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1. Introduction

In 1943, A. N. Tikhonov [1] pointed out the practical importance of ill-posed problems and the
possibility of their stable solutions. The concept of a regularizing algorithm and the related concept
of a regularized family of approximate solutions, along with the introduction of a positive parameter
a depending on the error of the initial data, were first noted by M. M. Lavrentiev [2, 3]. Biharmonic
equations, which are fourth-order partial differential equations, play an important role in continuum
mechanics when modeling the behavior of elastic plates under load, as well as in low-Reynolds-number
hydrodynamics. Despite the linear nature of the biharmonic equation, the integration of some particular
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formulations of boundary value problems, for example, a plate clamped at the boundary with a uniform
load or conductive-laminar free convection in a cavity, whose solution’s existence and uniqueness were
proven in [4], causes a number of difficulties. We consider a bounded open domain Q of R”, with a
regular boundary I' and / = [0, 7], and T is a real number. The main objective is to show the global
existence and finite time blow-up of the solution to the following hyperbolic p(x)-biharmonic problem
subject to homogeneous Neumann boundary conditions.

32
a—: + A(AuPD 2 Au) — oA, = ¢(x, u) + f(x, 1), inlxQ,
u=c, Au=20, onl,
0 1.1
5 (8u 2 Muyde = 0, onT, (1.1)
n
0
M(O, -x) = Uo, _u(oa x) = Uup, on Qa
ot
where o > 0 and ¢ is a continuous function satisfying
B, w)| < Blul™™ +, (1.2)
forsome y,8>0,1 <m™ <m(x) <m* <ooifn < px)and 1 <m™ <m(x) <m* < %ifn>p(x),
and .
O(x, u) = f P(x, s)ds, (1.3)
0
here, p € C(Q, (1, %)) such that
l<p <plx)<p’ <o (1.4)
with .
p~ =inf p(x),x € Qa.e,
p* =sup p(x),x € Qa.e,
and m(x) satisfies the log-Holder continuity condition
B
[lm(u) — m(v)| £ —————, a,b € Q (1.5)
log|a — b|

with
la—bl <6, B>0,0<06<1.

The following problem was considered by M.-M. Boureanu et al. in [5]:

A(AuPP2Au) + a(x)ulPO~2u = Af (x, u), for x € Q,

u=c, Au=0 for x € 0QQ,
0 _

Jye 7, (A" AuydS = 0.

The authors studied a fourth-order variable-exponent p(.)—biharmonic problem subject to a no-flux
boundary condition. They proved the existence and multiplicity of weak solutions by employing
variational techniques, including the mountain-pass theorem. Authors in [6] proposed a nonlinear
dissipative wave p(.)—bi-Laplace equation in variable-exponent Sobolev spaces,

uy + A(div (JAulPO72Vu)) + plu"u, = blul™u.

AIMS Mathematics Volume 10, Issue 10, 23943-23957.



23945

They derived sufficient conditions for the finite-time blow-up of solutions with negative initial energy
using energy methods. N. T. Brahim et al. [7] considered the following high-order degenerate parabolic
p-biharmonic equation with a memory term:
IB(u)(t, x)
t

— Au(t, x) = f(t,x) — K(D)(w)

with

(K(®(w),v) = f f a(t — $)k(s, x, Au(s, x))dsAv(t, x)dx.
0

Q
The authors proved the existence, uniqueness, and qualitative properties of weak solutions using
Rothe’s method combined with a mixed finite element method. Through this framework, they
established a priori estimates and verified the convergence of the numerical scheme. In [8], the authors
addressed an evolution equation involving the nonlinear p-biharmonic operator

u; + Af,u —alAu = f(x,1).

They focused on establishing the existence, uniqueness, and regularity of weak solutions by applying
classical functional analysis. Then, the authors studied its fully discrete numerical formulation, proving
the existence, uniqueness, stability, and convergence order of discrete solutions using Brouwer’s fixed-
point theorem and mixed finite element methods, and validated the theoretical findings with numerical
experiments; see [9, 10].

Recent years have witnessed increasing interest in the study of high-order partial differential
equations due to their many applications in various fields, such as elastic beam deformations [11], thin
film theory [12, 13], mathematical modeling of non-Newtonian fluid motions, and image inpainting
and restoration problems [14]. In this context, evolution p-biharmonic equations have drawn the focus
of many mathematicians; for example, in [15], the authors proved the well-posedness of the solution
and provided some numerical results for parabolic and degenerate parabolic p-biharmonic equations,
respectively, with a constant exponent, using the M.F.E method combined with the backward-Euler
method. Comert et al. [16] has shown the global existence and exponential decay of solutions
for higher-order parabolic equations with logarithmic nonlinearity. Recently, the authors in [17]
investigated the blow-up of the solution for some parabolic p(.)-biharmonic equation with a variable
exponent. Other interesting results can be found in [18-20].

