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Abstract:
functional dynamic equations defined on arbitrary unbounded above time scales.
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1. Introduction
In this work, we study the oscillation of the quasilinear functional dynamic equation

A
[ﬁl(s) Ao xA(s>] + Ba(5) [x(v(s)IP! x(v(s)) = 0 (1.1)

on an above-unbounded time scale T, where s € [sg,00)1, 5o > 0, 5o € T; a and b are positive real
numbers; 81, B> € Cq ([s0, 20)T, R*) such that

O Ar
K(s) := e T as § — oo;
S0 1 (I")
and v : T — T satisfies lim;_,, v(s) = oo. By a solution of Eq (1.1) we mean a nontrivial

real-valued function x € CL[T,, )y, T, € [s9,0)r such that B |xA|“_1 x* € CH[T,, ) and x

satisfy (1.1) on [T, co)r, where C,q 1s the set of rd-continuous functions. A solution x of (1.1) is
considered oscillatory if it is neither eventually positive nor eventually negative. Otherwise, it is called
nonoscillatory. We will exclude from consideration solutions that vanish in the vicinity of infinity.

Now, we provide some definitions on time scales. A time scale is an arbitrary nonempty closed
subset of the real numbers R denoted by the symbol T. It has the topology that it inherits from the real
numbers with the standard topology.

Definition 1.1. For s € T, the forward operator o : T — T is defined by
o(s) =inf{reR:r> s},

and the backward operator p : T — T is defined by
p(s)=sup{reT:r< s}

If o(s) > s, we say that s is right-scattered, while if p(s) < s, we say that s is left-scattered. Points
such that
p(s) <s<o(s), p(s) <s=supTor infT = s < o(s)

are called isolated points. If a time scale consists of only isolated points, then it is an isolated (discrete)
time scale. Also, if s < supT and o (s) = s, then s is called right-dense, and if s > inf T and p(s) = s,
then s is called left-dense. Points that are either left-dense or right-dense are called dense.

The graininess operator u : T — [0, o) is defined by u(s) = o(s) — s and if f : T — R is a function,
then the function f“ : T — R is defined by

£7(s) = f(o(s)) forall s € T.
Finally, the set T* is derived from T, that is,

T\ (o(sup T), supT), if supT < oo,
T" .=
T, if supT = oo.

Now, define the so-called delta (or Hilger) derivative of f at a point s € T*,
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Definition 1.2. Assume that f : T — R is a function and let s € T*. Then, we define f*(s) to be the
number (provided it exists) with the property that given any € > 0 there is a neighborhood U of s (i.e.,
U=(s—-09,s+06) N Tforsomed >0 such that

ILf (o () = f()] = fAS)o(s) =l < lo(s) = 1| forall reU.
Theorem 1.1. Assume that f : T — R is a function and let s € T*. Then, we have the following:

(i) If f is continuous at s and s is right-scattered, then f is differential at s with

flo(s) = f(s).

A —
Jr= u(s)

(ii) If s is right-dense, then f is differential at s if

lim L6 = f(1)
m-—-—

ros  S—F
exists as a finite number.

We refer the reader to [1-3] for more details regarding the theory of time scales. In dynamical
models, deviation and oscillation scenarios are often formulated by means of external sources and/or
nonlinear diffusion, perturbing the natural evolution of related systems; see, e.g., [4—6]. We also
refer the reader to [7-9] for the oscillation of differential equations, [10—12] for nonlinear differential
equations for dynamic equations on time scales, [13—15] for nonlinear dynamic equations on time
scales, and [16-18] for quasilinear dynamic equations [19-21]. Higher-order equations can be found
in [22] and the references therein. In particular, we highlight several oscillation findings for differential
equations, which are related to the oscillation results for (1.1) on time scales in the following. The
theory of oscillation has fundamentally depended on Euler differential equations and their various
generalizations. The second-order Euler equation

X'(s) + %x(s) =0, a>0 (1.2)

is oscillatory if and only if

> —.
“7y

Kneser-type (see [23]) are considered some of the essential oscillation criteria for second-order
differential equations, which utilize Sturmian comparison methods and the oscillatory behavior of (1.2)
to demonstrate that the linear differential equation

x"(s) + Ba(9)x(s) = 0

1s oscillatory if
1
liminf 5’8, (s) > T

Numerous works that derive Kneser-type criteria for various kinds of differential equations have since
been published in a similar manner. Some of these works are as follows, see [24-26]:
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(I) The linear differential equation

[B1(5)X' ()] + Ba(s)x (s) = 0

is oscillatory if

1
liminf 8, (s)K>(s5)B, (s) > T
(IT) The half-linear differential equation

(/I X ()] + o) 1x ()" x () = 0

is oscillatory if

" a a+1
lim inf s* .
s 20> (355)
(IIT) The half-linear differential equation

[B1(&) Y () ¥ (s)| + Ba9) Ix (9“2 (s) = 0

is oscillatory if

1 a+1
lim inf 57 (5)K“" (5)Bs (5) > (%) .

