty, 20<z<zm

+,u1f f |a;" |”dxdt+u2f f Ibmlqudt+,u3f f lc}"|"dxdt

< 10C .6 + 106/ T sup |la)" || + 10T sup ||b:”|| + 10&T sup ||c)! ||2.

O<t<t,, O<t<t,, O<t<t,,

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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Setting
P _pshs  ph
YT40r T 40T U 40T
we get a constant C that does not depend on m which satisfies
pih " Eih m p3h3 m E3hs m
E— sup [l&)'|P + —— sup llaI* + === sup |IB]'|> + —=— sup [Ib7*
2 0<t<t,, 0<t<t,, O<t<t,, 2 O<t<t,,
+— sup [Ic"|I* + — sup [Ic"|* + = sup [[(=a” + b" + ac™)|?
2 O<it<ty, 2 O<t<t,, 2 O<t<t,,

T L T L T L
+ f f la?|Pdxdt + p, f f b7 7d xdt + s f f Ic}"|"dxdt < C.
0o Jo 0o Jo 0o Jo

(3.12)

Therefore, the solution of (3.4) can be extended to the interval [0, T]. We can deduce from (3.12) that

{@"} is bounded in L¥((0, T); H,(0, L)),
{a™} is bounded in L¥((0, T); L*(0, L)) N L”((0, L) x (0, T)),
{b™} is bounded in L((0, T); Hy(0, L)),
{a™} is bounded in L((0, T); L*(0, L)) N LY((0, L) x (0, T)),
{c™} is bounded in L=((0, T); H3(0, L)),
{c™} is bounded in L™((0, T); L*(0, L)) N L'((0, L) x (0, T)).
Thus, we can extract sub-sequences {(a", b", ")} of {(a™, b", c™)} such that
a" = a e L¥((0,T); H.(0, L)) and a" — a € L*((0, T); H\(0, L)),
a' = a, € L°((0,T); L*0, L)) and a" — a, € L*((0, T); L*(0, L)),
a' — a, € LY((0,T); LP(0, L)),
b" = b e L¥((0,T); H.(0, L)) and b" — b € L*((0,T); H\(0, L)),
b" = b, € L¥((0, T); L*(0, L)) and b — b, € L*((0, T); L*(0, L)),
b" — b, € LY((0,T); L(0, L)),
" = ¢ e L*((0,T); H2(0, L)) and ¢" — ¢ € L*((0, T); HA(0, L)),
" = ¢, € L¥((0,T); L*(0, L)) and ¢ — ¢, € L*((0, T); L*(0, L)),

¢ = ¢, € L'((0,T); L'(0, L)).

Since a, b}, and ¢} are respectively bounded sequences in

LP((0,L) x (0, 7)), L7((0,L) x(0,T))), and L ((0, L) x (0, 7)),

T L » T L
f f la"P~2a |77 dxdt = f f |la!Pdxdt < C,
0 0 0 0
T L T L
f f 16719726 |7 dxdr = f f 6"\ dxdt < C,
0 0 0 0
T L T L
f f llc""=2c" =T dxdt = f f |c""dxdt < C.
0 0 0 0

we have

(3.13)

(3.14)

(3.15)
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Consequently,
la"|P~2a" is bounded in L7T((0, L) X (0, T)),

Ib"1972b" is bounded in LT((0, L) x (0, T)), (3.16)
|c"""2¢" is bounded in L7T((0, L) x (0, T)).

Therefore, there exist sub-sequences (|a'[P~2al)s1, (|b1972b!); and (|l "%c!)s, such that

jall’2al — Y € LiT((0, L) x (0, T)),
B)J72b! — A € LiT((0, L) x (0, 7)), (3.17)
lcjl” ¢} = © € LFT((0, L) x (0, T)),

where the functions ®, T, and A are to be determined. Now, in view of (3.14), we obtain sub-

sequences (a', b', c'), such that
a' — aeL’((0,T): Hy(0. L)),

a, — a, € I*((0,7); L*(0, L)),
b'— be *((0.T), Hy(0, L)
b, — b, € L*((0,T); L*(0, L)
¢ = ce I*((0.7), H(0. L)),
¢ = ¢ € L*((0,7): L2(0, L)).

).
(3.18)
).

Since Hé,(O, L) and H(]) (0, L) are compactly embedded in L*(0, L), the compacity lemma [26] guarantees
the existence of sub-sequences (a’, b/, ¢/) of (', b', ¢!), such that
@’ - ae L*((0,T); L*(0, L)),
b — b e L*((0,T); L*(0, L)), (3.19)
¢/ > ce *((0,7):L*0,L)).

Consequently, .
a’ = ae€(0,L)x(0,T) almost everywhere,

b — be(0,L)x(0,T) almost everywhere, (3.20)
¢/ = ce(0,L)x(0,T) almost everywhere.

Considering (3.4), we replace (a™, b™, c™) with (a’, b/, ¢/) and then integrate over the open interval 0 <
t<T,we get
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L t oL t oL ‘ '
plhlf a{aidx+E1h1ff afca,-xdxds—kff(—a/+b’+ac§)aidxds
0
L
+,ulff Ia’I” 2a,a,dxds—p1h1f aa/,dx+ff g1a;dxds,
p3h3f ,,B,dx+E3h3ff X,B,deds+kf f( aj+bj+acx),8,dxds
+,usz |b’|‘1_2bjﬁidxds=p3h3f b{ﬂidx+ff 22Bidxds,
L
phf ,y,dx+EIff cmy,xxdxds—i-akf f( a +b’+acx)y,xdxds
0
i f f (/2 yidxds = ph f clyidx + f f gsyidnds
o Jo
provided i < j.

