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1. Introduction

The Rao-Nakra beam model is an extension of the classical Euler-Bernoulli beam theory, which
incorporates the effects of shear deformation and rotational inertia in the analysis of the beam. The
three-layer sandwich beam model is used in aerospace and automotive structures. Due to their high
strength-to-weight ratio, Rao-Nakra beam models are also used in shipbuilding. This model takes into
account the motion of two outer face plates (assumed to be relatively rigid) and an inner core layer that
is sandwiched between two compliant layers [1]. The Rao-Nakra model, captures the coupling between
bending and shear forces and contributes to more accurate predictions of beam deflections, natural
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frequencies, and dynamic response. For three-layer or sandwich models with arbitrary boundary or
constrained-layer, see [2, 3]. Different types of multilayer plates models can be found in [4, 5].

1.1. The Rao-Nakra model

Consider Figure 1, where h j for j = 1, 2, 3 is the thickness of each layer in the beam, and h =

h1 + h2 + h3 is the thickness of the beam.

Figure 1. Triple layer beam.

Liu et al. [7] derived (1.1) as the generalized Rao-Nakra beam model after imposing the Kirchhoff

hypothesis on the outer layer plates and assuming that the displacement through cross-sections are
continuous in addition to being piecewise linear. The model according to Liu et al is as follows



ρ1h1att − E1h1axx − δ = 0, (x, t) ∈ (0, L) × (0,∞),
ρ3h3btt − E3h3bxx + δ = 0, (x, t) ∈ (0, L) × (0,∞),
ρhctt + EIcxxxx −G1h1k(cx + y1)x −G3h3(cx + y3)x − h2δx = 0, (x, t) ∈ (0, L) × (0,∞),

ρ1I1y1
tt − E1I1y1

xx −
h1

2
δ + G1h1(cx + y1) = 0, (x, t) ∈ (0, L) × (0,∞),

ρ3I3y3
tt − E3I3y3

xx −
h3

2
δ + G3h3(cx + y3) = 0, (x, t) ∈ (0, L) × (0,∞),

(1.1)

where the bottom and top layers of the plate, longitudinal displacement, and shear angle are represented
by a and b, y1 and y3, respectively. The transverse displacement of the beam is denoted by c, while the
shear stress of the core layer is denoted by the symbol δ. Furthermore, G j, ρ j > 0 are the shear modulus
and density for each layer j = 1, 2, 3. The parameters E j and I j represent Young’s modulus and
moments of inertia, respectively. Also, EI = E1I1 +E2I2 +E3I3 and ρh = ρ1h1 +ρ2h2 +ρ3h3, (see (1.1)3).
Neglecting the rotary inertia in top and bottom layers of the beam, leads to ρ1I1 = ρ3I3 = 0 in (1.1)4

and (1.1)5. Furthermore, if we ignore the transverse shear, we obtain cx + y1 = cx + y3 = 0, which is
the Euler-Bernoulli condition. Moreover, assuming the material in the core layer has a linear elastic
property and that the relationship between the stress and strain is given by δ = 2G2ε, then

ε =
1

2h2
(−a + b + αcx) , and α = h2 +

h1 + h2

2
is the shear strain. Thus, we arrive at this particular Rao-Nakra beam model given by,

ρ1h1att − E1h1axx − k(−a + b + αcx) = 0, (x, t) ∈ (0, L) × (0,∞),
ρ3h3btt − E3h3bxx + k(−a + b + αcx) = 0, (x, t) ∈ (0, L) × (0,∞),
ρhctt + EIcxxxx − αk(−a + b + αcx)x = 0, (x, t) ∈ (0, L) × (0,∞),

(1.2)
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with k =
G2

h2
, G2 =

E2

2(1 + ν)
, and the poison ratio ν, is in the interval (−1,

1
2

).

1.2. Literature review

The Rao-Nakra beam model (1.2) is popular, and numerous researchers have investigated it
with various kinds of damping on different layers. By coupling (1.2) with Maxwell-Cattaneo heat
conduction, Raposo et al. [9] proved an exponential stability result. Mukiawa et al. [10] studied a
Rao-Nakra beam model with a linear frictional force on (1.2)3, Fourier law on (1.2)2 to account for
thermal heat, and viscoelastically damped on (1.2)1. In addition to establishing the wellposedness of
the problem, the authors obtained a general decay result. Mukiawa [25] investigated the stability of
Rao-Nakra beam model through Gurtin-Pipkin’s thermal law. Li et al. [14] investigated the system (1.2)
and established unstable decay given that only one of the equations in (1.2) is damped. Furthermore, Li
et al. [14] proved that when two of the three equations in (1.2) are damped, the system is polynomially
stable. Last, when only one of the equations in (1.2) is damped, a polynomial decay result whose rate
changes, and is dependent on the damping location and boundary conditions was demonstrated by Liu
et al. [15]. Enyi [13], proved a general decay estimate for a triple layer beam model with time-varying
internal damping and feedback. For the exact and boundary controllability of Rao-Nakra or multilayer
beam models, see Hansen et al. [16–18] and Rajaram [19]. Cavalcanti et al. [20] studied the asymptotic
behavior of the Rao-Nakra beam model with non-linear localised frictional and external forces. Fon
more asymptotic analysis or long-time dynamics of the Rao-Nakra beam model, we refer the read to
the articles in [21–23], and the references therein for more detailed results.

Some authors have considered a generalized Rao-Nakra beam model consisting of two viscous
damping and proved the non-existence of exponential stability and existence of polynomial stability in
some cases. Liu and Akil [12] considered the following Rao-Nakra beam model (1.3)

ρ1h1att − E1h1axx − δ + e1at = 0,
ρ3h3btt − E3h3bxx + δ + e2bt = 0,
ρhctt + EIcxxxx −G1h1k(cx + y1)x −G3h3(cx + y3)x − h2δx + e3ct = 0,

ρ1I1y1
tt − E1I1y1

xx −
h1

2
δ + G1h1(cx + y1) + e4y1

t = 0,

ρ3I3y3
tt − E3I3y3

xx −
h3

2
δ + G3h3(cx + y3) + e5y3

t = 0.

(1.3)

Damping positions are organized into two categories, distinguished by the condition that both the
upper and lower layers are either directly damped or not, with each of the categories having three
subcategories. Different results consisting of necessary and sufficient conditions for strong stability
and instability were proved, in addition to obtaining polynomial decay rate for these categories, as
seen in the table below (see [12] for more details).

Category 1 Category 2
Subcategory 1 e1, e4 > 0 & e2 = e3 = e5 = 0 e1, e2 > 0 & e3 = e4 = e5 = 0
Subcategory 2 e2, e5 > 0 & e1 = e3 = e4 = 0 e1, e3 > 0 & e2 = e4 = e5 = 0
Subcategory 3 e1, e5 > 0 & e2 = e3 = e4 = 0 e2, e3 > 0 & e1 = e4 = e5 = 0
Stability type Strong stability & instability Strong stability & polynomial stability
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Motivated by the results of Liu and Akil [12], for the first time, Ali et al. [8] investigated
the well-posedness and stabilization of the generalized Rao-Nakra beam (1.4) when subjected to
either local or global viscoelastic Kelvin-Voigt damping effects, by considering different boundary
conditions, namely,



ρ1h1att −
(
E1h1ax + D1(x)atx

)
x − δ = 0,

ρ1I1y1
tt −

(
E1I1y1

x + D2(x)y1
tx
)

x −
h1

2
δ + G1h1(cx + y1) = 0,

ρhctt +
(
EIcxx + D3(x)ctxx)xx −G1h1k(cx + y1)x −G3h3(cx + y3)x − h2δx = 0,

ρ3h3btt −
(
E3h3bx + D4(x)btx

)
x + δ = 0,

ρ3I3y3
tt −

(
E3I3y3

x + D5(x)y3
tx
)

x −
h3

2
δ + G3h3(cx + y3) = 0,

(1.4)

in (0, L) × (0,T ). To start, they showed that the relevant semigroup is analytic, contingent upon the
presence of global Kelvin-Voigt damping on all five equations in system (1.4). Moreover, under the
influence of only two local damping mechanisms affecting the shear angle displacements at the top and
bottom layers (i.e., D2,D5 > 0 & D1 = D3 = D4 = 0), they revealed that the energy of the system
decreases polynomially. Quispe et al. [31] considered (1.1) and studied the stability of the system
when the Kelvin-Voigt damping is allowed to act on the first and third equations. They showed global
well-posedness and lack of exponential stability for the system; hence, they went ahead to show that
the system has a polynomial stability at the decay rate of t−

1
4 . In Al-Gharabli et al. [32], the authors

considered a thermoplastic Rao–Nakra (sandwich beam) beam system having a nonlinear damping of
variable exponent type on one of the equations, while the other two equations are damped by a thermal
effect produced by the Coleman–Gurtin’s thermal law. Utilizing the multiplier method, they derived
overarching results regarding energy decay, with exponential decay serving as a specific example.
Specifically, they considered the system



ρ1h1att − E1h1axx − κ(−a + b + αcx) + δ1θx = 0,
ρ3h3btt − E3h3bxx + κ(−a + b + αcx) − δ1θ + δ2ϑx = 0,
ρhctt + EIcxxxx − ακ(−a + b + αcx)x + δ3(t)‖ct‖

m(x)−2ct = 0,

ρ4θt + (β1 − 1)θxx − β1

∫ +∞

0
g1(s)θxx(x, t − s)ds + δ1(axt + bt) = 0,

ρ5ϑt + (β2 − 1)θxx − β2

∫ +∞

0
g2(s)ϑxx(x, t − s)ds + δ2bxt = 0,

(1.5)

in (0, L) × (0,T ). There has been a considerable research on the linear Rao-Nakra beam system,
considering linear and viscous damping positioned at different combinations of the five equations.
Only few papers have considered the effect of nonlinear damping on the equations of the Rao-Nakra
beam system. In this study, we investigate the role of nonlinear dampings on the stabilization of the
Rao-Nakra beam system. The critical cases with p = q = r = 2 corresponds to the linear viscous
damping, which has been extensively studied in the literature. Our focus is on the non-linear Rao-
Nakra beam model, namely
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
ρ1h1att − E1h1axx − κ(−a + b + αcx) + µ1|at|

p−2at = g1(x, t), in (0, L) × (0,T ),
ρ3h3btt − E3h3bxx + κ(−a + b + αcx) + µ2|bt|

q−2bt = g2(x, t), in (0, L) × (0,T ),
ρhctt + EIcxxxx − ακ(−a + b + αcx)x + µ3|ct|

r−2ct = g3(x, t), in (0, L) × (0,T ),
(1.6)

where 2 ≤ p, q, r < ∞, g1, g2, g3 ∈ L2 ((0, L) × (0,T )) are external forces and µ1, µ2, µ3 > 0 are damping
coefficients. We endow system (1.6) with boundary conditions a(0, t) = b(0, t) = c(0, t) = cxx(0, t) = 0, t ≥ 0,

a(L, t) = b(L, t) = c(L, t) = cxx(L, t) = 0, t ≥ 0,
(1.7)

initial data  a(x, 0) = a0(x), b(x, 0) = b0(x), c(x, 0) = c0(x), x ∈ (0, L),
at(x, 0) = a1(x), bt(x, 0) = b1(x), ct(x, 0) = c1(x), x ∈ (0, L).

