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Abstract: In this study, we propose and analyze a Susceptible-Infected (SI) epidemic model applied
to pest management, focusing on the nonlinear release of infected pests and an instantaneous pulse of
pesticide spraying. Additionally, the mortality rates of both susceptible and infected pests following the
pesticide application are modeled as non-instantaneous pulses. Utilizing the comparison theorem for
pulse differential equations and Floquet theory, we derive a threshold condition for the eradication of
susceptible pests. We also demonstrate that all solutions are uniformly ultimately bounded. Furthermore,
we establish conditions for the globally asymptotic stability of the pest-free boundary periodic solution
and the permanence of the system. Finally, numerical simulations are conducted to verify the theoretical
findings, and the key parameters affecting the pest extinction threshold were obtained, thereby providing
a solid theoretical basis for the development of effective pest management strategies.
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1. Introduction

In recent years, pest-related losses have become widespread, with economic damages from pests
and diseases emerging as one of the major threats we face today. According to the Scientific Review
of the Impact of Climate Change on Plant Pests and Diseases published by the Food and Agriculture
Organization of the United Nations, up to 40% of global crop production is lost to pests each year. Every
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year, plant diseases result in global economic losses exceeding 220 billion dollars, while the economic
damage attributed to invasive insect species exceeds 70 billion dollars. How to solve the economic
losses caused by pests and diseases is an urgent problem that countries around the world need to solve.

Integrated pest management (IPM) employs a multifaceted strategy—encompassing biological,
physical, chemical, and other complementary methods—to reduce both economic damage and ecological
disturbance. Current pest control strategies primarily include chemical methods, such as pesticide
sprays [1], and biological methods, such as the release of natural predators [2]. A considerable body
of research has focused on constructing mathematical models to simulate and refine strategies for
the control of pests and plant diseases, which have proposed pest regulation frameworks that rely
exclusively on chemical interventions [3-5]. Several studies have indicated that prolonged and repeated
application of the same pesticide can lead to the emergence of resistance among pest populations [6—8].
Based on these findings, other studies have focused on exploring the dynamic behaviour of pest
management frameworks that incorporate biological control strategies [9-11]. However, the application
of a biological control often relies on artificial breeding, a process that is usually accompanied by
high economic costs [12, 13]. Therefore, plenty of researchers have developed IPM that incorporates
both chemical control (pesticide application) and biological control strategies. Two primary categories
of integrated control strategies are currently available: one involves the concurrent deployment of
insecticides and natural enemies [14], and the other entails the sequential application of insecticides
and release of natural enemies [15, 16]. Building on these existing approaches, several studies [17-19]
have incorporated switching systems into pest management practices, enabling the implementation
of time-divided operations for insecticide spraying and natural enemy release. Specifically, some
mathematical models were formulated to describe the combined strategy of releasing infected pests
(serving as natural predators) and applying pesticides at distinct impulsive moments [14, 15].

Liu et al. [14] considered a Lotka—Volterra prey—predator framework incorporating both impulsive
predator introductions and scheduled pesticide applications, described by the following system:

B~ 20 - ax) = bry),
V # nw,
Do) _ —dy(v) + cx(v)y(v),
dv
Ax(v) = = x(v),
Ay(v) = —uay(v) + ,

} v=nw, n=12,...,

where x(v) and y(v) represent the pest and natural predator populations at impulsive moments v = now,
respectively; r is the intrinsic growth rate of the pest population; b characterizes the coefficient associated
with intraspecific competition; Ax(v) = x(v*) — x(v) and Ay(v) = y(v*) — y(v); u > 0 is the quantity of
predators released at the impulsive moments v = nw; 0 < p; < 1 and 0 <y, < 1 denote the proportions
of prey and predator, respectively, removed by spraying pesticides at the impulsive moments v = nw; w
denotes the period of the impulsive intervention; andn € Z, = {1,2,...}.

Jiao et al. [15] proposed a pest management model based on the Susceptible-Infected (SI) framework,
which integrates biological and chemical interventions. In their approach, susceptible and infected
pests are targeted using pulsed pesticide applications, while infected individuals, representing harmless
natural enemies, are introduced at distinct impulsive moments, thereby leading to the establishment of
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the following SI pest management model:

B0 = s (1 - S2ID) S WIW), v # (n+y - Dw, v # nw,
PO = BSWIM) = wI(v), v#@n+y-Dw, v nw,
AS(W)=—u1S(v), v=m+vy- 1o,

Al(v) = —I(v), v=m+y- Do,

AS(Ww)=0, v=rno,

AI(v) = pu, v =nw, O<y<l, n=12...,

where K is the pest-carrying capacity; 0 < 6 < 1 represents the competitive ability of infected pests
relative to susceptible pests; 0 < u; < 1 and 0 < u, < 1 denote the proportions of susceptible and
infected pests removed by pesticide application at times v = (n + ¥ — 1)w, respectively; u > 0 is the
amount of infective pests released at times v = nw; AS(v) = S(v") — S(v) and Al(v) = I(v*) — I(v); and
w is the period of the impulsive effect.

As the research continued to deepen, some scholars have found that spraying pesticides will
be accompanied by sublethal effects [19, 20], delayed effects [21], pest resistance [22], residual
effects [21, 23], and so on. In order to be better aligned with the actual situation, other scholars
have considered switching dynamics models involving diffusion [20, 24], impulsive dredging and
pulse inputting [25], harvests [27-29], births [30], etc., under both instantaneous and noninstantaneous
effects. In addition, some scholars have considered hibernation switching systems [26,31]. In particular,
Jiao et al. [27] investigated a stage-structured single-population model incorporating transient and
nontransient impulsive harvesting and birth pulse:

B0 = (o) +dp)xy(v),

di()
dv

Ax (v) = —uixi(v), |

ALY) = —nW), |1 e,

B0 = —(cy + dy)x(v) — Eyxi (v),

dx>(v)
dv

Ax1(v) = xo,(v)(a — bx,(v)),
Axy(v) =0,

=c1x1(v) — drxa(v),

}v € (nw, (n + y)w],

= cox1(V) —daxo(v) — Exxo(v), ve((n+yw,(n+ Dw],

}v:(n+1)w.

For a biological explanation of this model, we refer to the literature in [27].

Considering the limited resources in pest management, related researchers have studied problems such
as pulse release and harvesting through nonlinear methods. Drawing on reference [32], Zhou et al. [33]
developed a predator-prey model that incorporates nonlinear harvesting and implements constant
release across distinct time intervals. Meanwhile, Wu et al. [34, 35] investigated an age-structured
aquaculture management model, which integrates nonlinear release and constant ratio harvesting, with
both practices applied either simultaneously or at separate time points. Jiao et al. [36] centred their
research on a switched predator-prey breeding management model featuring nonlinear release and
pulse-delay harvesting. Separately, Zhou et al. [37] examined an IPM system that combines nonlinear
harvesting and release operations conducted at different times. Wu et al. [38] have also contributed
to this field by studying two natural enemy species, focusing on their nonlinear pulse release and the
interspecific cooperation within an IPM framework. Building on the foundational work presented
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in references [26,32], Sun et al. [39] have further advanced the research by developing a switched
host-parasite model that includes nonlinear release mechanisms. Li and Tang [32] put forward an in IPM
approach that employs nonlinear pulse techniques for the release of natural enemies and the application
of pesticides:

DY = ep(x(v)y(v) — Dy(v),
AX0) = =), } o

_ A
Ay(v) = T+oy0)

B0 = x()g(x(v)) = px()y), }v .

