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Abstract: In this paper, some properties of the Laplacian permanental polynomials of graphs
are given. First, we provide a formula to evaluate the coefficients of the Laplacian permanental
polynomial. Following this, we derive some interesting derivative properties of the Laplacian
permanental polynomial. In addition, the recursive relations on the Laplacian permanental coeflicients
of some subdivision graphs are deduced.
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1. Introduction

The graph G considered here is simple and undirected. The vertex set of G is V(G) = {vy,...,v,},
and v; ~ v; means that v; and v; are adjacent. The degree of the vertex v; in G is denoted by dg(v;). The
diagonal matrix D(G) is the one with dg(v;) as the entry (i, i). The adjacency matrix A(G) = (a;;)nxn Of
G is a (0,1) matrix with a;; = 1 if and only if v; and v; are joined by an edge. The Laplacian matrix of
G is L(G) = D(G) — A(G).

The permanental polynomial n(G, x) of G is defined as

per(xl - A(G)) = Y bix"”,
i=0

where I is an identity matrix of order n. For a matrix A = (a;;)nxn,

per(A) = Z ﬁ Aig (i)

oel, i=1
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where I, denotes the set of all the permutations of {1,2,---,n}. It was shown in [11] that per(A) =
2. i=1 aijper(A;;), where A;; is the matrix obtained from A by deleting the i-th row and j-th column.
Moreover, it holds that per(—A) = (—1)"per(A).

The Laplacian permanental polynomial (G, x)( or Yy(L(G), x)) of a graph G is [13]

n

per(xl - L(G)) = »_ i (1.1)

i=0

It is obvious that ¢y = 1 and ¢, = (=1)"per(L(G)). For the graph K, that has no vertices and edges,
U(Ky, x) = 1.

Since the characteristic polynomial fails to distinguish certain graphs, the permanental polynomial
was introduced to differentiate cospectral graphs. However, for trees at least, the permanental
polynomial offers no additional discriminative power beyond that of the characteristic polynomial [13].
Given that the Laplacian matrix possesses certain advantages over the adjacency matrix [2], researchers
have explored the permanent of Laplacian matrix and its associated Laplacian permanental polynomial
on the coefficients [8] and roots [16]. Up to now, we have not known for which graphs the
Laplacian permanental polynomials are the same. Extensive studies have been done on the
permanental polynomials. The relations between the coefficients of the permanental polynomial
and the characteristic polynomial were discussed in [5, 6], and the relations between the matching
polynomial and the permanental polynomial were given in [7]. In [9], the extremal problem for
the coeflicient sum of the permanental polynomials of extremal hexagonal chains were determined.
The per-spectra of a complete graph with respect to removing the edges were considered in [15]. In
addition, the computation of the permanental polynomials of some graphs by the skew-characteristic
polynomial was investigated in [17, 18].

Compared with these extensive research on permanental polynomials, relatively little work has been
done on Laplacian permanental polynomials. To our knowledge, the existing research on this topic falls
into two main categories: Studies focusing on computing the permanents of Laplacian matrices and
establishing optimal lower bounds [1,4] and upper bounds [3], and investigations into the coefficients
and roots of Laplacian permanental polynomials. For example, Merris [12] obtained the coefficients
of the Laplacian permanental polynomials for trees. Liu and Wu [10] proved a recursive formula for
computing the Laplacian permanental polynomial of graphs under edge deletion and vertex deletion
operations, as shown below.

In the following, Ls(G) denotes the principal submatrix of L(G) formed by deleting the row and
column corresponding to all vertices of S C V(G).

Theorem 1.1. [10] (1) Let v be a vertex of a graph G, Cg(v) be the set of cycles of G containing v,
and N(v) be the set of vertices of G adjacent to v. Then

WG, %) = (x = dWW(LAG), D) + ) WLu(G), D) +2 > WLy (G), ).

ueN(®) CeCs(v)

(2) Let e = (u,v) be an edge of a graph G and let C(e) be the set of cycles containing e in G. Let G-e
be the graph obtained by deleting the edge e from G. Then

(G, x) = Y(L(G =€), x) = Y(Lu(G =€), x) = Y(L(G = ), x) + 2Y(Lin(G), x) + 2 Z Y(Ly(c)(G), x).