(1.8)

We study the contributions and influence of the exponents p, q, r on the stability dynamics of
the nonlinear Rao-Nakra beam model in (1.6). We divide this into two broad cases: First is the
case (p, q, r) = (2, 2, 2) corresponding to the well studied linear Rao-Nakra beam with linear viscous
damping and proved exponential decay of the system, and in the second case (p, q, r) , (2, 2, 2) with
different subcases. Indeed, we show that the energy functional corresponding to system (1.6) satisfies,
for some C, λ > 0,

Φ(t) ≤


Ce−λt, if (p, q, r) = (2, 2, 2),
C(1 + t)−

2
ω−2 , if (p, q, r) , (2, 2, 2),

where ω = max{p, q, r}.

This article is ordered as follows: Section 2 contains some established facts that are fundamental to
achieving our result. In Section 3, we establish the well-posedness of problem (1.6)−(1.8) while the
proof of our main decay result is in Section 4. Finally, in Section 5, we provide numerical investigations
to corroborate our analytical findings.

2. Preliminaries and functional setting

The following Lemmas are important for our results.

Lemma 2.1. [26] Let X ⊂ V ⊂ X∗, with X a reflexive Banach space, V a Hilbert space, and X∗ the
dual of X such that the embeddings are continuous. If z ∈ Lp ((0,T ), X) and zt ∈ Lq ((0,T ), X∗), where
1
p + 1

q = 1, then
z ∈ C([0,T ],V).

Lemma 2.2. For any y, z ∈ R and n ≥ 2, the inequality

(|y|n−2y − |z|n−2z)(y − z) ≥ 22−n|y − z|n, holds. (2.1)

Lemma 2.3. Komornik [27] Given that a function Φ defined from R+ −→ R+ is non-increasing, and
suppose there are two positive constants γ and λ such that∫ ∞

s
Φ1+γ(t)dt ≤ λΦ(s), 0 ≤ s < ∞.

AIMS Mathematics Volume 10, Issue 10, 24389–24430.
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Then, for all t ≥ 0, we have that there exists two constants K, ω > 0 such that

Φ(t) ≤


K

(1 + t)
1
γ

, if γ > 0,

Ke−ωt, if γ = 0.
(2.2)

We consider the space

H2
⊗(0, L) = H2(0, L) ∩ H1

0(0, L),

and the inner product

〈v, ṽ〉H2
⊗(0,L) =

∫ L

0
vxxṽxxdx. (2.3)

Remark 2.1. [29,30] The norm ||.||H2
⊗(0,L) and the usual H2(0, L)-norm are equivalent. In fact, H2

⊗(0, L)
endowed with 〈·, ·〉H2

⊗(0,L) is a complete inner product space. Also, for v ∈ H2
⊗(0, L), the following

embedding inequality holds

‖v‖Lp(0,L) ≤ Ce‖v‖H2
⊗(0,L) = Ce‖vxx‖

2
L2(0,L), (2.4)

where Ce = C(L, p) > 0, 1 ≤ p < +∞.

3. Existence and uniqueness

Going forward, we represent the usual norm on L2(0, L) by ‖.‖. Cp > 0 stands for the Poincaré
constant while C > 0, and Ci > 0 are generic constants. We then consider the weak form of
system (1.6)–(1.8) formulated as follows:

Definition 3.1. For any T > 0, find

(a, b, c) : [0,T ]→ H1
0(0, L) × H1

0(0, L) × H2
⊗(0, L),

such that
(a(·, 0), b(·, 0), c(·, 0)) = (a0, b0, c0),
(at(·, 0), bt(·, 0), ct(·, 0)) = (a1 , b1, c1),

(3.1)

for all (φ, ϕ, ψ) ∈ H1
0(0, L) × H1

0(0, L) × H2
⊗(0, L) satisfying

ρ1h1

∫ L

0
attφdx + E1h1

∫ L

0
axφxdx − k

∫ L

0
(−a + b + αcx)φdx

+ µ1

∫ L

0
|at|

p−2atφdx =

∫ L

0
g1φdx,

ρ3h3

∫ L

0
bttϕdx + E3h3

∫ L

0
bxϕxdx + k

∫ L

0
(−a + b + αcx)ϕdx

+ µ2

∫ L

0
|bt|

q−2btϕdx =

∫ L

0
g2ϕdx,

ρh
∫ L

0
cttψdx + EI

∫ L

0
cxxψxxdx + αk

∫ L

0
(−a + b + αcx)ψxdx

+ µ3

∫ L

0
|ct|

r−2ctψdx =

∫ L

0
g3ψdx,

(3.2)
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for almost every t ∈ [0,T ].

Next is the statement of the well-posedness theorem of our problem.

Theorem 3.1. Let

(a0, b0, c0) ∈ H1
0(0, L) × H1

0(0, L) × H2
⊗(0, L), (a1, b1, c1) ∈ L2(0, L) × L2(0, L) × L2(0, L)

be given. Suppose g1, g2, g3 ∈ L2 ((0, L) × (0,T )) and 2 ≤ p, q, r < ∞. Then, there exists a global weak
solution (a, b, c) ∈ L∞

(
[0,T ]; H1

0(0, L)
)
× L∞

(
[0,T ]; H1

0(0, L)
)
× L∞

(
[0,T ]; H2

⊗(0, L)
)

that is unique for
the system (1.6)–(1.8). Furthermore, the solution satisfies the following

at ∈ L∞
(
[0,T ]; L2(0, L)

)
∩ Lp ((0, L) × (0,T )) ,

bt ∈ L∞
(
[0,T ]; L2(0, L)

)
∩ Lq ((0, L) × (0,T )) ,

ct ∈ L∞
(
[0,T ]; L2(0, L)

)
∩ Lr ((0, L) × (0,T )) .

Proof. Existence: The spaces H1
0(0, L) and H2

⊗(0, L) admit a set of orthonormal basis say (αi)i≥1, (βi)i≥1,
and (γi)i≥1 , respectively. We then define the following finite dimensional spaces:

Am := span{α1, α2, ..., αm}, Bm := span{β1, β2, ..., βm}, Cm := span{γ1, γ2, ..., γm}

with dimensions, m < ∞, and denote

am
0 :=

m∑
i=1

〈a0, αi〉L2(0,L)αi −→ a0 ∈ H1
0(0, L), am

1 :=
m∑

i=1

〈a1, αi〉L2(0,L)αi −→ a1 ∈ L2(0, L),

bm
0 :=

m∑
i=1

〈b0, βi〉L2(0,L)βi −→ b0 ∈ H1
0(0, L), bm

1 :=
m∑

i=1

〈b1, βi〉L2(0,L)βi −→ b1 ∈ L2(0, L),

cm
0 :=

m∑
i=1

〈c0, γi〉L2(0,L)γi −→ c0 ∈ H2
⊗(0, L), cm

1 :=
m∑

i=1

〈c1, γi〉L2(0,L)γi −→ c1 ∈ L2(0, L).

(3.3)

For each m, we need to determine solutions of the form

(am(x, t), bm(x, t), cm(x, t)) =

 m∑
i=1

ui(t)αi(x),
m∑

i=1

vi(t)βi(x),
m∑

i=1

w j(t)γi(x)


satisfying the approximate problem below for i = 1, 2, ...,m,
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

ρ1h1
d
dt

∫ L

0
am

t αidx + E1h1

∫ L

0
am

x αixdx − k
∫ L

0
(−am + bm + αcm

x )αidx

+ µ1

∫ L

0
|am

t |
p−2am

t αidx =

∫ L

0
g1αidx,

ρ3h3
d
dt

∫ L

0
bm

t βidx + E3h3

∫ L

0
bm

x βixdx + k
∫ L

0
(−am + bm + αcm

x )βidx

+ µ2

∫ L

0
|bm

t |
q−2bm

t βidx =

∫ L

0
g2βidx,

ρh
d
dt

∫ L

0
cm

t γidx + EI
∫ L

0
cm

xxγixxdx + αk
∫ L

0
(−am + bm + αcm

x )γixdx

µ3

∫ L

0
|cm

t |
r−2cm

t γidx =

∫ L

0
g3γidx,

am(·, 0) = am
0 , am

t (·, 0) = am
1 , bm(·, 0) = bm

0 , bm
t (·, 0) = bm

1 ,

cm(·, 0) = cm
0 , cm

t (·, 0) = cm
1 .

(3.4)

Equation (3.4) yields system of ordinary differential equations with undetermined functions

(ui(t), vi(t),wi(t)) , for i = 1, 2, · · ·m.

For each m ≥ 1, the classical theory of ODE guarantees the existence of a C2− functions (am, bm, cm)
on some finite interval 0 ≤ tm ≤ T , for the system (3.4). We now show that for each m ≥ 1, tm can
be extended to T . First, by multiplying (3.4)1, (3.4)2, and (3.4)3 by u′i(t), v

′
i(t) and w′i(t) for 1 ≤ i ≤ m,

respectively, and adding the resulting equations lead to

1
2

d
dt

[
ρ1h1‖am

t ‖
2 + E1h1‖am

x ‖
2
]
− k

∫ L

0
(−am + bm + αcm

x )am
t dx

+ µ1

∫ L

0
|am

t |
pdx =

∫ L

0
g1am

t dx,

1
2

d
dt

[
ρ3h3‖bm

t ‖
2 + E3h3‖bm

x ‖
2
]

+ k
∫ L

0
(−am + bm + αcm

x )bm
t dx

+ µ2

∫ L

0
|bm

t |
qdx =

∫ L

0
g2bm

t dx,

1
2

d
dt

[
ρh‖cm

t ‖
2 + EI‖cm

xx‖
2
]

+ αk
∫ L

0
(−am + bm + αcm

x )cm
xtdx

+ µ3

∫ L

0
|cm

t |
rdx =

∫ L

0
g3cm

t dx.

(3.5)

Adding the equations in (3.5) yields

d
dt

Φm(t) + µ1

∫ L

0
|am

t |
pdx+µ2

∫ L

0
|bm

t |
qdx + µ3

∫ L

0
|cm

t |
rdx

=

∫ L

0
g1am

t dx +

∫ L

0
g2bm

t dx +

∫ L

0
g3cm

t dx,
(3.6)
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where
Φm(t) =

1
2

[
ρ1h1‖am

t ‖
2 + E1h1‖am

x ‖
2 + ρ3h3‖bm

t ‖
2 + E3h3‖bm

x ‖
2
]

+
1
2

[
ρh‖cm

t ‖
2 + EI‖cm

xx‖
2 + k‖(−am + bm + αcm

x )‖2
]
.