For a biological explanation of this model, we refer to the literature in [32].

Most existing studies assume that pesticides kill pests instantly, and at a rate which is proportional to
the size of the pest population. However, in reality, pesticides have sublethal effects, delayed effects,
residual effects, and so on, so that pests are not killed immediately after application, and parameters such
as the birth rate and the mortality rate are affected accordingly. That is, pesticides have an instantaneous
pulse effect on pests, followed by a continuous non-instantaneous effect within a certain period of time.
Therefore, this paper proposes an SI-type integrated pest management model that takes these delayed
effects of pesticide spraying into acocunt. In addition, infected pests are released as biological control
in the form of instantaneous pulses which, to avoid a waste of resources, are of nonlinear nature. The
combination of these issues has not yet been considered in previous pest management models. In view
of the various effects of pesticides, a noninstantaneous pulse switching system model is established to
explore the ST IPM. Meanwhile, by releasing and spraying at separate times, the mutual influence of
these two disturbances is effectively circumvented. The results established in this study offer a rigorous
theoretical foundation for the formulation of efficient pest management strategies.

This paper is organized into six principal parts. The first part constitutes the introduction, the
second part introduces the basic model, and the third part focuses on proving basic properties of the
solutions, and the global stability of the all-infected solution. The fourth part uses Floquet theory and
the comparison theorem of impulsive differential equations to analyse the dynamics of the switching
system model and obtain sufficient conditions for pest extinction and persistence. The fifth part presents
the results of numerical simulations as well as a discussion, and is followed by the conclusion.

2. Model formulation

Inspired by the previous studies [15,27,32], we have established the following pest management SI
epidemic model with pulse effects under a switching strategy:

G = NS (1 - SR - BIS I),
a0 = BISWIW) — diI(v),

AS(v) = =1 S (v), 3

AIY) = ~pl (), }V =y,

B = 1S W)(1 = X220 _ g S (W)I(v) = 7S (v),
49 = LS WMIY) = doI (v) = haI(v),

}v € (nw, (n + y)w],

2.1
}v e((n+yw,(n+ 1w,

AS(v)=0
, v=m+ Do,
Bl = e, 7=
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where S(v) and /(v) represent the populations of susceptible pests and infected pests at time v,
respectively. The parameters 8; > 0 and 8, > 0 denote the transmission rates, while d; > 0 and
d, > 0 correspond to the natural death rates of infected pests. The intrinsic growth rates of the
noninfected pest population are given by r; > 0 and r, > 0, and the environmental carrying capacities
in the time intervals (nw, (n + y)w] and ((n + y)w, (n + 1)w are represented by K; > 0 and K, > 0,
respectively. Infected pests do not reproduce. The impulsive variations in the population are described
by AS(v) = S(v*) — S(v) and AlI(v) = I(v*) — I(v). The parameters 6,0, € (0, 1) characterize the
competitive ability of infected pests relative to susceptible pests. The parameter y € (0, 1) determines
the pesticide application times. The parameters 0 < ¢; < 1 and 0 < u, < 1 denote the instantaneous
mortality rates on noninfected and infected pests, respectively, imposed by pesticide spraying at times
v=m+7y)w, withn € Z,. In addition, 0 < h; < 1 and O < h, < 1 represent the increased mortalitiy
rates on the noninfected and infected pests, respectively, caused by the lingering pesticide effects over
the time intervals ((n + y)w, (n + 1)w]. The function %I(v) > 0 models the density-dependent release
rate of infected pests as natural enemies at times v = (n + 1)w, where pn,, > 0 denotes the maximum
release capacity and a > 0 is a shape parameter. This function ensures that the release rate approaches
0 as I(v) — +oo, and approaches pm.x as I(v) — 0, indicating the reduced release of natural enemies
when their existing population is large. Finally, the parameter w denotes the impulsive period.

We will establish that the system (2.1) possesses a boundary periodic solution corresponding to
the extinction of susceptible pests, which is GAS. Under appropriate combinations of the modifiable
parameters w, ¥, Unq and «, the entire pest population transitions to the infected class and is ultimately
eradicated. Therefore, the combined use of biological and chemical control methods can lead to
complete pest elimination, a state referred to as pest-extinction. Throughout the analysis, it is assumed
that the ecological harm caused by the natural enemies is significantly less than that caused by pests.

3. Preliminary

Let F = (F,, F,)T denote map defined by the right-hand side of the system (2.1). The solution of
the system (2.1), denoted by z(v) = (S (v), I(v)), is a piecewise continuous function z : R, — Ri, where
R, = [0, ) and R? = {z € R? : z > 0}. The function z(v) is continuous on the intervals (nw, (n + y)w]
and ((n + y)w, (n + 1)w] for all n € Z,, with 0 < y < 1. According to [40], the global existence and
uniqueness of solutions to the system (2.1) are ensured by the smoothness of the function F.

Let V : R, x R2 — R,. The function V is said to belong to the class V if the following conditions
are satisfied:

(1) V is continuous on (nw, (n + y)w] X R? and on ((n + y)w, (n + 1)w] X R? forall z € R2 and n € Z,,
and the limits

lim Viv,y) = V((n +y)w",2)

)= ((nt+y)wt,2)

and

lim Viv,y) = V(n+ o',z
AL v, y) (( ) )

exist.
(2) Vislocally Lipschitz in z.
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Definition 3.1. If V € V,, then for (v,z) € (nw, (n+y)w] XR2 and (v,z) € (n+7y)w, (n+ 1)]Jw XR2, the
upper right-hand derivative of V(v, ) with respect to the impulsive differential system (2.1) is defined
as:

1
D"V(v,z) = hlirg sup (Vv+h,z+hF(v,2)) = V(v,2)].
Lemma 3.1. [40] Consider a function m € PC'(R*,R) that fulfills the following conditions:
% < pwm®m) +qv), v=vy,vEvsk=1,2,...,
m(v;) < dim(vi) + by, v =,
where p,qg € C(R",R), d; > 0 for all k € Z,, and b are the given constants. Suppose the following:

(1) The sequence vy satisfies 0 < vy < vy < vy < ..., with limy_, v, = 00;

(2) The function m belongs to PC'(R*,R), the space of piecewise continuously differentiable functions
from R, to R, such that m is continuously differentiable on each interval (vi_1,v;] and left-
continuous at each vy for k € Z,.

Then, for all v > vy, the following inequality holds:

) <o) | ] deess( [ pra)

Vo<V <V

+ >0 (T drexsel f i di) o

VO<VE<V Vi<V;<v

Vv
<[ 11
VO p<vp<v

dexsp f p@)do g ds, v = v
u

Lemma 3.2. (Positivity of solutions) Assume that z(v) = (S (v), I(v))T is a solution to the system (2.1)
with S(0%) > 0 and 1(0%) > 0, in which case, S (v) = 0 and I(v) > 0 for all v > 0. Moreover; if S (0*) > 0
and 1(0") > 0, then S (v) > 0 and I(v) > 0.