For any i > 1, in view of (3.17)—(3.20) and letting j — oo, we obtain

L
plhlf a,a',dx+Eh1ff a,aidxds — k ff( —a+ b+ acy)a;dxds
0
+,u]ff Tadxa’s—p]h]f ala/dx+ff g1a;dxds,
L
p3h3f bt,B,-dx+E3h3ff bxﬁixdxds+kff(—a+b+a/cx)ﬁidxds
0 0 Jo 0 Jo
¢ L L ¢ L
+,U2ff Aﬂ,-dxds:p3h3f blﬁidx‘l'ff gPidxds,
L
phf c,y,dx+Elff cxxy,xxdxds+akf f( a+b+ac,)ydxds
0
+,ugff @y,dxds—phf clyldx+ff gzvidxds.
It follows that

L t L t L
po1h f a,pdx = — E1lhy f f a.p.dxds + kf f (—a + b+ ac)pdxds
0 0o Jo 0o Jo
t L L t L
— 1y f f Yodxds + pih f apdx + f f g1¢dxds, V¢ € Hy(0, L),
0o Jo 0 0o Jo
L t L t L
o3h3 f bpdx = — Esh; f f Ve dxds — kf f (—a + b+ acy)pdxds
0 0o Jo 0o Jo
t L L t L
- /.lzf f Apdxds + p3hs f bipdx + f f grpdxds, Yy € Hé((), L),
0o Jo 0 0o Jo
L t L t L
phf chdx = — Elf f Coxldxds — akf f (—a+ b+ ac)y,dxds
0 0o Jo 0 Jo
t oL L t L
— 13 f f Oydxds + ph f cipdx + f f g3Wdxds, Y € H3(0, L).
0o Jo 0 0o Jo

(3.23)

(3.21)

(3.22)

AIMS Mathematics Volume 10, Issue 10, 24389-24430.



24401

Since the terms of on the right hand side of the three equations in (3.23) are differentiable, we deduce
that provided 0 < ¢ < T, we have

L L L
p1h f aypdx + E1hy f ap.dx — kf (—a+ b+ ac,)pdx
0 0 0

L L
+ 1 f Todx = f g19dx,
0 0

L L L
p3h3 f bypdx + Ezhs f b.p.dx + kf (—a+ b+ ac,)pdx
0 0 0

L L
+ 1 f Apdx = f grpdx,
0 0

L L L
phf cybdx + Elf CoxllxdXx + a/kf (—a+ b+ ac)y,dx
0 0 0

L L
+ U3 f Ovdx = f g3¥dx,
0 0

for all (¢, ¢, y) € H)(0,L) x H)(0,L) x H3(0,L). Using the same steps as in [24, Eqs (3.19)~(3.30)]
with modification to our case here, we obtain that

(3.24)

T = lal"a,, A =1b]""b, and © = [c/| ;.
Therefore, for any (¢, ¢,¥) € Hy(0, L) x Hy(0, L) X H3(0, L), system (3.24) becomes

L L L
p1hy f appdx + E1hy f a,p.dx — kf (—a+ b+ ac,)pdx
0 0 0

L L
+ 1 f |a )"~ a,pdx = f g1¢dx,
0 0

L L L
p3h3 f bupdx + Eshs f bypdx + kf (—a+ b+ acy)pdx
0 0 0

. . (3.25)
+ o f 16,2 bypdx = f g2pdx,
0 0
L L L
ph f cbdx + EI f Colloxdx + ak f (—a+ b+ ac ). dx
0 0 0
L L
+ U3 f e P eapdx = f g3ydx.
0 0
Recalling (3.18) and in view of Lemma 2.1, we can extract up to a sub-sequence
a’ — a € C([0,T); L*(0, L)), b’ — b € C([0,T); L*(0, L)),
¢/ — c e C([0,T); L*0, L)).
It follows that, a/(x, 0), b/(x, 0), and ¢/(x, 0) are well defined and
a’(x,0) — a(x,0) € L*(0,L), b’(x,0) —> b(x,0) € L*(0, L), (3.26)

c(x,0) — ¢(x,0) € L*0, L).
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In view of (3.3), we conclude the following convergences,

al(x,0) = al(x) — ap(x) in Hy(0, L),  b}(x,0) = b} (x) — by(x) in H}(0, L),

. ; (3.27)
cl(x,0) = ¢)(x) — co(x) in H3(0, L).

Therefore
a(x,0) = ap(x), b(x,0) = bo(x), c(x,0) = co(x), in (0, L). (3.28)

Let n,x,& € C7(0,T), multiplying the equations in (3.4) by n,k & respectively, then
replacing (a™, b, c™) by (a’,b’, ¢’) in (3.4), and integrate over the open interval (0, T). For all i < j,
we get

T
_plhlf (af,a/i)ﬂ'(l)dfz—Elhlf
0 0

T T
—MJNWW%%%M@W+I(&%M@M
0 0

T
—P3h3f (b{,ﬁ,-)x'(t)dt = —E3h3f
0 0

T ) ) T
“ [ (0 p)sodrs [ (B st
0 0

T

T
(al. ) o)t + k fo (=’ + b7 + ac)), ;) (o)t

T

T
(1. Bix) (0)dt — k fo ((=a’ + b7 + ac)). ;) k(r)dt

—ph f T (c/s7:) € ydt = - EI f ' (s Yine) E@)E - tk f ' ((~a’ + b7 + ac)), i) €yt
0 0 0

T ) ) T
—mf(mﬂ¢waMHfX&mawa
0 0

By letting j — +o00, we get for any
n. k& € Cy(0,T),

and for all
(¢, ,4) € Hy(0, L) x Hy(0,L) x Hy(0, L),

T T T
—mhhﬂ(%ﬁﬁﬂmﬁ=—EmK£.wm¢0mmﬁ+@£ (—a+b+ac.), @) (o)t

T T

~ [ (ara.0)nodi+ [ oo

T T T

—pm{f wh@MQMr:—Emaf wmwomﬂm—kjﬁ«—a+b+a@xwkmm
0 0 0

T T
— s f (169 72b1, @) k(t)dt + f (g2, ) k(D)d1,
0 0

T T T
—ph f (e, )€ ()ydt = — EI f (Cxxs W) E)dE — ak f ((=a+ b+ ac,), ) Eb)dt
0 0 0
T T
— 113 fo (le e w) &yt + fo (g3, %) E()dt.
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Thus, we get

a, € L*([0,T1; H'(0,L)), by € L*([0.T1; H™(0, L)), ¢, € L*([0,T1; Hy*(0, L)).

Using (3.18) and (3.29), we arrive at
a, € L*((0,7); L*(0, L)), ay € L*([0,T1:H'(0,L)),
b, € L2 ((0, T); LX(0, L)), b, € L2 ([(), T1; H™(0, L)),
¢ € L((0,T):; LX0, L)), ¢y € L*([0,T1; H*(0, L)).
On the account of Lemma 2.1, we get
a, € C([0,T); H'(0, L)), b, € C([0,T); H'(0,L)) and ¢, € C([0, T), H;*(0, L)).
Therefore, a{ (x,0), b{ (x,0) and c{ (x,0) all makes sense and so
al(x,0) — a,(x,0) € H(0, L),
b!(x,0) — b,(x,0) € H'(0, L),
c/(x,0) — ¢,(x,0) € H;*(0, L).
Recalling (3.3) leads to the following
al(x,0) = a](x) — a(x) € LXO, L),
bl(x,0) = v(x) — b(x) € L*(0, L),
cl(x,0) = ¢](x) — ¢1(x) € L*(0, L).