CeCg(e)
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Computing the permanent of a square matrix is a #P-complete problem even for a (0, 1) matrix [14].
Thus, it is difficult to compute the permanental polynomials and Laplacian permanental polynomials of
graphs. In 2019, Liu [8] gave a combinatorial expressions for the first five coefficients of the (signless)
Laplacian permanental polynomial. Merris et al. established the general formula for the coefficients of
permanental polynomials [13]. Motivated by this, in this paper, we try to give a general expression for
the coeflicients of the Laplacian permanental polynomials of a graph in Section 2. On the basis of this
result, in Section 3, we show some derivative properties of the Laplacian permanental polynomial of
a graph. In Section 4, we derive the recursive relations for the Laplacian permanental polynomials of
graphs with respect to the subdivision operation.

2. The coefficients of Laplacian permanental polynomials

For a graph G, we use G* to denote the graph obtained from G by attaching a loop for each vertex
of G, called the loop graph of G. We use L, to denote the loop incident on the vertex v of G*. A linear
subgraph U; of G* is a subgraph of G* on i vertices such that each component is a cycle, an edge, or
a loop. For a linear subgraph U; of G*, let d(U;) be the product of the degrees of the vertices in G
which lie in the loops of U;. Let c¢(U;) be the number of cycles in U;, and let o(U;) be the number of
cycles of odd length in U;. As early as the 1980s [2, 13], a formula to compute the coefficients of the
permanental polynomial was given as

bi=(=1) ) 2 for 1<ix<n,
FicG
where F; is a subgraph of G on i vertices, each component of F; is an edge or a cycle, and c¢(F;) denotes
the number of cycles of F;.

In the following, we show that there is a similar result for the coeflicients of Laplacian permanental
polynomials.

Theorem 2.1. For the Laplacian permanental polynomial of a graph G on n vertices,

ci=(=1) Z (=D,  for 1<i<n,

U;cG*
where the sum includes all linear subgraphs U; of the loop graph G*.

Proof. By the definition of Laplacian permanental polynomial,

¢ = (=1) ) per(L(G)),

where L;(G) is the principle submatrix of L(G) of order i, and the sum is over all such values of L;(G).
We first prove that
¢ = (=" ) (=12 a(,).
U, cG*

Suppose that L(G) = (a;j)uxn- By the definition of permanence, ¢, = (=1)"per(L(G)) =
(=1)" Xoer, [1i21 @ivi)» Where I, is the set of all the permutations of {1,2,---,n}. Each term
Al Ao, # 0 1f and only if each a,,, # 0. We know that each term a,,, - - - a,., 1s a product of
cyclic products. For these cyclic products, any product is one of the following.

AIMS Mathematics Volume 10, Issue 10, 24317-24328.



24320

(a) A cyclein G*. Each cycle in G* corresponds to two opposite cyclic permutations with a product 1
if C is of even length and with a product —1 if C is of odd length.

(b) An edge in G*. Each edge in G* corresponds to a cyclic permutation of length 2 with a product 1.

(c) A loop in G*. Each loop in G* corresponds to a cyclic permutation of length 1 with a product
that equals the degree of the corresponding vertex in G.

According to this, each nonzero cyclic product of a term aj,, - - - @ny, Of per(L(G)) corresponds
to a cycle or an edge or a loop of a linear subgraph U, of G*, and vice versa. Thus, we find ¢, =
(1" Sy (= 1W02°U0 4,

By a similar analysis, we derive ¢; = (1) Y.+ (—1)?V02¢U4(U;).

According to Theorem 2.1, we immediately obtain the following result for a regular graph.

Corollary 2.1. If G is a regular graph of degree r, then
¢ = (=1) Z (—1)°UD Qe iU

U;,cG*

where l(U,) is the number of loops in a linear subgraph U,.
3. The derivative property of the Laplacian permanental polynomial

In this section, we show the derivative property of the Laplacian permanental polynomials for
general graphs, which leads to a way to compute such polynomials in terms of the polynomials of
subgraphs.