Proof. Initially, taking the continuity property of S (v) into account, we obtain
S() = SO - e,

foryw <v<w

) = f w (n(l - 2R, —ﬁll(S)) ds + f v (Vz(l 22, s - hl)ds,
0 1 yw 2

where, the positivity of S (v) is contingent upon S (07).
Similar to S (v), thus, we find that the positivity of I(v) depends on 7(0*).
Thus we get that S (v) > 0, I(v) > 0 for all v > 0. This completes the proof. O

Lemma 3.3. (Comparison theorem, [40]) Let V : R, X R2 — R, be a function belonging to the class
Vo. Suppose that the following inequalities hold:

DV, x(v)) < gv, V(v,x(v))), Vv # nw,
Vv, x(v")) < ¥, (V(v, x(v))), V = no,
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where the mapping g : R, X R, — R is continuous on each domain (nw, (n + 1)w] X R,, and for all
z € Ry, n € Z,, the limit condition

lim ) gv,y) = g(nw*, 2)

vy)—(w*z

is satisfied. Furthermore ¥, : R, — R, are monotonic non-decreasing.
Now, consider the following impulsive differential system:

% = gv,u()), vV # nw,
u(v) =¥, (ulv, x(v)), v=now,
u(0) = u(0),

and consider its maximal solution R(v) to be defined on the interval [0, co). It then follows that
Vv, x(v)) < R(v), Yv=>0,

provided that the initial condition V(0*, x(0)) < v(0) holds, where x(v) denotes an arbitrary solution to
the system (2.1).

Lemma 3.4. A positive constant G > 0 exists such that for every solution (S (v), [(v)) of the system (2.1),
the inequalities S (v) < G and 1(v) < G hold for all sufficiently large values of v.

Proof. Let V(v) = S(v) + I(v), and define the constant d, = min{dy, h,,d, + h,}. Under this notation,
the following relation holds:

D'V +d,V(v) =S - w) +d,S(v) = (dy = d)I(v)

1
7’15(\’)2

S +dpSv) -
1
Vo) < Vy),v =+ y)w,
D'VOW)+ d;V(yv) = nSw)(1 -

< Ly, v € (nw, (n + y)wl],
S 6,1
%) —(h —d)S (V) = (dy + hy — d)I(V)

<nSMA -2 < Li,ve (n+y)w,(n+ Do),
V™) < V) + thpax, v = (n + Do,

where
Kl(rl +d/1)2 I Kzl"z
= 1= —.

4}’1 4
Take L = max{Ly, L}, when v # (n + y)w, and v # (n + 1)w, and obtain

Ly

D'VW) +d,V(v) £ L,v € (nw, (n + Nw],
V) < VW) + tpars v = (n + Do.
In light of Lemma 3.1, it follows that

V(v) <V(0) exp(=dav) + fo Lexp(=da(v — ) du + Z Mmax €Xp(=d(v — nw))

O<nw<v
Mmax exp(_d/l(,u - (,())) + Mmax exp(d/lw)
1 —exp(d,w) exp(dw) — 1

<V(0) exp(—d,v) + d£(1 —exp(=dyv)) +
A

_)£ + Mmax eXP(d/lw)
d,l exp(dla)) -1

asy — oo,
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Therefore, the function V(v) has been shown to be uniformly ultimately bounded. Recalling the
definition of V(v), one concludes that a constant G > 0 exists such that the inequalities S (v) < G and
I(v) < G hold for all sufficiently large values of v. The proof is thus completed. O

If the condition S(v) = 0 holds, then the system (2.1) simplifies to the corresponding reduced
subsystem as follows:

% = —d1(v), v € (nw, (n + y)wl,

AI(v) = —poI(v), v=n+7yw, -
4O = o 1(v) = hI(v), v € (n+ Y, (n+ Dwl, :
Al(v) = %, v=m+ Dw.

The analytical expression for the solution of the system (3.1) in the interval between successive impulses
can be derived as follows:

+\ ,—d(v—nw
1) = { I(nwt)eh—nw), V€ (nw, (n + y)wl, (3.2)

I((n + y)wh)e @m)b=mnw) =y e (n + y)w, (n + Dw],
and the stroboscopic map of the system (3.1) is given by:

I(n+ Do) =I(nw*)(1 _ﬂz)e—dwwe—(dﬁhz)(l—y)w
+ Mmax 3.3)
1 + al(nw*)(1 — py)edrwe—(dth)d-—yw’

It is straightforward to demonstrate that Eq (3.3) admits a unique positive fixed point

- —-B+ VB> -4AC
- 2A ’

(3.4)
where
Ay =(1 = py)e™iroe @ Hine <
A =aAo(1 - Ag),
B =1-A,,
C =~ tmax.
Lemma 3.5. The positive equilibrium point I*, as specified in Eq (3.4), exhibits GAS.

Proof. If we take I, = I(nw") , then the system (3.3) can be rewritten as

L = F(I) = I,(1 — pp)e” 70 (d2th)1=nw
+ Hmax 3.5
1+ al,(1 — pp)e-d7we—doth) 1=y’

since
8F(In) _ A ,umaxa/AO

ol, 7 (1 + aAol,)?’

F (1, = (3.6)

we can obtain SF(I "
( n) = A() - —/Jmaxa' O < A() < 1,
(91,1 I,=I" (1 + CL'A()I*)Z
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and .
0F(1,) —aAol*(1 — Ag) —aAol*
> > > —1,
(91,1 I,=I* (1 + aAogl*) (1 + aApl*)
Therefore, the preceding analysis verifies that
OF(1,
)|y
aln I,=I*

which ensures the local asymptotic stability of the positive fixed point 7*.
Subsequently, we proceed to establish the global attractivity of I*. According to [32], setting

F’(I) = 0, we solve for
~ VMmax@ — 1 VHmax@ — 1
h=——— b=——
CYAO Q’AO

where I, denotes the point at which the function F(/) reaches its minimum, and it holds that

2 \Vimax@ — 1
F(l,) = L
a
By calculation, we have
2lmax@> A2
F'(I) = u.
(1 + aApl)?

Therefore, when I > 0, F'(I) is a convex function, and F(0) = tax.
Below, we prove the global attractivity of /* by discussing three cases.

O)hL<0<I?

From I, < 0, we know that 0 < w,..@ < 1. When I > 0, F(I) is a convex function and a
monotonically increasing function. Also, since F’(I) < 1, the equation F'(/) = I admits a unique positive
fixed point, denoted I*. Define the sequence F"(I) recursively by F"(I) = F(F"'(I)) forn = 2,3, .. ..

If 0 < Iy < I", because F(I) is a convex function, F(I) > I, so the sequence F"(l) is monotonically
increasing with respect to n. In a similar manner, it can be shown that 21_{{)10 F'(ly) =T".