Hence,
a/(x,0) = a(x), bi(x,0) =bi(x), ci(x,0)=ci(x), in (0,L).

Uniqueness. Let (a ,b, & and (a, b, ¢) be two solutions of (3.25), (3.28) and (3.32), then

satisfies for any
(¢, ¢, 4) € Hy(0, L) x Hy(0,L) x H5(0, L),

L L L
o1h f aypdx + E1hy f ap.dx — kf (—a+ b+ ac,)pdx
0 0 0
L L L
o3h3 f bupdx + Eshs f bypdx + kf (—a+ b+ ac,)pdx
0 0 0

L L L
ph f cbdx + EI f Collodx + ak f (—a+ b+ ac ). dx
0 0 0

L
+ U3 f (latlr_ZEt - |6't|r_251) ¢dx = 0.
0

L
o f (al"a, — 12, 2a,) ¢dx = 0,
0

L
+ (2 f (Ibzl‘f‘Zb, - |b,|‘1‘2&,) ¢dx =0,
0

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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Notice that, for all (¢, ¢, ¢) in C7° ((0, L) X (0, 7)), system (3.33) is valid. Thus, by density argument,
the system (3.33) also holds for all (¢, ¢,%) € L*((0,L)x (0,T)). Therefore, replacing (¢, ¢, )
by (a,, b;, ¢;) in the system (3.33), we obtain

1d L
—— |pihllal? + Eihylla)* | - kf (—a + b + acy)adx
2 dt [ 17114y 171 ] 0 t
L
+ f (latlp_zat - |at|p_2&t) (a; — aydx = 0,
0
1d ) ) L
37 [pghzllbtll + E3hs|1b,]| ] +k | (-ma+b+ac)bdx
0
L o (3.34)
+ ,sz (lbth_th - |bt|q_2€lt) (by — by)dx =0,
0
1d |phlledP + Elllc, || + ak fL(—a +b + acy)cydx
2dt 0
L
+ U3 f (lEtlr_zét - |6t|r_26t) (¢ —¢)dx = 0.
0
Adding the equations in system (3.34) and recalling Lemma 2.2, we arrive at
@'(t) <0, forall ¢ € [0, c0), (3.35)
where
- 1
(1) =3 [oimlladl? + EvallaslP + pshsllbP + Eshsllb,F |
1
+ 5 [phlledP + Ellend? + Ki(-a + b+ ac))lF].
Integrating (3.35) over (0, ¢), we obtain
1
3 [plhlllatll2 + Eiylladl® + pshsllbil® + Eghallbxllz]
1
+5 [;ohllall2 + El|lc.l* + kli(—a + b + acx)llz] <0.
Hence,
@,b,e) = (a,b, ).
O

4. Asymptotic stability

We study the stability of Problems (1.6)—(1.8) when g; = g, = g3 = 0. That is, we consider

pihay — Eyha,, —k(—a + b+ acy) + wila’2a, =0, in (0,L) x (0,T),
p3h3by — Eshsby + k(=a + b + ac,) + polb?*b, = 0, in (0, L) X (0,T), 4.1)
phcy + Elc . — ak(—a + b + ac,), + u3|c,|’_2c, =0, in(0,L)x(0,T),
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satisfying

a(0,1) = b(0,1) = c(0,1) = c,(0,£) =0, t > 0,
a(L,t) =b(L,t) =c(L,t) = c,(L,t) =0, t>0,

and the initial data

{ a(x,0) = ap(x), b(x,0) = by(x), c(x,0) = co(x), x € (0, L),

a,(x,0) = a1(x), bi(x,0) = b1(x), c/(x,0) =c1(x), x € (0, L).

The energy of Problems (4.1)—(4.3) is represented by the functional
1
(1) =5 [/01h1llat||2 + EvhulladP + pshsllb” + EzhsllbeZ]
1
+ = [phled? + Elles P + Ki(=a + b+ ac))IP].

The next lemma shows that the system (4.1)—(4.3) is dissipative.

Lemma 4.1. Let (a,b,c) be the unique solution of Problems (4.1)—(4.3).

Sfunctional (4.4) satisfies

d L L L
—®(1) = —uy f la,|Pdx —,uzf |bdx — 3 f lc/"dx <0, Yt > 0.
dt 0 0 0

(4.2)

4.3)

4.4)

the

4.5)

Proof. The proof of (4.5) follows by first multiplying the three equations in (4.1) with a,, b,, and ¢,,
respectively, then applying integration by parts to each term over (0, L) and summing the equations. O

The stability result for Problems (4.1)—(4.3) is given by
Theorem 4.1. Let

(ao, ay, by, by, co, 1) € Hy(0, L) x L*(0, L) x Hy(0, L) x L*(0, L) x HZ(0, L) x L*(0, L)

be given and assume 2 < p,q,r < co. Then, for all t > 0, the energy functional (4.4) satisfies,

Ce™, if (p,q,r)=(2,2,2),

(1) < 2
C(l+n @, if (p,q,r) #(2,2,2),

where @ = max{p, q,r}, and C, A are positive constants.

(4.6)

Proof. We begin by multiplying the three equations in (4.1) by a®7(t), b®7 (¢), and cD’ (¢), respectively.