In the present work, the critical criterion to identify finite time blow-up or global existence of a
hyperbolic p-biharmonic equation with no-flux boundary conditions and a variable exponent is studied.

Note that the no-flux problems are related to impermeable surfaces for certain contaminants.

Our paper is organized as follows: In Section 2, we introduce some fundamental notations and
materials required for our work. Then, we establish in Section 3 some necessary a priori estimates and
discuss the existence of global weak solutions to problem (1.1) using the Galerkin method. Finally, we
address the blow-up of the solution subject to negative initial functional energy in Section 4.

2. Preliminaries
Letp e C(ﬁ, (1, 00)) satisty the growth condition

1
) = (&) <~ C  Wp-é&< 5 @.1)

I — &l
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for some ¢ > 0.

Definition 2.1. We introduce the variable exponent Lebesgue space LP“(Q) as follows
LPY(Q) = {(D : Q = R, ®is measurable : fld)(x)l”()‘)dx < oo},
Q

with the Luxembourg norm
D(x)|px )
IDll oy = inf {4>0: f‘ DI < 1).

Note that (LP(Q), ||.l|swqy) is a separable Banach space, see [21].

Definition 2.2. Let Wg’p (')(Q) be the space defined by
WP (Q) = (@ € WO(Q): ; DD =0, Yar € N" such that |a| < 1},

over the space Wé’p (Q), 1A and || - lw2roq) are equivalent.
Remark 2.1. Let p and g € C(Q, (1, c0)) such that
1 1
+—=1
rC)  q()
1) If p(x) € [q(x), ), then
Lq(')(Q) PN Lp(')(Q).

2) For (u,v) € LPO(Q) x LI1(Q), then
V)@ < (—+ qT)||M||u<x>(Q)||V||Lq<x>(g)~
3) Forall u € LP™(Q), then

i1 0 100 0} < f e < max {0 10 -

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

4) Let m(x) : Q — R be a measurable function. Then, the embedding WP (Q) c L™™(Q) is

continuous if

p(x) <m(x) < L(x)a.e, Vx e Q.

n—kp(x)
3. Existence results
Theorem 3.1. Let uy € W>*O(Q) N Wé’z(Q), u; € L2(Q) be given functions and assume that
eitherm™ <2or2<m" < p".

Then the problem (1.1) admits a weak solution u : I X Q — R, T < oo, such that

(2.8)

3.1
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1) ue L2((0,7),V), V = {u e WO(Q) N Wy (Q), |ul? e LX(Q));
2) w' € L¥((0,T), LX(Q)) N L=((0,T), V);
3) uy + AJAuUPD2Au) — oAu, = ¢(x, u) + f(x,t) a.e. in L*((0,T),V").

Proof. Let us demonstrate that the solution u exists in V. The weak solution of our problem will be
u=u+c.
Let {e;};2, be the orthonormal basis of Wg ’Z(Q) that satisfies

—Aei = Ae;, if x € Q,
~Ne, = e, if x € Q, (3.2)
e; =0, ifxel.

Let E; ={eq,...,e;) and

fMuvdx:funvdx+fIAulp(x)_zAuAvdx+JfVu,Vvdx—fqbvdx—ffvdx, Yv e E;. (3.3)
Q Q Q Q Q Q

For [ € N*, we consider the Galerkin approximate solution

!
= Cilthe,(), (3.4)
i=1
such that
Muy,e)=0, i=1,..,1,
35
{ w1 (0) = oy, uy(0) = uy, (35)
where
! !
up = ) (o, edei, =Y (Unedei,  Ci= (ulx,0), (), (3.6)
i=1 i=1
and
gy — up in W*(Q) N W(Q),  uy — uy in L*(Q). (3.7)
From problem (1.1), we derive the system below consisting of [ differential equations
u' (1) = —(Alw"O A, Aey) — o (Vou, Ver) + (p(w), e) + (f, e, (3.8)
ui(0) = (uo, €;), u;(0) = (Uy,e), i =1.., '

where (., .) is the L? inner product. Note that the solution u; of (3.8) is ensured by the standard theory
of ODE in [0, #]. A priori estimates that will be proved below demonstrate that the solution u,(#) can
be extended to [0,T], T > 0. Multiplying each equation in the system (3.8) by C!(#) and summing with
respecttoi = 1,..., 1, we obtain

d 1 . 10,u(1)
d_;[ fg @lAul(t)lp( Vdx + L ’de— j; CD(x,u;(t))dx]