If I < Iy, then F(I) < I. The sequence F"(l) a exhibits monotonic decrease as n increases. Similarly,
we can obtain lim,,_,., F"(ly) = I".

o< hL<rI*

From I, > 0, we know that y,,,,«@ > 1. If Iy > I, the proof is the same as in case (i). Therefore,
we can get lim,,_,., F"(lp) = I". If 0 < Iy < I, there must be a smallest positive integer n such that
F*(ly) > I,. In summary, I}l_)n; Fm(ly) =1

i)o<I'<h
On the interval (0, I,], F(I) is a monotonically decreasing convex function, and on (/,, +00), F(I)
is a convex function that exhibits monotonic growth with respect to I. Due to the properties of F(I)
mentioned above, for any I, > 0, let m € Z, be such that I’ = F"(ly) € [I*, I,]. Therefore, it suffices to
prove that
lim F*(I') = lim F"™"(lo) = I',I' € [I", 1]

Let G(I) = @, and calculate to obtain

F(FD)F DI - F(FWD)

G'(I) = 5

AIMS Mathematics Volume 10, Issue 10, 24179-24207.
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Since F'(I) is a monotonically decreasing convex function on the interval (I*, ], and F"'(I) > 0 holds
for all I > 0, F’(I) is monotonically increasing on (/*, I;], and thus we have

,umax
(1 + aApl)?
>2[A0 >0 (3.7)
=-F()< F'(DI <0.

F'(DI + F(I) = 21A, +

Furthermore,
F'(F())F(I)+ F(F(I)) > 2F()Aq > 0.

Since 0 < F(I) < F(I") = I, and for any I € (I*, I,], F’(I) < 0, it follows that

_ F(F()
F(I)

< F'(F(I)) <0. (3.8)

From the inequalities (3.7) and (3.8), it is known that when I € (I*, I;], we have

F(F(I))
F(I)

F'(F(DF' (DI < F() = F(F(I)).

Therefore, when I € (I*, ], G’(I) < 0, G(I) decreases on the interval (I*, I,]. Since

F(F) _

Gy = ——

1’
it follows that
GH<GUI')=1o FFU)<I.

Let F?(I) £ F(F(I)), thus for any I, € (I*, ], the function F?(l,) decreases monotonically as n
increases, and F?'(I,) > I*. By the monotone convergence theorem, lim,,_,., F>*(Iy) = I*. Similarly, it
can be proven that lim,_,., F>**!(Iy) = I*, and thus for any / > 0, we have lim,_,, F"*"(I) = I".

In summary, it is proven that the difference equation (3.1) possesses a unique equilibrium point 7*,
which is GAS. |

Similar to [26], the following lemma is obtained:

Lemma 3.6. The positive periodic solution of the system (3.1) is GAS, where

— [ I'e Ty e (nw, (n + y)wl,
I(V) - { I**e—(d2+h2)(v—(n+7)w), ve ((n + ,y)w, (l’l + 1)(1)] (39)
I" is defined as given in (3.4), and
I =1 = p)e™ e, (3.10)

4. The dynamics

From the above discussion, our attention is now directed toward analyzing the GAS of the pest
extinction periodic solution (0, /(v)), while also demonstrating the permanence of the system (2.1).

AIMS Mathematics Volume 10, Issue 10, 24179-24207.
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4.1. Extinction

Theorem 4.1. If the following inequality holds:

I*(r16, + 1K)
di K,

I'(1 = w)e™ (1,6, + B, K>) (e"@rh)(1=vw _ 1y <1 ’
K(ds + o) s

€ = 1) = (1 - y)w

rnyw+ rn(l —-y)w +
“4.1)

then, the periodic solution corresponding to the pest eradication state of the system (2.1) is GAS, where
I" is specified by (3.4).

Proof. We begﬁill/ by establishing the local stability. Let (O,f(T/) be defined, and set S{(v) = S(v),
I(v) = I(v) — I(v)). Under this transformation, the system can be rewritten in the following form:

dSl(V) =S - w) —BiS 1) + 1(v)), v € (nw, (n +y)w]
d11<v> = B1S 1 (WU (v) + 1v)) = di 1, (v), | |
ASl(v) =—uS1v), | _
AL(v) = =11 (v), }V =+,
BAO) = g ()(1 - M) — BaS1(L(v) + I(v)) — 1S 1(v), ve ((n+y)w,(n+ Dl
dl.(v) = BoS 1 (L (V) + I(v)) dr [y (v) — hol 1 (v), , ’
ifl(‘})—_ —Hmax @1 (V) V= (l’l + 1)6()
1v) = (I+a(LMH )1 +al(v)’

Furthermore, the following linearly similar system is obtained by using the Taylor expansion:

B = (- 1O g 1())S (1),
d’;i” = BUIWS1(v) — dy T, (),
AS1(v) = —uiS1(v), |

ALY = ~oli (v), }v —~(n +y)w,
L = (r, = 20— Bl () = )S 1 (v),
IO = B IS 1(v) = dali(v) = hal, (),
AS1(v) =0

— Hmax@l1(v)
ALYV = o

}v € (nw, (n + y)w],

}v e ((n+yw,n+ o],

v=(n+1w.

Therefore, we obtain:

as(v) rel() ﬂ]() 0 5100
d _ rl _ nYv v 1 v 1 v
dlll(}v) N [ ﬁ]I(V) _ d] )( Il(V) ), Vv E (n(l)a (l’l + y)w]a
dv
and
dS (v) o 5 ]’(‘i) , . 5.
dv — ”2_—212<2 —p2lv) =y (v
L) ( B2A(v) —dy—hy ]( Ii(v) ),v € (n+yw,(n+ Dol
dv
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The fundamental solution matrix can be derived for v € (nw, (n + y)w],

v _ r1611(0) _ [
o= (f"w(rl % P (.U))d,u) v 0 |
*] exp (fnw (—dl)d,u)
Forv € ((n + y)w, (n + 1)w], we have
v r2921~(,1) —
Oy(v) = exp (f(n+y)w(l”2 o - Bl (u) — hl)dlu) v 0 |
- exp ([, (~d = ) du)

The terms *; and *, are not needed in the subsequent analysis, so their exact forms will not be provided.
The linearization of the third and fourth equations of the system (2.1) is:

(Sl((n+7)w+)):(1—u1 0 )(Sl((n+7)w))
Li((n +y)w™) 0 l—w )\ Li((n+yw) |

The linearization of the seventh, and eighth equations of the system (2.1) is

(Sl((n+1)w+))_(1 0 )(Sl((n+1)w))
Li((n + D) 0 ~ Tz )\ L+ Do) [
The stability of (0, @)) is determined by the eigenvalues of
1 0 1- M1 0
M = [ Almax ) (DZ(('U) ( ) (Dl (yw)7
O 1~ Gatior 0 l-w
which are
ve 16,1(0) — @ 720, 1(11) —
Ay =(1 = ) exp U - DO g iy + f (r, - 221U _ g 1 - hl)du],
0 K, Yo K,
a#max 7 ©
A =(1 = )1 = ————=—)exp (=d)dp+ | (=d2— h)du|.
(1+ (1’1((,()))2 0 yw

For the conditions of this theorem, we have |1;| < 1,

a//Jmax

/12 — (1 _“z)e—dlya)e—(d2+h2)(l—l)u)(1 _
(1 + al(w))?

) <1,

and from (3.4), we can get
Ao = (1 _luz)e—dﬁwe—(dﬁhz)(l—7)«)_

Because

(1 = pp)e 7@e EUoqy, 4arptarAo
(1 + al(w))? B (1 + T+ 40tparAc(l — AO)—I)2
< dapmaAo
(1 + VAdinaro)
<1,
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we obtain
Ly > —(1 = py)e-inwe-dsiiope_ Mnar g
(1 + al(w))?