Integrating the results over the interval (0, L) X (s,7T), we get

T L
f 7 (1) f (prhiaua - Exhiaga - k(-a + b + aca + plalaa) dxdt = 0,
s 0

T L
f D (1) f (phct,c + Elc ¢ — ak(—a + b + ac,),c + ,u3|ct|r_2c,c) dxdt =0,
s 0

T L
f 7 (1) f (03h3bub — Eshsbyb + k(=a + b + ac)b + polb | b,b) dxdt = 0, (4.7)
s 0
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for T > s, and a constant oo > 0 to be declared later. Integration by parts and routine calculations
leads to

T L
f (1) f lo1h (@), - @) + Exhid + k(-a + b + ac,)(-a) | dxd
K 0

T L
+ 1y f (I)‘T(t)f la,|P2a,adxdt = 0,
s 0

T L
f ) f |p3hs ((bib), = b}) + Eshsb? + k(-a + b + ac,)b| dxdt
K 0
T L
+ s f D (1) f |b:|""*b,bd xdt = 0,
s 0

T L
f d)“(t)f [ph ((c,c)t — cf) + Elcix +k(—a+b+ acx)(ozcx)] dxdt
s 0

T L
+ 113 f D7(1) f le" "% c,cdxdt = 0.
K 0

1 T L
- f (1) f (o1hia} + Evya’ + k(=a + b + ac,)(-a)) dxdt
K 0

2
T L 3 T L
+ f D7 (1) f plhl(aat),dxdt—i f (1) f piha’dxdt
K 0 s 0

1 (7T L 1 (7 L
+§f (I)‘T(t)f Elhlaidxdt+§f (D‘T(t)f k(—a + b + ac,)(—a)dxdt
s 0 s 0
T L
+ 1t f DU(7) f |la,|P2a,adxdt = 0,
K 0
1 T L
3 f 7 (1) f (03h3b} + Eshsb? + k(=a + b + ac,)b) dxdt
K 0
T L 3 (T L
+ f (1) f p3h3(bb,),dxdt—§ f D (1) f p3h3b,2dxdt
s 0 K 0
1 T L 1 T L
+§f (D(’(t)f E3h3b§dxdt+§f <D‘T(t)f k(—a + b + ac,)bdxdt
s 0 s 0

T L
+ s f D (1) f |b:|""*b,bd xdt = 0,
s 0

1 T L
- f (1) f (ohc? + EIC, + k(-a + b + ac,)(ac,)) dxdt
K 0

2
T L 3 T L
+ f D7(1) f ph(cct),dxdr—5 f D (1) f phctdxdt
K 0

T L
+—f (I)"(t)f EIc dxdt + = f CI)‘T(t)f k(—a + b + ac,)(ac,)dxdt
K 0

+ 113 f DU(7) f e % ¢,cdxdt = 0.
K 0
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Addition of the equations in (4.9) and recalling (4.4), we get
T T L
f Q7 (D)dt = - f (1) f (p1hi(aa,); + p3hs(bb,), + ph(ce,),) dxdt
s s 0

3 (T L
+ > f d)“(t)f (plhlaf + 103h3bt2 + phclz) dxdt
s 0

1 T L
) f D7 (1) f (Erhia + Eshsb? + EIC,) dxdt
s 0

1 T L
-3 f (1) f kll(=a + b + ac,)|*dxdt
K 0

T L T L
— 1 f D (1) f |a|Pa,adxdt — p, f D (1) f |b,|"b,bd xdt
K 0 K 0

T L
— 13 f D7(7) f e % ccdxdt.
K 0

T T4 L
f O N (pdr < — f r (f @7 (1) (o1hyaa, + p3hsbb, + phee,) dx) dt
s s 0
41

T L
+ o-f "' (1) f (o1hyaa; + p3hsbb; + phec;) dxdt
s 0

From this, we get

723
+§qu>f’(t)fL(pha2+phb2+phc2)dxdz
2, o IS TR ! (4.10)

U3

T L T L
—u f 7 (F) f la,|P~a,ad xdt —s f 7 () f |b,|972b,bd xdt
s 0 K 0

Vs ¥s

T L
i3 f 7 (f) f e "2 ciedxdr .
K 0

43

Now, we estimate the terms ; — ¢ in (4.10). For 1, using Young’s inequality, we have

L
il < f D7(s) (prha(x, s)a(x, 5) + pshsb(x, $)bi(x, 5) + phc(x, s)ci(x, 5)) dx
0

L
+ f O (T) (p1hya(x, T)a(x,T) + p3hsb(x, T)b,(x, T) + phc(x, T)c,(x,T)) dx
0

4.11)

< S507%(s) [/mhl(lla(S)ll2 +lla()IP) + pshs(lb(s)IP + IIbt(S)IIZ)]

| =
—_

1
+ Eq)(’(S)/Oh(IIC(S)II2 +lle(s)IP) + ECD‘T(T);OJH(IIa(T)II2 +lla(T)I?)

1
+50(T) [/03h3(||b(T)II2 + BT + ph(le(DI + ”Ct(T)”z)] -
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Using (2.4) and Poincaré inequality, it follows that

1
Wil < S07(s) [plhl(cp”ax(s)”2 +la($)IP) + p3hs(C,llb(s)I + ||b,(s)||2)]

1 1
+ 5qf’(S);Oh(CeIICM(S)II2 + lled(s)I) + ECD‘T(T)/Olhl(Cpllax(T)ll2 + lla(T)I)

1
+ 507(T) |pshs(CollbA TP + IbADIE) + p(CelleDIF + lleDIP)]

where C, and C, are the embedding and Poincaré constants, respectively. Knowing that ®’(r) < 0,

we obtain
Wil < C(O7HT) + D7 (5)) < COT ().

For y,, recalling ®@'(¢) < 0, we have

T L
| < -0 f D7 (D' (1) f | (p1hiaa; + p3hsbb, + phcc,) |dxdt
K 0
T L
< —% f o7 (@' (1) f (prhi(@ +a;) + pshy(b® + b) + ph(c® + c}))dxd
ST 0L
<-C f 7 (D' (1) f (@ +a +b*+ b> + 2, + cH)dxdt
sT 0
<—C f O (O (1)dt
S - ,
=—C f (@7 (1)) d < CO7(s).

Similarly, using (4.5) 3 becomes

3 T L
= f (1) f p1hya*dxdt| +
2 s 0
3 T L
= f D (1) f phcdxdt
2 K 0
T L : T L :
SCf (D"(t)(f afdx) dt+Cf CD‘T(t)(f b?dx) dt
s 0 K 0
T L ;
+Cf CI)”(I)([ c,’dx) dt
K 0

T T
<C f O (1) (~0'(1))7 di +C f D7 (1) (-0’ (1)) dr
#1 $2

T
+C f O7(1) (- (1))" dt.

3| <

3 T L
3 f D (1) j; p3hsbldxdt

+

#3

(4.12)

(4.13)

(4.14)
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Next, we consider different cases to estimate the terms ¢, , ¢,, and ¢5. For ¢, we have
Casel. p =2.

T
1 < C f (1) (~D' (1)) dt < CD7(s). (4.15)

Case 2. p > 2. Weset p* = £,4* = 1%2, then with € > 0 and young’s inequality, the estimate
below holds

T
1| < C f D7(1) (D' (1)) dt
ST op T
<e f (D)2 dt + C., f (—'(£))dt (4.16)
T
<e f (D(£)) 7> dt + C.D(s).