+ﬂWMW&miﬁMMML (3.9)
Q
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which implies

fm+ﬂwmmm‘fwwm
Q

2
J@) = f L|Aul(t)|!’<x>dx+ f [0, (0) dx — f O(x, uy(1))dx,
QP(X) Q 2 Q

where

is the energy functional.
To prove this theorem, we need some a priori estimates, which are given in this lemma.

Lemma 3.1. There exists C > 0, such that

T
2 2
sup [[1u]112, g + f A ()P Vdx| + o f IV6}112, s < C.
Q 0

1€[0,T]
Proof. Substituting e; in (3.5) by u;(7), we get

), up) + (Aug”O7 A, M) + TV = (95 1) < f 2l ).
Taking the integral on [0, ¢], we get

(P gy
2

!
stmm@wmmm@w&
0

This implies
L o, |Auy(1)]7 !
§||M1(f)||Lz(Q) + de + ; 0'||VM1(S)||L2(Q)dS + CD(X, uo)dx
d 1
Sf 2l (Sl 2 s + 5””11”%2(9) + ﬂlAu(),l”(")dx + f(D(x, u)(1))dx.
0 Q

Taking into account (1.2) and for m* < 2, then we obtain

f'fm o(x, s)ds|dx
a'Jo
ffl ,Blslm(")_1 +y)dsdx

Jugy |
< j‘ ~dx-+ Yo

tf@mmmwx
Q

IA

< C(”ul”LZ(Q) )
2 2
< 2C(tf ”u;”LZ(Q)dS + ”uOl”LZ(Q) + 1)
0
<

!
L ! )
C(tﬁ [5””1”0(9)+LE|AM1(S)I” dx]ds+ 1).

1 t .
- p(x)
0+LP(X)|AMI(S)| dx‘0+f0—||vul(S)”L2(Q) j;q)(x,ul(s))dxo

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Assume that

1
30 = Sl + [ SO (3.16)

Hence, the inequality (3.15) becomes

- ! ! 1 1 .
36+ f Vi) ()72 s + ct f [5lrilfa o, + fg 5 Ao dx|ds + 1)

0
!
1 |Autg |
2 o~ 2 (V)
< ”fHLZ([’LZ(Q))dS +c+ (1 + Ct)\f(; \.S(S)ds + Ellull”LZ(Q) + p(x) (317)
Now, for 2 < m* < p~, we have
1 m(x)
|DCx, w(n)ldx < B )| dx + yllwll L
Q o m(x)
1
< Cf o )IAuzlm(x)dJC + Cllugllpreo )
|Awy|?
S Cf 4 d.x + C”AulllLb(Q)
o m
< Cf IAull”dx+ Cllu[”Wz,p(x)(Q)
< Comax{Awll g 180l ) + Cllalhyzrosay
< C maX{””l”wZ,p(x)(Q)’ ”ul”Wz,p(x)(Q)’ ”ul”Wz‘fp(X)(Q)}'
Thus,
!
l 12 A P g Vu' 2 d
”ul(t)”LZ(Q) + ( )l I/ll(t)l X+ O-” u[(s)”LZ(Q) s
0
+C maX{””Ollep(r)(Q)’ ”uOl”Wz p(x)(Q)’ ”uOl”WZPW(Q)}
1
< f ||f||L2(Q)||M1(S)||L2(Q)ds + ||u11||Lz(Q) ﬂlAuozl"(”)dx
+C maX{””l”pr(x)(Q)’ ||ulllw2p(x)(g)’ ||ul||W2,p(.¥)(Q)}dx. (318)
Applying Gronwall’s lemma in (3.17) and (3.18), we achieve the proof of the lemma. O

Return to the proof of Theorem 3.1. Using the Lions-Aubin lemma, the preceding a priori
estimate enables us to deduce the existence of a subsequence of {u;} denoted {1} and a function u
where

w — win L*(I, L*(Q)),
du; — duin LX(I, LH(Q)),
up — win L¥(I, W"9(Q)),
Oy — Ouin L=(I, L*(Q)),
Au; — O in LA(1, Hy(Q)),

AIMS Mathematics Volume 10, Issue 10, 23943-23957.
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A" Ay = & im L1 (W ")),
’ ’ 1 1
¢(x, wy) — (x,u) in L™ (1, L™ (Q)) with — + — = 1,
m m
s = 1y in L*(I, (W " (Q))).
Let z
w= ) kiner
i=1
with k;(t) € C*[0, T]. Taking Eq (3.5), multiplying it by k;(f) and summing over i, we get
@it w) + (A 'O Ay, Aw) + o (Y, Vw) = (d(u)), w) — (f, w) = 0.