Thus, |4,| < 1. In light of the Floquet theory for impulsive differential equations [41], the periodic
solution corresponding to pest eradication in the system (2.1) is locally asymptotically stable. We now
proceed to establish its global attractivity. Let £ > 0 be sufficiently small such that

YW 9
p =1 —ul)exp( f (n - (—r}(l + B () — s)) du
0 1

+fw(7’2 - h _(r2_92 +ﬁ2)(@—8))dy) <1.
b K,

w

It is observed from the system (2.1) that the following inequality holds:

> —dI(v),V € (nw, (n + y)wl,

dl(v)
d

Al(V) = —pI(v),v = (n + Y)w,

dfi(vV) 2 —(dy + )I(v),v € ((n + y)w, (n + Dw], -

Al(v) =

,umax
1+ al(v)

The impulsive differential equation under investigation is given by

,v=m+ Dow.

dlc(;l(}v) = —-dI)(v),v € (nw, (n + y)w],

Aly(v) = —polp(v),v = (n + y)w, 43

d]c(l’iv) = —(dy + )ly(V), v € (1 + V), (1 + Dw], (4.3)
_ Hmax _

Aly(v) = T ol alo(v)’v =+ 1w.

By applying Lemma 3.6 together with the comparison theorem for impulsive differential
equations [39], it follows that I(v) > Iy(v), where Iy(v) converges to I(v) as v — oo. Consequently, for
sufficiently large values of v, the following inequality holds:

I(v) > Ih(v) > Tv) - & 4.4)

Analogously, presuming that the aforementioned inequality is satisfied for every v > 0 in the context of
the systems (2.1) and (4.4), it follows that

ds 6 7

0 <50 - (g +BOIG) = £),v € (0, +

AS(W) = 1S (), v = (n + y)w, 4.5)

ds (v) <5 I 120, T 1 .
T S SO = I = (4 BI0) = £),v € (0 + Y, (n + Do),

AS(v)=0,v=(mn+1ow.
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This leads to

(n+y)w 0 -
S((n+ Dw) <(1 = u)S (nw”) exp (f (H - (r}(—l1 +BDU(u) — 8)) du

e r6h 7R
3l (7’2 ~ = (22 )G - s>) d#).
(n+y)w 2

So S((n+ Nw) < SOHp™V, and S ((n + 1)w) — 0, as n — oco. That is, S(v) — 0, as v — oo.

Next, it will be demonstrated that /(v) converges to 7(\/) as v — oo. For any sufficiently small
0 < & < min {Z—i, dl',;; hz}, a time vy > 0 exists such that 0 < S (v) < & holds for all v > vy. Without loss
of generality, we suppose that 0 < S(v) < g for all v > 0. Under this assumption, the system (2.1)
satisfies the following:

dl(v)

<Bieldlv) —diI(v),v € (nw, (n + y)w],
Al(v) = =l (v),v = (n + y)w,

) _ e 1) = dyI(v) = hal ). € (1 + Yo, (1 + Dew]. (46)
_ /Jmax _
AW) = T+ ol ozl(v)’v =+ 1w.

Considering the following system of comparison:

dIi(v) ,
v = Bier —d)I(v),v € (nw, (n + y)wl],

BIi(v) =~ (), = (1 +Y)o,

dIi(v) , “4.7)
e (Brg1 —dr — W)I(v),v € (n + y)w, (n + Dw],

AL(v) = Hmax ., _ (n+ Dw.

1+al[(v)’

The GAS periodic solution of (4.7) can be readily derived, leading to the determination of the periodic
solution for (4.7)

— [FeBrer=d0=10 e (nw, (n + y)wl,

I{**ewl‘g‘_dz_hZ)(V_("”)‘“), ve((n+vyw,(n+ ol

where

-B + 1[3% - 4A1C1

2A,
A =(1 _ﬂz)e(ﬂnsl—dl)yw(ewzsl—dz—hz)(l—y)w) > 0,

A =aA (1 — Ay),
By =1 - Ay,
Cl = — Mmax-
Hence, given any &, > 0, we can find a time v; such that for all v > v, the following holds

I = A= (0 - e,

i(T/)—sz <Iv) < I?(;)+82.
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As g; — 0, 1t follows that
Iv)—& <I(v) <IWV) + &. 4.9)

Hence, given any &, > 0, for a sufficiently large v, the inequality I(v) — & < I(v) < I(v) + € holds,
indicating that /(v) converges to I(v) as v — oo. This concludes the proof. O

The subsequent step involves examining the permanence of the system (2.1). Prior to undertaking
this analysis, the following definition is presented.

4.2. Permanence

Definition 4.1. System (2.1) is defined to be permanent if there are positive constants g and G, that are
independent of the initial conditions, along with a finite time V, such that for every solution (S (v), I(v))
corresponding to the initial values S (0%) > 0 and I1(0%) > 0, the inequalities

g<SMW) <G, g<Iv)<G

hold for all v > V,. Note that Vo may depend on the initial values (S (07), I(07)).
Theorem 4.2. If

I"(r6, +'81K1)(e_d17‘“
d, K
* —diyw
I (1 _/12)6 v (rzez +ﬁ2K2) (e—(d2+h2)(1—7)w _ 1) > ln
K>(d, +d>) 1=

ryw+ r(l —y)w+ -1D-h( -y)w

holds, then the system (2.1) is permanent, where I" is given by (3.4).

Proof. By Lemma 3.4, it has been shown that S (v) < G and /(v) < G hold for sufficiently large values
of v. We further assume that S (v) < G and I(v) < G for all v > 0. From the proof of Theorem 4.1, it
follows that € > 0 exists such that for all sufficiently large values of v. Consequently, for a large enough
v, the inequality

I(v) > [fe 7o 4 e~ (dth)((-7w) _ o _. 2

is satisfied, where I* and I** are defined in Eqs (3.4) and (3.10), respectively. Therefore, it suffices

to identify a positive constant g; such that S(v) > g, holds for sufficiently large v. This will be
demonstrated in the following two steps.

Step 1. According to the assumptions of Theorem 4.2, it is possible to choose sufficiently small positive
constants g3 and &3 such that

. {dl d2+h2}
0 < g3 <min{ —,
B B

and

(n+y)w 9 .
5 =(1 —ul)eXp( f (n - %g3 - (’”}(—ll + B () + a)) dp

(n+1)w ry 1’292 .
+ ry——g— hi — (== +B)((L(w) + &) |du| > 1.
(n+y)w KZ Kz
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We will prove that S (v) < g3 can not hold for v > 0. Otherwise,

dfl(:) < (Bigz —dDI(v),v € (nw, (n + y)wl,

Al(V) = —upl(v),v = (n + y)w,

dil(:) < (Bagz —dy —h)I(v),v € (n+ y)w, (n + Dw],
= Hmax
Al(v) = T+ al(v)’v =+ yw.

(4.10)

By invoking the comparison principle for impulsive differential equations [39] in conjunction with

Lemma 3.5, it follows that /(v) < I,(v), moreover, I,(v) — I,(v) as v — co. Here

dl
;iv) = (B1gs — d)L(v), v € (nw, (n + y)w],

ALW) = =L (V),v = (n + y)w,

dhi) _ d — )l 1
o (B2g3 —dy — W) L(v),v € ((n + y)w, (n + Dw],

AL (v) = %,v =+ 7y)w.

