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* Correspondence: Email: josramirez@uv.mx; Tel: +52-228-842-1700.

Abstract: Starting from the system of orthogonal projections mapping the n-poly-Fock space F2
n(C)

onto the true-poly-Fock components, we constructed a system of all-but-one orthogonal projections in
generic position. We described the C∗-algebra generated by these projections via an isomorphism with
a subalgebra of matrix-valued continuous functions on the two-point compactification of the real line.
In addition, we studied the C∗-algebra generated by a Toeplitz operator with a horizontal symbol and
the orthogonal projections from F2

n(C) onto the true-poly-Fock subspaces. An interesting fact in this
work was that the C∗-algebras studied herein contain the C∗-algebra generated by all Toeplitz operators
acting on F2

n(C) with horizontal symbols having limit values at ±∞. Our approach combines unitary
equivalences induced by Bargmann-type transforms with a noncommutative Stone–Weierstrass-type
argument to describe the algebras.
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1. Introduction

C∗-Algebras generated by Toeplitz operators and orthogonal projections are an important topic in
operator theory, owing to their connections with areas such as noncommutative geometry, quantization,
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and spectral analysis. In classical settings—such as the Hardy, Bergman, and Fock spaces—the
structure of these algebras has been thoroughly explored, revealing deep links with both commutative
and noncommutative function algebras [3, 6, 13, 16].

According to Balk [1], Kolossov introduced polyanalytic functions (1908), which have been studied
in the context of plane elasticity. Polyanalytic functions also arise in other areas of mathematics such
as partial differential equations and representation theory of Lie groups. For the fundamental properties
of this kind of function, we refer to [1]. Poly-Fock spaces F2

n(C) and true-poly-Fock spaces F2
(k)(C),

studied in [15], provide a natural generalization of the Fock space F2(C) by considering higher-order
annihilation conditions. These spaces have become increasingly relevant as a setting where complex
algebraic phenomena naturally emerge, particularly in the context of Toeplitz operators defined by
certain classes of symbols. While Toeplitz operators with horizontal or vertical symbols have been
studied in various poly-Fock settings (see [11, 12]), there has been comparatively little work on the
C∗-algebras generated by combining Toeplitz operators with orthogonal projections. In this paper, we
investigate exactly that setting, and we justify that certain C∗-algebras generated by Toeplitz operators
can alternatively be studied from the point of view of C∗-algebras generated by orthogonal projections.

In [14], Vasilevski provided a general method for the construction of all-but-one orthoprojections
in generic position. Using this approach we construct orthogonal projections acting on poly-Fock
spaces. Indeed, we consider the orthogonal projections B( j) mapping F2

n(C) onto F2
( j)(C) ( j = 1, n),

and we construct an orthoprojection P : F2
n(C) → F2

n(C) given in terms of Toeplitz operators with
horizontal symbols and acting on the Fock space F2(C). In this way, we obtain a system of all-but-
one orthoprojections P, B(1), . . . , B(n) in generic position. Unlike the approach developed in [14], we
analyze the algebra generated by these projections and characterize its structure through an application
of the noncommutative Stone–Weierstrass theorem [7].

Our second main goal is to describe the C∗-algebra generated by the n orthogonal projections B( j)

and a Toeplitz operator Tn,aβ : F2
n(C)→ F2

n(C) with a specific horizontal symbol aβ.
In the latter part of the paper, we examine the relationship between the algebras studied herein and

that generated by Toeplitz operators with horizontal symbols, demonstrating that both approaches yield
closely related C∗-algebras.

Summarizing our main results:

• We construct a family of all-but-one orthogonal projections PT , e1, . . . , en : (F2(C))n → (F2(C))n

in generic position, and show that the C∗-algebra they generate is isomorphic to a subalgebra of
Mn(C) ⊗C(R).
• Through a system of unitary transformations based on Bargmann-type maps, we identify the

Hilbert spaces (F2(C))n and F2
n(C). This procedure carries the study in the previous step into the

poly-Fock space setting, and in this way, we get the collection of all-but-one orthoprojections
P, B(1), . . . , B(n) in generic position.
• We further investigate the C∗-algebra generated by one Toeplitz operator Tn,aβ : F2

n(C) → F2
n(C),

with a step-function symbol, together with the n projections B( j) : F2
n(C)→ F2

( j)(C), providing an
explicit description of its structure.

The paper is organized as follows. In Section 2, we recall the construction of poly-Fock spaces
and their realizations as L2-spaces via Bargmann-type transforms. In Section 3, we review Toeplitz
operators with horizontal symbols and acting on F2

n(C), as well as their associated spectral functions. In
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Section 4, we introduce all-but-one orthogonal projections in generic position and acting on (F2(C))n,
we explore the C∗-algebra they generate, and we conclude the section by rephrasing the analysis of
orthoprojections to the poly-Fock-space setting. Section 5 is dedicated to finding explicit integral
representations of these projections through reproducing kernels. Finally, Section 6 is devoted to the
study of the C∗-algebra generated by a single Toeplitz operator and n projections acting on F2

n(C), as
well as its connection to matrix-valued function algebras over the compactified real line.

2. Preliminaries

This section provides the fundamental background required for the developments that follow. We
start by examining the structure of poly-Fock spaces F2

n(C), as developed in [15], and revisit the
construction as nested subspaces within the space of square-integrable functions on the complex plane
with respect to the Gaussian measure

dµ(z) =
1
π

e−|z|
2
dν(z),

where dν(z) = dxdy is the usual Euclidean measure on R2 = C and z = x + iy. In particular, we
recall the true-poly-Fock components and the associated orthogonal projections. We also introduce the
Bargmann-type transforms that realize these spaces as standard L2-spaces over the real line, allowing
us to transfer operator-theoretic constructions to a more tractable setting. These findings provide the
foundation for our subsequent analysis of Toeplitz operators and algebras generated by projections.

