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Abstract: This study explored the theoretical characteristics of a p-Laplacian fractional-order
differential equation. This equation was subject to both infinite-point boundary value requirements
and nonlocal integral value constraints. We began by examining the associated Green’s function,
deriving its explicit expression and unique properties. These properties were then utilized to establish
the existence and uniqueness of positive solutions through the application of the Banach fixed-point
technique. Furthermore, we employed the nonlinear alternative of Leray-Schauder type, specifically
Guo-Krasnoselskii’s fixed-point theorem on cones, to demonstrate existence results for cases where
the nonlinearity exhibits singularity with respect to the time variable. The practical relevance and
applicability of our findings were illustrated through compelling examples. This research significantly
contributed to the field of fractional differential equations, particularly within the domain of p-
Laplacian Hadamard fractional differential equations.
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1. Introduction

The p-Laplacian differential equation (DE) is a nonlinear partial DE that expands upon the classical
Laplace equation. It’s incredibly versatile, showing up in fields like fluid mechanics, nonlinear
elasticity, and image processing. Originally, Leibenson introduced it to model turbulent flow in porous
media [1]. Since then, its usefulness has been proven across various disciplines, including cosmic
physics, elasticity theory, plasma problems, and non-Newtonian mechanics [2—4].
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The p-Laplacian operator, symbolized as L,, is defined as follows:

L,(0) = |€/P2 ¢, p,h > 1 with oo
p h
For recent advancements, the existence of solutions for fractional DEs under p-Laplacian operators
and boundary conditions is presented in [5—7] and references [8—10].

Beyond the theoretical realm, fractional operators offer a rich tapestry of practical applications
across diverse scientific and engineering disciplines. For instance, they prove invaluable in modeling
time-fractional damage hyperelasticity, providing a more accurate description of material behavior
under stress over time. Their utility extends to generalized Birkhoffian systems, offering novel
perspectives in classical mechanics, and even to the nonlinear Schrodinger equation. These examples
merely scratch the surface of the growing influence of fractional calculus in solving real-world
problems. For more applications, see [11, 13, 14]

Recent research has focused on the existence, multiplicity, and numerical solutions of fractional
DEs, as well as their applications to nonlinear deformation, flexural wave propagation, and coupled
problems [15-17]. A variety of methods have been employed to investigate fractional DEs,
including the comparison principle [18], the substitute approach proposed by Leray-Schauder [19-21],
methodology of Hussein-Jassim [22], Banach’s fixed point (FP) theorem [23-25], and others. In recent
years, there has been significant interest in Hadamard fractional DEs and related nonlinear dynamical
systems [26-28].

When a continuous function ® : (0, ) — RL has order £ > 0, its Hadamard fractional (HF)
derivative is described as

o o d 1f( 2)1—4—1%
D90 = 75 (de) In .
1

where Ri = [0, 4+00), [ = [{] + 1, [{] represents the integer part of {, whenever, the righthand integral
is described point-wise on (0, o) . The HF integral of order > 0 of the function @ : (0,00) — R! is

obtained by
1 ¥ o
HIE (3 :—fl 2l —ae
rPO=rF )
1

Many people concentrate on the fundamental theoretical study of fractional DEs, including the
structure of HF DEs, in an effort to better direct practice. Some fractional DE structures have been
observed to be derived from HF DEs. Authors in [29] investigated the following HF equations:

Dty + R (3, v(3), w()
1Dk w() + R (3 v(), w(d)

0, 1e(,e),
0, le(,e),

under conditions
m—1
(1) = ov(1)=0, we) = ) tvipy),
k=1
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E

w(l) = dw(l) =0, wie) = w@k)
1

=~
Il

where HD’IZ is the standard HF derivative with order 4 € (2, 3], {’k,?k > 0, pr,pr € (1,e) such that
z tlog o), z G(logp)'" € [0,1), and R, R € C([1,e] xR} xRL,R!). By applying the FP

techmque and exp101t1ng the relationship between nonlinear and linear operators, the authors were able
to establish the existence of a triple positive solution and a nontrivial solution to the following HF DEs,
which were investigated by Ardjouni in [30]:

DTy +y(Qv) =" D) + 9G,v(), T (1,e),

under stipulations
1 [ ey dt
1) = =—— | (log- £, %()) —
v(l) =0, v(e) F(s—,u)f(ogf) q (€, x( )){,,
1

where the functions ¢, ¢ : [1, ] X[0, c0) — [0, c0) are continuous, € € (1,2] and u € (0, e—1]. Utilizing
the approach of both the higher and lower solutions along with FP techniques, the authors were able to
use spectral analysis to demonstrate the existence and uniqueness of positive solutions.

Inspired by these findings, we examine the HF differential system that follows:

Ly, ("D{v) + R (1w, Dw() = 0, Je (1),
Ly, ("D].w(D) + R (3,20, HD:z(J)) 0, Je (1,e), (1.1)
Ly, ("D}.2) + R (1.v@).7 DLv) = 0, 1€ (1, e),

under infinite boundary conditions:
VO(1) =0, a=0,1,2,+,1-2, v(e) = %, 4w (p) + [ g0 () dG),
k=1 1

W) =0, b=0,1,2,--- ,m—2, wie) = 3, Zw (Bo) + fe’g(l)w ) dG(), (1.2)
k=1 1

Z(C)(l) = 0, C = 09 1’ 2a e, = 29 Z(e) = Z //ikZ (b\k) + f?(J)Z (J) dE(J)’
k=1 1

where HDQIZ,H DA DE and ”D?, are HF derivatives with orders { € (I — 1,1,y € (n— 1,m], B €
(m—-1,n],and 0 < @ < min{{ -1,y —-1,-1}, respectlvely Also, Ly, refers to the p—Laplacian
operator and is defined as L, ({) = |€]"" 2L, pihi > 1, ~+,-=1,30=12, 3) Moreover, A, A, 4; > 0,

Oks pk,pk € (1,e) are parameters G,G, G are functrons of bounded variation, g(J),2(3),2(0) € L'(1,e),
and f gv (D dGQ), f gw () dG(J) f 2Nz () dG(J) represent the Riemann-Stieltjes (RS) integral on

G(J), G(J), G(J), respectlvely. Addltlonally, R, 9%, ReC ((1, e) xR, xR,R +), where R, = (0, +00),

and R (3,21, %), R (51, %2), ‘)fi (3,71, %,) have singularity atJ = 1 and ] = e.
In this paper, we conduct an in-depth investigation into the existence of positive solutions for
a complex, singular infinite-point tripled p—Laplacian boundary value system (BVS). This study
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significantly distinguishes itself from prior research, particularly studies [29, 31], by introducing a
singular nonlinear term that exhibits dependence on the time variable. Furthermore, we integrate
fractional derivatives into the nonlinear terms and impose infinite-point boundary conditions upon the
HF differential system (1.1), subject to the stipulations outlined in (1.2). While earlier works [29,31]
addressed BVSs with continuous nonlinear terms devoid of derivative terms, our present work extends
the analysis to a substantially more intricate p—Laplacian BVSs. This newly formulated system allows
for the modeling of more complex phenomena characterized by singular nonlinearities, and through
rigorous analysis, we conclusively demonstrate the existence and uniqueness of solutions to these
equations.