For a graph G and a set S of vertices in G, G — S denotes the graph obtained from G by deleting all
the vertices of §. We use (G — S)¢ to denote the half-edge graph of G — §, which means that for any
vertex v of (G — §)¢ if v is adjacent to a vertex u of S in G, then there is a half-edge incident to v in
(G — S)'. Thus, the degree of each vertex v of (G — S )¢ is the same as the degree of v in the graph G.
If S is a single vertex v, we use (G — v)g as (G — S )g.

Theorem 3.1. Let G be a graph with n vertices {vi,--- ,v,}. Then
dp(G,x)
— == Z‘ W(G — v)g, X). (3.1)

Proof. Suppose that (G, x) = cox" + ¢;x"' + -+ + ¢,.1x + ¢,. Then

dy(G, x)

7 =ncoX" '+ (n— DX+ -+ 200X + Cpy. 3.2)
X

Let y((G — v)g, x) = chx" '+ dx" 2 + -+ ¢! _,x+c . By Theorem 2.1,

b= (=1) Z (=)W Wqy,)y  for 1<i<nand0<k<n-1.

Ukc(G—vi)
Thus . .
Dh=EDY Y D ey, (3.3)

i=1 i=1 UkC(G—Vl‘)E
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Each linear subgraph U, of G* has k vertices, without loss of generality, denoted as {v;,--- ,v;}.
It can be seen that Uy is not a linear subgraph of (G —v; ) for r = 1,--- , k. However, Uy is a linear
subgraph of (G - v,);, where v, € V(G) and t ¢ {i,--- ,i;}. Therefore, each U belongs to (n — k)
half-edge subgraphs (G — v;);;, so the sum in Eq (3.3) counts each linear subgraph U of G* exactly
(n — k) times. Thus

n

D=0 -k Y (=1 P02 0awy)

i=1 UycG*
= - k)cy.

Following Eq (3.2), we obtain
dp(G,x) <
——— =) V(G —vi)g,x).
dx ;
In the following, we use C, to denote a cycle on n vertices and use P, to denote a path on n vertices.
Note 1: In Table 1, we show the Laplacian permanental polynomials of the cycle Cs and the path

(Cs — v)¢,. We can see that the derivative of ¥/(Cs, x) is equal to 5¢((Cs — v)c,, x). That is, ¢/'(Cs, x) =
SY((Cs — v)¢s, x). This verifies the result of Theorem 3.1.

Table 1. The Laplacian permanental polynomials of cycles Cs and Py.

Graphs The Laplacian permanental polynomials

Cs Y(Cs, x) = x> — 10x* + 45x° — 110x% + 145x — 80

Derivative W' (Cs, x) = 5x* — 40x> + 135x> — 220x + 145

P, Y((Cs —v)c,, x) = X =8x% +27x* — 44x + 29

Sum 5¢((Cs = V)es, X) = 5x* = 40x° + 135x% — 220x + 145
Corollary 3.1. Let G be a graph with n vertices {vy,--- ,v,}. Then

WG, x) = fo D (G = vg, dt + Y(G, ).
i=1

Proof. Integrating both sides of Eq (3.1), we obtain

U(G, x) = f Z U(G = v)g, Hdt + C, (3.4)
U

where C is a constant number.
Set x = 0. It holds for the left-hand side of Eq (3.4) that ¥(G,0) = };_, X% = ¢,. On the

right-hand side of Eq (3.4), foo 2 (G = vy)g, t)dt = 0. Thus, we have C = ¥(G, 0).
In a similar approach, we deduce the following result for the permanental polynomial.

Corollary 3.2. Let G be a graph with n vertices {vi,--- ,Vv,}. Then

G,x) = G — v, tdt G,0).
n(G, x) fol;ﬂ( v, Hdt + 7( )
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Let (V) = {S|S C V(G) and |S| = k}, where |S| denotes the number of vertices in §. Then
Theorem 3.1 can be generalized as shown below.