(3.7)

Integrating (3.6) over (0, t), 0 ≤ t < tm, for each m ≥ 1, we get

Φm(t) + µ1

∫ t

0

∫ L

0
|am

t |
pdxds + µ2

∫ t

0

∫ L

0
|bm

t |
qdxds + µ3

∫ t

0

∫ L

0
|cm

t |
rdxds

= Φm(0) +

∫ t

0

∫ L

0
g1am

t dxds +

∫ t

0

∫ L

0
g2bm

t dxds +

∫ t

0

∫ L

0
g3cm

t dxds.
(3.8)

Furthermore, for each 0 < t < tm,

Φm(t)+µ1

∫ t

0

∫ L

0
|am

t |
pdxds + µ2

∫ t

0

∫ L

0
|bm

t |
qdxds + µ3

∫ t

0

∫ L

0
|cm

t |
rdxds

≤Φm(0) + ε1

∫ t

0

∫ L

0
|am

t |
2dxds + ε2

∫ t

0

∫ L

0
|bm

t |
2dxds + ε3

∫ t

0

∫ L

0
|cm

t |
2dxds

+ Cε1

∫ T

0

∫ L

0
|g1|

2dxdt + Cε2

∫ T

0

∫ L

0
|g2|

2dxdt + Cε3

∫ T

0

∫ L

0
|g3|

2dxdt,

(3.9)

for some εi > 0, i ∈ {1, 2, 3}, to be declared. In view of (3.3) and (3.7), we obtain

ρ1h1

2
‖am

t ‖
2 +

E1h1

2
‖am

x ‖
2 +

ρ3h3

2
‖bm

t ‖
2 +

E3h3

2
‖bm

x ‖
2 +

ρh
2
‖cm

t ‖
2 +

EI
2
‖cm

xx‖
2

+
k
2
‖(−am + bm + αcm

x )‖2 + µ1

∫ t

0

∫ L

0
|am

t |
pdxds + µ2

∫ t

0

∫ L

0
|bm

t |
qdxds

+ µ3

∫ t

0

∫ L

0
|cm

t |
rdxds

≤ Cε1,ε2,ε3 + ε1T sup
0<t<tm

‖am
t ‖

2 + ε2T sup
0<t<tm

‖bm
t ‖

2 + ε3T sup
0<t<tm

‖cm
t ‖

2,

(3.10)

with

Cε1,ε2,ε3 = Φ(0) + Cε1

∫ T

0

∫ L

0
|g1|

2dxdt + Cε2

∫ T

0

∫ L

0
|g2|

2dxdt + Cε3

∫ T

0

∫ L

0
|g3|

2dxdt.

Equation (3.10) consists of positive terms, therefore taking supremum over t, 0 < t < tm, yields

ρ1h1

2
sup

0<t<tm
‖am

t ‖
2 +

E1h1

2
sup

0<t<tm
‖am

x ‖
2 +

ρ3h3

2
sup

0<t<tm
‖bm

t ‖
2 +

E3h3

2
sup

0<t<tm
‖bm

x ‖
2

+
ρh
2

sup
0<t<tm

‖cm
t ‖

2 +
EI
2

sup
0<t<tm

‖cm
xx‖

2 +
k
2

sup
0<t<tm

‖(−am + bm + αcm
x )‖2

+ µ1

∫ T

0

∫ L

0
|am

t |
pdxdt + µ2

∫ T

0

∫ L

0
|bm

t |
qdxdt + µ3

∫ T

0

∫ L

0
|cm

t |
rdxdt

≤ 10Cε1,ε2,ε3 + 10ε1T sup
0<t<tm

‖am
t ‖

2 + 10ε2T sup
0<t<tm

‖bm
t ‖

2 + 10ε3T sup
0<t<tm

‖cm
t ‖

2.

(3.11)

AIMS Mathematics Volume 10, Issue 10, 24389–24430.



24398

Setting

ε1 =
ρ1h1

40T
, ε2 =

ρ3h3

40T
, ε3 =

ρh
40T

,

we get a constant C that does not depend on m which satisfies

ρ1h1

2
sup

0<t<tm
‖am

t ‖
2 +

E1h1

2
sup

0<t<tm
‖am

x ‖
2 +

ρ3h3

2
sup

0<t<tm
‖bm

t ‖
2 +

E3h3

2
sup

0<t<tm
‖bm

x ‖
2

+
ρh
2

sup
0<t<tm

‖cm
t ‖

2 +
EI
2

sup
0<t<tm

‖cm
xx‖

2 +
k
2

sup
0<t<tm

‖(−am + bm + αcm
x )‖2

+ µ1

∫ T

0

∫ L

0
|am

t |
pdxdt + µ2

∫ T

0

∫ L

0
|bm

t |
qdxdt + µ3

∫ T

0

∫ L

0
|cm

t |
rdxdt ≤ C.

(3.12)

Therefore, the solution of (3.4) can be extended to the interval [0,T ]. We can deduce from (3.12) that

{am} is bounded in L∞
(
(0,T ); H1

0(0, L)
)
,

{am
t } is bounded in L∞

(
(0,T ); L2(0, L)

)
∩ Lp((0, L) × (0,T )

)
,

{bm} is bounded in L∞
(
(0,T ); H1

0(0, L)
)
,

{am
t } is bounded in L∞

(
(0,T ); L2(0, L)

)
∩ Lq((0, L) × (0,T )

)
,

{cm} is bounded in L∞
(
(0,T ); H2

⊗(0, L)
)
,

{cm
t } is bounded in L∞

(
(0,T ); L2(0, L)

)
∩ Lr((0, L) × (0,T )

)
.

(3.13)

Thus, we can extract sub-sequences {(an, bn, cn)} of {(am, bm, cm)} such that

an ∗
⇀ a ∈ L∞

(
(0,T ); H1

0(0, L)
)

and an ⇀ a ∈ L2((0,T ); H1
0(0, L)

)
,

an
t
∗
⇀ at ∈ L∞

(
(0,T ); L2(0, L)

)
and an

t ⇀ at ∈ L2((0,T ); L2(0, L)
)
,

an
t ⇀ at ∈ Lq((0,T ); Lp(0, L)

)
,

bn ∗
⇀ b ∈ L∞

(
(0,T ); H1

0(0, L)
)

and bn ⇀ b ∈ L2((0,T ); H1
0(0, L)

)
,

bn
t
∗
⇀ bt ∈ L∞

(
(0,T ); L2(0, L)

)
and bn

t ⇀ bt ∈ L2((0,T ); L2(0, L)
)
,

bn
t ⇀ bt ∈ Lq((0,T ); Lq(0, L)

)
,

cn ∗
⇀ c ∈ L∞

(
(0,T ); H2

⊗(0, L)
)

and cn ⇀ c ∈ L2((0,T ); H2
⊗(0, L)

)
,

cn
t
∗
⇀ ct ∈ L∞

(
(0,T ); L2(0, L)

)
and cn

t ⇀ ct ∈ L2((0,T ); L2(0, L)
)
,

cn
t ⇀ ct ∈ Lr((0,T ); Lr(0, L)

)
.

(3.14)

Since an
t , bn

t , and cn
t are respectively bounded sequences in

Lp ((0, L) × (0,T ))) , Lq ((0, L) × (0,T ))) , and Lr ((0, L) × (0,T ))) ,

we have 

∫ T

0

∫ L

0
||an

t |
p−2an

t |
p

p−1 dxdt =

∫ T

0

∫ L

0
|an

t |
pdxdt 6 C,∫ T

0

∫ L

0
||bn

t |
q−2bl

t|
q

q−1 dxdt =

∫ T

0

∫ L

0
|bn

t |
qdxdt 6 C,∫ T

0

∫ L

0
||cn

t |
r−2cn

t |
r

r−1 dxdt =

∫ T

0

∫ L

0
|cn

t |
rdxdt 6 C.

(3.15)
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Consequently, 
|an

t |
p−2an

t is bounded in L
p

p−1 ((0, L) × (0,T )),

|bn
t |

q−2bn
t is bounded in L

q
q−1 ((0, L) × (0,T )),

|cn
t |

r−2cn
t is bounded in L

r
r−1 ((0, L) × (0,T )).

(3.16)

Therefore, there exist sub-sequences (|al
t|

p−2al
t)l≥1, (|bl

t|
q−2bl

t)l≥1 and (|cl
t|

r−2cl
t)l≥1, such that

|al
t|

p−2al
t ⇀ Υ ∈ L

p
p−1 ((0, L) × (0,T )),

|bl
t|

q−2bl
t ⇀ Λ ∈ L

q
q−1 ((0, L) × (0,T )),

|cl
t|

r−2cl
t ⇀ Θ ∈ L

r
r−1 ((0, L) × (0,T )),

(3.17)

where the functions Θ, Υ, and Λ are to be determined. Now, in view of (3.14), we obtain sub-
sequences (al, bl, cl), such that

al ⇀ a ∈ L2
(
(0,T ); H1

0(0, L)
)
,

al
t ⇀ at ∈ L2

(
(0,T ); L2(0, L)

)
,

bl ⇀ b ∈ L2
(
(0,T ),H1

0(0, L)
)
,

bl
t ⇀ bt ∈ L2

(
(0,T ); L2(0, L)

)
,

cl ⇀ c ∈ L2
(
(0,T ),H2

⊗(0, L)
)
,

cl
t ⇀ ct ∈ L2

(
(0,T ); L2(0, L)

)
.

(3.18)

Since H2
⊗(0, L) and H1

0(0, L) are compactly embedded in L2(0, L), the compacity lemma [26] guarantees
the existence of sub-sequences (a j, b j, c j) of (al, bl, cl), such that

a j → a ∈ L2
(
(0,T ); L2(0, L)

)
,

b j → b ∈ L2
(
(0,T ); L2(0, L)

)
,

c j → c ∈ L2
(
(0,T ); L2(0, L)

)
.

(3.19)

Consequently,
a j → a ∈ (0, L) × (0,T ) almost everywhere,
b j → b ∈ (0, L) × (0,T ) almost everywhere,
c j → c ∈ (0, L) × (0,T ) almost everywhere.

(3.20)

Considering (3.4), we replace (am, bm, cm) with (a j, b j, c j) and then integrate over the open interval 0 <
t < T , we get
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

ρ1h1

∫ L

0
a j

tαidx + E1h1

∫ t

0

∫ L

0
a j

xαixdxds − k
∫ t

0

∫ L

0
(−a j + b j + αc j

x)αidxds

+ µ1

∫ t

0

∫ L

0
|a j

t |
p−2a j

tαidxds = ρ1h1

∫ L

0
a j

1αidx +

∫ t

0

∫ L

0
g1αidxds,

ρ3h3

∫ L

0
b j

t βidx + E3h3

∫ t

0

∫ L

0
b j

xβixdxds + k
∫ t

0

∫ L

0
(−a j + b j + αc j

x)βidxds

+ µ2

∫ t

0

∫ L

0
|b j

t |
q−2b j

t βidxds = ρ3h3

∫ L

0
b j

1βidx +

∫ t

0

∫ L

0
g2βidxds,

ρh
∫ L

0
c j

tγidx + EI
∫ t

0

∫ L

0
c j

xxγixxdxds + αk
∫ t

0

∫ L

0
(−a j + b j + αc j

x)γixdxds

+ µ3

∫ t

0

∫ L

0
|c j

t |
r−2c j

tγidxds = ρh
∫ L

0
c j

1γidx +

∫ t

0

∫ L

0
g3γidxds

(3.21)

provided i ≤ j.
For any i ≥ 1, in view of (3.17)−(3.20) and letting j→ ∞, we obtain

ρ1h1

∫ L

0
atαidx + E1h1

∫ t

0

∫ L

0
axαixdxds − k

∫ t

0

∫ L

0
(−a + b + αcx)αidxds

+ µ1

∫ t

0

∫ L

0
Υαidxds = ρ1h1

∫ L

0
a1αidx +

∫ t

0

∫ L

0
g1αidxds,

ρ3h3

∫ L

0
btβidx + E3h3

∫ t

0

∫ L

0
bxβixdxds + k

∫ t

0

∫ L

0
(−a + b + αcx)βidxds

+ µ2

∫ t

0

∫ L

0
Λβidxds = ρ3h3

∫ L

0
b1βidx +

∫ t

0

∫ L

0
g2βidxds,

ρh
∫ L

0
ctγidx + EI

∫ t

0

∫ L

0
cxxγixxdxds + αk

∫ t

0

∫ L

0
(−a + b + αcx)γixdxds

+ µ3

∫ t

0

∫ L

0
Θγidxds = ρh

∫ L

0
c1γidx +

∫ t

0

∫ L

0
g3γidxds.