Our manuscript is organized as follows: Section 2 introduces the fundamental fractional calculus
principles relevant to our work. In Section 3, we derive and present the integral representation for
the solution to problem (1.1), subject to the boundary conditions and constraints defined in (1.2).
Section 4 develops the necessary theoretical framework by establishing auxiliary lemmas critical
for transforming the original problem into an FP problem. This transformation is the fundamental
step required to apply FP theory to prove the existence and uniqueness of solutions. Section 5 is
devoted to discussing the existence of positive solutions for the considered system. In Section 6,
we present practical examples to demonstrate and confirm the applicability of our theoretical results.
Section 7 employs abbreviated terminology for frequently used phrases to enhance the efficiency of the
discussion. Section 7 provides a list of abbreviations used for simplicity throughout the paper. Finally,
Section 8 contains the conclusion which summarizes our work and suggests several open problems for
future research.

2. Preliminaries

This section introduces some fundamental fractional calculus principles that are pertinent to
our work. For a deeper understanding of the topic, readers are encouraged to consult the recent
bibliographies in [32, 33].

Lemma 2.1. [34] For {,y > 0, we have

L:_/) (In G, and DS, (In (o))" = Iy (In GOy

Ly+9) L'(y=9

Lemma 2.2. [34] Assume that ® € C[0, 00) N L'[0, 00) and ¢ > 0. Then, the solution to the equation
H Did) (3) = 0 takes the form

I (n oy =

ON=7(n) '+, )2+ +1,(Ind)*7,

wheret; e R (j=1,2,...,0)and [ =[I] + 1.
Lemma 2.3. [34] Let { € (0, +0), ®, f € C[0, c0) N L'[0, 00), then

i
() =" IL DL A + ) (), forJe (1el,
i=1

wheret; € R (j=1,2,...,0)and = [{]+ 1.
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Lemma 2.4. [35] Let Q be a cone subset in a real Banach space (BS) O. Assume that ¢, ¢, are two
bounded open subsets in U such that 0 € ¢, and ¢, C ¢,. Suppose that J : (52\@) NQ — Qisa
completely continuous operator. If one of the following hypotheses is true: for all x € Q N d¢y,

(i) if | 3z|| < llell, then || I|| > [l for all € Q N 6,
(ii) if || 3| > llxll, then ||3x|| < llxll for all € Q N d¢,.
Then, 3 has an FP in (g_bz\gbl) N Q.

Lemma 2.5. [36] Let U be a BS, ¢ C U be a closed convex subset, and V C ¢ be a relatively open
subset with 0 € ¢. Assume that the continuous compact map 3 : V — ¢ exists. In that case, one of the
following options is accurate:

(i) 3 ownsan FPin'V,
(ii) there is v € OV and 1 € (0, 1) such that v = (Jv.

Lemma 2.6. ( [37], Theorem 1.2.7) Let T C C'[J, U], then Y is a relatively compact set if and only if
the following are true:

(i) Y’ is equicontinuous, and Y’ (J) is a relatively compact set in O.
(ii) There exists Jy € J such that (Jy) is a relatively compact set in O.

3. Integral representation of the considered problem

In this section, we present the integral representation to the problem (1.1) with stipulations (1.2).

Lemma 3.1. Assume that y, E € L'(1,e) N C'(1, e), then the linear systems

Ly, ("DSv(D) +y () =0, J€ (L,e),

YO1) =0, a=0,1,2,++,1-2, ve) = kfl A (i) + feg(J)v (3)dG(), -1
- i
Ly, ("D}.w®)+ ¥ (D) =0, Je (1,e),
wO1) =0, b=0,1,2,-- ,m—2, wie) = kf;lﬁkw @) + f 0w Q) dGQ), (3-2)
and _ |
Ly, (1D.z) +w () =0, Je (L,e),
1) =0, c= 0,12, .n—2, 2(e) = éﬁkz @0 + [0)2 () dGQ). (3-3)
have integral representation . |
() = lf D0 MYy,
W) = f 502Uy 3.4)
i

0= 50020y
1
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where

in which

01,0

0, (3, 0)

A0

D,(0)

D, (1, 0)

A (D)
and

D, (. 0)

0,0, 6)

—

Vi

A(0)
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D0, 0) =
00,0 =
D00 =

')

)t [
(nv) f gD, O,

1
1
e

1 ] AOT @) (In
AOT () ()" (In

91 (L0 +:(,0),
01,0 +0,0,0),
01 (L0 +0:(,0),

0)dG(),

§)H_v(1n§)) , 1<t<i<e,
¢ <

- f g (In)1dGE), V=1- > A In(p)"",
k=1

1

F({) F(()Z (

I'(y)

Iy
(In) f 20, G,

Vi /

e

1 | A@T @) n)" (In
AOT @0y (Ing)

Inp; —Ine\™!
Ine—1In¢ ’

0 dG(),

- f 2O n)y " dG(r), V=1- Zi‘k In ()",
k=1

1

F(y) F(“y)Z (

re

(InJ))P!

f 200, G,
1

e

1 | AT @) n)" (in
AOT B) (n 2y (in

Inp, —Int\’
Ine—In¢ ’

0 dG(),

- f 2D 1dGO), V=1- Zﬁk In (@),
k=1

1

1“(,3) r(,3)Z (

Inpy —In¢\’
Ine—In¢ ’

3.5
f_,lsfslga
l1<l<(<e,
(3.6)
B-1
) . 1st<i<e
I <r<s<e,
(3.7)
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provided that V| # 0, 61 # 0, and /V\l # 0.

Proof. Adding L, and selecting If+ to the first equation of (3.1), and using Lemma 2.3, we have
vO) = - Ly )+ 7 ()T + 1 (n 3+ + 1 (In )

for some 7y, Ty, -+ ,7; € R*!. From conditions (1.2), since v(1) = 0, we have 7; = 0, then

_ 1 1
VO = SPETL, ) + 1 (¢ - D (IndE? (3) +72(=2)(n)*7? (3)
1
Fo T (= (- D) (n D (3)
Since V(1) = 0, we get 7,-; = 0. Continue in this process, we obtain that 7, = 73 = --- = 7, = 0, and
hence
Fin8) L, w @)
ns ¥
D=- L h dt+7; (In)"". 3.8
o) lf Fo e n) (38)
By routine calculation, one gets
v(e) = =I5, Ly, W (e)) + 7 (Ine = 1). (3.9)

Applying (3.9) in the condition v(e) = f} v (og) + f g()v (I dG(J), and using (3.8), we have
k=1 i

e

T = I Ly (@) = ) A (np)™ =T ILL, 0 ()] + f gy () dGO),
k=1

1

which implies that

e Pk
(ne - In ey * (Inpy = In £)F!

dt
Ly, W () 7

dt <
7| TV L (w(f))Y_;ﬂ"l TV
1 e
- f 2O () dGO)
1
C(ne—Ind)¥ " A e 1
= [ A0 oS g [ eonerace (3.10)
| 1

From (3.10) in (3.8), one can write

) L, W) .,

1
e (nf ¢
1
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%fe( ) th(w(f)) i": FL}( ) L;l(w(f))dg
+(n 3 —1 VZI !
IS
+E2— [senerdce
1
e 1 e
_ f 500 (?(5))51“ (MV) f 2O () dGO).