Theorem 3.2. Let G be a graph with the vertex set V. Then

d"y(G,
T kY WG -8, (3.5)
x SETV)

Proof. By Theorem 3.1, we know that Eq (3.5) holds for k = 1.
We use induction on k. By the induction hypothesis, we have

dk‘lt//(G, X)

T = k=Dl UG =86,

§’eS1(V)

Following this, it holds that

d*y(G, dy((G — S")q,
—‘/ﬁ S I y 6. X) (3.6)
* S'eTa (V) *
It follows from Theorem 3.1 that
V(G)I-IS’|
dy((G = §")g, x) ,
dx = ; Y(((G = S8")g = Vi)G-55+X)
V(G)I-IS’|
= > WG -5 =g, (3.7)

i=1

where each v; is a vertex of G — S’ for §’ € .%_1(V).
For each § € #(V), let {v;,---,v;} denote the vertices in S. Then there are k different S’ €
Fk-1(V) such that " U {v;} =S, wheret € {1,--- , k}. Thus, combining Eqs (3.6) and (3.7), we have

d G, x VG-I’
e S I Y YT (R
X S’€S-1(V) i=1

=kl ) (G =),

e (V)
A similar result holds for the permanental polynomial of a graph.

Corollary 3.3. Let G be a graph with the vertex set V. Then

d*n(G, x) B

T =k ) aG=S.x.

SeS (V)

In the following, we show the relation between the permanental polynomial and the Laplacian
permanental polynomial of a graph.
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Theorem 3.3. Let G be a graph with a set V of n vertices. Then

n

WG, x) = (1) ). > do($)m(G ~ S, ),

k=0 SeA(V)
where dg(S) = [,es do(v), and dg(S) = 1 if S = 0.

Proof. Suppose that V = {vy,--- ,v,}, and let d; = ds(v;) for each vertex v;. Then

U(G, x) =per(xl — L(G))
=per(xI — D(G) + A(G))

x—d ap as te Aaip

as x—d, ans te asp

=per| 431 axp x—dy - as,
anl [25%] an3 e X dn

By the expansion property of permanent, it holds that

X an a3 A —d] 0 0 0

ay x—d; ars T aon ay x-—d, ans T sy

(G, x)=per|ds1 axn Xx—dr -+ Ay, |4per|an  an x-d - as
anl an2 an3 T X dn anl an an3 e X — dn

If we repeatedly apply this property, after the n-th step, we find that ¥(G, x) is the sum of 2"
permanents. It is written as

W(G, x) =per(xl + A(G)) + ) (=dpper(xl + A(G - v))

1<i<n
+ D (=d)(=dpper(xl + AG = v = v)) + -+
1<i<j<n
Z (_dil)(_diz) e (_di,,_l)per(XI + A(G — Vi = Vi, =T vi,;-]))
1<ij<ip<-+<ip—1<n
+ (=di)(=dy) - - (=d,)per(x] + A(G —vi — vy — -+ = V).

Since per(—-A) = (—1)"per(A), the equation above can be expressed as

¥(G, x) =(=1)"per(—xI — A(G)) + Z (=d)(=1)""'per(=xI = A(G — v)))

1<i<n
+ D (=d)(=d)(=1)"per(=xl = AG = v; = v)) + -+
1<i<j<n
+ Z (=dy,)(=dy,) - (=d;, )(=1)"""Vper(=xI = AG = vj, =vi, ==~ = vi,,))
1<ii<ip<-+<iy—1<n
+ (=d)(=da) - - - (=dy)(=1)""per(—=x] = A(G —vi = vy — - = w)).
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Let S € V. The product of the degrees of vertices in S is denoted as dg(S ), 1.e. dg(S) = [1,e5 dc(V).
Thus

U(G, x) =(-1)" [per(—xl - AG)) + Z dg(S)per(—xI — A(G - §))+

SeS (V)
Z dg(S)per(—xI — A(G — S)) + -+ + Z d(S)per(—xI — A(G - S))
SeAV) SeS (V)
=17y [ > de($)n(G - S. —x)].

k=0 = SeHA(V)
According to Corollary 3.3 and Theorem 3.3, we derive the consequence below.
Corollary 3.4. Let G be a r-regular graph with n vertices. Then

S d* (G, y)

Y(G,x) =(-1)"
k! dyt

y=—x
4. The Laplacian permanental polynomials of subdivision graphs

In this section, we consider graphs with a cut edge and unicyclic graphs. The recursive relations of
the coefficients of the Laplacian permanental polynomials of some subdivision graphs will be given.