For n ∈ Z+, the n-poly-Fock space F2
n(C) is the set of all smooth functions φ ∈ L2(C, dµ) satisfying(

∂

∂z

)n

φ =
1
2n

(
∂

∂x
+ i
∂

∂y

)n

φ = 0.

In particular, F2
1(C) = F2(C) is the classical Fock space. Note that F2

n(C) ⊂ F2
n+1(C), and then the

true-n-poly-Fock space F2
(n)(C) is defined as follows:

F2
(n)(C) =

 F2
1(C), if n = 1;

F2
n(C) ⊖ F2

n−1(C), otherwise.

Poly-Fock spaces as well as true-poly-Fock spaces are closed in L2(C, dµ), see [9, Proposition 3.3].
Let B(n) and Bn be the orthogonal projections from L2(C, dµ) onto F2

(n)(C) and F2
n(C), respectively. The

operator B(n) admits [15, Theorem 3.3] the integral representation

(B(n)φ)(z) =
∫
C

φ(w)q{n}w (z)dµ(w), w = u + iv,

where

q{n}w (z) =
1

(n − 1)!

(
−
∂

∂z
+ z

)n−1 (
−
∂

∂w
+ w

)n−1

ezw, z ∈ C.

The poly-Fock spaces are related to Hermite functions, which are defined in terms of the Hermite
polynomials:

Hn(y) = (−1)ney2 dn

dyn e−y2
= n!

[n/2]∑
k=0

ck,n(2y)n−2k,

AIMS Mathematics Volume 10, Issue 10, 24352–24370.



24355

where

ck,n =
(−1)k

k!(n − 2k)!
.

The system of Hermite functions

hn(y) = (2nn!
√
π)−1/2e−y2/2Hn(y), n = 0, 1, . . . ,

forms an orthonormal basis for the Hilbert space L2(R) of all square integrable functions with respect
to the Lebesgue measure on R.

We use Hn to denote the vectorial subspace generated by hn. Then the orthogonal projection P(n)

from L2(R) ontoHn is given by
(P(n)ϕ)(y) = ⟨ϕ, hn⟩hn(y).

Let

H⊕n :=
n⊕

k=0

Hk.

Then Pn := P(0) ⊕ · · · ⊕ P(n) is the orthogonal projection from L2(R) ontoH⊕n .
Next, we define three unitary operators U1,U2,U3 whose composition U = U3U2U1 allows us to

identify the space F2
(n)(C) with L2(R). The operator U1 maps L2(C, dµ) onto L2(R2, dxdy) by the rule

(U1φ)(z) = π−1/2e−
zz
2 φ(z).

The operator U2 = I⊗F acts on L2(R2, dxdy) = L2(R, dx)⊗L2(R, dy), where F is the Fourier transform
on L2(R) given by

(F f )(t) =
1
√

2π

∫ ∞

−∞

f (x)e−itxdx,

and I denotes the identity operator. Finally, the operator U3 : L2(R2)→ L2(R2) is given by

(U3 f )(x, y) = f
(

1
√

2
(x + y),

1
√

2
(x − y)

)
.

Theorem 2.1. [15] The unitary operator U = U3U2U1 : L2(C, dµ) → L2(R, dx) ⊗ L2(R, dy) satisfies
the following properties:

1) The spaces F2
(n)(C) and F2

n(C) are mapped onto L2(R) ⊗Hn−1 and L2(R) ⊗H⊕n−1, respectively.
2) The projections B(n) and Bn are unitarily equivalent to the operators UB(n)U−1 = I ⊗ P(n−1) and

UBnU−1 = I ⊗ Pn−1, respectively.

We now introduce isomorphisms mapping true-n-poly-Fock spaces into the space L2(R). These
isomorphisms play the role of the Segal-Bargmann transform acting on the Fock space. First, we
define the isometric embedding R0,(n) : L2(R)→ L2(R2) by the rule

(R0,(n) f )(x, y) = f (x)hn−1(y).

The operator R(n) = R∗0,(n)U : L2(C, dµ) → L2(R), when restricted to the true-n-poly-Fock space, is
an isometric isomorphism onto L2(R). This means

R∗(n)R(n) = B(n) : L2(C, dµ)→ F2
(n)(C),
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R(n)R∗(n) = I : L2(R)→ L2(R).

As a consequence, the operator R0,n : (L2(R))n → L2(R) ⊗ L2(R), defined by

(R0,n f )(x, y) =
n∑

k=1

fk(x)hk−1(y) = [Hn(y)]T f (x),

is an isometric embedding, where f = ( f1, . . . , fn)T . Here the symbol T denotes matrix transposition,
and

Hn(y) = (h0(y), . . . , hn−1(y))T .

The adjoint operator R∗0,n : L2(R) ⊗ L2(R)→ (L2(R))n is explicitly given by

(R∗0,nφ)(x) =
∫
R

φ(x, y)Hn(y)dy.

Furthermore, the operator

Rn := R∗0,nU : L2(C, dµ)→ (L2(R))n (2.1)

isometrically maps F2
n(C) onto (L2(R))n. Thus, it satisfies the following identities:

R∗nRn = Bn : L2(C, dµ)→ F2
n(C),

RnR∗n = I : (L2(R))n → (L2(R))n.

Straightforward calculations lead to the following results:

(Rnφ)(t) =
∫
C

φ(z)e−
z2+t2

2 +
√

2ztH̃n

(
z + z̄
√

2
− t

)
dµ(z),

(R∗n f )(z) =
∫
R

e−
z2+t2

2 +
√

2zt

[
H̃n

(
z + z̄
√

2
− t

)]T

f (t)dt, (2.2)

where f ∈ (L2(R))n and
H̃n(t) = et2/2Hn(t).