1 1

Multiply the above equation by g(J) and take the integral of RS from 1 to e, we have

e e

f dOV()dGO) = f 0

1 1

+l [ f g (n )1 dGQ)

e

fD(J, 0 Ly, (?(@)dt,

1

dG(J)

e

f OV (D) dGO),

1

\%

1

which yields

e e

\v}
f OV () dGE) = f 0

1 1

e

fD(J’ 0 Ly, (?(f))d{,

1

dG(J).

Hence,

e

f 91 G, 0 L, <f>> de

1

e

1

(ln )

2 Vlfa)

dft dft
f 21 G 0Ly () + f 0.0 L, (@)

1 1
e

dt
fD @O L W (D)

1

v(J)

dG(J)

where © (J,¢), 0, (0, €),0,(3,¢), V, and V| are defined in (3.5). Further, we have

e

(04 (o F( ) —a—
"ps,o Q0 =" DI+DI(J,5)+TEG)(1M)4 ! lf v()D, (3, 6) dG(J),

and

1 AT () (n3)*" (In

Ap*.D,(,6) = =——— ‘ (-
1+O1 VI'({ - a) AT () (n)! (ln %)

{
<{<e,
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where A (€) is described as in (3.5). Similarly, by (3.2) and (3.3), we can obtain the results (3.6)

and (3.7), respectively, so we omitted it. Moreover, we have

e

— — r — —_
Hpro @60 =" DO, (3, 0) + T (InJyr ! f w0, (,0) dG(J),
I'y-ao 1
and
~ y—a-1 y—a-1 el
DS, 0,0 = R f (OT () (n’ " (In Z)HH -V(in3) . 1<(<2I<e,
VL —a) [ AOT ) W)y~ (Inf) 1<Isl<e
Also,
— — r — —
Hpr S0 = DD, 0,0 + W% (2! [ 205, 0.0450.
1
and
— p-a-1 L\Ba-l
Y S AOT@E M) (ing) -V(n3) , 1<e<I<e,
+1 - - = . p-a—1
‘ r@-a) | AOT @Y (ng) l<i<l<e

4. Auxiliary lemmas

This section focuses on developing the necessary theoretical framework by establishing auxiliary
lemmas. These lemmas will be instrumental in transforming the original problem into an FP problem,

a fundamental step in utilizing FP theory to prove the existence and uniqueness of solutions.

Lemma 4.1. The functions O (), "D%D (3,0), DG, 6), *D%D (3,0), D (G, ), and "D%D (,¢)

described by (3.4) have the axioms below:

(i) On the product [1,e] X [1,e], the functions D (3,£), "D%,D (3,£), © (3, €), “D%.D (3, ¢), D (1, 0),

and ! D‘fjj (3, €) are uniformly continuous,
(ii) for 1,€ € [1,e], we have

D@,0) <D (e )Z,
D@(,0) > Un)"'D (e, 0) 7y,

DYoo (1,0 <" DL.O; (e, 0) Z,

HpeD (3,0 > (In) " 1D2.D (e, 0) Z,,

where

Zo1+o f g(dGQ), Z; = 1 bt f g0 (In )1 dG (),
V] Vl
1 1

(4.1)

AIMS Mathematics Volume 10, Issue 10, 24061-24092.
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(iii) for 1,€ € [1, e], we have

03,0 <D (e,0)Z,
O (L6 nl"' Oy (e, 0)Zy,
DD (3,0 <M DD (e, 0) Z,

D2 (3,6) > (In) "' HDe.D (e, 0) Z),

where

Z

4 f 20)dGQ), Z; =1 + L f 20)(n )" dG(), (4.2)
V1 | V] ;

(iv) for 1, € € [1,e], we have

20,0 <0 (e,0)Z,

20,0 =n)"'D (e,0Z,

1peD (,0) <M DD, (e,0) Z,

DD (3,6 > (In P HD%D (e, ) Zy,

where

—~ 1 e —_ = 1 eA —
Z=1+— f 2dG(Q), Zy =1+ — f 2 (n 1P 1 dG(). 4.3)
Vl V1
1 1

Proof. (i) By definitions of the functions © (3, ¢), D) 3,0, and B) (,¢), it is easy to check that © (3, ¢),
00,0, "D)LOC0), D00, HDCIV+5 3,0, 5 (3,¢), and HD‘f+5 (3, ) are uniformly continuous on
[1,e] x[1,e].

(i1) With the aid of [38], for ], £ € [1, e], we have

(In)* 1Dy (e, 0) <D, (3,6 <Dy (e, 0),

hence, we can write

D0 = D,0.0+D,0.0)
-1 g
< D (.0 D f 20D, (e, £) dGO)
1
(In)' [
= D1+ f ¢)dGA)| =D, (e,0) Z.
1
1
On the other hand
DO = D,0.0+D,0.0)
-1 g
_ 0,004 D f 20D, G, ) dGO)
1

1
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(In)*'D; (e, 0) +

\%

(InJ)*!
Y

1

f g (n ) ' D (e, £) dG()

1
e

1

= f g() (In )1 dG()

= (n)'D; (e, 0) Z;.
2

(In)*'D (e, O) |1 +

\%

1

Similarly, we can obtain
Hpe. 2@, 6 <" DUO (e, 0)Z, and DD (3, 6) = (In )" DD (e, 0) Z,.

The proof of axioms (iii) and (iv) follows by the same method in (ii). O

Now, assume that U = C?[1, e], and

H
M= max {Ivll, || D5}
il = max {Iwlly, | D] }
Il = max{lidly, [ Df.],}
where
vy = max @I, ||*Dfv|, —maX|HD v(J)|
Je[l,e]
||W||O = maX |W(J)| ’ 1+W
— H H
llzlly = maxlz(J)I D], —rnax| D! Z(3)|

Je[l.e

Then, (U, ||.||) is a real Banach space and U® = U x U x U is a Banach space with the norm ||(v, w, 2)|| =
max {|[vll, [wll, l|zIl} -
Furthermore, define

Qo={veU:v(d) 20, "Div) 20, forall Je[l,el},
and assume the cone Q on U? (03 UxUx U) is defined by

Q={w,w,2) eV :veQn we 0 z€ Qn. 1€ [1,el}.