Theorem 4.1. Let Gy be a graph on n vertices and let e = (u,v) be a cut edge of Gy. Let G, be the
graph obtained from G by inserting t vertices into the edge e fort = 1,2. Then

cis2(G2) = ¢i(Go) — 2¢i41(Gy) + ¢i2(Gy)  for 0<i<n-1, 4.1)
where c;(Gy) is the value c; of y(Gy, x) = Zf:é‘ cix" i fork =0,1,2.
Proof. By Theorem 2.1, it holds that

cia(Ga) = (=12 3 (=12 U a(U,,),

Ui+2CG;

where G; denotes the loop graph of Gy.
Suppose that G; (respectively, G,) is obtained from G, by inserting the vertex x (respectively,
vertices x and y) into the edge e = (u, v), as shown in Figure 1.

u e v u x v u x y v

(@ (b) (©
Figure 1. (a) Gy, (b) Gy, and (¢) G».
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We can see that (x, y) is a cut edge of G,. Let U;,, be a linear subgraph of G, and suppose that U,,,
contributes m to ¢;42(G3). Then the following cases exist for U,,;.
Case 1. (x,y) € U;;,. Since U, contains the edge (x,y), U;, must not contain the edge (u, x) and
(y,v). Thus U] = U;y» — x — y is a linear subgraph of G and it does not contain the edge e = (u,v).
Moreover, U/ contributes (—1)/(=1)°V02¢UDg(U7) = (=1)**(—1)?Vis22¢WUiqd(U,,5) = m to ¢(Gp).
Case 2. (x,y) ¢ Ui, Ly € Ujso, and L, € Ujpp. Let Ul,, = Uyn — L,. Then U}, is a linear
subgraph of G7, which contains the loop L., and U, contributes (—%m) to ¢;+1(G;). This means that
the contribution of Uy, to ¢;12(G>) is (—2) times the contribution of U, to ¢, 1(Gy).
Case 3. (x,y) € Uiz, Ly € Ujsz, and L, ¢ U;,». Under this condition, we consider the following cases
of the edge (y,v).

Case 3.1. (y,v) ¢ Uj.o. In this case, U’,, = U,,» is a linear subgraph of G, which contains the loop
L., and it contributes m to ¢;2(Gy).

Case 3.2. (y,v) € U;yp. Inthis case, U], = Ui, — L, —y — v + (x,v) is a linear subgraph of G7,
which contains the edge (x, v), and it contributes (—%m) to ¢i+1(GY).
Case 4. (x,y) € Uy, Ly ¢ Uiy, and L, € Uj;,. Under this condition, we consider the following cases
of the edge (u, x).

Case 4.1. (u,x) ¢ Uy, In this case, U, = Ui, — L, is a linear subgraph of G7, which does not
contain the loop L,, as well as the edges (u, x) and (y, v), and it contributes (—%m) to ¢i41(Gy).

Case 4.2. (u,x) € Ujy,. In this case, Ul,, = Ui, — L, is a linear subgraph of G, which does not
contain L,, but contains the edge (u, x). It contributes (—%m) to ¢i+1(Gy).
Case 5. (x,y) ¢ Uiz, Ly & Uiy, and L, ¢ U,,,. In this case, we need to consider the following:

Case 5.1. (u,x) € Ujyp and (y,v) € Uy Inthis case, U] = Uiy —u — x—y — v+ (u,v) is a linear
subgraph of G;,, which contains the edge (u, v). It contributes m to c¢;(Gy).

Case 5.2. (u, x) € U;;; and (y,v) ¢ Ujy,. Inthis case, U/, = U, is a linear subgraph of G}, which
contains the edge (u, x) but not L,. It contributes m to ¢;12(Gy).