For ¢,, we get
Case 1. g = 2.

T
lpa] < C f (1) (-0 (1)) dt < CD7\(s). (4.17)

*

Case2.g>2 Wesetp =1, 4" = q%z, by young’s inequality, for any € > 0, we get

T
|| < Cf Q7 (1) (-’ (1)) dt
ST - T
<e f (D(1))7 dt + C. f (—'(1))dt (4.18)
T
<€ f (D(1))7 dt + C.D(s).

Similarly, for ¢3, we get
Casel.r =2.

T
gl < C f (1) (- (1)) dt < CD7H'(s). (4.19)

*

Case 2. r > 2. We set p* = 5, ¢* = 5, then using young’s inequality, we obtain any € > 0

T
lps| < C f O7(1) (=D ()" dt
ST ) T
<e f (O(1)™ di + C. f (-’ (r))dt (4.20)
ST S
<e f (O(1)72 dt + C.D(s).

*

For ¢4, we make use of Poincaré and Young’s inequalities with p* = ﬁ, q° = p, recalling (4.4)
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and (4.5), we have for any € > 0,

T L
Wal < g1 f 7 (f) f la,|P~"aldxdt
L
Slllf (I)‘T(t)( f Ialpdx+Cf|a,|pdx)dt

<,u]ef f D7 (H)|al’ dxdt + C. f Q7 (1) (D' (1)) dt

L
< Cpure f ®7(1) ( f idx) dt + C.07*(s)
s 0

T
< Cplllff (1) (2(1)(;))% dr + qu)0'+1 (s)

4.21)

T
< €(Cpptr (@(0)27") f 7 (dt + C.O7*(s).

N

Similarly, with p* = q%], q* = g, we estimate 5 as follows

T L
05| < o f o7 (1) f by bldxds

L
<u fd)‘r(t)( f |bl%dx + Ce f Ibflqu)dt

<yzef f D7 (1)|b%dxdt + C, f Q7 (1) (- (1)) dt

< Cypire f (1) ( f bzdx) dt + C. D7 (s)

T
< Cq,usz @7 (1) (Zd)(t))% dt + C.d7*\(s)

(4.22)

T
< €(Copa (@(0)F7") f D7 (1)dt + C. D7 (5).

s

In the same way with p* = q" = r, we estimate ¢ as follows

rl’

T L
sl < ,uaf Ep(f)f e eldxdt
s 0
T L L
< s f (I)‘T(t)( f lc|"dx + C. f |c:| dx) dt

<,uzef f 7 (1)|b|"dxdt + C. f Q7 (1) (-’ (1)) dt

< Ce,rﬂ36f D7(1) (f cxxdx) dt + C. D7 (s)
s 0

T
< Ce,rﬂ36f (1) (2(I)(t))'7 dr + CE(D(T+1(S)

(4.23)

T
< e(ce,,u3 (@(0))5—1) f 7 (1)dt + C. D7V (5).

N
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We conclude this proof by discussing two cases.
Case 1. (p,q,r) = (2,2,2).
In this case, using (4.10), (4.12), (4.13), (4.15), (4.17), (4.19), and (4.21)—(4.23), we have

T T
f 7 (1)dt < CO7!(s) + €(Cppty + Cypty + Copptz) f 7 (t)dt + C.O7F(s).

N N

Thus, we get
T
(1= €(Coptr + Cgpta + Corpis)) f Q7 (dt < (C + CHDT'(s).

N

By choosing € very small in (4.25) such that

(1= €(Cppar + Cppa + Copt3)) > 0,

we arrive at ,
f " (1)dt < CO7(s), VT > 5 > 0.

N

Therefore, taking o = 0 and letting T — +o00, we obtain
+00 5
f O(t)dt < CD(s), Vs > 0.

Applying Lemma 2.3 part (2.2),, we obtain (4.6),.

Case 2. (p,q,1r) # (2,2,2).

Subcase2.1. p=g=r>2.

We use (4.10), (4.12), (4.13), (4.16), (4.18), (4.20)—(4.23) to get

y T
f O (H)dt <CP7H(5) + C.D7 ! (s) + C.D(s) + 3€ f (D(F))r2 dt
N ) N -
+ G(CPMI + Cq,UZ + Ce,r/-l3) ((D(O))E_l f (I)(H—l(t)dt-

We then choose o such that

P =0+1, Whichgivesczg—l.

p—2
Therefore, (4.28) leads to

T
f O (H)dt <CP7H(5) + C.D7 ! (s) + C.D(s)

N

T
#e(3+ Gt + Ctr + Copps) @O [ 07 0.
Next, selecting e sufficiently small such that

L= €(3+ Cppr + Coptz + Coppiz) (R(0)F > 0,

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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and knowing o= = 5 — 1, we get

T
f O (1)di < CO7(5) + CD(s) < CD(s), ¥ T > s > 0. (4.31)

N

By letting T — +oco and recalling (4.29), we obtain
+00
f @2 (r)dt < CO(s), Vs > 0. (4.32)

Thus, applying Lemma 2.3 part (2.2),, we obtain (4.6),.

Subcase 2.2. p>g>r>2o0orp>r>qg>2o0orgq>p=>r>2o0orq>r>p=>2o0rr>p2>
g=>2orr>qg>p=>2.

Here, it is sufficient to consider p > g > r > 2. The other options can be treated in exactly the same
way. Thus, we have the following subsubcases:

Subsubcase 2.2.1. p > g =r =2.

It follows from (4.10), (4.12), (4.13), (4.16), (4.17), (4.19), and (4.21)—(4.23) that

! T
f O (Dt SCO™(s) + CO7(5) + CD(s) + € f (D)7 dt

- (4.33)
+ €(Coptr (@(0)>" + Cppiz + Copt3) f O (1)dt.
Thus, ,
f D7 (1)dt <CO7(5) + C. D7 (5) + C.D(s)
4 - (4.34)
+ €(1+ Cppy (©(0)7™ + Cyptz + Coppty) f Q7 (n)dt.
Choosing € to be very small and satisfying
€(1+ Copr (@O)F" + Copta + Coppis) < 1,
and selecting o as in (4.29) leads to
T
f O (D)dt < CO(s5) + CO(s) < CD(s), VT > s> 0. (4.35)
Letting T — +o00, we arrive at
+00
f @2 (1)dr < CO(s), Vs > 0. (4.36)
Thus, the application Lemma 2.3 part (2.2),, we obtain a polynomial decay result in (4.6),.
Subsubcase 2.2.2. p > g > r = 2.
Again, from (4.10), (4.12), (4.13), (4.16), (4.18), (4.19), and (4.21)-(4.23), we get
T
f D7 (t)dt <CO7(5) + C. D7 (5) + C.D(s)
) T op T oq
+e€ f (D)2 dt + € f (D(1)) 72 dt (4.37)

T
+€(Cpptr (@O)F + Cppaa (R(O)* " + Copts) f 7 (1)d1.