The HF differential systems (1.1) and (1.2) can be solved by a trio (v, w, z) € U® if it can also solve the
following system of integral equations:

e

[2a.0Ly (R (60" Dfw©)) ¢

v(3) te _ Bi(w)()
w® p={ [2C.0L,(R(€x0.Drz0)L =3 B |, (4.4)
-0 Bs(»)()

O (.0 Ly, (R (6,v(0)." Dy.v(0))) &

M%NH%N
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forallv,w,z € Q,] € (1,e). Also,

e

[ D52 (.0 Ly, (R (6w, Dw(0))) %
D¢ v(3) oo _ DL Bi(w)()
DTwd) t =4 [D1D0.OL, (R (620 DLAO)) Y b= "DLBAO) ¢,
HDP,7(3) L N "Dh. B3 (v)(3)

[ D)2 Q0 Ly, (R (£.v(0).1 Ds.v(0))) &

1

where the mapping B : Q — Q is described as
B(v,w,2) () =B (W) (), B (2)(),B:(»)Q), v,w,z€ 0, Ie(l,e).

First, we prove that the mappings B, B; : Q — Q (j = 1,2, 3) are continuous. For this, we assume the
following hypotheses:

(Ay) The functions ‘R, 5%, R (1,e) x (R,)> — R, are continuous and functions o-(3), 7(3), () :
(1,e) — R, are such that for all %¢, %; € U,

R (2o, %1) < (), RO xo,%1) < T0), R (o, %) < 70),

and
e e

dt _dt car
f L, (@(0) G <+, f L, @(0) G <+, f L @(0) G < +oo

1 1 1
(A)) Forallle€ (1,e), we have

e e e

f 2() (In )1 dG(O) < +oo, f 20)(In )" dGQ) < +o, f 20)(n )1 dGQ) < +oo.

1 1 1

Lemma 4.2. Under the hypotheses (Ay) and (A,), the mappings B, B; : Q — Q (j = 1,2,3) are
continuous.

Proof. According to definitions of O, 5, D and (Ag), forv,w,z € Q, 1, € (1, e), one can write

e

Biw)() = f 2.0) Ly, (B (6000 Dw(0) &

1

1 1 ¢ o . . y
= |fo "Tov, lf $@IndeE lf L, (R (6:w(0)." Dw(0)) 5
! 1 ( e dft
< JlJHdGJfL mE
) r(§)+r(§>vllfg<)(“) <>1 W (@O
< +o0

b
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e

= de
B0 = f O (L0 L, (R (620" Df.2(0))
1
1 1 _ ¢ de
< — ~1137‘1dGJfL2 C,2(0)," D% 7(t
r(7)+F(7)Vllfg<)<n> ()1 w (B (620 D1(0)) &
< |ro+ =[O0y 60| [Leo
I'(y) INCORJRS 1 4
< 400,
and
EA o H na df
B = f O (L) Ly, (R (£.v(0." DYn(0))
1
1 1 A de
< — '\JIJ‘IdGJfL3 €, v(0)," DY v(t
r(ﬁ)+r(ﬁwllfz,«)(n)ﬁ ()1 w (B (670 D))
1 1 ~ de
< — AJ]J‘ldGJfLSAf—
F<ﬁ)+r<ﬁ>vllfg()(n)ﬂ 0| [ e
< o0,

The three above inequalities prove that the mapping B (v,w, z) (3) = (B; (w) ), B2(2) (3), B;(v) (3)) 1s
well-defined on Q. The uniform continuity of © (J, ¢), “D$,D (3, ), 00,0, "Dy O, 0),D0,0),and
H DiﬁD (3, ¢) implies that there exists a large Z > 0 such that

max {2 (1,0, D1.D (10,9 (.07 D}.O (0. 20,0, DI.OC O} < Z. (4.5)

In order to prove that B : Q — Q is continuous, assume that

as | — +oo,

i, wi,z1) = (v, w,2),
(D¢ D3w, M DS.z1) > (1Dg.v.H DYw. P DS.2)

which implies that there exists a large enough A > 0 such that

[|(vi, wi, )] < A and H HD‘1’+VZ,H D1+wl,H D‘f+z,)H <A, leN.

Then,
v, w, 9l < A and (7D Dfw, Dy2)|| < A,
that is,
IVl < A, ||7D%.v]| < A,
Iwll < A, ||HD w|| < A,
Il < A, |[*Dfel| < A
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From (Ag) and (4.5), we have

fe O (3,0 Ly, (R (€. wi(0).F Dy.wi(0))) 4| < Z < +0o,
1

f Ly, (o ()%

1

f D50 (1, 0) Ly, (R (6. wi0)." DI wi(0))) & < 400,

<Z | [ Ly (o) %
1

O (1 0) L, (R (€.2(0.1 D.z(0))) &

< +00,

< z‘thz @)%

(4.6)

"DV.D (0,0 Ly, (R (6,207 D.2(0)) 4| < Z| [ L, @ (€)%

< o0,

o

O (.0 Ly, (R (£,v(0)." DYv(0)) &

<Z‘th3 (T (0) %| < +oo,

f 7DD (. 0 L, (R (£ v(0)." DYv(0))) &

<zleh3 @)% ‘ < +oo.

The condition (A¢) implies that Ly, (o (£)), Ly, (o (£)), and Ly, (o (£)) are integrable. Therefore, for
Je[l,e],l > N, using (4.5) and the Lebesgue dominated convergence theorem, we have

e

f O (3,0 Ly, (R (€. wi(0)." D}.wi(0))) d—f

1

|(Bywy) () = (Biw)(D)I

e

- f 0.0 Ly (R(¢. w(f),HDgaw(f)))d?f
1
€,

IA

e

f "1 (L0 Ly, (R (€. wi0)." Diwi(0))) d_;

1

DS, (Bywy) () =" DS.(Biw)()|

_ f DD (0 Ly, (R (€. w(D)." DY.w(©))) dfl

1

< €
(B0 - @00 = | [ 308 (R (a0 D1a0) G
1
- f 56.0L, (R (60 D) %
< e,l

e

f D7D (.0 Ly, (R (€.21(0)." m(f)))%f

1

"D}, (B2 () =" D7.(B22)0)|

. f D13 0,0 Ly, (R (6.200." D7.2(0)) ’f‘

1
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< €
-~ - o de
(Byv) () = (Bsw)(O)| = f O (.0 Ly, (R (1.vi(0)." Dfovi0)) -
1
r - W wde
_ f S (.0 L, (B (1. Dv(n)
< e,l
e _ _ dt
"D (Bsv) @) =" DB = f "D, (. 0) L, (B (£v(0." DiviD))
1
- f HDP.D(,6) Ly, (9’%(f,v(f),HDiiv(f)))d7
< e.l

Hence, when [ — oo, we get

I(Biw)) (3) = Biw)Dlly = 0, |7 DS, (Biwy) () = DL.(Biw)()|, — 0,
1(B221) ) = (B22)Pllg — 0. || D], (Bozp) ) =" DY.(B,2)(D)|, — 0,
I(Bsv) ) = Bv)Ollg — 0, [|Df, (Bav) () =" D (Bsv)(D)||, = 0.