3. Toeplitz operators with horizontal symbols

In this section, we review the definition and key properties of Toeplitz operators acting on the poly-
Fock spaces with a focus on those defined by horizontal symbols (see [12] for details). These operators
arise naturally in the study of translation-invariant structures on the complex plane and serve as building
blocks for the C∗-algebras considered later in the paper. In [12], the authors characterize the Toeplitz
operators with horizontal symbols via their unitary equivalence to multiplication operators on vector-
valued L2-spaces, and they describe the C∗-algebra generated by Toeplitz operators via matrix-valued
functions, continuous on the two-point compactification of R. In this context, each operator R(n) and
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Rn unitarily transforms Toeplitz operators into multiplication operators. To be precise, for a symbol
a ∈ L∞(C), the Toeplitz operator Tn,a : F2

n(C)→ F2
n(C) is defined by

Tn,a( f ) = Bn(a f ).

When n = 1, the operator T1,a is denoted by Ta.
A function φ ∈ L∞(C) is said to be horizontal if, for every h ∈ R,

φ(z − ih) = φ(z)

for almost all z ∈ C, that is, there exists a function a defined on R such that φ(z) = a(Re z).
Throughout this work, we will be working only with bounded horizontal symbols. The Toeplitz
operator Ta : F2(C) → F2(C), with bounded horizontal symbol a, is unitarily equivalent to the
multiplication operator

γaI = R1TaR∗1, (3.1)

acting on L2(R), where

γa(x) =
∫
R

a
(

x + y
√

2

)
(h0(y))2 dy, (3.2)

(see [4] for details). The corresponding Toeplitz operator Tn,a, acting on F2
n(C), is unitarily equivalent

to the matrix-multiplication operator
γn,aI = RnTn,aR∗n

acting on (L2(R))n, where

γn,a(x) = (γn,a
jk (x)) j,k=1,...,n =

∫
R

a
(

x + y
√

2

)
[Hn(y)]T Hn(y)dy, (3.3)

(see [12] for details).
Denote by L{−∞,∞}∞ (R) the vector space consisting of all bounded measureble functions having limit

values at the points −∞ and +∞, i.e., for each a ∈ L{−∞,∞}∞ (R), the following limits exist:

a− := lim
x→−∞

a(x), a+ := lim
x→+∞

a(x).

Let R = [−∞,∞] be the set of extended real numbers, that is, R is the two-point compactification of
R. Then a function a ∈ L{−∞,∞}∞ (R) can be seen as a function defined on Rwith a(±∞) = a±. We identify
a ∈ L{−∞,∞}∞ (R) with its extension a(z) = a(x) to the complex plane C, where x = Re z. Elementary
calculations show that

a−I = lim
x→−∞

γn,a(x), a+I = lim
x→+∞

γn,a(x),

for a ∈ L{−∞,∞}∞ (R), where I denotes the identity matrix.
As notation, C∗(F ) stands for the C∗-algebra generated by a family F of bounded linear operators

acting on a Hilbert space. As usual, Mn(C) denotes the algebra of all n × n matrices with complex
entries, thus Mn(C) ⊗ C(R) is the C∗-algebra of all continuous matrix-valued functions defined on
[−∞,∞].
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Theorem 3.1. [12] Let T −∞,∞n denote the family {Tn,a : a ∈ L{−∞,∞}∞ (R)} of Toeplitz operators acting
on F2

n(C). Then, the C∗-algebra C∗(T −∞,∞n ) is isomorphic and isometric to the C∗-algebra

D−∞,∞n = {M ∈ Mn(C) ⊗C(R) : M(±∞) ∈ CI}.

The isomorphism maps each Toeplitz operator to its spectral function

Tn,a 7−→ γ
n,aI.

4. C∗-Algebra generated by orthogonal projections

This section is devoted to the construction and analysis of a C∗-algebra generated by a system
of all-but-one orthogonal projections in generic position [14]. Our motivation arises from the
structural parallels between projection-generated algebras and those associated to Toeplitz operators
with horizontal symbols. We begin by recalling the notion of generic position among projections,
as introduced by Halmos [6] and further developed in [13, 14], and we adapt this framework to the
poly-Fock-space setting. By selecting a suitable family of Toeplitz operators acting on F2(C), we
construct an orthoprojection P : F2

n(C) → F2
n(C) that fulfills the genericity conditions in conjunction

with the orthoprojections B( j), and establish an isomorphism between C∗(P, B(1), . . . , B(n)) and an
algebra D1,n of continuous matrix-valued functions. This construction provides a connection between
algebras generated by projections and those arising from Toeplitz operators with horizontal symbols, a
relationship we make precise in Theorems 3.1, 4.9, and 6.1.

Recall that a system of all-but-one orthogonal projections P,Q1, . . . ,Qn are in generic position if
they hold the following properties:

(Im P)⊥ ∩ Im Q j = {0} = Im P ∩ (Im Q j)⊥, j = 1, . . . , n.

Theorem 4.1 ( [14]). For k = 1, . . . , n, let Ck : L −→ L be injective positive operators acting on a
Hilbert space L. Suppose that these operators commute (i.e., C jCk = CkC j) and satisfy

n∑
k=1

Ck = I.