Applying integration to (3.20) on [0, T'], we get
T T T
—~ f Oy, Ow)d's + (a,ul,w)'o + f (|Aw|P972 Auy, Aw)d's
0 0

T T T
+0'f (Vo,u;, Vw)ds — f (p(uy), wyds — f (fyw)yds =0.
0 0 0
Taking the limit (m — oo) and using (3.19), we arrive at

T T T T
- f Ou, Ow)ds + (O;u, w)'0 + f (¢, Aw)ds + O'f (Vo,u, Vw)ds
0 0 0

T T
—f (), wyds — f (f,w)ds =0 a.e.
0 0
Let us prove that
3 |Au|P® Au
T |AuP
We choose w = u; in (3.21) and w = u in (3.22), we get

T r T
—f (O, Our)ds + (O, Mz)'o + f (A" Ay, Auwy)d's
0 0

o T T T
+§(Vu,,Vu,)‘o - f (B, u)ds — f (f, uds = 0,
0 0

and
r T T o T
- f (O, du)ds + (Dyu, u)' + f (¢, Auyds + Z(Vu, V)
0 0 0 2 0
T T
—f (p(u), u)ds — f (f,uyds =0 a.e.
0 0
The monotonicity of Ai(x) := A(laulPY~2Au) implies
T
AulPPAu;  |AVIPP Ay
- ,Au; — Avids > 0.
fo (Saar M A
AIMS Mathematics Volume 10, Issue 10
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(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

, 23943-23957.



23951

According to (3.19) and (3.23)—(3.25), we obtain

AVIPOA
f( - ™Ay IV|A lszu—Av)dSZO, Vv e CoU X Q).

(3.26)

Substituting v in (3.26) with u — k¢ and u + k¢, respectively, and passing to the limit (k — 0), we obtain

|AV|PO Ay
U ) Z 05
f -2 a)
|Av|”(x)Av
— ,Ap) < 0.
f C-Tap A9s
For some k > 0 and ¢ € C'(I X Q), and by the density of C;’(I X L), we conclude the proof.
4. Blow-up of solutions
Here, we consider that
£=0, JO)<O0, (up,U)>0, 2<p <p*<x<m.
Assume that
2n
2<p(x) < , n>2,
n—2
and
¢(x, u) = Blul"u, B> 0.
Let us define the energy function
1 1
J(@t) = f —Aul"Vdx + = f u*dx - B f —— [u"dx.
p(x) 2 ' o m(x)
It is easy to see that
T
Jit)+o f f \Vu,*dxds < J(0) < 0.
0 Jo
Theorem 4.1. The weak solution u of (1.1), which satisfies (4.4) and (4.5), is blowing up on
C
T" = 0
(o — D(H'(0))
where H is defined in (4.6).
Proof. To show the blow-up of the solution u, we need to define the following function
T
H(E) = (0P + o f f Vuldxds,
0 Ja
thus
H'(t)=2 f uudx + o f |Vul*dx,
Q Q
and
AIMS Mathematics Volume 10, Issue 10, 23943
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(3.28)

O

4.1)

(4.2)

4.3)

4.4)

4.5)

(4.6)

4.7)
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H" (1) 2ty u) + 20°(Vity, Via) + 2] |17

28 f ul"Pdx — 2 f |AulP@dx + 2 f |u,|*dx. (4.8)
Q Q Q

Consequently, by virtue of (4.1) and (4.5) and for k > 2, p* < k < m™~, we have

T
H'(H) > H"(t)+2K(J(t)+0' f f IVutlzdxds)
0 Q

> 28 f lul"Pdx — 2 f |AulPDdx + 2 f |, |*dx
Q Q
1 (x) 2 | |m(X) ’ 2
+2k | ——|Au|”Vdx + Iu,l dx — 2kB dx + 2k0 |Vu,|“dxds
o P(x) 0 Ja

m(x K X
2ﬁf 1—?)|u| ()dx+2f(ﬁ—1)lAul”( \dx

+(2 + &) f lu,|>dx + 2ko f f \Vu,*dxds > 0. (4.9)