This proves that

I(Bywp) () — (Biw)(Dlly — 0,
I(B221) () = (B22)Dllp = 0,  as [ — oo.
I(B3vy) () = (B3v)(Dllp — O,

Therefore, B; (j = 1,2, 3) is continuous, and, hence, B is continuous, too, in the space U.

Next, we show that the mapping B; (j = 1,2, 3) and B are completely continuous (CPC).

5 ‘

Lemma 4.3. Via the hypotheses (Ao) and (A, ), the mappings B, B; : Q — Q (j = 1,2,3) are CPC.

Proof. Thanks to Lemma 4.1,

(Biw) (), DY. (Biw) (3), (B22) (3)," Df. (B2) (3), (B3v) (3)," DY, (B3v) (3) 2 0,

for all ] € [1,e]. Thus, B(Q) C Q. Suppose that U is a bounded subset of Q. We claim that B(U) is
relatively compact. The boundedness of U implies that there exists H > 0 such that ||(w, z, v)|| < H, for

any (w,z,v) € U.
Now, for (w, z,v) € U, and 1, € € [1, e], one gets

e

f O (,0) Ly, (R (€. w(©)." DL.w(0))) %

1

[ ! ! f g() (In )1 dGQ)

Bi(w)()

+
Iy v,

1

f Ly, (R (6. w(0)." D}w(0))) d;
1
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e de
[swmdtaco| [ L, @07
rv, 1 1

1 1

= =|F 00
(r<4>+r<§>v1 ) D
and
"D Bu(w)(O) = f “D{.D (L0 Ly, (R (£.w(0)." DY w(f)))
1
1 1 f o ( de
< —  —— g() (n )" dGQ) f Ly, (R (6. w(0)." DY w(f)))

ré-a) r¢-aov, 1 1

1 1 f L ( de
< —— + — g (In )1 dGQ) f Ly, (o(0)) =
rc-a) T-a)V, : 1
1 1 f L ( de
< —— o+ ——— ¢() (In )1 dGO) f Ly, (o(0)) =
'é-a) T'(C-a)V 1 : ¢
1 1

1
one can write

where Z = [¢()(In)*"'dG() and F = [ Ly, (0(€)) %. Analogously, for J, ¢ € [1, ], and (w,z,v) € U,
1

)F<+m,

1 -
+ — E)F<+oo,
I'(y-a)V,

1
B, = (

+ 1~
I'y) 1TV,
1

Hnry —
D{,Bx(2)(3) = (F(V @)

and

[

1
B;(n(Q) = (F(,B)+

1 \~
D By»)() = (F(ﬁ_ i~ E)F < +oo,
- 1

where E = f g0 (In)""' dGO), F = f Ly, (5(0) &

[[E= f g0 (In3¥" dG(J) and F = f Ly, (G(0) 4.
Thus, B (Q) is bounded. After that, we show that 7 D{.B(U ) is equicontinuous. For this regard consider
11,1 €[1,e] with ]| < 1. Then, for (v,w, z) € U, we have

AIMS Mathematics

D%, (Biw) () =" DX, (Biw) ()|

Volume 10, Issue 10, 24061-24092



24077

jv%&xh@uiﬁﬁwwﬂm”@»%

1

_ f DD (O Ly, (%("’W“)’HD‘T*W“)))OZ??

| ‘
1

= Janm) = an o] f L, (R (€00, DEw(0)
1

T'Q) [hDD (0 dGQ) -

. o . de
#fn 3 =z e = f Ly, (R (€.w0." Diw(0))
] f |(an —Ino) T —(nh-Ino) " f Ly, (R (6.w(0).” DY w(g)))df

T(-a) 1 ’ mATAR TR T ¢
1 1

e

f Ly, (R (£.w(0)." DYw(0))) d;

1

")
+ f ‘(1n32—1n£)"”"

IA

1 de
|(ln 32){—01—1 _ (lnjl){—a—l| F({ - thl (0’(5)) 7
1

e

dt
f Ly, (0(0)) 7

1

1
I'((-a

+

b}
f |(1n Y=o —(nkh-me) "
1

e

dft
\fumd@»;

1

+ f ‘(1n32—1n€)"”"

Similarly, we can obtain
D7, (B22) (1) =" DY, (B2) (30|

1t
< |(ln Jz)y—a—l —(In Jl))’—a—l| F(y - thz (o)) 7
1

e

— det
fbﬂdm?-

1

1
I'(y-a)

+

r
f '(m h-e) " —(nh—Iney "
1

&) e

+ f '(m L-Int)™" f Ly, (5(5))d—;,

r 1

and

D%, (Bv) (1) = Df. (Byv) ()|

AIMS Mathematics
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L, de
< Janzp - s [0, @0
1

e

1 _ae
TE—D f ‘(mzl —n&y " —(nkh-no) f Li, @)
1 1
+ f ‘(1n32—1nf)ﬂ‘“‘] f Ly, (E(f))d—;. (4.9)

r 1

Since (In)™', (In3)”™ ", Anf "', nI-mo)", And=1ne) ", and (InJ—1n¢) " are
uniformly continuous, it follows from Lemma 2.6 and (4.7)—(4.9) that B(U) is relatively compact in
the space U. Therefore, by Lemma 4.2, we conclude that B: Q — Q is CPC. m]

5. Existence of positive solutions

In this section, we discuss the positive solutions to the HF differential system (1.1) with
conditions (1.2). Also, we consider here the functions R, R, and ‘R are continuous. To accomplish
this task, we present the following hypotheses:

(A,) There exist constants ¢ > 0 and ]y € (0, 1) such that for all (J,v,w,z) € [1,e] X [0, 9]® (where
[0, pT° = [0, p] X [0, 9] x [0, p]), we have

e -1
1 dt
(1[130)[—121 [f Dl (309 f) ?) s
ro

-1 (s
e
|
m(f D$.Dy (d,0) d—;)

7o

Ly, (R (6. w(©)." D}.w(0))) = 9 max

e -1
1 Y de
(anO)y—IZl [fal (JO’ 5) 7) s
ro

Ly, (R (€.2(0.7 D}.2(0))) > p max ) .
m [f 7D%.O; (30, 0) %)
il

e -1
m (f91 (%0, ¢) %") ’
70

Ly, (R (6.(0." D}.v(0))) > p max .
! ( J D321 Go, 0) %]