(3.22)

It follows that

ρ1h1

∫ L

0
atφdx = − E1h1

∫ t

0

∫ L

0
axφxdxds + k

∫ t

0

∫ L

0
(−a + b + αcx)φdxds

− µ1

∫ t

0

∫ L

0
Υφdxds + ρ1h1

∫ L

0
a1φdx +

∫ t

0

∫ L

0
g1φdxds, ∀φ ∈ H1

0(0, L),

ρ3h3

∫ L

0
btϕdx = − E3h3

∫ t

0

∫ L

0
vxϕxdxds − k

∫ t

0

∫ L

0
(−a + b + αcx)ϕdxds

− µ2

∫ t

0

∫ L

0
Λϕdxds + ρ3h3

∫ L

0
b1ϕdx +

∫ t

0

∫ L

0
g2ϕdxds, ∀ϕ ∈ H1

0(0, L),

ρh
∫ L

0
ctψdx = − EI

∫ t

0

∫ L

0
cxxψxxdxds − αk

∫ t

0

∫ L

0
(−a + b + αcx)ψxdxds

− µ3

∫ t

0

∫ L

0
Θψdxds + ρh

∫ L

0
c1ψdx +

∫ t

0

∫ L

0
g3ψdxds, ∀ψ ∈ H2

⊗(0, L).

(3.23)
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Since the terms of on the right hand side of the three equations in (3.23) are differentiable, we deduce
that provided 0 < t < T, we have

ρ1h1

∫ L

0
attφdx + E1h1

∫ L

0
axφxdx − k

∫ L

0
(−a + b + αcx)φdx

+ µ1

∫ L

0
Υφdx =

∫ L

0
g1φdx,

ρ3h3

∫ L

0
bttϕdx + E3h3

∫ L

0
bxϕxdx + k

∫ L

0
(−a + b + αcx)ϕdx

+ µ2

∫ L

0
Λϕdx =

∫ L

0
g2ϕdx,

ρh
∫ L

0
cttψdx + EI

∫ L

0
cxxψxxdx + αk

∫ L

0
(−a + b + αcx)ψxdx

+ µ3

∫ L

0
Θψdx =

∫ L

0
g3ψdx,

(3.24)

for all (φ, ϕ, ψ) ∈ H1
0(0, L) × H1

0(0, L) × H2
⊗(0, L). Using the same steps as in [24, Eqs (3.19)–(3.30)]

with modification to our case here, we obtain that

Υ = |at|
p−2at , Λ = |bt|

q−2bt and Θ = |ct|
r−2ct.

Therefore, for any (φ, ϕ, ψ) ∈ H1
0(0, L) × H1

0(0, L) × H2
⊗(0, L), system (3.24) becomes

ρ1h1

∫ L

0
attφdx + E1h1

∫ L

0
axφxdx − k

∫ L

0
(−a + b + αcx)φdx

+ µ1

∫ L

0
|at|

p−2atφdx =

∫ L

0
g1φdx,

ρ3h3

∫ L

0
bttϕdx + E3h3

∫ L

0
bxϕxdx + k

∫ L

0
(−a + b + αcx)ϕdx

+ µ2

∫ L

0
|bt|

q−2btϕdx =

∫ L

0
g2ϕdx,

ρh
∫ L

0
cttψdx + EI

∫ L

0
cxxψxxdx + αk

∫ L

0
(−a + b + αcx)ψxdx

+ µ3

∫ L

0
|ct|

r−2ctψdx =

∫ L

0
g3ψdx.

(3.25)

Recalling (3.18) and in view of Lemma 2.1, we can extract up to a sub-sequence

a j −→ a ∈ C
(
[0,T ); L2(0, L)

)
, b j −→ b ∈ C

(
[0,T ); L2(0, L)

)
,

c j −→ c ∈ C
(
[0,T ); L2(0, L)

)
.

It follows that, a j(x, 0), b j(x, 0), and c j(x, 0) are well defined and

a j(x, 0) −→ a(x, 0) ∈ L2(0, L), b j(x, 0) −→ b(x, 0) ∈ L2(0, L),
c j(x, 0) −→ c(x, 0) ∈ L2(0, L).

(3.26)
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In view of (3.3), we conclude the following convergences,

a j
0(x, 0) = a j

0(x) −→ a0(x) in H1
0(0, L), b j

0(x, 0) = b j
0(x) −→ b0(x) in H1

0(0, L),

c j
0(x, 0) = c j

0(x) −→ c0(x) in H2
⊗(0, L).

(3.27)

Therefore
a(x, 0) = a0(x), b(x, 0) = b0(x), c(x, 0) = c0(x), in (0, L). (3.28)

Let η, κ, ξ ∈ C∞0 (0,T ), multiplying the equations in (3.4) by η, κ, ξ respectively, then
replacing (am, bm, cm) by (a j, b j, c j) in (3.4), and integrate over the open interval (0,T ). For all i ≤ j,
we get

−ρ1h1

∫ T

0

(
a j

t , αi

)
η′(t)dt = − E1h1

∫ T

0

(
a j

x, αix

)
η(t)dt + k

∫ T

0

(
(−a j + b j + αc j

x), αi

)
η(t)dt

− µ1

∫ T

0

(
|a j

t |
p−2a j

t , αi

)
η(t)dt +

∫ T

0
(g1, αi) η(t)dt,

−ρ3h3

∫ T

0

(
b j

t , βi

)
κ′(t)dt = − E3h3

∫ T

0

(
b j

x, βix

)
κ(t)dt − k

∫ T

0

(
(−a j + b j + αc j

x), βi

)
κ(t)dt

− µ2

∫ T

0

(
|b j

t |
q−2b j

t , βi

)
κ(t)dt +

∫ T

0
(g2, βi) κ(t)dt,

−ρh
∫ T

0

(
c j

t , γi

)
ξ′(t)dt = − EI

∫ T

0

(
c j

xx, γixx

)
ξ(t)dt − αk

∫ T

0

(
(−a j + b j + αc j

x), γix

)
ξ(t)dt

− µ3

∫ T

0

(
|c j

t |
r−2c j

t , γi

)
ξ(t)dt +

∫ T

0
(g3, γi) ξ(t)dt.

By letting j −→ +∞, we get for any
η, κ, ξ ∈ C∞0 (0,T ),

and for all
(φ, ϕ, ψ) ∈ H1

0(0, L) × H1
0(0, L) × H2

⊗(0, L),

−ρ1h1

∫ T

0
(at, φ) η′(t)dt = − E1h1

∫ T

0
(ax, φx) η(t)dt + k

∫ T

0
((−a + b + αcx), φ) η(t)dt

− µ1

∫ T

0

(
|at|

p−2at, φ
)
η(t)dt +

∫ T

0
(g1, φ) η(t)dt,

−ρ3h3

∫ T

0
(bt, ϕ) κ′(t)dt = − E3h3

∫ T

0
(bx, ϕx) κ(t)dt − k

∫ T

0
((−a + b + αcx), ϕ) κ(t)dt

− µ2

∫ T

0

(
|bt|

q−2bt, ϕ
)
κ(t)dt +

∫ T

0
(g2, ϕ) κ(t)dt,

−ρh
∫ T

0
(ct, ψ) ξ′(t)dt = − EI

∫ T

0
(cxx, ψxx) ξ(t)dt − αk

∫ T

0
((−a + b + αcx), ψx) ξ(t)dt

− µ3

∫ T

0

(
|ct|

r−2ct, ψ
)
ξ(t)dt +

∫ T

0
(g3, ψ) ξ(t)dt.
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Thus, we get

att ∈ L2
(
[0,T ]; H−1(0, L)

)
, btt ∈ L2

(
[0,T ]; H−1(0, L)

)
, ctt ∈ L2

(
[0,T ]; H−2

⊗ (0, L)
)
. (3.29)

Using (3.18) and (3.29), we arrive at
at ∈ L2

(
(0,T ); L2(0, L)

)
, att ∈ L2

(
[0,T ]; H−1(0, L)

)
,

bt ∈ L2
(
(0,T ); L2(0, L)

)
, btt ∈ L2

(
[0,T ]; H−1(0, L)

)
,

ct ∈ L2
(
(0,T ); L2(0, L)

)
, ctt ∈ L2

(
[0,T ]; H−2

⊗ (0, L)
)
.

(3.30)

On the account of Lemma 2.1, we get

at ∈ C([0,T ); H−1(0, L)), bt ∈ C([0,T ); H−1(0, L)) and ct ∈ C([0,T ),H−2
⊗ (0, L)). (3.31)

Therefore, a j
t (x, 0), b j

t (x, 0) and c j
t (x, 0) all makes sense and so

a j
t (x, 0) −→ at(x, 0) ∈ H−1(0, L),

b j
t (x, 0) −→ bt(x, 0) ∈ H−1(0, L),

c j
t (x, 0) −→ ct(x, 0) ∈ H−2

⊗ (0, L).

Recalling (3.3) leads to the following
a j

t (x, 0) = a j
1(x) −→ a1(x) ∈ L2(0, L),

b j
t (x, 0) = v j

1(x) −→ b1(x) ∈ L2(0, L),

c j
t (x, 0) = c j

1(x) −→ c1(x) ∈ L2(0, L).

Hence,
at(x, 0) = a1(x), bt(x, 0) = b1(x), ct(x, 0) = c1(x), in (0, L). (3.32)

Uniqueness. Let (ã , b̃, c̃) and (â, b̂, ĉ) be two solutions of (3.25), (3.28) and (3.32), then

(a, b, c) =
(
ã − â, b̃ − b̂, c̃ − ĉ

)
satisfies for any

(φ, ϕ, ψ) ∈ H1
0(0, L) × H1

0(0, L) × H2
⊗(0, L),

ρ1h1

∫ L

0
attφdx + E1h1

∫ L

0
axφxdx − k

∫ L

0
(−a + b + αcx)φdx

+ µ1

∫ L

0

(
|ãt|

p−2ãt − |ât|
p−2ât

)
φdx = 0,

ρ3h3

∫ L

0
bttϕdx + E3h3

∫ L

0
bxϕxdx + k

∫ L

0
(−a + b + αcx)ϕdx

+ µ2

∫ L

0

(
|b̃t|

q−2b̃t − |b̂t|
q−2ât

)
φdx = 0,

ρh
∫ L

0
cttψdx + EI

∫ L

0
cxxψxxdx + αk

∫ L

0
(−a + b + αcx)ψxdx

+ µ3

∫ L

0

(
|c̃t|

r−2c̃t − |ĉt|
r−2ĉt

)
φdx = 0.

(3.33)
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Notice that, for all (φ, ϕ, ψ) in C∞0 ((0, L) × (0,T )) , system (3.33) is valid. Thus, by density argument,
the system (3.33) also holds for all (φ, ϕ, ψ) ∈ L2 ((0, L) × (0,T )). Therefore, replacing (φ, ϕ, ψ)
by (at, bt, ct) in the system (3.33), we obtain

1
2

d
dt

[
ρ1h1‖at‖

2 + E1h1‖ax‖
2
]
− k

∫ L

0
(−a + b + αcx)atdx

+ µ1

∫ L

0

(
|ãt|

p−2ãt − |ât|
p−2ât

)
(ãt − ât)dx = 0,

1
2

d
dt

[
ρ3h3‖bt‖

2 + E3h3‖bx‖
2
]

+ k
∫ L

0
(−a + b + αcx)btdx

+ µ2

∫ L

0

(
|b̃t|

q−2b̃t − |b̂t|
q−2ât

)
(b̃t − b̂t)dx = 0,

1
2

d
dt

[
ρh‖ct‖

2 + EI‖cxx‖
2
]

+ αk
∫ L

0
(−a + b + αcx)cxtdx

+ µ3

∫ L

0

(
|c̃t|

r−2c̃t − |ĉt|
r−2ĉt

)
(c̃t − ĉt)dx = 0.