S
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With choice of o > 0 in (4.29), we see that % > o + 1, since p > g > r = 2, thus we obtain

T
f 7 (H)dt <CD7 ' (s5) + C.D () + C.D(5)
s . (4.38)
+€(2+ Cppar (©(0)7 7 + Cppaz (©(0)*™" + Copts) f Q7 (1)dt.

N

Thus, we select € small so that

1= €(2+ Cppar (D(0)7™" + Cppaa (D(0)7" + Cupt3) > 0,

and since o = g — 1, we arrive at

T
f 7 (D)dt < CO7*(s5) + CD(s) < CD(s), VT > s > 0. (4.39)

Letting T — +oo leads to

+00
f ®%(1)dt < CO(s), Vs > 0. (4.40)

Using Lemma 2.3 part (2.2),, we obtain (4.6),.
Subsubcase 2.2.3. p > g > r > 2.
A combination of (4.10), (4.12), (4.13), (4.16), (4.18), and (4.20)—(4.23) leads to

T
f O (H)dr <CP7H () + C.D7 ! (s) + C.D(s)

N

T T T
+e f (D)7 dt + € f (D)7 dt + € f (D)7 dt (4.41)

T
+ €(Copr (@ONT + Cppia (DO)F + Copts (BO))F) f 7 (1)d1.

N

Again, keeping in mind the choice of o= > 0 in (4.29), we obtain q‘% >o0+1, Z5 >0+ 1since p >
q > r > 2. Therefore, we obtain

T
f O (H)dt <CP7H(5) + C. D7 (s5) + C.D(s)
s (4.42)

T

+€(3+ Copy ((0))2 ™" + Cppt (R0) " + Copt3 (@(0))F) f 7 (1),

N

By selecting € small such that

(3 + Cypar @D + Cypar @O) ™ + Copas (@) ) < 1

leads to ,
f Q7 (Ndt < CO7'(s5) + CO(s) < CD(s), VT > 5 > 0. (4.43)

Letting T — +oco we gset
fm O3 (ndt < CO(s), Vs > 0. (4.44)
Using Lemma 2.3 part (2.2),, we obt;in (4.6),. This completes the proof. O
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5. Numerical analysis and solutions

Our objective of this section is to numerically validate the theoretical results obtained in
Theorem 4.1.

5.1. Numerical analysis

First, we utilize the Finite Difference Method (FDM) (see also [6]) to discretize system (4.1). This
can be achieved by letting a"*' and b"*' represent the longitudinal displacement of the top and bottom
layers, respectively, and c”Jrl the transverse displacement of the beam, at future time step (n + 1)A¢ and
position iAx, where At and Ax are the time and space steps, respectively. The discretized system is
as follows:

a?“—Za?+a;"l z+1_2" +a’
pih
Ar?
n n— -2 n n—
—k|-d'+b! +a« —’ LI+ ap—ap (4 zar =0
P Ax A At ’
ol b?“—2b?+b;"l l+1—2b”+b”
313 AL
ot bn_br_z—l q-2 b’?—br-l_l
Fk|—a 4 b o L ‘ i )=, (5.1)
% T “( Ax )] iy ( At )
. et =2¢t 4 ! o e, — 4 +6ct -4+,
+
P AP Ax
a! —a’ b —b" —2c! + ¢
_ k i—1 i i—1 i+1
ok (e () e
c—c"lrch’—c?‘l 0
+ =
Hs At At

Solving for a/*!, b**!, and ¢/*! in (5.1), we obtain

ar! :Za? - af

+2] [az+1 2a} +a || + 25 [~a} + bi] + 5 [cf — ]

n n—1
(-

U 20 B 8 280 B+ ] -

(5.2)
A A Ve
et =2e — T = dS [y, — Act, + 6¢) — dct )+ cly] - dS (af - aly)
b (B = b))+ ds [y =260 + ey ] = ds [ = T (e - ),
where
. EiAP kAP ka AP 8

T OIA 2T o BT i Ax” T pihsAr 32 )
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. EsAP . kAP . ka AP, i

m=——, my=——, M= ————, My = )
YUps AXY T pshy’ 7 psh AxT Y pahaAr3(2471)
. EIA? | kaAP ko AP H

T oh AXY 2T ph AxT T ph A2 YT phAr-3Q2r Yy
We note that the numerical solution in (5.2) is stable if

2-271-2,20,
2-2m{—-m5 >0,
2 6d5 —2d5 > 0

simultaneously. Hence, for stability, we require that
h
At <mindAx 2L Ax [2 A [ (5.3)
E, E; El

Second, using the resulting numerical scheme in (5.2), we present a numerical solution to
problem (1.6). In addition, we validate the decay result concerning the energy functional ®(¢), and
the estimates obtained in Section 4, through numerical simulations. To do these, we consider three
different lengths of the beam, which are, L = 1, L = 2, and L = 6; then, different parameter values
for py, p3, the damping coeflicients 1, u, 43, and damping exponents p, g, r. Throughout, we simulate
with four different initial displacements, namely,

5.2. Numerical solutions

a(x,0) = 20sin (gx), b(x,0) = 20 sin (;—Tx) and ¢(x,0) = 20 sin(%x), (5.4)
RV . (3@ . (3w
a(x,0) = 20sin (%x), b(x,0) = 20sin (%x) and ¢(x,0) = 20 sin (Ex), (5.5
. [T . [T (T
a(x,0) = 20sinh (Zx) , b(x,0) = 20 sinh (Zx) and c(x, 0) = 20 sinh (Zx) , (5.6)
n n n
a(x,0) = 50cosh (Zx) , b(x,0) = 30 cosh (Zx) and ¢(x,0) = 10 cosh (Tx) , (5.7)

and
a(x,0) =0, b(x,0) =0, and ¢,(x,0) =0,

as initial velocities.