Then, the set of operators

i) P = (C
1
2
j C

1
2
k ) j,k=1,...,n : Ln −→ Ln,

ii) Q j := diag(0, . . . , I, . . . , 0) : Ln −→ Ln,

is a system of all-but-one orthogonal projections in generic position.
First, we construct orthogonal projections acting on (L2(R))n and satisfying the conditions in

Theorem 4.1. One of our orthoprojections is given in terms of spectral functions of some Toeplitz
operators acting on the Fock space (via (3.1)), and essentially we get a system of all-but-one orthogonal
projections PT , e1, . . . , en in generic position acting on (F2(C))n. The C∗-algebra generated by these
projections is isomorphic to the algebra generated by a set of continuous matrix-valued functions.
At this stage, we apply the noncommutative Stone-Weierstrass theorem. At the end of this section, we
reach our goal using the fact that each bounded operator acting on (F2(C))n can be unitarily transformed
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in a bounded operator acting on F2
n(C). Although N. L. Vasilevski established a method to describe the

C∗-algebra generated by a system of all-but-one orthogonal projections in generic position ( [14]), we
follow another approach in our poly-Fock-space setting.

We start by constructing the first set of orthogonal projections. Let

a1(z) = χ(−∞,1](x), an(z) = χ[n−1,∞)(x), and ak(z) = χ[k−1,k](x)

for k = 2, . . . , n − 1. According to (3.1), each Toeplitz operator Tak : F2
n(C) → F2

n(C) is unitarily
equivalent to the multiplication operator by the corresponding function γak , given by (3.2). This fact
implies that both operators Tak and γak I share some properties, such as positivity and injectivity, as
shown in the following lemma.

Lemma 4.2. Each operator γak I is positive and injective on L2(R). Moreover, the following equality
holds:

γa1 I + · · · + γan I = I. (4.1)

Proof. The equality 4.1 follows directly from a1(z) + · · · + an(z) ≡ 1. On the other hand,

γa1(x) =
1
√
π

∫ √
2−x

−∞

e−y2
dy, (4.2)

γan(x) =
1
√
π

∫ ∞

√
2(n−1)−x

e−y2
dy, (4.3)

γak(x) =
1
√
π

∫ √
2k−x

√
2(k−1)−x

e−y2
dy, (4.4)

where k = 2, . . . , n − 1. Hence, γak(x) > 0 for all x ∈ (−∞,∞), and then the operator γak I is positive
and injective. □

The last lemma implies that the operator Pγ, acting on (L2(R))n, and given by

Pγ =
( √
γa j

√
γak

)
j,k=1,...,n

I,

is an orthogonal projection.
For j = 1, . . . , n, let Q j be the orthogonal projection, acting on (L2(R))n, and given by

Q j( f1, . . . , fn)T = (0, . . . , f j, . . . , 0)T .

The following corollary follows immediately from Lemma 4.2 and Theorem 4.1.

Corollary 4.3. The set of operators Pγ,Q1, . . . ,Qn is a system of all-but-one orthogonal projections in
generic position.

As we mentioned above, the functions γa1 , . . . , γan arise from Toeplitz operators acting on the Fock
space. Thus there exists a natural relation between the orthogonal projection Pγ and an orthogonal
projection acting on (L2(R))n. To be precise, the operator that makes possible an identification between
the spaces (F2(C))n and (L2(R))n is the following:

R =
n⊕

k=1

R1 : (L2(C, dµ))n → (L2(R))n,

AIMS Mathematics Volume 10, Issue 10, 24352–24370.
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where R1 is given in (2.1) for n = 1. Furthermore, R satisfies:

R∗R =

n⊕
k=1

B(1) : (L2(C, dµ))n → (F2(C))n,

RR∗ = I : (L2(R))n → (L2(R))n.

Straightforward calculations show that R is given by

(Rφ)(t) =
1
π1/4

∫
C

e−
w2+t2

2 +
√

2wtφ(w) dµ(w). (4.5)

Furthermore,

(R∗ f )(z) =
1
π1/4

∫
R

e−
z2+t2

2 +
√

2zt f (t)dt, (4.6)

where f ∈ (L2(R))n.
The operator R allows us to identify B((F2(C))n) with B((L2(R))n), where B(H) denotes the algebra

of bounded linear operators acting onH . This isometric isomorphism is given by

T 7→ RTR∗.

Considering this, let

e j := R∗Q jR, for j = 1, . . . , n, (4.7)
PT := R∗PγR.

Lemma 4.4. The operators PT , e1, . . . , en : (F2(C))n → (F2(C))n form a system of all-but-one
orthogonal projections in generic position. Furthermore,

PT =
( √

Tak

√
Tal

)
k,l=1,...,n

,

and e j is the orthogonal projection given by

e j f = (0, . . . , f j, . . . , 0)T , (4.8)

where f = ( f1, . . . , fn)T ∈ (F2(C))n.

Proof. Straightforward calculations lead to (4.8). On the other hand, we have R1Ta jR
∗
1 = γ

a j I. Then,√
Ta j = R∗1

√
γa j IR1, which implies that

PT = R∗PγIR =
(√

Ta j

√
Tak

)
j,k=1,...,n

.

□

Note that Q j can be identified with the n × n matrix whose entries are zero except the ( j, j) entry
which is 1. Thus, Q jQk = δ jkQ j and Q1 + · · · + Qn = I.

In this section, our goal is to describe the C∗-algebra

P1,n
n = C∗(PT , e1, . . . , en) (4.9)
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generated by PT , e1, . . . , en.
As previously mentioned, the C∗-algebra generated by n orthogonal projections appears to have

proximity with the C∗-algebra generated by Toeplitz operators with extended horizontal symbols.
Instead of employing the methodologies outlined in [3, 6, 10, 13, 14], we will describe the C∗-algebra
P

1,n
n , defined in (4.9), by utilizing the noncommutative Stone-Weierstrass theorem. This approach

allows us to envision the elements of this C∗-algebra as functions defined along the real number line,
facilitating comparison with the C∗-algebra generated by Toeplitz operators with extended horizontal
symbols.