Analyzing (4.11) in a similar way to (4.7), we get

IT;) B ]ze(ﬁlgs—dl)(v—nw)’ v € (nw, (n + 7)0)],
2 - I;*e(ﬁlgs—dz—hz)(v—(nw)w’ ve(n+yw,(n+ Dol

where

-B, + A [B% —4A,C,

L," =
? 24,
Ay =(1 _#Z)e(ﬁlm3—d1)7w(e(ﬂ2m3—dz—h2)(l—V)w > 0,

Ay =aA(1 - Aj),
B, =1 -Ayy,
CZ = — Mmax-

= (1= )P iers,

Consequently, we can identify a time V; > 0 and a constant &3 such that

1) < L(v) < L(v) + &

and
ds 0 —
div) > S(W)(r - Ir{—llgg - (% + BLO) + e3).v € (nw, (n + Y)wl,
AS(V) == S(v),v =1+ y)w,
dfl(v) > SN = gy =iy = (222 4 B) ) + ), v € (0 + Yo, (n + Do,
v K, K,
AS(V)=0,v=0m+y)ow.

(4.11)

(4.12)

(4.13)
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For all v > Vi, consider a Ny € Z, satisfying Nyw > V. Integrating (4.13) over the interval (nw, (n+7y)w]
for n > N;, we obtain

r ryop

(n+y)w 0 -
S((n+ Dw) 2(1 = up)S (nw”) exp (f (rl A (71 + AL + 83)) du

(n+1)w rs 20, -

+ r— —gs—hi — (—— + B)(L(w) + &) | du|.
(n+y)w KZ KZ

Consequently, we have S((N; + k)w) > S(N,w")6* — oo as k — oo, which contradicts the assumed

boundedness of S (v). Therefore, one can conclude that some v; > 0 exists such that S (v;) > gs.

Step 2. The analysis of S (v) is conducted by considering two cases.

Case (i) If S(v) > gz, which holds for all v > v;, then we are done. Otherwise, we discuss the
following case.

Case (ii) S (v) is oscillatory around g3 for all v > vy. Let v* = inf{v : S(v) < g3}, we also have

V>V

S(v) > g3 forv € [v,v"), where v* € (nw, (n; + 1w], n| € Z,.
Case 1. If v' = (n; + y)w, then S (v) > g3 for v € [vy,v*) and S (v*) = g3, and (1 — uy)g3s < S(V*) =
(1 — u1)S (v') < g3. Choose integers n,, n3 € Z, such that

(1 _Ml)nzenzplwém > (1 _ﬂl)nze(n2+1)mw5n3 > 1,

where - ,
m:mmm—EH&+&®—&am—§@wwﬁrﬁﬁ—mwm.
1 2

By setting V = (n, + n3)w, we assert that there exists a time v, € (v*,v* + V] such that S (v,) > gs.
Otherwise, if S (v) < g3 forall v € (v*, v*+V]. Therefore, from Eq (4.11) and the identity I,(v**) = I(v*™"),
it follows that

max * —d))(v— r -
Ap(1- (1+aA1llz(nfl)w(:))(lﬂrA“I;))(12(n - Dw™) - Iz)e(ﬁ'g3 DO+ L), v € (nw, (n+y)wl,
L) =91 — o)A (1 - (1+aA1112(nf’1n)a;(’f))(l+aA11]2*))(12(n - Dw*) - I;)e(ﬂ183—dl)70)6(,3283—dz—hz)(v—(”+7)w)

+h(v), Ve (n+yw, @+ hwl,
ny+1<n<n;+ 1+ n; + n3. Furthermore, according to Lemma 3.5 and (4.12), we can acquire that
L) - LO)| < & (4.14)

Furthermore, for any v within the interval [v* + n,7, v* + V], the inequalities I(v) < L (v) < E(v) + &4
are satisfied.
According to (4.13), we obtian

SO+ V)=SWV +nw)d”, (4.15)

It can be deduced from the system (2.1) that

dv
AS(v) = —i1S(v),v = (n + y)w.

{ a5 () >01S(v),v#(n+ vy, (4.16)
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By integrating (4.16) over the interval (v*, (v* + n;)w], we obtain

SO +mm) 2 ga(l - )7e . (.17)
Then by (4.15) and (4.17), we obtain
SO+ V) > g3(1 — uy)?e™6™ > gs. (4.18)

This result stands in contradiction to the initial assumption that S (v) < g3. Let

v= inf {S() > g3}.

Vv*<v<t*+V

Consequently, we have S (f) > ms, for all v € (v*, V), integrating Eq (4.16) over the interval (v*,V) yields
the inequality

S(V) > S(v*+)60'|(v_v*) > g3(1 _'ul)n2+n3e(nz+n3)p1w > g3(1 _Iul)nz+n3e(n2+n3+l)p1w é:‘g\’

which holds for v € (v*, V). The same reasoning can be extended for v > v : therefore, we conclude that
S(v)>gforallv>v.

Case 2. v* # (n; + y)w, then it holds that S (v) > g; for all v € [v{,V"), and S (v*) = g3. Assume
further that v* € ((n'l + v, (n'l + v + 1)w]. For any v € (v7, (n'1 +v + w), where n1 € Z,, two distinct
scenarios may arise.

Case 2a: Assume that S(v) < g3 holds for all v € (v*,(n] + ¥ + Dw]. Following an approach
analogous to Case 1, it can be demonstrated that there is a moment v}, € ((n] + Y)w, (n] + y + Dw + V)
at which S (v}) > g3 is satisfied. Let Vv = glvf {S(v) > g3}. Consequently, one obtains S (v) < g3 for all

v e (v',v)and S (v) = g3. By integrating Eq (4.16) over the interval (v*, V), we obtain
S(V) Z S(V*)epl(v—v*) Z g3(1 _'ul)n2+n3e(n2+n3+l)p1w é’g‘

Consequently, S (v) > g; for v € [v*,V), the same reasoning can be extended for v > v. Therefore, we
conclude that S (v) > g forall v > vy.
Case 2b: A time pointv € (v*, (n,” + v + 1)w] exists such that S (v) > g3. Let ¥ = inf .- {S(v) > g3}.
It follows that S (v) < g3 forall v € [v*, V), and S (?) = g3. The differential equation (4.16) remains valid
throughout the interval [v*, ¥). Upon integrating both sides over this interval, we obtain the following
result
SW) =S V) > g >3

This procedure remains valid as long as the condition S (?) > g holds, and thus we can deduce that
S(v) =g forall v > ». Consequently, by Cases 1 and 2, the inequality S (v) > g holds for all v > v;. This
completes the proof. O

Corollary 4.1. Denote Ry = fi/f>. If Ry < 1, then the periodic solution corresponding to the pest-
eradication state of the system (2.1) is GAS. If Ry > 1, then the system (2.1) is permanent.

Here,
I'(ri0, + B K
fi = nyw+ ral =y + ZOOTPED (avo ) g -y
d K
I'(1 = )e™ 7 (r,0; + B, K>) (e~@Hh1-vw _ 1)
Ky(dy + hy) ’
1

f2 =In .