Instance 1. (L = 1) Considering a beam of length L = 1, we present numerical solutions
for the problem 1.6 under consideration. The effect and influence of each of the parameters, the
damping coefficients and damping exponents, on the decay of solutions are presented and analyzed
in Figures 2—10. It is observed that the parameters p;, ps, the damping coefficients u;, u, us, and the
damping exponents p, g, r greatly influence the wave amplitudes, oscillations, and speed of decay of
the solution to zero. First, we use the initial displacement (5.5) for Figures 2-5. Second, we use the
initial displacement (5.6) for Figures 6-9. Third, we use the initial displacement (5.7) for Figure 10.
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In this instance, we demonstrate different simulations of the critical exponent cases p =2, ¢,r > 0 or
q=2,p,r>00rr=2,p,g>00rp=q=2,r>00rp=r=2,9g>00rqg=r=2, p>0, which
are presented in Figures 2—-10.

S z-value = 0.33333 = z-value = 0.83333
g 4 ‘ g 4 ‘
11T , N TR .
l;: w l;: w
li: 0 n 'MnMAM"A[PUAVAVAVAV%AVA"WVAVW' li: 0 [ ”MMMUﬂU%AVAVAVAVAVAVAM P
£ [T ¢ [
g g
< <
t axis t axis

Figure 2. Solution for different x values, p; = 0.01, p3 = 0.02, y; = 10, u, = 20, u3 = 30,
p=2,qg=357r=3. () an,bE,0,c0, b a0,bE,0,cC 0.

z-value = 0.33333

z-value = 0.16667

—_

n A .M”nMMMfl.!\M.nMMVAVWMMK
WWWUWUWW\MW

-4

Wave Amplitude: u(z,t),v(z,t),w(z,t)
4 o
—_—
—
—
=
—
=
=
=
E
q
Wave Amplitude: u(z,t),v(z,t),w(z,t)
o
—_

4 0 2 4
t axis ) t axis

Figure 3. Solution for different x values, p; = 0.01, p3 = 0.02, y; = 10,1, = 20, u3 = 30,

p=2,9=3,r=3.05 () a(z,1),b(z,0),c(3,1), (b) a(2,0),b(Z,1),c(3,1).

o
N
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x-value = 0.33333

N

o

|
SN

Wave Amplitude: u(zx,t),v(z,t),w(z,t)

o
N

t axis

(a)

Wave Amplitude: u(zx,t),v(x,t),w(z,t)

z-value = 0.83333

4
.......... v
w
0 2 4
t axis
(b)

Figure 4. Solution for different x values, p; = 0.01, p3 = 0.02, y; = 10,u, = 20, u3 = 30,
p=25,g=2,r=21.(a) az,1),bZ,0,c(3,1), (b) a2, 1), b2, 1),c(2,0).

z-value = 0.5

137

-13 1

Wave Amplitude: u(x,t),v(x,t),w(z,t)
o
—
ek
—
P
e
~ "ﬁ
b
-ﬁ
g
&3
%

0 2.5
t axis

(a)

Wave Amplitude: u(z,t),v(z,t), w(z,t)

z-value = 0.66667

(b)

Figure 5. Solution for different x values, p; = 0.01, p3 = 0.02, y; = 10, u, = 20, u3 = 30,
p=21,g=2,r=27.(a)ak,0,b(,0,ct 0, ®) aG,0,bG0,c,0).
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= z-value = 0.16667 = z-value = 0.5

3 u 3
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= =
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g, 2 21007

[} (]

5 ‘ 5 ‘

E o0 2 4 E 0 2 4
t axis ) t axis
(a) (b)

Figure 6. Solution for different x values, p; = 0.01, p3 = 0.02, y; = 10,4, = 20,3 = 30,
p=21,g=22,r=2.(a) a(%,t), b(%,t), c(é,t), (b) a(%, t),b(%, t),c(%, 1).

x-value = 0.33333 x-value = 0.83333

976 }

165 Ui

|‘; !I!HHH"‘I‘H\leu‘w"'\'.‘.‘.‘._‘ AR

Wave Amplitude: u(z,t),v(z,t), w(z,t)
Wave Amplitude: u(z,t),v(z,t), w(z,t)

: i V|
. ! BT 0
T
167 828
0 1.5 3 0 1.5 3
t axis t axis
(a) (b)

Figure 7. Solution for different x values, p; = 0.01, p; = 0.02, y; = 10,4, = 20, u3 = 30,
p=24,g=21,r=2 () a3,0,b(3,0,cG,0, (1) a,0,bz,1),c,0).
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z-value = 0.16667 z-value = 0.33333
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Wave Amplitude: u(z,t),v(x,t),w(z,t)

Wave Amplitude: u(x,t),v(z,t),w(z,t)
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t axis t axis
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Figure 8. Solution for different x values, p; = 0.01, p3 = 0.02, y; = 10,u, = 20, u3 = 30,
p=q=2,r=245 (a)a(,n,b(z,0,c(;,0), (b) a(3,0,b(3, 1), c(3,1).

z-value = 0.33333 z-value = 0 83333
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Figure 9. Solution for different x values, p; = 0.07, p3 = 0.03, u; = 10,4, = 5,u3 = 25,
p=r=24=255 (a)a(3,1),b(3.0,c(3.0, (b) a, 1, b2, 1), c(2,1).
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x-value = 0.83333

z-value = 0.16667

Wave Amplitude: u(x,t),v(z,t),w(z,t)
Wave Amplitude: u(x,t),v(z,t),w(z,t)

0 50 100

0 50 100
t axis t axis
(a) (b)

Figure 10. Solution for different x values, p; = 1.1, p3 = 1.5, uy = 5,4, = 15,u; = 10,
g=r=2,p=3.1(2)a(}0,b(; 0,30, (b) a2, 1),b3, 1), c(2, 1).

Instance 2. (L = 2) Considering a beam of length L = 2, we present numerical solutions for the
problem (1.6) under consideration. Using the initial displacement (5.4), the effect and influence of
each of the parameters, the damping coefficients, and damping exponents on the decay of solutions are
presented and analyzed in Figures 11-13. It is observed that the parameters p;, ps3, the damping
coeflicients py, up, pus, and the damping exponents p, g, r greatly influence the wave amplitudes,
oscillations, and speed of decay of the solution to zero.