The following commutative diagram shows some spaces and operators discussed above:

(F2(C))n

R
��

PT , e j // (F2(C))n

R
��

(L2(R))n
Pγ, Q j

// (L2(R))n

We take E jk to be the n × n matrix whose components are zero except the ( j, k) entry, which equals
1. Equations (4.2), (4.3), and (4.4) imply that γa1(−∞) = γan(+∞) = 1, γa1(+∞) = γan(−∞) = 0, and
γak(−∞) = γak(+∞) = 0 for k = 2, . . . , n − 1. Therefore,

Pγ(−∞) = E11 and Pγ(+∞) = Enn.

Consider the C∗-algebras
B1,n := C∗(Pγ,Q1, . . . ,Qn)

and

D1,n =
{
M ∈ Mn(C) ⊗C(R) : M(±∞) are diagonal, and

M j j(−∞) = M j j(∞) ∀ j = 2, n − 1 } .

We will prove that B1,n = D1,n. Clearly B1,n is a C∗-subalgebra of D1,n. We are dealing with C∗-
bundles, allowing us to identify all pure states of D1,n. Actually D1,n is a C∗-algebra consisting of
continuous sections of the C∗-bundle E = Mn(C) × R, whose base space is R. The pure states of D1,n

can be obtained by restriction from those of Mn(C) ⊗C(R). For x0 ∈ (−∞,∞), the evaluation map

πx0 : D1,n → Mn(C)
M 7−→ M(x0)

is an n-dimensional irreducible representation. Thus, the pure states ofD1,n associated to x0 ∈ (−∞,∞)
are given by

fx0,v(M) = ⟨M(x0)v, v⟩, M ∈ D1,n,

where v ∈ Cn is a unimodular vector, see [8]. On the other hand, let e j be the canonical vector whose
components are all zero except the j-th component which is 1, that is, e j = (0, . . . , 1, . . . , 0)T . The
functionals

f±∞,e j(M) = ⟨M(±∞)e j, e j⟩, j = 2, . . . , n − 1,
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are pure states ofD1,n associated to the points x0 = ±∞. In fact, these functionals are one-dimensional
irreducible representations of D1,n. Note that f−∞,e j = f∞,e j for j = 2, . . . , n − 1, thus D1,n has only
n + 2 one-dimensional irreducible representations. In this way, all the pure states of D1,n have been
identified.

To prove that B1,n is equal toD1,n, we use the noncommutative Stone-Weierstrass conjecture, which
states the following: Let B andA be C∗-algebras with B contained inA, and suppose that B separates
all the pure states of A (and 0 if A is non-unital). Then A = B. This conjecture was proved
by Kaplansky in [7] for completely continuous representations (CCR) C∗-algebras, see also [5] or
Theorem 11.1.8 in [2]. Recall that a C∗-algebra A is called CCR or liminal if π(A) ⊂ K for every
irreducible representation π ofA on a Hilbert space H, where K is the ideal of all compact operators.

Theorem 4.5. The C∗-algebra P1,n
n is isomorphic and isometric to the C∗-algebra D1,n. Equivalently,

the C∗-algebraD1,n is generated by
Pγ,Q1, . . . ,Qn.

Moreover, the map P1,n
n ∋ T 7−→ RTR∗ ∈ D1,n is an isometric isomorphism of C∗-algebras, where

PT 7−→ Pγ and e j 7−→ Q j.

Proof. Observe that D1,n is a CCR C∗-algebra. The algebra B1,n separates all pure states of D1,n as
shown in Lemmas 4.6, 4.7, and 4.8 below. Hence, by the noncommutative Stone-Weierstrass conjecture
proved by I. Kaplansky for CCR C∗-algebras, we conclude thatD1,n = B1,n. □

Lemma 4.6. Let v,w ∈ Cn be unimodular vectors, and x0, x1 ∈ (−∞,∞). Suppose that

fx0,v(Q jPγIQk) = fx1,w(Q jPγIQk), (4.10)
fx0,v(Q jPγIQkPγIQ j) = fx1,w(Q jPγIQkPγIQ j) (4.11)

for all j, k = 1, . . . , n. Then x0 = x1 and v = λw, where λ is a unimodular complex number.

Proof. From (4.10) and (4.11), we get

⟨Q j(x0)Pγ(x0)Qk(x0)v, v⟩ = ⟨Q j(x1)Pγ(x1)Qk(x1)w,w⟩,
⟨Q j(x0)Pγ(x0)Qk(x0)Pγ(x0)Q j(x0)v, v⟩ = ⟨Q j(x1)Pγ(x1)Qk(x1)Pγ(x1)Q j(x1)w,w⟩.

That is, √
γa j(x0)γak(x0)vkv j =

√
γa j(x1)γak(x1)wkw j, (4.12)

γa j(x0)γak(x0)|v j|
2 = γa j(x1)γak(x1)|w j|

2. (4.13)

For j = k, Eq (4.12) reduces to

γa j(x0)|v j|
2 = γa j(x1)|w j|

2.

Since γa j(x0) and γa j(x1) are different from zero for all j = 1, . . . , n, then v j , 0 if only if w j , 0.
Choose an index j such that v j , 0. Now, (4.13) means that

γak(x0) = γak(x1), ∀k = 1, . . . , n.
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In particular γan(x0) = γan(x1), that is,∫ ∞

√
2(n−1)−x0

(h0(y))2dy =
∫ ∞

√
2(n−1)−x1

(h0(y))2dy,

thus, x0 = x1. From (4.12), we get vkv j = wkw j, ∀k = 1, . . . , n. Take λ = w j/v j. Then vk = λwk for all
k = 1, . . . , n, that is, v = λw with |λ| = 1. □

Lemma 4.7. Let v = (v1, . . . , vn)T be a unimodular vector, x0 ∈ (−∞,∞), and x1 = ±∞. If v j , 0, then

fx0,v(Q jPγIQ j) , fx1,ek(Q jPγIQ j), k = 1, . . . , n.