1=
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5. Numerical simulation and discussions

5.1. Extinction and permanence

In order to verify our theoretical mathematical results, we will analyze the influence of impulsive
effects on the dynamics of the system (2.1) through numerical simulations and a brief discussion.
Moreover, the parameter values employed in the simulations are, to a great extent, derived from
scholarly publications and have biological plausibility, which is illustrated in Table 1.

Table 1. Values of parameters of the system (2.1).

Parameter Descriptions Values range  Source

1 The intrinsic growth rate of pests 0,3.5] [32]

K The environment’s carrying capacity (0,50] [32]

0, The competitive ability of infected pests 0, 1) The definition of the competitive ability
B The transmission rate of I on pests 0,4] [18]

Ui The instantaneous impulsive mortality rates (0, 1) The definition of mortality rate

of pesticides on pests

u The instantaneous impulsive mortality rates (0, 1) The definition of mortality rate
of I
r The intrinsic growth rate of pests 0,3.5] [32]
K> The environment’s carrying capacity (0,50] [32]
6, The competitive ability of infected pests 0, 1) The definition of the competitive ability
B2 The transmission rate of / on pests 0,4] [18]
hy The non-instantaneous impulsive killing (0, 1) The definition of mortality rate

rates of pesticides acting on pests
hy The non-instantaneous impulsive killing (0, 1) The definition of mortality rate

rates of pesticides acting on /

a Shape parameter - Assumed

Mmax The maximum amount of 7 released 0,4] [37]

vy The interval between two different impulsive (0, 1) The definition of the interval between two
controls different impulsive controls

w The impulsive control period (1,10] [39]

Here, we assume that the parameters are set as follows: S(v) = 0.6, I(v) = 0.6, r; = 1, K; = 1,
91 = O.l,ﬁ] = 12, d] = 0.3,/12 = 04, ry = 1, K2 = 1, 02 = O.I,ﬁz = 12, h] = 02, h2 = 02, dz = 02,
a=2,vy=0.9,and w = 2.

e (1) When py = 0.4, ymax = 0.6, all conditions of Theorem 4.2 are satisfied, and the system (2.1) is
permanent (see Figure 1).

e (2) When u; = 0.7, umax = 0.6, the pest extinction periodic solution (0, IT/)) of the system (2.1) is
GAS (see Figure 2).

e (3) When p; = 0.3, pmax = 0.6, all conditions of Theorem 4.2 are again satisfied, and the system
(2.1) remains permanent (see Figure 3).

e (4) When p; = 0.4, uma = 0.9, the pest extinction periodic solution (0, IF(Vv)) is GAS (see Figure 4).
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e (5) When p; = 0.4, ymax = 0.2, all conditions of Theorem 4.2 are satisfied, and the system (2.1) is
permanent (see Figure 5).

These simulation results further confirm the theoretical analysis and highlight how variations in
and pn,x influence the long-term behavior of the system.

0 10 20 30 40 50 0 10 20 30 40 50 0 0.1 0.2 0.3 0.4 05 0.6
v v S(v)

(a) (b) (c)
Figure 1. The permanence of the system (2.1) with y; = 0.4, yax = 0.6. (a) The time series
of S (v). (b) The time series of I(v). (c) The system’s phase portrait.

(a) (b) (c)
Figure 2. The periodic solution of system (3.1) for GAS of the susceptible pest eradication
with gy = 0.7, ttmax = 0.6. (a) The time series of S (v). (b)The time series of /(v). (c)The phase
portrait of portrait of the system (2.1).

0 10 20 30 40 50 0 10 20 30 40 50 0 0.1 0.2 03 04 05 0.6
v v S(v)

(@) (b) (©
Figure 3. The permanence of system (2.1) with y; = 0.3, . = 0.6. (a) The time series of
S (v). (b) The time series of I(v). (c) The phase portrait of the system (2.1).
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1 1 1
09 09 09
08 08
08
0.7 0.7
06 06 o7
= =
Zos Zos Zos
0.4 04 05
03 03
04
02 02
0.1 0.1 038
0 0 02
0 10 20 30 40 50 0 10 20 30 40 50 0 04 02 03 04 05 06
S(v)

Figure 4. The periodic solution of system (3.1) for GAS of the susceptible pest eradication
with (3.1) with y; = 0.4, umax = 0.9. (a) The time series of S (v), (b)The time series of 1(v). (c)
The phase portrait of the system (2.1).

1 1 09
09 09 08
08 08
07
07 07
06 06 06
Zo05 Zos Zo05
04 04 04
03 03
03
0.2 0.2
01 01 02
0 0 04
0 10 20 30 40 50 0 10 20 30 40 50 [ 02 03 04 05 06
v v S(v)

Figure 5. The permanence of system (2.1) with y; = 0.4, . = 0.2. (a) The time series of
S (v). (b) The time series of I(v). (¢)The Phase portrait of the system (2.1).

Hiax=0-4 B 04
0.9 —,L::;o‘e 4 0.9 =06 ]
081 Frnax=08 | 4 081 Fnax=08 |
0.7 07
06
Zo0s
04}
03
0.2
0.1
0 . . . .
30 40 50 0 10 20 30 40 50
v v
(a) (b)

Figure 6. The effect of different parameter values of z,,x on the pest extinction periodic
solution (0, I(v)) of the system (3.1). (a) The time series of S (v). (b)The time series of 1(v).

The simulation results in Figures 1-3 demonstrate that the parameter u; significantly influences
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the dynamic behavior of the system (2.1). When all other parameters of the system (2.1) are fixed,
Theorems 4.1 and 4.2 suggest the existence of a threshold value uj. Specifically, if u; > uj, the pest
extinction periodic solution (0, f(T/)) of the system (2.1) is GAS. Conversely, if u; < uj, the system (2.1)
is permanent. These findings indicate that the instantaneous impulsive killing rate of the pesticide on
pests plays a crucial role in the system’s dynamics and can effectively suppress pest populations.

The simulation results presented in Figures 1, 4, and 5 clearly demonstrate that the parameter 4,
has a significant impact on the dynamical behavior of the system (2.1). With all other parameters held
constant, Theorems 4.1 and 4.2 suggest the existence of a critical threshold y, ... Specifically, when
HMmax > Mmax» the pest extinction periodic solution (0, If(vv)) of the system (2.1) is GAS. In contrast, if
Hmax < Mmay the system remains permanent. These findings highlight the pivotal role of the pulse release
of natural enemies in shaping the system’s dynamics, effectively suppressing pest populations.

Assuming that the pest extinction periodic solution (0, Iﬂ(vv)) of the system (2.1) is GAS, we assume
that the parameters are set as follows: S(v) = 0.6, I(v) = 0.6, = 1,K; = 1,60, = 0.1, 5, = 1.2,
dl = 03, M1 = 0.7,/12 = 04, I = 1, K2 = 1, 92 = 0.1,ﬁ2 = 12, h1 = 02, ]’lz = 02, d2 = 02, a = 2,
v = 0.9, and w = 2. The simulation results in Figure 6 indicate that the population density of /(v)
increases with the rise in the transient pulse release level u,.x. Meanwhile, the population density of
pests decreases accordingly, which, in turn, accelerates the extinction process of 1(v) as pn,x increases
from 0.4 to 0.8.