\%

Therefore, H(¢) is positive and strictly increasing for all # > 0. This implies that H(¢) diverges as
t — T*. Inequality (4.9) leads us to

f ul"Vdx < CH"(1),  llulljoq, < CH" (1), f |AulPPdx < CH” (1). (4.10)
Q

Q

On the other hand, we suppose that 7" = co. Taking into account (2.5), (2.7), and (4.10), we get

A

fqulza’x < ClVullproo)
Q

1

T

IA

Cmax f Iulp()dx Iulp()dx

IA

C max [(H”(t))F, (H"(1))7™ ] 4.11)

Furthermore,

lul*dx

IA

Cllul |Lm<~>(Q)

Cmax flul’"()dx flul’"()dx

C max [(H”(t))F, (H" (1)) | (4.12)

5

IA

IA

Assume that H” > 1 and H” > 1. Using Cauchy-Schwarz, (4.11), and (4.12), (4.7) becomes

2 f |u,|>dx f luldx + o f |Vul*dx
Q Q Q

C(H" ()3 + H"(1)7). (4.13)

H'(1)

IA

IA

AIMS Mathematics Volume 10, Issue 10, 23943-23957.
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From this, we obtain

1 2+m 1
C(H'(1)) < H" (1), with , = max (S, —)if p” > 2,m™ > 2.
0 2m~  p~
Simple calculations give us
H'(O
H'(t) > © —oast—> T,

1
-1

(1 - C(H )" )

with
C
= - < o, p>1,
(0 - D(H'(0))
which leads us to the contradiction.
Using inequality (4.13), and for p > 2 and m > 2, we obtain

2 f |u,|>dx f luldx + o f |Vul*dx
Q Q Q

2
2zl ey + CollVullz -

*

H'(1)

IA

IA

According to (4.5), we get
14172,y d% < COmeo @) Ppoo(Vit) < Copmey(u).

Then, the inequality (4.17) becomes

H'(1)

IA

c|( fg Iul’”dx)%+( fg Iul'”dx)”%]
c( fg |u|’"dx)22+”(.

IA

Which implies that

2p~

H'(0)

(1 - “REH©O))

f lul"dx > C
Q

2+p~
—ooast— T".

1
-1

Theorem 4.2. Let u be a weak solution of (1.1) with a = 0 that satisfies (4.4) and (4.5). Then, ||ul|?

is unbounded in a finite time interval (0, T™), with

2
2|“40||L2(§2)

" ko — Uy —y'(0)

k>0,

where Y is defined in (4.21).

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

O

L2(Q)

AIMS Mathematics Volume 10, Issue 10, 23943-23957.
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Proof. Let ¢ be a function defined by

w(r) = f Ju(x, DPdx.
Q

Thus
1//’(t):2fu,udx.
Q
Then
N2 2
WOy = 4 fg uudx)
2 2
< 4( fg 2l fQ luldx)
<

awo [ ),

which gives us

) W' (1)
Llutl dx > 200

Thanks to (4.5) and (4.24) for k > 2, we have

lﬁ"([) 2f£; |I/t,|2dx + zﬁpm(x)(u) - 2pp(x)(Au)

U (1) + 2xJ (1)

> (k+2) f |u,[>dx
Q

')
(c+ 27

v

\%

This implies
(1) ok 2

> > 0.
W0 ~ 4y
Taking into account (4.1) and (4.26), we get

W'(@t) >0, t>0.
Simple calculation applied to (4.26) leads to

2
”u()”LZ(Q)

W(t) > - K> 2.
(1 _ lu<(uo—U|)—¢’(0))K*2

2 2
0l o)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

O
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5. Conclusions

We discussed a new type of boundary condition associated with the classical damped wave equation,
featuring an unusual bi-harmonic Laplacian. Its importance is due to its wide applications in science,
engineering, and real life. The novelty of our work is as follows:

(1) The first contribution is provided in Theorem 3.1, where we found that the solution exists globally
in time under a condition on the exponent variable (3.1) (m* <2or2 <m* < p7).

(2) The second novelty is in Theorems 4.1 and 4.2. Under conditions (4.1) and 2 < p~ < p* <k <
m~, the solutions blow up in two different finite times.

(3) The algebraic nonlinearity in sources is considered in a more general case with the function ¢
in (1.2).

We clearly found the impact of additional boundary conditions (no flux boundary condition) on the
behavior of the solution.
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