Proof. Since Pγ(−∞) = E11 and Pγ(∞) = Enn, we have

f−∞,ek(Q jPγIQ j) = ⟨Q j(−∞)Pγ(−∞)Q j(−∞)ek, ek⟩

= ⟨E j jE11E j jek, ek⟩

= δ j1δk1, j, k = 1, . . . , n.

Similarly,
f∞,ek(Q jPγIQ j) = δ jnδkn, j, k = 1, . . . , n.

On the other hand, fx0,v(Q jPγQ j) = γa j(x0)v jv j with γa j(x0) ∈ (0, 1). Suppose that v j , 0. Then,
fx0,v(Q jPγQ j) ∈ (0, 1). Thus, fx0,v(Q jPγQ j) , fx1,ek(Q jPγQ j). □

Lemma 4.8. The algebra B1,n separates the following pure states of the algebraD1,n:

f−∞,e1 , . . . , f−∞,en , f+∞,e1 , f+∞,en .

Proof. Notice that
f−∞,ek(Q j) = δk j, (4.14)

thus Q j separates the pure states f−∞,e j and f−∞,ek . On the other hand, f+∞,e1(Qk) = δ1k, and then
by (4.14), we can see that f−∞,ek and f+∞,e1 are separated by Qk for k = 2, . . . , n. In the same way,
f+∞,en(Qk) = δnk. Thus, by (4.14), f−∞,ek and f+∞,en are separated by Qk for k = 1, . . . , n − 1.

Finally,
f−∞,e1(PγI) = ⟨E11e1, e1⟩ = 1, f+∞,e1(PγI) = ⟨Enne1, e1⟩ = 0,

f−∞,en(PγI) = ⟨E11en, en⟩ = 0, f+∞,en(PγI) = ⟨Ennen, en⟩ = 1.

From this, PγI separates f−∞,e1 from f+∞,e1 , it separates f−∞,en from f+∞,en , and it also separates f+∞,e1

from f+∞,en . □

The algebra P1,n
n is constructed with the purpose of obtaining a system of all-but-one orthogonal

projections in generic position acting on F2
n(C), required to include the orthoprojections from F2

n(C)
onto the true poly-Fock subspaces. Recall that B( j) denotes the orthogonal projection from L2(C, dµ)
onto F2

( j)(C); from now on, B( j) will be regarded as restricted to F2
n(C).

The Bargmann-type transform R∗n : (L2(R))n → F2
n(C) accomplishes an adequate scheme in the

study of the C∗-algebra generated by

P := R∗nPγRn, B(1), . . . , B(n),
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and the relationship with the C∗-algebra generated by the Toeplitz operators with horizontal symbols.
It is easy to see that B( j) = R∗nQ jRn, which means that the following diagram is commutative:

(L2(R))n

R∗n
��

Pγ, Q j // (L2(R))n

R∗n
��

F2
n(C)

P, B( j) // F2
n(C)

Theorem 4.9. The C∗-algebra C∗(P, B(1), . . . , B(n)) is isomorphic to the C∗-algebra D1,n, and the
isomorphism is given by T 7−→ RnTR∗n. In particular,

P 7−→ Pγ, B( j) 7−→ Q j.

Up to now, we have the description of two C∗-algebras of bounded linear operators acting on the
poly-Fock space F2

n(C), as indicated in Theorems 3.1 and 4.9. Under the same isomorphism T 7→
RnTR∗n, the algebras C∗(P, B(1), . . . , B(n)) � D1,n and C∗(T −∞,∞n ) � D−∞,∞n look quite similar. Indeed,
they are different from each other just by their representations corresponding to the points x = ±∞. In
this sense, the algebra generated by Toeplitz operators with horizontal symbols can be generated by a
system of all-but-one orthogonal projections in generic position.

5. Reproducing kernels

In this section, we get integral representations for PT and P, which are defined on (F2(C))n

and F2
n(C), respectively. By expressing these projections as integral operators, we make explicit

how their action depends on the geometry of the underlying Hilbert spaces and the structure of the
associated spectral functions. The integral representations not only illustrates the analytic behavior of
the projections but also emphasizes the connection between the projection-generated C∗-algebra and
the classical theory of reproducing kernel Hilbert spaces.

With this in mind, we introduce the bounded continuous vector-valued function

Mn = (
√
γa1 , . . . ,

√
γan)T : R −→ Rn.

Note that Pγ = MnMT
n , and that the Euclidean norm of the value Mn(x) ∈ Cn equals 1 for each

x ∈ R.

Proposition 5.1. The following results hold:

1) The operator Pγ is the orthogonal projection from (L2(R))n onto the space of functions of the form
g = aMn with a ∈ L2(R).

2) The operator PT is the orthogonal projection from (L2(C))n onto the space of vector-valued
holomorphic functions of the form

h(z) =
1
π1/4

∫
R

a(t)e−
z2+t2

2 +
√

2ztMn(t)dt,

where a ∈ L2(R) and z = x + iy.
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Proof. Take f = ( f1, . . . , fn)T ∈ (L2(R))n, and then

g = Pγ f = Mn(MT
n f ) = (MT

n f )Mn = ãMn,

where ã = MT
n f =

∑n
k=1
√
γak fk ∈ L2(R). If a ∈ L2(R), then g := aMn ∈ (L2(R))n, and

Pγ(g) = MnMT
n aMn = aMn(MT

n Mn).