Recently, Hassan et al. [27] found some interesting Kneser-type oscillation criteria for the
dynamic equation

3 A
B[ ™ )|+ B0 I K0 = 0 (1.3)
as in the following theorem.
Theorem 1.2. [27]IfR := liminf,_,, K(s) > 0 and
K7(s)
. . 1 . 1 a a+l
liminf 5} () K (5) K C5) B (9) > s (=) (14)
where
v(s), v(s) < s,
[(s):= (1.5)
S’ V(S) 2 Sa

then every solution of Eq (1.3) is oscillatory.

Considering the above-mentioned theorem and influenced by the contributions of [23-25,27], this
paper aims to derive sharp Kneser-type oscillation conditions for the dynamic Eq (1.1) using the known
Riccati transformation technique for the cases where a < b, a > b, v(s) < s, and v (s) > s.
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2. Main results

At the beginning of this section, we will present a preliminary theorem and some lemmas that we
will use later to demonstrate the main results.

Theorem 2.1. Potzsche chain rule, see [1, Theorem 1.90] Let g : R — R be continuously differentiable
and suppose f : T — R is delta differentiable. Then, g o f : T — R is delta differentiable and satisfies

1
(g0 NA(s) = ( fo ¢(fs) + hﬂ(s)fA(s))dh) o).

Lemma 2.1. /28, Theorem 1] Let x(s) be an eventually positive solution of (1.1). Then,

2(s) > 0, (%)A (5) <0, x(s)> [,B{I’xAK] (s), and [,81 |)cA ! xA]A () <0 (2.1)
eventually.
Lemma 2.2. Let x(s) be an eventually positive solution of (1.1). Then,
b 1 K 1-c .
(s) < —xxiv((sj))ﬁz(s) — 4B () ( KU((S;)) & (92 () (2.2)
eventually, where ¢ := min {1, a} and
(o 2 PO (x* ) | 2.3)

x4 (s)
Proof. Let x(v(s)) > 0 for s € [sg,00)r. From Lemma 2.1, there exists an s; € [sp,00)r such

A
that (%) (s) < 0 on sy, 00)x. It follows from (2.3) that

cor = (g ) o

! apd (x“(5))" e
= X (S) [ 1 ()CA) ] (S) - m [ | (XA) ] (S) (24)
a A
x4 (s) x4(s)

From (2.1) and the Potzsche chain rule application, we get

A 1
(s)” _ _a [ f (1= 1) x(s) + ha” ()] dh] 2 (s)
x4(s) x2(s) | Jo
x(s) 1 x2(s)
(x”(s)) X (5)° O<ac<l,
>
ajj;;;, a1,
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aB;* (s)(;(gs)))l_azl ). O<as<l,
>
aﬁl_i (s)z7 (s), a>1,
= 4B, (s) ( If,_(fs)))l_c & (s).
Therefore, (2.4) becomes
As) < —xliv(ii))ﬂz(s) aBy (s )( KO_((S ))) 25 ()27 (s). 2.5)

O

The first theorem is Kneser-type to the second-order quasilinear dynamic Eq (1.1) in the case of
az>b.

K
Theorem 2.2. Leta > b and R := liminf L > 0. If
e K ()
a+1

Avi=Timinf B () K" @) K () K" TN (9) > oo (] 2.6)

where T is defined by (1.5) and
S, O0<ac<l,
Q(s) = 2.7)
o(s), a>1,

then every solution of Eq (1.1) is oscillatory.
Proof. If not, let x(s) > 0 and x(v(s)) > O for s € [sp,0)r. From Lemma 2.1, there exists an

A
S1 € [89, o) such that (%) (s) < O for s € [s1,00)r. Therefore,

P (s) _ (x(v(s)))b Fis)

x4 (s) x(s)

Ko\ (26D ™

( Xs) ) (K(sl)) K (s), v(s) < s,

>

x(sl) b b—a

(K(sl)) K" (s), v(s) > s,

K" (I'(s))

RKa(s) )

x(s) )7
where A; := m . Hence, (2.2) becomes
b 1-c
20 € A B) - aB ()(KU((S))) (92 (s). 2.8)
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Integrating (2.8) from s to v and letting v — oo, we get

Kb (T K@\ ™
()2 A f LR ((;))ﬁz(t)Af+ f X ()( K(,((’:)) (02 (1) A,

Now,

Bi(s) (XA (S))a @1

xa—(s) S 1.