(3.34)

Adding the equations in system (3.34) and recalling Lemma 2.2, we arrive at

Φ̃′(t) ≤ 0, for all t ∈ [0,∞), (3.35)

where

Φ̃(t) =
1
2

[
ρ1h1‖at‖

2 + E1h1‖ax‖
2 + ρ3h3‖bt‖

2 + E3h3‖bx‖
2
]

+
1
2

[
ρh‖ct‖

2 + EI‖cxx‖
2 + k‖(−a + b + αcx)‖2

]
.

Integrating (3.35) over (0, t), we obtain

1
2

[
ρ1h1‖at‖

2 + E1h1‖ax‖
2 + ρ3h3‖bt‖

2 + E3h3‖bx‖
2
]

+
1
2

[
ρh‖ct‖

2 + EI‖cxx‖
2 + k‖(−a + b + αcx)‖2

]
≤ 0.

Hence,
(ã, b̃, c̃) = (â, b̂, ĉ).

�

4. Asymptotic stability

We study the stability of Problems (1.6)−(1.8) when g1 ≡ g2 ≡ g3 ≡ 0. That is, we consider
ρ1h1att − E1h1axx − k(−a + b + αcx) + µ1|at|

p−2at = 0, in (0, L) × (0,T ),
ρ3h3btt − E3h3bxx + k(−a + b + αcx) + µ2|bt|

q−2bt = 0, in (0, L) × (0,T ),
ρhctt + EIcxxxx − αk(−a + b + αcx)x + µ3|ct|

r−2ct = 0, in (0, L) × (0,T ),
(4.1)
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satisfying  a(0, t) = b(0, t) = c(0, t) = cxx(0, t) = 0, t ≥ 0,
a(L, t) = b(L, t) = c(L, t) = cxx(L, t) = 0, t ≥ 0,

(4.2)

and the initial data  a(x, 0) = a0(x), b(x, 0) = b0(x), c(x, 0) = c0(x), x ∈ (0, L),
at(x, 0) = a1(x), bt(x, 0) = b1(x), ct(x, 0) = c1(x), x ∈ (0, L).

(4.3)

The energy of Problems (4.1)−(4.3) is represented by the functional

Φ(t) =
1
2

[
ρ1h1‖at‖

2 + E1h1‖ax‖
2 + ρ3h3‖bt‖

2 + E3h3‖bx‖
2
]

+
1
2

[
ρh‖ct‖

2 + EI‖cxx‖
2 + k‖(−a + b + αcx)‖2

]
.

(4.4)

The next lemma shows that the system (4.1)−(4.3) is dissipative.

Lemma 4.1. Let (a, b, c) be the unique solution of Problems (4.1)−(4.3). Then, the
functional (4.4) satisfies

d
dt

Φ(t) = −µ1

∫ L

0
|at|

pdx − µ2

∫ L

0
|bt|

qdx − µ3

∫ L

0
|ct|

rdx ≤ 0, ∀t ≥ 0. (4.5)

Proof. The proof of (4.5) follows by first multiplying the three equations in (4.1) with at, bt, and ct,
respectively, then applying integration by parts to each term over (0, L) and summing the equations. �

The stability result for Problems (4.1)−(4.3) is given by

Theorem 4.1. Let

(a0, a1, b0, b1, c0, c1) ∈ H1
0(0, L) × L2(0, L) × H1

0(0, L) × L2(0, L) × H2
⊗(0, L) × L2(0, L)

be given and assume 2 ≤ p, q, r < ∞. Then, for all t ≥ 0, the energy functional (4.4) satisfies,

Φ(t) ≤

Ce−λt, if (p, q, r) = (2, 2, 2),

C (1 + t)−
2

($−2) , if (p, q, r) , (2, 2, 2),
(4.6)

where $ = max {p, q, r} , and C, λ are positive constants.

Proof. We begin by multiplying the three equations in (4.1) by aΦσ(t), bΦσ(t), and cΦσ(t), respectively.
Integrating the results over the interval (0, L) × (s,T ), we get

∫ T

s
Φσ(t)

∫ L

0

(
ρ1h1atta − E1h1axxa − k(−a + b + αcx)a + µ1|at|

p−2ata
)

dxdt = 0,∫ T

s
Φσ(t)

∫ L

0

(
ρ3h3bttb − E3h3bxxb + k(−a + b + αcx)b + µ2|bt|

q−2btb
)

dxdt = 0,∫ T

s
Φσ(t)

∫ L

0

(
ρhcttc + EIcxxxxc − αk(−a + b + αcx)xc + µ3|ct|

r−2ctc
)

dxdt = 0,

(4.7)
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for T > s, and a constant σ > 0 to be declared later. Integration by parts and routine calculations
leads to

∫ T

s
Φσ(t)

∫ L

0

[
ρ1h1

(
(ata)t − a2

t

)
+ E1h1a2

x + k(−a + b + αcx)(−a)
]

dxdt

+ µ1

∫ T

s
Φσ(t)

∫ L

0
|at|

p−2atadxdt = 0,∫ T

s
Φσ(t)

∫ L

0

[
ρ3h3

(
(btb)t − b2

t

)
+ E3h3b2

x + k(−a + b + αcx)b
]

dxdt

+ µ2

∫ T

s
Φσ(t)

∫ L

0
|bt|

q−2btbdxdt = 0,∫ T

s
Φσ(t)

∫ L

0

[
ρh

(
(ctc)t − c2

t

)
+ EIc2

xx + k(−a + b + αcx)(αcx)
]

dxdt

+ µ3

∫ T

s
Φσ(t)

∫ L

0
|ct|

r−2ctcdxdt = 0.

(4.8)

It follows that

1
2

∫ T

s
Φσ(t)

∫ L

0

(
ρ1h1a2

t + E1h1a2
x + k(−a + b + αcx)(−a)

)
dxdt

+

∫ T

s
Φσ(t)

∫ L

0
ρ1h1(aat)tdxdt −

3
2

∫ T

s
Φσ(t)

∫ L

0
ρ1h1a2

t dxdt

+
1
2

∫ T

s
Φσ(t)

∫ L

0
E1h1a2

xdxdt +
1
2

∫ T

s
Φσ(t)

∫ L

0
k(−a + b + αcx)(−a)dxdt

+ µ1

∫ T

s
Φσ(t)

∫ L

0
|at|

p−2atadxdt = 0,

1
2

∫ T

s
Φσ(t)

∫ L

0

(
ρ3h3b2

t + E3h3b2
x + k(−a + b + αcx)b

)
dxdt

+

∫ T

s
Φσ(t)

∫ L

0
ρ3h3(bbt)tdxdt −

3
2

∫ T

s
Φσ(t)

∫ L

0
ρ3h3b2

t dxdt

+
1
2

∫ T

s
Φσ(t)

∫ L

0
E3h3b2

xdxdt +
1
2

∫ T

s
Φσ(t)

∫ L

0
k(−a + b + αcx)bdxdt

+ µ2

∫ T

s
Φσ(t)

∫ L

0
|bt|

q−2btbdxdt = 0,

1
2

∫ T

s
Φσ(t)

∫ L

0

(
ρhc2

t + EIc2
xx + k(−a + b + αcx)(αcx)

)
dxdt

+

∫ T

s
Φσ(t)

∫ L

0
ρh(cct)tdxdt −

3
2

∫ T

s
Φσ(t)

∫ L

0
ρhc2

t dxdt

+
1
2

∫ T

s
Φσ(t)

∫ L

0
EIc2

xxdxdt +
1
2

∫ T

s
Φσ(t)

∫ L

0
k(−a + b + αcx)(αcx)dxdt

+ µ3

∫ T

s
Φσ(t)

∫ L

0
|ct|

r−2ctcdxdt = 0.

(4.9)
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Addition of the equations in (4.9) and recalling (4.4), we get∫ T

s
Φσ+1(t)dt = −

∫ T

s
Φσ(t)

∫ L

0
(ρ1h1(aat)t + ρ3h3(bbt)t + ρh(cct)t) dxdt

+
3
2

∫ T

s
Φσ(t)

∫ L

0

(
ρ1h1a2

t + ρ3h3b2
t + ρhc2

t

)
dxdt

−
1
2

∫ T

s
Φσ(t)

∫ L

0

(
E1h1a2

x + E3h3b2
x + EIc2

xx

)
dxdt

−
1
2

∫ T

s
Φσ(t)

∫ L

0
k‖(−a + b + αcx)‖2dxdt

− µ1

∫ T

s
Φσ(t)

∫ L

0
|at|

p−2atadxdt − µ2

∫ T

s
Φσ(t)

∫ L

0
|bt|

q−2btbdxdt

− µ3

∫ T

s
Φσ(t)

∫ L

0
|ct|

r−2ctcdxdt.

From this, we get∫ T

s
Φσ+1(t)dt ≤−

∫ T

s

d
dt

(∫ L

0
Φσ(t) (ρ1h1aat + ρ3h3bbt + ρhcct) dx

)
dt︸                                                                    ︷︷                                                                    ︸

ψ1

+ σ

∫ T

s
Φσ−1(t)Φ′(t)

∫ L

0
(ρ1h1aat + ρ3h3bbt + ρhcct) dxdt︸                                                                      ︷︷                                                                      ︸

ψ2

+
3
2

∫ T

s
Φσ(t)

∫ L

0

(
ρ1h1a2

t + ρ3h3b2
t + ρhc2

t

)
dxdt︸                                                         ︷︷                                                         ︸

ψ3

−µ1

∫ T

s
Φσ(t)

∫ L

0
|at |

p−2atadxdt︸                                     ︷︷                                     ︸
ψ4

−µ2

∫ T

s
Φσ(t)

∫ L

0
|bt |

q−2btbdxdt︸                                     ︷︷                                     ︸
ψ5

−µ3

∫ T

s
Φσ(t)

∫ L

0
|ct |

r−2ctcdxdt︸                                    ︷︷                                    ︸
ψ6

.

(4.10)

Now, we estimate the terms ψ1 − ψ6 in (4.10). For ψ1, using Young’s inequality, we have

|ψ1| ≤

∣∣∣∣∣∣
∫ L

0
Φσ(s) (ρ1h1a(x, s)at(x, s) + ρ3h3b(x, s)bt(x, s) + ρhc(x, s)ct(x, s)) dx

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∫ L

0
Φσ(T ) (ρ1h1a(x,T )at(x,T ) + ρ3h3b(x,T )bt(x,T ) + ρhc(x,T )ct(x,T )) dx

∣∣∣∣∣∣
≤

1
2

Φσ(s)
[
ρ1h1(‖a(s)‖2 + ‖at(s)‖2) + ρ3h3(‖b(s)‖2 + ‖bt(s)‖2)

]
+

1
2

Φσ(s)ρh(‖c(s)‖2 + ‖ct(s)‖2) +
1
2

Φσ(T )ρ1h1(‖a(T )‖2 + ‖at(T )‖2)

+
1
2

Φσ(T )
[
ρ3h3(‖b(T )‖2 + ‖bt(T )‖2) + ρh(‖c(T )‖2 + ‖ct(T )‖2)

]
.