Since Mn(x) ∈ Cn has a Euclidean norm equal to 1 for each x, then the last equation simplifies to
Pγ(g) = g. Thus g ∈ Im Pγ if and only if there exists a ∈ L2(R) such that g = aMn almost everywhere.

Since PT = R∗PγR, the image of PT consists of all functions of the form h = R∗g, where g = aMn

and a ∈ L2(R). Finally, recall that R∗ =
⊕n

k=1 R∗1, and the result follows from (2.2). □

Theorem 5.2. The orthogonal projection PT : (F2(C))n → (F2(C))n admits the integral representation

(PTφ)(z) =
∫
C

K(z,w)φ(w) dµ(w), w = u + iv,

where
K(z,w) =

1
π1/2

∫
R

e−t2e−
z2+w2

2 +
√

2(z+w)tPγ(t) dt, z = x + iy.

Proof. By Theorem 4.5, PT = R∗PγR, where R =
⊕n

k=1 R1 = R1I. Take φ ∈ (F2(C))n. Using (4.5) and
(4.6), we get

(PTφ)(z) = ([R∗PγR]φ)(z)

=
1
π1/4

∫
R

e−
z2+t2

2 +
√

2ztPγ(t)(Rφ)(t)dt

=
1
π1/2

∫
R

e−
z2+t2

2 +
√

2ztPγ(t)
∫
C

e−
w2+t2

2 +
√

2wtφ(w) dµ(w) dt.

This proves the theorem. □

Theorem 5.3. The orthogonal projection P := R∗nPγRn : F2
n(C) → F2

n(C) admits the integral
representation

(Pφ)(z) =
∫
C

Kγ(z,w)φ(w) dµ(w),

where z = x + iy, w = u + iv, and

Kγ(z,w) =
∫
R

e−
z2+w2

2 +
√

2(z+w)t−t2
[
H̃n

(√
2x − t

)]T
Pγ(t)H̃n(

√
2u − t) dt.

Proof. Let φ ∈ F2
n(C). Then,

(Pφ)(z) = (R∗nPγRnφ)(z)

=

∫
R

e−
z2+t2

2 +
√

2zt
[
H̃n

(√
2x − t

)]T
Pγ(t)(Rnφ)(t)dt

=

∫
R

e−
z2+t2

2 +
√

2zt
[
H̃n

(√
2x − t

)]T
Pγ(t) ×

AIMS Mathematics Volume 10, Issue 10, 24352–24370.



24366∫
C

φ(w)e−
w2+t2

2 +
√

2wtH̃n(
√

2u − t) dµ(w)dt,

=

∫
C

Kγ(z,w)φ(w) dµ(w), w = u + iv

where Kγ is defined as indicated in this theorem. □

6. Algebra generated by a single Toeplitz operator and n projections

We now focus on the C∗-algebra generated by a single Toeplitz operator Tn,aβ together with the
orthogonal projections B( j) : F2

n(C) → F2
( j)(C) for j = 1, . . . , n. This setup allows us to analyze how

minimal spectral data, encoded in a single symbol, interacts algebraically and topologically with the
decomposition of the poly-Fock space, producing a C∗-algebra structure with a rich quantity of finite
dimensional irreducible representations. As in previous sections, we characterize the resulting algebra
via its image under the Bargmann-type transform, and show that it coincides with a matrix-valued
function algebra with scalar boundary conditions—closely resembling the structure of the full Toeplitz
algebra with horizontal symbols.

In what follows, we consider the horizontal symbol

aβ(z) = χ[β,∞)(y),

and the corresponding Toeplitz operators Tn,aβ : F2
n(C) → F2

n(C), where β is fixed. According to (3.3),
we have γβI = RnTn,aβR

∗
n, where

γβ(x) := γn,aβ(x) =
∫ ∞

√
2β−x

[Hn(y)]T Hn(y)dy,

and Hn(y) = (h0(y), . . . , hn−1(y)). This matrix-valued function satisfies

lim
x→−∞

γβ(x) = 0 and lim
x→+∞

γβ(x) = I.

The following commutative diagram allows us to visualize the operators we are working with:

(L2(R+))n

R∗n
��

γβI, Q j // (L2(R+))n

R∗n
��

F2
n(C)

Tn,aβ , B( j)

// F2
n(C)

Introduce the C∗-algebras

Dn = {M ∈ Mn(C) ⊗C(R) : M(±∞) are diagonal matrices},

Bn = C∗(γβ,Q1, . . . ,Qn).

For the orthogonal projection Q j given in (4), we have

Q j = RnB( j)R∗n.
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Of course Bn ⊂ Dn. We will prove that Bn separates all the pure states of Dn. The algebra Dn

consists of continuous sections of the C∗-bundle E = Mn(C) × R. Thus, each pure state of Dn has the
form

fx0,v(M) = ⟨M(x0)v, v⟩, M ∈ Dn,

or
f±∞,e j(M) = ⟨M(±∞)e j, e j⟩, j = 1, . . . , n,

where x0 ∈ (−∞,∞) and ∥v∥ = 1.

Theorem 6.1. The C∗-algebra C∗(Tn,aβ , B(1), . . . , B(n)), where aβ(z) = χ[β,∞](y), is isomorphic and
isometric to the C∗-algebra Dn. Equivalently, the C∗-algebra Dn is generated by γβ,Q1, . . . ,Qn.

Moreover, the map
C∗(Tn,aβ , B(1), . . . , B(n)) ∋ T 7−→ RnTR∗n ∈ Dn

is an isometric isomorphism of C∗-algebras, where

Tn,aβ 7−→ γ
β and B( j) 7−→ Q j.