(InJ)y'Z,

where Z;, Z , and Z are defined in (4.1)—(4.3), respectively.
(A3) There exist a positive constant v > ¢ and functions o (), o°(€), o(£) such that for all (¢,v,w,z) €
[1,e] x [0, v]?, we get

R (6 w(©)." Diw(0) < o (O,
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GO,

IA

R (€.2(0." D}, 2(0))
R (€.v(0." D}.v(0))

IA

1
F(OUET,

with

Z f max{a(e,f),HD‘;a(e,f)}th(a(f))d?f < 1,
1

> ( = H e N -~ dt

meax{D(e,f), D“D(e,f)}Lhz(O'({’))? < 1,
1

_ _ ~ o dt
Zfrnax{D(e,f),HD‘lﬁD(e,f)}Lm(O'(f))? < 1,
1

where Z, Z and Z are defined in (4.1), (4.2) and (4.3), respectively.
(A4) There exist nondecreasing functions ¥, «, 0 : R! — R, and functions o(£), o(¢), o(¢) such that

R (LW DEw(l) < (09T (w),
R (€207 DL(0) < FOKRT),

R 6.V Div©0) < F(OBT),

3
for all (,v,w,z) € [1,e] X (Ri) , where o, 0 and o are defined in (Ay).
(As) There exist a positive constant M and, the functions (), o(£), o°(£) such that

fal (e, 0) ZLy, (0 () F,
1

M

= ST =y e
O (e, ) ZL,, (T(0) %, < (9(M), K(M), o(M)}’

max

O (e, ) ZLy, (G(0)) &

_%N_%N

(Ag) There exist functions o (£), o(£), o(£), which are defined in (A() such that
Ly, (93 (L, %1, @1)) = Ly, (93 (L, %2, @))| < N1 (0) 11 = %o + Nror () |w) — @,
Ly, (R (%1, @) = L, (R (6, 2))| < NiG(0) ey = 22l + NG (0) [y = ]
Ly, (‘R (5,%1,51)) - Ly, (% (¢, %2,132)) < NiG(0) %1 — 23] + NoG(£) |, — @1

and

%{)Z (N1o () + Nro(£)) < 1,

=z (ﬁl F(0) + 1“\725(5)) <1,
nsZ (N1 () + Nza(f)) <1,
for all »,, @, %,, >, € U, where Z;, Z, and Z are defined in (4.1)—(4.3), respectively.
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Theorem 5.1. There exist at least one positive solution to the problem (1.1) with conditions (1.2),
provided that the hypotheses (Ag)—(A3) hold.

Proof. Assume that ¢; = {(w,z,v) € Q : |wl| < g, [lZll < o, |Vl < p} with 0 < w(),z(9),v() < g, for
each (w,z,v) € QN 0¢, and all ] € [1, e]. Based on (A;) and Lemma 4.1, one has

e

de
B = [ D00 0Ly (R (w0 DEw0)
1
e e _1
. dt 0 dt
> fal(JO,f)(anOf ‘ZITXM{IDNJO,K)T]
= 9,
H na ( Hna H Nna df
DY Bi(w)(d) = f DD (0. &) Ly, (R (£ (), D1+w(5)))7

1

e e _1
det 1 det
Ape D, G0, O)(Ind) ' Z— x ———  — fHD%a 1o, &) —
f 1+01 (o, ©) (In 1p) 17 X(lnlo)g_‘HZl 1+21 (o, 0) 7

\%

o o

Similarly, we have
By(2)(0) = 9, "D{.Bx(2)(0) = 9, Bs(n)(0) = 9, "D} B3(v)(%) = 9.

This implies that

IBowll = max {|1Bywlly. | D5, Biw||,} > .
1Byl = max {||Bazlly .|| DY Boz|,} = 0.
Bsvil = max {IIBsvlly, DY Bav]| | = 9.
Hence,
B (w,z,v) = max {|[Biwl.|IBazll . I BsvIl} > 9 = lI(w, 2, I (5.1)

Again, let ¢, = {(v,w,2) € Q : ||| < v, |W|| < v, |izll < v} withv > p. Now, for any (v, w, z) € QNdp,
and for J € [1, e], we have 0 < v(J), w(J), z(3) < v. According to (A3) and Lemma 4.1, we can write

e

f O (. ) Ly, (R (€. (D). D}.w(D))) d—;

1
e

dt
fDl (e, ) ZuLy, (o(£)) 7

1

By (w)(Jo)

IA

e

dft
vz f 21 (e.0L, @)

1
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= U’
e

f D50 (0. 0) L, (R (£ w(0).” DYw(0))) %

1
e e

de dt
f DD (e, ) ZuLy, (o(0) 7 =vZ f D1 (e, 6) Ly, (o(0)

ro 1
= V.

DY Bi(w)(d0)

IA

Analogously, we have

Bx(2)(J) < v, "D} B2(2)(%) < v, Bs(v)(%) < v, "D B3(v)(%) < v.

Hence,
Bl = max{IBivlly. |["Df. Biv],} < v,
1Bowll = max{[IBuwlly. || Df. Baw],} < v,
1Bzl = max {||B3Z||o , |HD(1X+B3Z||O} <.
Therefore,
B(v,w,z) = max {||Bvl, [|Bowll, [|1Bszll} < v = I(v,w, 2)]]. (5.2)

Thanks to Lemma 4.3, the mapping B is CPC. Then, by (5.1), (5.2) and Lemma 2.4, the mapping B
has at least one FP, which is a positive solution to the considered problem. This finishes the proof. O

Theorem 5.2. Via hypotheses (Agy), (A1), (A4) and (As), the HF problem (1.1) with conditions (1.2)
possesses a positive solution.

Proof. Assume that V = {(v, w,_z) € 0 :|l(v,w,2)|l < M}, then V C Q. Based on Lemmas 4.2 and 4.3,
we have that the mapping B : V — P is CPC. Now, if there are (v,w,z) € 0V and ¢ € (0, 1), we have
(v,w,z) =B (v,w,z), hence, by (A4) and (4.4) for J € [1, e], we can write

e dt

Bi(w)(3) =1 f O (.0 Ly, (R (f,w(ﬁ),HDgaw(f)))7

w(d)

1
e

< f O (10 Ly, (R (€.w(0)." D‘lﬁw(f)))d—f

1
e

L dt
fE) G, 0 Ly, ((T(f)l?hl*‘ (w)) 7

IA

IA

1
e dt
19(||W||)f91 (e,0) ZLy, (0'(5))7
1

e

dft
(s w, 2D f 216, 0ZLy, (o(0)
1

IA
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which implies that

e

[Iwll
o w T f 21 (0.0 2L, (1) (53)
Similarly, one can obtain
IEl o at
Ao w 2l = f (e, 0 2Ly, (00 5 (5.4)
1
and
L ~ __dt
B0 w21 f (e 2Ly @O 53
1
It follows from (5.3)—(5.5) that
(v, w, 2l

max {J(||(v, w, 2)I), k(ll(v, w, 2)ID), o(lI(v, w, 2)ID}

e at (= _ At (= o ar
< max { f D1 (e, OZLy, ((E) f D1 (e, O 7Ly, (0D f 3\ (e,0) 7L, (0(5))7}.