(4.11)
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Using (2.4) and Poincaré inequality, it follows that

|ψ1| ≤
1
2

Φσ(s)
[
ρ1h1(Cp‖ax(s)‖2 + ‖at(s)‖2) + ρ3h3(Cp‖bx(s)‖2 + ‖bt(s)‖2)

]
+

1
2

Φσ(s)ρh(Ce‖cxx(s)‖2 + ‖ct(s)‖2) +
1
2

Φσ(T )ρ1h1(Cp‖ax(T )‖2 + ‖at(T )‖2)

+
1
2

Φσ(T )
[
ρ3h3(Cp‖bx(T )‖2 + ‖bt(T )‖2) + ρh(Ce‖cxx(T )‖2 + ‖ct(T )‖2)

]
,

where Ce and Cp are the embedding and Poincaré constants, respectively. Knowing that Φ′(t) ≤ 0,
we obtain

|ψ1| ≤ C
(
Φσ+1(T ) + Φσ+1(s)

)
≤ C̃Φσ+1(s). (4.12)

For ψ2, recalling Φ′(t) ≤ 0, we have

|ψ2| ≤ −σ

∫ T

s
Φσ−1(t)Φ′(t)

∫ L

0
| (ρ1h1aat + ρ3h3bbt + ρhcct) |dxdt

≤ −
σ

2

∫ T

s
Φσ−1(t)Φ′(t)

∫ L

0
(ρ1h1(a2 + a2

t ) + ρ3h3(b2 + b2
t ) + ρh(c2 + c2

t ))dxdt

≤ −C
∫ T

s
Φσ−1(t)Φ′(t)

∫ L

0
(a2

x + a2
t + b2

x + b2
t + c2

xx + c2
t )dxdt

≤ −C
∫ T

s
Φσ(t)Φ′(t)dt

= −C
∫ T

s

(
Φσ+1(t)

)′
dt ≤ CΦσ+1(s).

(4.13)

Similarly, using (4.5) ψ3 becomes

|ψ3| ≤

∣∣∣∣∣∣32
∫ T

s
Φσ(t)

∫ L

0
ρ1h1a2

t dxdt

∣∣∣∣∣∣ +

∣∣∣∣∣∣32
∫ T

s
Φσ(t)

∫ L

0
ρ3h3b2

t dxdt

∣∣∣∣∣∣
+

∣∣∣∣∣∣32
∫ T

s
Φσ(t)

∫ L

0
ρhc2

t dxdt

∣∣∣∣∣∣
≤ C

∫ T

s
Φσ(t)

(∫ L

0
ap

t dx
) 2

p

dt + C
∫ T

s
Φσ(t)

(∫ L

0
bq

t dx
) 2

q

dt

+ C
∫ T

s
Φσ(t)

(∫ L

0
cr

t dx
) 2

r

dt

≤ C
∫ T

s
Φσ(t)

(
−Φ′(t)

) 2
p dt︸                      ︷︷                      ︸

φ1

+C
∫ T

s
Φσ(t)

(
−Φ′(t)

) 2
q dt︸                      ︷︷                      ︸

φ2

+ C
∫ T

s
Φσ(t)

(
−Φ′(t)

) 2
r dt︸                      ︷︷                      ︸

φ3

.

(4.14)
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Next, we consider different cases to estimate the terms φ1 , φ2, and φ3. For φ1, we have
Case 1. p = 2.

|φ1| ≤ C
∫ T

s
Φσ(t)

(
−Φ′(t)

)
dt ≤ CΦσ+1(s). (4.15)

Case 2. p > 2. We set p∗ =
p
2 , q

∗ =
p

p−2 , then with ε > 0 and young’s inequality, the estimate
below holds

|φ1| ≤ C
∫ T

s
Φσ(t)

(
−Φ′(t)

) 2
p dt

≤ ε

∫ T

s
(Φ(t))

σp
p−2 dt + Cε

∫ T

s
(−Φ′(t))dt

≤ ε

∫ T

s
(Φ(t))

σp
p−2 dt + CεΦ(s).

(4.16)

For φ2, we get
Case 1. q = 2.

|φ2| ≤ C
∫ T

s
Φσ(t)

(
−Φ′(t)

)
dt ≤ CΦσ+1(s). (4.17)

Case 2. q > 2. We set p∗ =
q
2 , q∗ =

q
q−2 , by young’s inequality, for any ε > 0, we get

|φ2| ≤ C
∫ T

s
Φσ(t)

(
−Φ′(t)

) 2
q dt

≤ ε

∫ T

s
(Φ(t))

σq
q−2 dt + Cε

∫ T

s
(−Φ′(t))dt

≤ ε

∫ T

s
(Φ(t))

σq
q−2 dt + CεΦ(s).

(4.18)

Similarly, for φ3, we get
Case 1. r = 2.

|φ3| ≤ C
∫ T

s
Φσ(t)

(
−Φ′(t)

)
dt ≤ CΦσ+1(s). (4.19)

Case 2. r > 2. We set p∗ = r
2 , q∗ = r

r−2 , then using young’s inequality, we obtain any ε > 0

|φ3| ≤ C
∫ T

s
Φσ(t)

(
−Φ′(t)

) 2
r dt

≤ ε

∫ T

s
(Φ(t))

σr
r−2 dt + Cε

∫ T

s
(−Φ′(t))dt

≤ ε

∫ T

s
(Φ(t))

σr
r−2 dt + CεΦ(s).

(4.20)

For ψ4, we make use of Poincaré and Young’s inequalities with p∗ =
p

p−1 , q∗ = p, recalling (4.4)
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and (4.5), we have for any ε > 0,

|ψ4| ≤ µ1

∫ T

s
Φσ(t)

∫ L

0
|at |

p−1|a|dxdt

≤ µ1

∫ T

s
Φσ(t)

(
ε

∫ L

0
|a|pdx + Cε

∫ L

0
|at |

pdx
)

dt

≤ µ1ε

∫ T

s

∫ L

0
Φσ(t)|a|pdxdt + Cε

∫ T

s
Φσ(t)

(
−Φ′(t)

)
dt

≤ Cpµ1ε

∫ T

s
Φσ(t)

(∫ L

0
a2

xdx
) p

2

dt + CεΦ
σ+1(s)

≤ Cpµ1ε

∫ T

s
Φσ(t) (2Φ(t))

p
2 dt + CεΦ

σ+1(s)

≤ ε
(
Cpµ1 (Φ(0))

p
2 −1

) ∫ T

s
Φσ+1(t)dt + CεΦ

σ+1(s).

(4.21)

Similarly, with p∗ =
q

q−1 , q∗ = q, we estimate ψ5 as follows

|ψ5| ≤ µ2

∫ T

s
Φσ(t)

∫ L

0
|bt |

q−1|b|dxdt

≤ µ2

∫ T

s
Φσ(t)

(
ε

∫ L

0
|b|qdx + Cε

∫ L

0
|bt |

qdx
)

dt

≤ µ2ε

∫ T

s

∫ L

0
Φσ(t)|b|qdxdt + Cε

∫ T

s
Φσ(t)

(
−Φ′(t)

)
dt

≤ Cqµ2ε

∫ T

s
Φσ(t)

(∫ L

0
b2

xdx
) q

2

dt + CεΦ
σ+1(s)

≤ Cqµ2ε

∫ T

s
Φσ(t) (2Φ(t))

q
2 dt + CεΦ

σ+1(s)

≤ ε
(
Cqµ2 (Φ(0))

q
2−1

) ∫ T

s
Φσ+1(t)dt + CεΦ

σ+1(s).

(4.22)

In the same way with p∗ = r
r−1 , q

∗ = r, we estimate ψ6 as follows

|ψ6| ≤ µ3

∫ T

s
Ep(t)

∫ L

0
|ct|

r−1|c|dxdt

≤ µ3

∫ T

s
Φσ(t)

(
ε

∫ L

0
|c|rdx + Cε

∫ L

0
|ct|

rdx
)

dt

≤ µ2ε

∫ T

s

∫ L

0
Φσ(t)|b|rdxdt + Cε

∫ T

s
Φσ(t)

(
−Φ′(t)

)
dt

≤ Ce,rµ3ε

∫ T

s
Φσ(t)

(∫ L

0
c2

xxdx
) r

2

dt + CεΦ
σ+1(s)

≤ Ce,rµ3ε

∫ T

s
Φσ(t) (2Φ(t))

r
2 dt + CεΦ

σ+1(s)

≤ ε
(
Ce,rµ3 (Φ(0))

r
2−1

) ∫ T

s
Φσ+1(t)dt + CεΦ

σ+1(s).

(4.23)

AIMS Mathematics Volume 10, Issue 10, 24389–24430.



24411

We conclude this proof by discussing two cases.
Case 1. (p, q, r) = (2, 2, 2).
In this case, using (4.10), (4.12), (4.13), (4.15), (4.17), (4.19), and (4.21)–(4.23), we have∫ T

s
Φσ+1(t)dt ≤ CΦσ+1(s) + ε

(
Cpµ1 + Cqµ2 + Ce,rµ3

) ∫ T

s
Φσ+1(t)dt + CεΦ

σ+1(s). (4.24)

Thus, we get (
1 − ε

(
Cpµ1 + Cqµ2 + Ce,rµ3

)) ∫ T

s
Φσ+1(t)dt ≤ (C + Cε)Φσ+1(s). (4.25)

By choosing ε very small in (4.25) such that(
1 − ε

(
Cpµ1 + Cpµ2 + Ceµ3

))
> 0,

we arrive at ∫ T

s
Φσ+1(t)dt ≤ C̃Φσ+1(s), ∀T > s > 0. (4.26)

Therefore, taking σ = 0 and letting T −→ +∞, we obtain∫ +∞

s
Φ(t)dt ≤ C̃Φ(s), ∀s > 0. (4.27)

Applying Lemma 2.3 part (2.2)2, we obtain (4.6)1.
Case 2. (p, q, r) , (2, 2, 2).
Subcase 2.1. p = q = r > 2.
We use (4.10), (4.12), (4.13), (4.16), (4.18), (4.20)–(4.23) to get∫ T

s
Φσ+1(t)dt ≤CΦσ+1(s) + CεΦ

σ+1(s) + CεΦ(s) + 3ε
∫ T

s
(Φ(t))

σp
p−2 dt

+ ε
(
Cpµ1 + Cqµ2 + Ce,rµ3

)
(Φ(0))

p
2−1

∫ T

s
Φσ+1(t)dt.

(4.28)

We then choose σ such that

σp
p − 2

= σ + 1, which gives σ =
p
2
− 1. (4.29)

Therefore, (4.28) leads to∫ T

s
Φσ+1(t)dt ≤CΦσ+1(s) + CεΦ

σ+1(s) + CεΦ(s)

+ ε
(
3 + Cpµ1 + Cqµ2 + Ce,rµ3

)
(Φ(0))

p
2−1

∫ T

s
Φσ+1(t)dt.