Proof. Note that Dn is a CCR C∗-algebra. The C∗-algebra Bn separates all the pure states of Dn as
shown in Lemmas 6.2, 6.3, and 6.4 below. By the noncommutative Stone-Weierstrass conjecture [7],
we have thatDn = Bn. □

Lemma 6.2. Let v,w be unimodular vectors, and x0, x1 ∈ (−∞,∞). Let γβ be the spectral function of
the Toeplitz operator Tn,aβ , where aβ(z) = χ[β,∞)(y). Suppose that

fx0,v(Q jγ
βIQk) = fx1,w(Q jγ

βIQk), (6.1)
fx0,v(Q jγ

βIQkγ
βIQl) = fx1,w(Q jγ

βIQkγ
βIQl), (6.2)

for all j, k, l = 1, . . . , n. Then, x0 = x1 and v = λw, where λ is a unimodular complex number.

Proof. Let v = (v1, . . . , vn),w = (w1, . . . ,wn) be unimodular vectors, and x0, x1 ∈ (−∞,∞). Note that
Q jγ

β(x)Qk = γ
β
jk(x)E jk and E jkEkl = E jl. From (6.1) and (6.2), we obtain

γ
β
jk(x0)vkv j = γ

β
jk(x1)wkw j,

γ
β
jk(x0)γβkl(x0)vlv j = γ

β
jk(x1)γβkl(x1)wlw j,

for all j, k, l = 1, . . . , n. Since aβ(z) = χ[β,∞)(y),

γ
β
jk(x) =

∫ ∞

√
2β−x

h j−1(y)hk−1(y)dy , 0 ∀x ∈ (−∞,∞).

Note that vk , 0 if and only if wk , 0. Thus,

γ
β
jk(x0)

γ
β
jk(x1)

=
wkw j

vkv j
,

γ
β
jk(x0)

γ
β
jk(x1)

γ
β
kl(x0)

γ
β
kl(x1)

=
wlw j

vlv j
,
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whenever vkv j , 0 and vlv j , 0. Choose k such that vk , 0, and take j = l = k. Then

wkw j

vkv j

wlwk

vlvk
=

wlw j

vlv j
,

or
wkwk

vkvk
= 1.

Therefore, γβkk(x0) = γβkk(x1), that is,∫ ∞

√
2β−x0

(hk−1(y))2dy =
∫ ∞

√
2β−x1

(hk−1(y))2dy,

thus, x0 = x1. Consequently, γβjk(x0)vkv j = γ
β
jk(x0)wkw j for all j. That is, vkv j = wkw j for all j. Let

λ = wk/vk, and then v = λw with |λ| = 1. □

We proceed to separate the rest of the pure states ofDn.

Lemma 6.3. Let e j = (0, . . . , 1, . . . , 0)T ∈ Cn, and γβ be the spectral function of the Toeplitz operator
Tn,aβ , where aβ(z) = χ[β,∞)(y). Then

f−∞,e j(γ
βI) , f∞,ek(γ

βI) for all j, k = 1, . . . , n.

In addtion, the pure states f±∞,e1 , . . . , f±∞,en are separated by Q1, . . . ,Qn.

Proof. We have that γβ(−∞) = 0 and γβ(∞) = I, and then

f−∞,e j(γ
βI) = 0 and f∞,ek(γ

βI) = 1.

Thus, the pure states f−∞,e j and f∞,ek are separated by Bn. On the other hand, f−∞,e j(Q j) = 1 and
f−∞,ek(Q j) = 0 for k , j. Thus, f−∞,e1 , . . . , f−∞,en are separated by Q1, . . . ,Qn. □

Lemma 6.4. Let v = (v1, . . . , vn)T ∈ Cn be a unimodular vector, x0 ∈ (−∞,∞), and x1 = ±∞. Let γβ

be the spectral function of the Toeplitz operator Tn,aβ , where aβ(z) = χ[β,∞)(y). If v j , 0, then

fx0,v(Q jγ
βIQ j) , fx1,ek(Q jγ

βIQ j) for all k = 1, . . . , n.

Proof. Note that f−∞,ek(Q jγ
βIQ j) = 0 and f∞,ek(Q jγ

βIQ j) = δ jk. Choose j such that v j , 0. Since
γ
β
j j(x0) ∈ (0, 1),

fx0,v(Q jγ
βIQ j) = γ

β
j j(x0)|v j|

2 ∈ (0, 1),

which means that fx0,v and fx1,ek are separated by Bn, where x1 = ±∞. □

We conclude by summarizing the principal contributions of this work. We have described two
C∗-algebras naturally arising in the context of the poly-Fock space F2

n(C). In Theorem 4.9, we
analyzed the algebra C∗(P, B(1), . . . , B(n)) generated by a family of all-but-one orthogonal projections
in generic position. We showed that this algebra is isomorphic to D1,n, which is a subalgebra of all
n × n-matrix-valued functions, continuous on the compactified real line. In parallel, Theorem 6.1
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characterizes the C∗-algebra generated by a single Toeplitz operator Tn,aβ together with the same
family {B( j)}

n
j=1 of projections, establishing an isomorphism with the algebraDn. Finally, Theorem 3.1

describes the algebra C∗(T −∞,∞n ) generated by Toeplitz operators, showing that it is isomorphic to
D
−∞,∞
n . These algebras—D1,n, Dn, and D−∞,∞n —are realized as subalgebras of Mn(C) ⊗ C(R) through

a common isomorphism, and they differ only by their irreducible representations corresponding to
x0 = ±∞. This hierarchy reveals that algebras generated by Toeplitz operators can, in certain settings,
be equivalently studied via families of orthogonal projections. This analysis is unified by the use of
noncommutative Stone–Weierstrass-type arguments, which clarify the structural relationships among
the algebras studied, and suggest a broader applicability within operator theory.
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