1 1 1

From (Ay), ||(v,w, 2)|| # M, this means (v, w, z) ¢ dV. Hence, by Lemma 2.5, the mapping B has an FP
(v,w, z) € V, which is a positive solution to the HF problem (1.1) with stipulations (1.2). m|

In the next theorem, the Banach contraction principle (BCP) will be applied to discuss the
uniqueness of the solution of our purposed problem.

Theorem 5.3. Under the assumption (Ag), the HF problem (1.1) with conditions (1.2) owns a unique
positive solution, provided that N < 1 where

o () () o)1= =
N:max{mZ( +N,), T (N Nz) I,(B)Z(N1+N2)}<1.

PI’OOf. For all J € [l’e]’ Vi, V2, W1, W2,21,22 € U, we get

[B1(w2)(3) = Bi(w)(D)|

e

f D (3,0 Ly, (R (€.wa(0." Dywa(0))) 7 i

1

e

_ f O (.0 Ly (R(6.wi (0. D +W1<5))) <

1

e

< f D(J,f)'th( (€. wa(0)." DYows(0))) - Ly, (‘R({’,wl({’),HD‘l’+wl(5)))'d_f

1

AN
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e

dt
< f 21 (O Z (M (@) wa(6) = wi(O)] + Naor(6) | Diwa(6) =" Dfowi (0)])
1
4
< %nm —WllZ(N, + Ny, (5.6)

Similarly, one can write

o(0)

1B2(22)) ~ Ba(e)Dl < S llea =l Z(N +Ny), (5.7)
and St
Bs(r2)() = B < - Eﬂ)) vy = vill Z(Ny + ). (5.8)

It follows from (5.6)—(5.8) that

max {|B(w», 22, v2) — B(w1, 21, vi)l}
l(Bows, B3za, Biva) — (Bowy, Bazy, Bivy)l|
l(Bawa — Bow, B3zo — B3z, Biv, — Biv))||

[[B(w2, 22, v2) — B(wy, 21, vi)l|

< Nlwa=wi,z2 —z1,v2 = vill,
where
o(d) D55 . vy Dz .
N = —Z(N1+Ny)), ——Z|\N, +N,), =—Z(N, + N,) ;.
o Fig 7 0+ N L7+ ). £ (R )
Since N < 1, this implies that B is a contraction mapping on a Banach space U . Hence, by BCP, B
owns a unique FP, which is a unique solution to the HF system (1.1) with conditions (1.2). O

6. Supportive examples

The main goal of this part is to bolster and validate our theoretical findings with a few practical
examples.

Example 6.1. Consider the following HF problem:

Ly ("DivO) + R (L. DLw®) = 0, 1€ (,e)

Ls (HD1+W(J)) + R (420 D0.20) = 0, e (L,e),
L ("D}20)) + R (20 D) = 0, 1€ 1)

v() =v' (1) =0, ve) = i Ay (6;3) + feg(J)v (3 dG(Q), (6.1)
k=1 3

w(l) = w/(1) = 0, w(e) = kil Tow (ek'a) + [20w @ dGQ),
= 1

)= 2(1) =0, 20) = £ Aow(e") + 3010 dGO)
= 1
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~ = - - 1
Where{:)/:ﬂ:%a 2,/1k—/1k—/1k—ﬁ,PkZPkZsze’é,Pl=4,h1=§,P2=3,h2=%,

p3=2.h3=2.80) =) =8 = ()7,

_ . 0, J€[0,%),
GOH=G60)=GIH = 3,1]€ [e 2e]
1, Je e]

R (J, w()," D2, W(J))

— 3n(Ind)3(1-In))3

| 3 i
SR (w3+(HDlaw) ) (J,w(J),HDlaw(J))e (1,e)x [0, 1] % [0, 1],

1
%, (J, W(J),H D12+W(J)) (S (l, e) X (1, +oo) X (1’ +OO),
37(In))3 (1-In))3

§§ JZ(J) D +z(3))

1 \3 1
S W— +(HD$+Z) ) (2200 DzO) € (L) x 0,11 x [0, 11,
37r(ln")3(1 InJ)3

- (J, 2 D%+z(1>) € (1,€) X (1, +00) X (1, +00),
3n(n3)3 (1-In3)3

an
R (J, v ). D%v(J))
1 \3 1

S (vS " (HDav) ) (J, v().H D@v(J)) e (1,e)x [0, 1] % [0, 1],

_ 3x(n )3 (1-In))3
1
e (J, vO).H Dlﬂv(J)) € (1,e) (1, +00) X (1, +00).
3n(In))4(1-In))4

Now, to check reveal the influence of R, we simplify the expression of R as

RO, %, @) = 11 - (#* + @) for (%, @) € (1,e) x [0, 1] x [0, 1],
37(Ind)3 (1 = InJ)s

and draw the function ‘R in Figures 1 and 2.

Figures 1 and 2 visually represent the singular nonlinear terms of ‘R. Given the similarity between
R, ‘)TK and "g, we omit the influence of ‘)7{ and ‘)’i for brevity. Notably, the nonlinearity exhibits
singularities at ] = 1 and e. Despite these significant singularities, and in order to guarantee the
stability and robustness of the equation’s solutions, the nonlinear term can still be controlled by an

integrable function.
By simple calculations, we have

_ - 1 1\2 - 1 1w
V-V — } -1 _ } _ 3 =1 _ § ~1__2
V=V=V=1- Aln(op)™ =1- 21n(€k3) =1 PETE ~ 1 6 ~ 0.94533,
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Figure 1. The singularities of R at r = 1 and r = e in the case of x = 1.

3.0 0.0

Figure 2. The singularities of R at r = 1 and r = e in the case of x = 0.5.

AIMS Mathematics Volume 10, Issue 10, 24061-24092.