Case 5.3. (u, x) ¢ Ujo and (y,v) € Ujyo. Inthis case, U], = Uj;p —y—v+(x,v) is a linear subgraph
of G}, which contains the edge (x, v) but not L,. It contributes m to ¢;1»(G).

Case 5.4. (u,x) ¢ Uiy, and (y,v) ¢ Ujy,. In this case, U7, = U, is a linear subgraph of G}, which
does not contain the loop L, and the edges (u, x) and (y, v). It contributes m to ¢;12(G).

Consider the contributions of the linear subgraphs U, in Case 1 and Case 5.1. Each linear subgraph
Ui, of G7 in these two cases corresponds to a linear subgraph U; of G, and vice versa. Since e = (u, v)
is a cut edge of Gy, e is either a component of a linear subgraph of G or it is not. Thus, we find that

D3 (R (U ) = (1) Y~ P2 = Gy (4.2)
Uis2€ Cases 1 and 5.1 U;CG(’S

For the linear subgraphs U, in Cases 2, 3.2, 4.1, and 4.2, each linear subgraph U;,, of G
corresponds to a linear subgraph U/, of G7, and vice versa. Since x is a cut vertex of G7, a linear

subgraph U’, | of G either contains the loop L, or it does not. If L, ¢ U/, , then U, , may contain
either (u, x) or (x,v), or none of them. Thus, it holds that
(_1)i+2 Z (_1)0(Ui+2)2C(Ui+2)d(Ui+2)
U;p€ Cases 2,3.2,4.1,and 4.2
=(-12(=D*" YT (=) 2 Vid(Uy, ) = =26:1(G). (4.3)
U;+1CGT
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Now, we consider the contributions of the linear subgraphs U, in Case 3.1 and Cases 5.2-5.4. It
can be found that

(_1)i+2 Z (_I)O(Uz+z)20(U[+2)d(Ui+2)
Uiso€ Case 3.1 and Cases 5.2-5.4
=12 D RAW) = (G (4.4)
U!,,CG;

i+2

Combining Eqs (4.2), (4.3) and (4.4), we have
cis2(G2) = ¢(Go) + (=) 2¢i41(Gy) + ¢i2(Gy) for 0<i<n-1.

Note 2: In Table 2, we show the Laplacian permanental polynomials of the paths Ps4, Ps, and Ps. The
path Ps (respectively, Pg) is obtained from P, by inserting one vertex (respectively, two vertices) to
some edge of P,. We can see that Eq (4.1) holds for the coefficients of their permanental polynomials.

Table 2. The Laplacian permanental polynomials of the paths Py, Ps, and Ps.

Graphs The Laplacian permanental polynomials

P, W(Py, x) = x* — 6x° + 16x% — 20x + 10

Ps W(Ps,x) = x> — 8x* +29x> — 56x% + 57x — 24

Pe W(Pg, x) = x5 — 10x° + 46x* — 120x> + 185x> — 158x + 58

5. Conclusions

Given the difficulty of computing the permanent, for a general graph G, we find a way to compute
the coeflicients of the Laplacian permanental polynomial of G in terms the linear subgraphs of the
loop graph of G. Our result is a generalization of the results given in [8]. On the basis of our
coeflicient formula, we give an equation for the derivative of the Laplacian permannetal polynomial
of G (Theorem 3.1). Following this, we show that the Laplacian permannetal polynomial of a G
can be calculated by the integral of the Laplacian permannetal polynomial of the subgraphs of G
(Corollary 3.2). Moreover, we establish the relation between the Laplacian permanental polynomial of
G and the permanental polynomials of the subgraphs of G (Theorem 3.6). Compared with the known
result in Theorem 1.1, our results provide new ways to calculate the Laplacian permanental polynomial.

Moreover, we considered a graph with a cut edge. We derive the relations between the coeflicients
of the Laplacian permanental polynomials of subdivision graphs with a cut edge (subdividing on the cut
edge). For further research, one may derive more results on the Laplacian permanental polynomials of
subdivision graphs without a cut edge. Moreover, one may use these general results on the Laplacian
permanental polynomial to investigate the extremal problem of the coefficient sum of the Laplacian
permanental polynomials of a linear hexagonal system.
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