5.2. Threshold condition

As established in Corollary 4.1, the pest periodic solution (0, S (v)) achieves GAS when Ry < 1; in
contrast, the system (2.1) maintains permanence when Ry, > 1. Thus Ry = 1 functions as the critical
threshold governing the GAS of pest extinction. In the subsequent analysis, numerical methods are
employed to examine how key parameters within the system (2.1) impact this critical threshold R. First,
R, exhibits a monotonic decreasing trend with respect to uy, tyax, v, @, and h; individually. Second, a
set of parameters is specified as follows: r; = 1, = 1,K; = 1,K, = 1,0, =0.1,6, =0.1,5, = 1.2,5, =
1.2,dy =03,d, =03,h =02,h, =02,y = 0.7, 110 = 0.4, ttyar = 0.9, = 2,y = 0.9. Using these
parameters, the change in R, corresponding to variations in the impulsive period v is calculated under
different instantaneous lethal rates of natural predators and the number of natural predators released;
these results presented (see Figure 7(a)). Thereafter, three distinct parameter groups are defined: (C1)
ry = 1,}"2 = 1,K1 = I,Kz = 1,01 = 0.1,92 = O.l,ﬁl = 1.2,,82 = 1.2,d1 = 0.3,d2 = 0.3,h1 = 0.2,]’12 =
0.2, o = 0.6, =2,y =09, andw = 2; (C2) r, = 1.5, = 1,K; = LK, = 1,6, = 0.1,6, =
0.1, =3.5,6,=3,d, =03,d, =02,h; =0.3,h, =03,y =04, =2,y =09, and w = 2; (C3)
ry = 1,1’2 = I,Kl = 1,K2 = 1,9] = 0.1,92 = O.l,ﬁ] = 1.2,,82 = 1.2,6[1 = 0.3,612 = 0.3,h1 = 0.2,h2 =
0.2,u, =02, =2,y =0.9, and w = 2. The two-parameter trend plots corresponding to these groups
are illustrated in Figure 7(b—d). As can be deduced from Figure 7(a), with an increase in the impulsive
period w, the threshold R, undergoes a corresponding change; more effective management of pest
populations can be achieved by appropriately raising both the number of natural enemies released and
the instantaneous lethal rate that pesticides exert on pests. As can be deduced from Figure 7(b), the
threshold R, exhibits a decreasing trend with increase in both u; and u,, and pest populations can be
effectively managed through the appropriate augmentation of pesticide-induced lethal rates targeting
both pests and their natural enemies. As can be deduced from Figure 7(c), the threshold Ry demonstrates
a decreasing tendency with an increase in y; and pm,y, and effective pest control can be realized by
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appropriately raising the instantaneous lethal rate of pesticides on pests and increasing the number of
natural predators released, which better reflects the IPM control strategy. As deduced from Figure 7(d),
the threshold R, exhibits an increasing trend as tm,x and y; rise, and thus in cases where the number of
natural predators released is insufficient, reducing the instantaneous lethal rate of pesticides on natural
enemies can achieve the goal of pest management.

4 7
=03, 0.4 Ro(i‘r 1)
—— =04y =06 Ro=1
L a7 | 6
3 074 =09 8
— =07 0.
RD
5
ol | 6
4
- \ £
[s K
5 3
ol
0 2
1 -
1 1 1
0.5
05
-2 L 0
1 2 3 4 5 6 7 8 9 10 ) 0 o I
(a) (b)
7
T R (111 g, Rotg: Hra)
Ry=1 . R, =1
8 12
10
5 5
8
4 o 6
4
- 3
2
G 0
4
1 3
2 05
) !
0
Fmax 0o Hy
() (d)

Figure 7. Variations of R, with certain parameters. (a) Change chart of R, with respect to
w under different cooperation coefficients. (b) Change chart of R, with respect to u; and u,
under parameters (C1). (c) Change chart of Ry with respect to u; and y,,,, under parameters
(C2). (d) Change chart of R, with respect to u, and ., under parameters (C3).

Following the approach outlined in the literature [39,42], a sensitivity analysis is performed on the
threshold parameter R, along with several associated key parameters. The values employed in this
analysis are specified as follows: rj = 1.2,r, = 1,K; = 1,K;, = 1,0, = 0.15,6, = 0.2,by = 1,b, =
1,dy =02,d, =02,h; =02,h, =03,y = 0.6, = 0.3, thyer = 0.8, = 2,y = 0.95, and w = 4.
These settings yield the results illustrated (see in Figure 8).

Figure 8 consists of two visual components: A bar plot presenting the partial rank correlation
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coeflicient (PRCC) values of R, with respect to each parameter, and a scatter plot that depicts the
variation of R in response to changes in the parameters’ values. As observed from the bar plot, the
parameters /1, and u, exhibit positive PRCC values, implying that an increase in any of these parameters

1s likely to facilitate pest population outbreaks.
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Figure 8. Scatter plots illustrating the partial rank correlation coefficient (PRCC) values of
the threshold R, with respect to key parameters (hy, iy, (o, Umax)- A sample size of 2000 is
used, and all parameters are varied concurrently.

In contrast, parameters such as hy, (s, tmax, ¥, and w yield negative PRCC values, suggesting that
increasing these values may contribute to effective pest suppression. Notably, uy, u», and ., exhibit
PRCC values exceeding 0.4, highlighting their pivotal role in pest population control. Additionally, the
PRCC value of h, falls within the range of 0.3 to 0.4, indicating that the non-instantaneous lethal rate
significantly influences pest management dynamics.

6. Conclusions

In this paper, we considered a pest management SI epidemic model with instantaneous and non-
instantaneous impulsive effects. At the instantaneous pulse moments, the nonlinear release of infected
pests and the reduction in the populations of both susceptible and infected pests occur from spraying
pesticide. At non-instantaneous pulse moments, the mortality rates of susceptible and infected pests
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following pesticide application are considered. These factors can significantly influence the IPM
system. On the basis of the practical aspects of IPM, we constructed a SI epidemic model for pest
control that incorporated the nonlinear release of natural predators at specific impulsive times as well as
instantaneous and noninstantaneous kill rates following the pesticide treatment. We demonstrated that
all of the system’s (2.1) solutions are uniformly eventually bounded. Meanwhile, from Corollary 4.1,
the pest-periodic solution (0, S (v)) achieves GAS when R, < 1(see Figures 2 and 4); in contrast, the
system (2.1) maintains permanence when R, > 1 (see Figures 1, 3, and 5). Ry = 1 thus functions as
the critical threshold governing the GAS of pest extinction. These results are confirmed by numerical
simulations; we find that w;, u,, and w,,., play a role in pest control (see Figures 6, 7(c), and 8).

According to the analysis above, it is evident that increasing the proportion of pests killed
instantaneously and enhancing the release of natural enemies can significantly improve pest control
outcomes. The results of our study offer a reliable reference for informed decision-making in practical
pest management strategies. In our current model, the residual lethality of sprayed pesticides is
assumed to be constant. However, in reality, it is better represented by a time-dependent function.
Furthermore, our study only considers applying pesticide at fixed time pulses, whereas in practice,
spraying often depends on the current state of the pest population—referred to as state-dependent
pulses. Concurrently, fractional differential equations find extensive application in the development
of mathematical modeling [43—45], in the event that the model (2.1) is modified to take the form of a
fractional mathematical model. We plan to address these aspects in future research.
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