(4.30)

Next, selecting ε sufficiently small such that

1 − ε
(
3 + Cpµ1 + Cqµ2 + Ce,rµ3

)
(Φ(0))

p
2−1 > 0,
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and knowing σ =
p
2 − 1, we get∫ T

s
Φσ+1(t)dt ≤ CΦσ+1(s) + CΦ(s) ≤ C̃Φ(s), ∀ T > s > 0. (4.31)

By letting T −→ +∞ and recalling (4.29), we obtain∫ +∞

s
Φ

r
2 (t)dt ≤ C̃Φ(s), ∀s > 0. (4.32)

Thus, applying Lemma 2.3 part (2.2)1, we obtain (4.6)2.
Subcase 2.2. p > q ≥ r ≥ 2 or p > r ≥ q ≥ 2 or q > p ≥ r ≥ 2 or q > r ≥ p ≥ 2 or r > p ≥
q ≥ 2 or r > q ≥ p ≥ 2.
Here, it is sufficient to consider p > q ≥ r ≥ 2. The other options can be treated in exactly the same
way. Thus, we have the following subsubcases:
Subsubcase 2.2.1. p > q = r = 2.
It follows from (4.10), (4.12), (4.13), (4.16), (4.17), (4.19), and (4.21)–(4.23) that∫ T

s
Φσ+1(t)dt ≤CΦσ+1(s) + CεΦ

σ+1(s) + CεΦ(s) + ε

∫ T

s
(Φ(t))

σp
P−2 dt

+ ε
(
Cpµ1 (Φ(0))

p
2−1 + Cpµ2 + Ceµ3

) ∫ T

s
Φσ+1(t)dt.

(4.33)

Thus, ∫ T

s
Φσ+1(t)dt ≤CΦσ+1(s) + CεΦ

σ+1(s) + CεΦ(s)

+ ε
(
1 + Cpµ1 (Φ(0))

p
2−1 + Cqµ2 + Ce,rµ3

) ∫ T

s
Φσ+1(t)dt.

(4.34)

Choosing ε to be very small and satisfying

ε
(
1 + Cpµ1 (Φ(0))

p
2−1 + Cqµ2 + Ce,rµ3

)
< 1,

and selecting σ as in (4.29) leads to∫ T

s
Φσ+1(t)dt ≤ CΦσ+1(s) + CΦ(s) ≤ C̃Φ(s), ∀ T > s > 0. (4.35)

Letting T −→ +∞, we arrive at ∫ +∞

s
Φ

p
2 (t)dt ≤ C̃Φ(s), ∀s > 0. (4.36)

Thus, the application Lemma 2.3 part (2.2)1, we obtain a polynomial decay result in (4.6)2.

Subsubcase 2.2.2. p > q > r = 2.
Again, from (4.10), (4.12), (4.13), (4.16), (4.18), (4.19), and (4.21)–(4.23), we get∫ T

s
Φσ+1(t)dt ≤CΦσ+1(s) + CεΦ

σ+1(s) + CεΦ(s)

+ ε

∫ T

s
(Φ(t))

σp
p−2 dt + ε

∫ T

s
(Φ(t))

σq
q−2 dt

+ ε
(
Cpµ1 (Φ(0))

p
2−1 + Cpµ2 (Φ(0))

q
2−1 + Ceµ3

) ∫ T

s
Φσ+1(t)dt.

(4.37)
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With choice of σ > 0 in (4.29), we see that σq
q−2 > σ + 1, since p > q > r = 2, thus we obtain∫ T

s
Φσ+1(t)dt ≤CΦσ+1(s) + CεΦ

σ+1(s) + CεΦ(s)

+ ε
(
2 + Cpµ1 (Φ(0))

p
2−1 + Cpµ2 (Φ(0))

q
2−1 + Ceµ3

) ∫ T

s
Φσ+1(t)dt.

(4.38)

Thus, we select ε small so that

1 − ε
(
2 + Cpµ1 (Φ(0))

p
2−1 + Cpµ2 (Φ(0))

q
2−1 + Ceµ3

)
> 0,

and since σ =
p
2 − 1, we arrive at∫ T

s
Φσ+1(t)dt ≤ CΦσ+1(s) + CΦ(s) ≤ C̃Φ(s), ∀ T > s > 0. (4.39)

Letting T −→ +∞ leads to ∫ +∞

s
Φ

p
2 (t)dt ≤ C̃Φ(s), ∀s > 0. (4.40)

Using Lemma 2.3 part (2.2)1, we obtain (4.6)2.
Subsubcase 2.2.3. p > q > r > 2.
A combination of (4.10), (4.12), (4.13), (4.16), (4.18), and (4.20)–(4.23) leads to∫ T

s
Φσ+1(t)dt ≤CΦσ+1(s) + CεΦ

σ+1(s) + CεΦ(s)

+ ε

∫ T

s
(Φ(t))

σp
p−2 dt + ε

∫ T

s
(Φ(t))

σq
q−2 dt + ε

∫ T

s
(Φ(t))

σr
r−2 dt

+ ε
(
Cpµ1 (Φ(0))

p
2−1 + Cpµ2 (Φ(0))

q
2−1 + Ceµ3 (Φ(0))

r
2−1

) ∫ T

s
Φσ+1(t)dt.

(4.41)

Again, keeping in mind the choice of σ > 0 in (4.29), we obtain σq
q−2 > σ + 1, σr

r−2 > σ + 1 since p >
q > r > 2. Therefore, we obtain∫ T

s
Φσ+1(t)dt ≤CΦσ+1(s) + CεΦ

σ+1(s) + CεΦ(s)

+ ε
(
3 + Cpµ1 (Φ(0))

p
2−1 + Cpµ2 (Φ(0))

q
2−1 + Ceµ3 (Φ(0))

r
2−1

) ∫ T

s
Φσ+1(t)dt.

(4.42)

By selecting ε small such that

ε
(
3 + Cpµ1 (Φ(0))

p
2−1 + Cpµ2 (Φ(0))

q
2−1 + Ceµ3 (Φ(0))

r
2−1

)
< 1

leads to ∫ T

s
Φσ+1(t)dt ≤ CΦσ+1(s) + CΦ(s) ≤ C̃Φ(s), ∀ T > s > 0. (4.43)

Letting T −→ +∞ we get ∫ +∞

s
Φ

p
2 (t)dt ≤ C̃Φ(s), ∀s > 0. (4.44)

Using Lemma 2.3 part (2.2)1, we obtain (4.6)2. This completes the proof. �
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5. Numerical analysis and solutions

Our objective of this section is to numerically validate the theoretical results obtained in
Theorem 4.1.

5.1. Numerical analysis

First, we utilize the Finite Difference Method (FDM) (see also [6]) to discretize system (4.1). This
can be achieved by letting an+1

i and bn+1
i represent the longitudinal displacement of the top and bottom

layers, respectively, and cn+1
i the transverse displacement of the beam, at future time step (n + 1)∆t and

position i∆x, where ∆t and ∆x are the time and space steps, respectively. The discretized system is
as follows: 

ρ1h1

[
an+1

i − 2an
i + an−1

i

∆t2

]
− E1h1

[
an

i+1 − 2an
i + an

i−1

∆x2

]
− k

[
−an

i + bn
i + α

(
cn

i − cn
i−1

∆x

)]
+ µ1

∣∣∣∣∣∣an
i − an−1

i

∆t

∣∣∣∣∣∣
p−2 (

an
i − an−1

i

∆t

)
= 0,

ρ3h3

[
bn+1

i − 2bn
i + bn−1

i

∆t2

]
− E3h3

[
bn

i+1 − 2bn
i + bn

i−1

∆x2

]
+ k

[
−an

i + bn
i + α

(
cn

i − cn
i−1

∆x

)]
+ µ2

∣∣∣∣∣∣bn
i − bn−1

i

∆t

∣∣∣∣∣∣
q−2 (

bn
i − bn−1

i

∆t

)
= 0,

ρh
[
cn+1

i − 2cn
i + cn−1

i

∆t2

]
+ EI

[
cn

i+2 − 4cn
i+1 + 6cn

i − 4cn
i−1 + cn

i−2

∆x4

]
− αk

[
−

(
an

i − an
i−1

∆x

)
+

(
bn

i − bn
i−1

∆x

)
+ α

(
cn

i+1 − 2cn
i + cn

i−1

∆x2

)]
+ µ3

∣∣∣∣∣∣cn
i − cn−1

i

∆t

∣∣∣∣∣∣
r−2 (

cn
i − cn−1

i

∆t

)
= 0.

(5.1)

Solving for an+1
i , bn+1

i , and cn+1
i in (5.1), we obtain

an+1
i =2an

i − an−1
i + zc

1
[
an

i+1 − 2an
i + an

i−1
]
+ zc

2
[
−an

i + bn
i
]
+ zc

3
[
cn

i − cn
i−1

]
− zc

4

∣∣∣an
i − an−1

i

∣∣∣p−2 (
an

i − an−1
i

)
,

bn+1
i =2bn

i − bn−1
i + mc

1
[
bn

i+1 − 2bn
i + bn

i−1
]
− mc

2
[
−an

i + bn
i
]
− mc

3
[
cn

i − cn
i−1

]
− mc

4

∣∣∣bn
i − bn−1

i

∣∣∣q−2 (
bn

i − bn−1
i

)
,

cn+1
i =2cn

i − cn−1
i − dc

1
[
cn

i+2 − 4cn
i+1 + 6cn

i − 4cn
i−1 + cn

i−2
]
− dc

2
(
an

i − an
i−1

)
+ dc

2
(
bn

i − bn
i−1

)
+ dc

3
[
cn

i+1 − 2cn
i + cn

i−1
]
− dc

4

∣∣∣cn
i − cn−1

i

∣∣∣r−2 (
cn

i − cn−1
i

)
,

(5.2)

where

zc
1 =

E1

ρ1

∆t2

∆x2 , zc
2 =

k∆t2

ρ1h1
, zc

3 =
kα
ρ1h1

∆t2

∆x
, zc

4 =
µ1

ρ1h3∆tp−3(2p−1)
,
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mc
1 =

E3

ρ3

∆t2

∆x2 , mc
2 =

k∆t2

ρ3h3
, mc

3 =
kα
ρ3h3

∆t2

∆x
, mc

4 =
µ1

ρ3h3∆tq−3(2q−1)
,

dc
1 =

EI
ρh

∆t2

∆x4 , dc
2 =

kα
ρh

∆t2

∆x
, dc

3 =
kα2

ρh
∆t2

∆x2 , dc
4 =

µ1

ρh∆tr−3(2r−1)
.