= z-value = 0.66667 = z-value = 1.6667
g10 | E 19 ‘
3 U 3 u
5 1 | v S N e v
‘H'\ w ‘0@,\ w
& &
Qﬁ Qﬁ
s 0 ’:;V'-’:"‘“*""'"* “““““““““““““““““““““ S
5 T
< <
E E
2 2
E E
e 8 e 12
(] L @ I
= 0 15 3 = 0 15 3
t axis t axis
(a) (b)

Figure 11. Solution for different x values, p; = 0.001, p3 = 0.002, y; = 10, u, = 15, uz = 20,
p=26,g=24,r=23. () a0,bz,1), 21, ®)a’,0,bE, 1), c0).
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z-value = 0.66667 z-value = 1.3333
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| 4V | ]
0 25 5 0 25 5
t axis t axis
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Figure 12. Solution for different x values, p; = 0.01, p3 = 0.02, u; = 20, u, = 20, u3 = 30,
p=27,4=357r=30. @ a’,0,bZ,0,c0, b) ai,0,bE 0,0,

= z-value = 1 = z-value = 1.3333
5 49 i g T
El u El u
R e v 220k, e v [
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= =
5] 8
EE O TRTATATATRTATA Al ERE] L rRVAVATATATATA'A'A At -
) [9)
kS| kS|
= =
h= =
E E
< < -219+
2 2
& -50 ‘ 5] ‘
= o 25 5 50 25 5
t axis t axis
(a) (b)

Figure 13. Solution for different x values, p; = 0.001, p3 = 0.002, u; = 10, u, = 20, uz = 30,
p=qg=r=2.(a)a(l,0),b(1,1),c(1,0), (b) a(,1),b(%,1),c(3,1).

Instance 3. (L = 6) Next, we consider a beam of length L = 6, and present numerical solutions
for problem (3.18) under consideration. Similarly, using the initial displacement (5.4), we observe the
effect and influence of each of the parameters, the damping coefficients, and damping exponents, on the
decay of solutions and associated energy functional, as presented in Figures 14—16. It is observed that
the parameters p;, p3, the damping coefficients u;, u,, 13, and the damping exponents p, g, r greatly
influence the wave amplitudes, oscillations, and speed of decay of the solution to zero.
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Figure 14. Solution for different x values, p; = 0.05, p3 = 0.05, y; = 20, u, = 20, u3 = 50,
p=24,q=24,r=2.6.(a)al2,1),b2,1),c2,1), (b) a(5,t),b(5,1), c(5,1).
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Figure 15. Solution for different x values, p; = 0.01, p3 = 0.02, y; = 20, u, = 30, u3 = 60,
p=24,q=2.1,r=2.7.(a)a(l,1),b(1,1),c(1,1), (b) a(5,t),b(5,1), c(5,1).

Wave Amplitude: u(z,t),v(z,t), w(z,t)
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Wave Amplitude: u(z,t),v(z,t), w(z,t)
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r-value = 2 z-value = 4

634

Wave Amplitude: u(z,t),v(z,t),w(z,t)
Wave Amplitude: u(x,t),v(z,t),w(z,t)

(a) (b)
Figure 16. Solution for different x values, p; = 0.15, p3 = 0.15, y; = 30,4, = 20, u3 = 10,
p=q=r=2.(a)a2,1,b2,1),c2,1), (b)a(5,1),b(5,1),c(5,1).

The energy

We present, in Figures 17-21, the energy decay for a beam of length L = 1 and correspond
the numerical solutions presented in Figures 2—10 to the cases considered in Instance 1. Moreover,
Figures 22-24 show numerical simulations of the energy for different lengths of the beam L = 2
and L = 6, and for different damping exponents p, g,r. We observe the decay of the energy ®(7) to
zero 1n all scenarios.

Plot of the Energy Functional Plot of the Energy Functional
= =
& & 0.6
o0 o0
) )
= =
0 L L L
10* 10 102 10° 10 10*
t axis t axis

(@) (b)
Figure 17. Energy decay corresponding to the numerical solutions in Figures 2 and 3,
respectively. (@) L=1: p=2,g=35,r=3,(b)L=1: p=2,g=3,r=3.05.
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Plot of the Energy Functional

Plot of the Energy Functional
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Figure 18. Energy decay corresponding to the numerical solutions in Figures 4 and 5,
respectively. (@) L=1: p=25,q=2,r=21,b)L=1: p=21,g=2,r=2..
Plot of the Energy Functional Plot of the Energy Functional
= 06f 506
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Figure 19. Energy decay corresponding to the numerical solutions in Figures 6 and 7,
respectively. (@) L=1: p=2.1,g=22,r=2,b)L=1: p=24,g=2.1,r =2.
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Plot of the Energy Functional

Plot of the Energy Functional
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Figure 20. Energy decay corresponding to the numerical solutions in Figures 8 and 9,
respectively. (@) L=1: p=q=2,r=245,b)L=1: p=r=2,q=2.55.

Plot of the Energy Functional
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Figure 21. Energy decay corresponding to the numerical solutions in Figure 10. (a) L =1 :
p=3l,g=r=2,(b)L=1:p=27,q=27r=2.
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Plot of the Energy Functional Plot of the Energy Functional

0.3r

03¢

Energy: F(t)
Energy: F(t)

t axis t axis

(@ (b)
Figure 22.  Energy decay for different x values, py = 0.01, ps = 0.02,
ur =10, =20,u3 =30. () L=2: p=g=r=2,b)L=6: p=g=r=2.

Plot of the Energy Functional Plot of the Energy Functional
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Figure 23. Energy decay for different x values, p; = 0.01, p3 = 0.02,

w =10, = 20,3 =30. (@) L =2 : p = 2.6,q = 24,r =23, (b)L =6
p=26,g=24,r=23.
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Plot of the Energy Functional Plot of the Energy Functional

Energy: F(t)
Energy: F(t)

102 10° 102 10* 102 10° 102 10*
t axis ) t axis
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Figure 24. Energy decay for different x values, p; = 0.1, p3 = 0.2, uy = 10, up = 20, u3 = 30.
@L=2:p=27,¢g=35r=30,(b)L=6: p=27,4g=3.5,r=3.0.

6. Conclusions

In this article, we have shown that the Non-linear Rao-Nakra beam model (1.6)—(1.8) is well-posed.
We also showed that without external forces, the Rao-Nakra system (4.1)—(4.3) is stable exponentially
or polynomially depending on the range of the nonlinearities. Furthermore, we presented numerical
examples to reinforce our theoretical analysis.
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