24086

e

vV, = %}:ﬁ:V—fg(a)(an)K—IdG(J)

1
: :
3(lnf)6 - ln%
3 3

V- f (In3)¢ dGQ) = 0.94533 —
1

2.7368,

2

1 e 5
363 f(ln e dG(J) ~ 0.5632,
1

- 10
Z=Z=Z=1+—= | gDdG() =1
+ o [emaco =1+

1

and, apparently,
R (1w DLw®) € ——7 = 00),

. 1 n(an)%(l—an)%

R (J, z(J),HDliz(:)) <—1 =50,
. . a(lnJ)3 (1-Ind)3

R (J, Y, Dlzv(a)) <— 1 =F0.

a(lnl)4(1-Inl)4

Taking ¢ = %, Jy = 3, then for (1, %, @) € [1, ] x [0, 3] x [0, 3], we have

. -1
Ly (R (w7 Diw(D)) = =S ( J21G0.0 d?f] < +oo,

T (In))¢ 'z

- 3
(ln ) ;

. 21
Ly (R (3.20).7 Dy.209)) = +lz[ D1 (o, ) %) < 400,

) -1
Ly (R (3v0.1 D{vO)) = 75 [f 210 %) B
Jo

Further, for (¢, x, @) € [1,e] X [0, v] X [0, v], we have

meax {D (e,0),” DY.O (e, f)} th(O'(f))d—;
1

= meax{D(e,f),HD‘f+D(€,5)}( > z1 2)d_€
1 o) (1-nes) ¢

e

IA

1 Zf 1 de

mi0(Q) 1 (In)s (1 —1nf)s €

0.5632 (11 11
Beta| —

e ,— | ~0.1927 < 1,
m3i0(1.5) 9°9 )

meax {5 (e,0) H Dcl'+5 (e, f)} Lhz(a(f))d—;
1
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and

_ - ~ 1
meaX{D (e,f),HD;aa(e,f)}( 1 , ]
: 72 (In )3 (1 - In&)3

T 1 de
1 A 1 .
wl(y) J (33 A -t €
Ol’sﬁBeta (A—L, A—L) ~ 04281 <1,
n:(1.5) 33
— ( = Hpnae N p— df
Z | max {9 (e.0), D1+D(e,€)}Lh3(0'(€))7
1
_ ~ ~ 1
zfmax{a(e,e),HD7+a(e,5)}[ — )
/ 72 (In))s (1 —1InJ)s

e

N

1 = 1 d
3 Z 3 9 "
LB J (s (-3 ¢
0.5632 17 17
Beta(

= —, —1~0.0974 < 1.
w3 T(1.5) 8 8)

dt

¢

dt

¢

Therefore, all requirements of Theorem 5.1 are satisfied. Hence, the problem (6.1) has a positive

solution.

Example 6.2. Consider the BVS (6.1) with

1 1 3\3
R (1w Dlw®) = ——— (W3 + ("Dhw) ) ,
372(InJ)3 (1-1n)3
~ 1 1 3 2
R (120 Dla0) = ——L— (z3 +("p}.z) ) ,
37(InJ)3 (1-InJ)3
— 1 1 3
R (2. Df+v(3)) S R— (v3 + (HDIZ+V) )
3n(Ind)4 (1-In )4

Hence, for all 3, v,w,z) € [1,e] X R! x Rl x R!, we conclude that

where

AIMS Mathematics

R (3’ wd)." D?w(i)) < (9T,
R (3’ 23" Diz(J)) < FOKRT,

—_

R (J, vO)H Div(J)) <G00,

3
o)) = 1 -, Ow) =wd + (HDiw) ,

37r(]n3)%(1—1n1)§
~ 1 SN TSR
o) = ) 7, k(2) =2 +(Df+z),
37(Ind)3 (1-1nJ)3

- 1

o)) =

L \3
, 0(v) =V + (”Dlz+v) )

3 3
37(lnd)% (1-Ind)3
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Therefore, the condition (Ay) is true. Taking M =1 > 0,

fal (e, t) Zth (O'(t) %
1

M
max {(H(M), k(M), o(M)}’

max{ [ (e, ZLy, @)L, 1 = 04281 <1 =
1

[ (e, ZLy, (G(0) &
1

Hence, the condition (As) holds. Therefore, all hypotheses of Theorem 5.2 are fulfilled. Thus, the
problem (6.1) has at least one positive solution.

Example 6.3. Consider the BVS (6.1) with

R (J, W) H Dliw(J)) = 2(n)} (1 —In D)} (w +2 (HD§+W))3 ,
R (J, ZO).H Diz(z)) = 2(n)} (1 —1n )} (z +2 (HDf+z))2 :
R (290 Divd) = wan Dt (1 =02 (v+2(7DLv)).

By simple calculations, we can write

Ly (ﬂR (J, Wi O).H D%+W2(J))) ~ L, (‘R (J, wo(3),H2 D%Wz(D))'

‘71 () (1 =1n)¥ (wr +2("Dfowi)) = 7D (A =10 (s +2("Djws))

7(nd) (1 -1InJ)i

IA

1 1
i = wal +2["Djows = Diwy |
where Ny = 1, Ny =2,0(Q) = n(an)% (1- an)%. Also,

Ly (s)?\ (J,ZI(J),H D%ZKD)) ~ Ly, (‘)~% (J, M D%Zz(D))'

‘n ()} (1 - In )} (zl +2 (HD%+ZI)) a1 -1y} (2 +2 (HDf+z2))

IA

1 1 1
20D} (1 = In])} [|Z1 ~zl+2]"Dhz D;+z2” :

where Ny = 1, N> = 2, 5(r) = n(Ind)’ (1 — In))}. Similarly, we have N, = 1, N> = 2, 5(r) =
x(nd)3 (1 —Ind)?.

Furthermore,
L7 (N () + Nyo(£)) = 0.7365 < 1,

(Nlo'({’) + Nzo'(f)) 0.7365 < 1,
(Nla(f) + Nza(f)) 0.7365 < 1,

F(()

which implies that

¢
N = max {%Z(Nl +N), ?E)) (N +N2), Fgﬁ)

Therefore, all hypotheses of Theorem 5.3 are fulfilled. Hence, the BVS (6.1) has a unique solution.

Z(N1 + Ng)} =0.7365 < 1.
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7. Abbreviations

DE=differential equation.
HF=—=Hadamard fractional.
FP—fixed point.
RS=—=Riemann-Stieltjes.
BVS=boundary value system.
CPC==completely continuous.
BCP=—=Banach contraction principle.

8. Conclusions and future work

This paper rigorously investigated the existence and uniqueness of positive solutions for a singular
p-Laplacian hybrid fractional DE. The study considered this equation under infinite-point boundary
conditions and nonlocal integrals. Utilizing the Leray-Schauder-type Guo-Krasnoselskii FP technique
and the BCP in the framework of cones, the study first derived and analyzed the properties of
the Green’s function. A key contribution was the successful demonstration of solution existence
for singular nonlinearities, which represented a significant generalization over prior works. The
uniqueness of these positive solutions was then conclusively established. This explicit inclusion of
singular nonlinearities, despite inherent analytical challenges, revealed that solutions remained stable
and dependable under appropriate integrability conditions.

Future research could explore the impact of individual factors on engineering applications, focusing
on solution durability and stability. Additionally, researchers could investigate the existence and
multiplicity of solutions with various nonlinearities (e.g., critical growth or sign-changing behavior),
analyze the influence of varying fractional orders and infinite-point boundary conditions, and extend
these findings to more general operators like those with variable exponents or nonlocal terms
beyond the fractional Laplacian. Developing numerical methods and computational simulations to
approximate and visualize these positive solutions would also offer practical insights for scientific and
engineering applications.
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