We note that the numerical solution in (5.2) is stable if

2 − 2zc
1 − zc

2 ≥ 0,
2 − 2mc

1 − mc
2 ≥ 0,

2 − 6dc
1 − 2dc

3 ≥ 0

simultaneously. Hence, for stability, we require that

∆t ≤ min

∆x
√
ρ1

E1
, ∆x

√
ρ3

E3
, ∆x2

√
ρh
EI

 . (5.3)

5.2. Numerical solutions

Second, using the resulting numerical scheme in (5.2), we present a numerical solution to
problem (1.6). In addition, we validate the decay result concerning the energy functional Φ(t), and
the estimates obtained in Section 4, through numerical simulations. To do these, we consider three
different lengths of the beam, which are, L = 1, L = 2, and L = 6; then, different parameter values
for ρ1, ρ3, the damping coefficients µ1, µ2, µ3, and damping exponents p, q, r. Throughout, we simulate
with four different initial displacements, namely,

a(x, 0) = 20 sin
(
π

4
x
)
, b(x, 0) = 20 sin

(
π

4
x
)

and c(x, 0) = 20 sin
(
π

4
x
)
, (5.4)

a(x, 0) = 20 sin
(
3π
40

x
)
, b(x, 0) = 20 sin

(
3π
40

x
)

and c(x, 0) = 20 sin
(
3π
40

x
)
, (5.5)

a(x, 0) = 20 sinh
(
7π
4

x
)
, b(x, 0) = 20 sinh

(
7π
4

x
)

and c(x, 0) = 20 sinh
(
7π
4

x
)
, (5.6)

a(x, 0) = 50 cosh
(
7π
4

x
)
, b(x, 0) = 30 cosh

(
7π
4

x
)

and c(x, 0) = 10 cosh
(
7π
4

x
)
, (5.7)

and
at(x, 0) = 0, bt(x, 0) = 0, and ct(x, 0) = 0,

as initial velocities.
Instance 1. (L = 1) Considering a beam of length L = 1, we present numerical solutions
for the problem 1.6 under consideration. The effect and influence of each of the parameters, the
damping coefficients and damping exponents, on the decay of solutions are presented and analyzed
in Figures 2–10. It is observed that the parameters ρ1, ρ3, the damping coefficients µ1, µ2, µ3, and the
damping exponents p, q, r greatly influence the wave amplitudes, oscillations, and speed of decay of
the solution to zero. First, we use the initial displacement (5.5) for Figures 2–5. Second, we use the
initial displacement (5.6) for Figures 6–9. Third, we use the initial displacement (5.7) for Figure 10.
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In this instance, we demonstrate different simulations of the critical exponent cases p = 2, q, r > 0 or
q = 2, p, r > 0 or r = 2, p, q > 0 or p = q = 2, r > 0 or p = r = 2, q > 0 or q = r = 2, p > 0, which
are presented in Figures 2–10.

0 2 4

-4

0

4

0 2 4

-4

0

4

Figure 2. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 10, µ2 = 20, µ3 = 30,
p = 2, q = 3.5, r = 3. (a) a( 2

6 , t), b( 2
6 , t), c(2

6 , t), (b) a(5
6 , t), b(5

6 , t), c( 5
6 , t).

0 2 4

-1

0

1

0 2 4

-4

0

4

Figure 3. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 10, µ2 = 20, µ3 = 30,
p = 2, q = 3, r = 3.05. (a) a(1

6 , t), b(1
6 , t), c( 1

6 , t), (b) a( 2
6 , t), b( 2

6 , t), c( 2
6 , t).
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0 2 4

-4

0

4

(a)

0 2 4

-3

0

4

(b)

Figure 4. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 10, µ2 = 20, µ3 = 30,
p = 2.5, q = 2, r = 2.1. (a) a( 2

6 , t), b(2
6 , t), c( 2

6 , t), (b) a( 5
6 , t), b( 5

6 , t), c(5
6 , t).

0 2.5 5

-13

0

13

(a)

0 2.5 5

-58

0

58

(b)

Figure 5. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 10, µ2 = 20, µ3 = 30,
p = 2.1, q = 2, r = 2.7. (a) a( 1

2 , t), b(1
2 , t), c( 1

2 , t), (b) a( 2
3 , t), b( 2

3 , t), c(2
3 , t).
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0 2 4

-22

0

24

(a)

0 2 4

-2100

0

2129

(b)

Figure 6. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 10, µ2 = 20, µ3 = 30,
p = 2.1, q = 2.2, r = 2. (a) a( 1

6 , t), b(1
6 , t), c( 1

6 , t), (b) a( 1
2 , t), b( 1

2 , t), c(1
2 , t).

0 1.5 3

-167

0

165

(a)

0 1.5 3

-828

0

976

(b)

Figure 7. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 10, µ2 = 20, µ3 = 30,
p = 2.4, q = 2.1, r = 2. (a) a( 1

3 , t), b(1
3 , t), c( 1

3 , t), (b) a( 5
6 , t), b( 5

6 , t), c(5
6 , t).
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0 1.5 3

-24

0

26

(a)

0 1.5 3

-116

0

116

(b)

Figure 8. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 10, µ2 = 20, µ3 = 30,
p = q = 2, r = 2.45. (a) a(1

6 , t), b(1
6 , t), c( 1

6 , t), (b) a( 1
3 , t), b(1

3 , t), c( 1
3 , t).

0 10 20

-249

0

250

(a)

0 10 20

-961

0

990

(b)

Figure 9. Solution for different x values, ρ1 = 0.07, ρ3 = 0.03, µ1 = 10, µ2 = 5, µ3 = 25,
p = r = 2, q = 2.55. (a) a(1

3 , t), b(1
3 , t), c( 1

3 , t), (b) a( 5
6 , t), b(5

6 , t), c( 5
6 , t).
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0 50 100

-43

0

44

(a)

0 50 100

-1443

0

1466

(b)

Figure 10. Solution for different x values, ρ1 = 1.1, ρ3 = 1.5, µ1 = 5, µ2 = 15, µ3 = 10,
q = r = 2, p = 3.1. (a) a( 1

6 , t), b( 1
6 , t), c(1

6 , t), (b) a(5
6 , t), b(5

6 , t), c( 5
6 , t).

Instance 2. (L = 2) Considering a beam of length L = 2, we present numerical solutions for the
problem (1.6) under consideration. Using the initial displacement (5.4), the effect and influence of
each of the parameters, the damping coefficients, and damping exponents on the decay of solutions are
presented and analyzed in Figures 11–13. It is observed that the parameters ρ1, ρ3, the damping
coefficients µ1, µ2, µ3, and the damping exponents p, q, r greatly influence the wave amplitudes,
oscillations, and speed of decay of the solution to zero.

0 1.5 3

-8

0

10

(a)

0 1.5 3

-12

0

19

(b)

Figure 11. Solution for different x values, ρ1 = 0.001, ρ3 = 0.002, µ1 = 10, µ2 = 15, µ3 = 20,
p = 2.6, q = 2.4, r = 2.3. (a) a(2

3 , t), b(2
3 , t), c( 2

3 , t), (b) a( 5
3 , t), b(5

3 , t), c( 5
3 , t).
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0 2.5 5

-2

0

10

(a)

0 2.5 5

-4

0

22

(b)

Figure 12. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 20, µ2 = 20, µ3 = 30,
p = 2.7, q = 3.5, r = 3.0. (a) a(2

3 , t), b(2
3 , t), c( 2

3 , t), (b) a( 4
3 , t), b(4

3 , t), c( 4
3 , t).

0 2.5 5

-50

0

49

(a)

0 2.5 5

-219

0

220

(b)

Figure 13. Solution for different x values, ρ1 = 0.001, ρ3 = 0.002, µ1 = 10, µ2 = 20, µ3 = 30,
p = q = r = 2. (a) a(1, t), b(1, t), c(1, t), (b) a( 4

3 , t), b( 4
3 , t), c(4

3 , t).

Instance 3. (L = 6) Next, we consider a beam of length L = 6, and present numerical solutions
for problem (3.18) under consideration. Similarly, using the initial displacement (5.4), we observe the
effect and influence of each of the parameters, the damping coefficients, and damping exponents, on the
decay of solutions and associated energy functional, as presented in Figures 14–16. It is observed that
the parameters ρ1, ρ3, the damping coefficients µ1, µ2, µ3, and the damping exponents p, q, r greatly
influence the wave amplitudes, oscillations, and speed of decay of the solution to zero.

AIMS Mathematics Volume 10, Issue 10, 24389–24430.



24422

0 10 20

0

20

(a)

0 10 20

-14

0

8

(b)

Figure 14. Solution for different x values, ρ1 = 0.05, ρ3 = 0.05, µ1 = 20, µ2 = 20, µ3 = 50,
p = 2.4, q = 2.4, r = 2.6. (a) a(2, t), b(2, t), c(2, t), (b) a(5, t), b(5, t), c(5, t).
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14

(a)

0 10 20

-14

0

4

(b)

Figure 15. Solution for different x values, ρ1 = 0.01, ρ3 = 0.02, µ1 = 20, µ2 = 30, µ3 = 60,
p = 2.4, q = 2.1, r = 2.7. (a) a(1, t), b(1, t), c(1, t), (b) a(5, t), b(5, t), c(5, t).
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0 25 50

-30

0

30

(a)

0 25 50

-632

0

634

(b)

Figure 16. Solution for different x values, ρ1 = 0.15, ρ3 = 0.15, µ1 = 30, µ2 = 20, µ3 = 10,
p = q = r = 2. (a) a(2, t), b(2, t), c(2, t), (b) a(5, t), b(5, t), c(5, t).

The energy

We present, in Figures 17–21, the energy decay for a beam of length L = 1 and correspond
the numerical solutions presented in Figures 2–10 to the cases considered in Instance 1. Moreover,
Figures 22–24 show numerical simulations of the energy for different lengths of the beam L = 2
and L = 6, and for different damping exponents p, q, r. We observe the decay of the energy Φ(t) to
zero in all scenarios.
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Figure 17. Energy decay corresponding to the numerical solutions in Figures 2 and 3,
respectively. (a) L = 1 : p = 2, q = 3.5, r = 3, (b) L = 1 : p = 2, q = 3, r = 3.05.
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Figure 18. Energy decay corresponding to the numerical solutions in Figures 4 and 5,
respectively. (a) L = 1 : p = 2.5, q = 2, r = 2.1, (b) L = 1 : p = 2.1, q = 2, r = 2.7.
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Figure 19. Energy decay corresponding to the numerical solutions in Figures 6 and 7,
respectively. (a) L = 1 : p = 2.1, q = 2.2, r = 2, (b) L = 1 : p = 2.4, q = 2.1, r = 2.

AIMS Mathematics Volume 10, Issue 10, 24389–24430.



24425

10
0

0

0.3

0.6

Plot of the Energy Functional

(a)

10
0

10
5

0

0.3

0.6

Plot of the Energy Functional

(b)

Figure 20. Energy decay corresponding to the numerical solutions in Figures 8 and 9,
respectively. (a) L = 1 : p = q = 2, r = 2.45, (b) L = 1 : p = r = 2, q = 2.55.
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Figure 21. Energy decay corresponding to the numerical solutions in Figure 10. (a) L = 1 :
p = 3.1, q = r = 2, (b) L = 1 : p = 2.7, q = 2.7, r = 2.
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Figure 22. Energy decay for different x values, ρ1 = 0.01, ρ3 = 0.02,
µ1 = 10, µ2 = 20, µ3 = 30. (a) L = 2 : p = q = r = 2, (b) L = 6 : p = q = r = 2.
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Figure 23. Energy decay for different x values, ρ1 = 0.01, ρ3 = 0.02,
µ1 = 10, µ2 = 20, µ3 = 30. (a) L = 2 : p = 2.6, q = 2.4, r = 2.3, (b) L = 6 :
p = 2.6, q = 2.4, r = 2.3.
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Figure 24. Energy decay for different x values, ρ1 = 0.1, ρ3 = 0.2, µ1 = 10, µ2 = 20, µ3 = 30.
(a) L = 2 : p = 2.7, q = 3.5, r = 3.0, (b) L = 6 : p = 2.7, q = 3.5, r = 3.0.

6. Conclusions

In this article, we have shown that the Non-linear Rao-Nakra beam model (1.6)–(1.8) is well-posed.
We also showed that without external forces, the Rao-Nakra system (4.1)–(4.3) is stable exponentially
or polynomially depending on the range of the nonlinearities. Furthermore, we presented numerical
examples to reinforce our theoretical analysis.
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