Then, from the definitions of R, ¢, and A4, for any € € (0, 1), there exists an s, € [s;, c0)r such that, for
s € [$2, 09)r,

0 <y :=liminf K (s)z(s) ‘= liminf K* (s)

K (s)
K‘T()_

eR, K“(s)z(s) = ey, (2.9)

and
Bi () K™ (Q () K* (0 (5)) K (T(5)) B2 (5) > €A,. (2.10)

Using (2.9) and (2.10) in (2.5), we have
b(r
I LY

K (1)
+a f (Ko(t) ) I 1 K ze () K ()27 (1) At
s \KTO) g (K (1) Koo (1)

\%

00 a—1
e A, f - Krew
s BT () K (1) K7 (1)

L (K@ e 1
+ a(ey) ﬁ (K(’ (t)) : — At
Bi (1) K () K (1)

0 a—1
_ S/llAlf K (€, (1) At

1

s By () Ka (1) Ko (1)

00 la—1] a-1
vt | (Ifg(”) S Uy
- KOS g ke ke )

00 a—1
ELA, f KT RD
s B @K (0) K (1)

+ (R (sy)'* f ) laKa_l(Q(t)) At.
By () K (t) K (1)

v

The Potzsche chain rule implies that

! _1
(K =a f [(1-h) K@) +hK (@) "'dh K* (1) < ap,* O K (Q(1)). (2.11)
0
Now, from (2.11) and the quotient rule for derivatives, see [1, Theorem 1.20] we have that

( -1 )A_ (K @)* __ aK'(QQ)
Ka (1) K () K (o(1) 1315 (1) K (r) K2 (0 (1))
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Therefore,

LA, (< -1 \* | H‘llf“’ -1 \*
o(s) 2 — fs(Ka(t)) Ar+ (R @)™ | (Ka(t)) At

_ 8/11141 1 la=1| 1+é 1
= ke (S)+(8R) @)™ s o)’

which lmphes
8/] A a a— 1
141 < aK (S)Z(S) —a(gR)' 1] (gw)l-pa )

Taking the lim inf of both sides as s — oo, we obtain
el A1 < ap — a(eR)“™ (sy)' "o .
Since € and A; are arbitrary, we arrive at

A <ay — aR'“‘”tﬁ“%.

Let
Y=aRY X=qg, and U=y.

By the inequality

XU-vut<— % X7 vvso (2.12)

~ (a+ 1)ett ya’ ’ ’ '
we have "
s )
Rela=11\g + 1

which gives the contradiction with (2.6). O

The next theorem is Kneser-type to the second-order quasilinear dynamic Eq (1.1) when a < b.
K(s)

Theorem 2.3. Let a < b and R := liminf > 0. If
e K(s)
1 1 a a+1
Ay 1= liminf B (5) K (5) K™ (Q () K7 (5) K" (5D B2 () > oy, ( " 1) ; (2.13)
§—00 ala— a

where I and Q are defined by (1.5) and (2.7), respectively, then every solution of Eq (1.1) is oscillatory.

Proof. If not, let x(s) > 0 and x(v(s)) > O for s € [sy, c0)r. Then, Lemma 2.1 implies that there exists
A
an s; € [so, o)t such that x* (s) > 0 and (%) (s) < O for s € [s;, 00)y. Thus,

X (s) _ (x(v(s»)” Fis)

x4 () x(s)
b
(KI((V(S))) X (sy), v(s) <s,
>
(s v(s) > s,
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_ (K@Y
= /12( K (s) ) , (2.14)
where A, := x’~%(s,) . Substituting (2.14) into (2.2), we have
K [T(s)\" o (K@)
As) < — dz( Ié (E:)))) Ba(s) — aB;* (s) (KU((S;)) 75 ()27 (5). (2.15)

By integrating (2.15) from s to v and letting v — oo, we get

© (KT > 1 (K®O\ .
z(s)z/lzf ( )ﬁz(t)At+af 1—( ~ ) za (1) z (r) At.

Then, from the definitions of R, ¥, and A,, for any € € (0, 1), there exists an s, € [s;, o)t such that (2.9)
holds and

ﬁ% () K" (5) K"~ (Q(5)) K* (5 (5)) K" (T(5)) B2 (5) > A2 (2.16)
for s € [s;, 00)r. Using (2.9) and (2.16) in (2.5), we have

oo T\
A2 f (Klé (g))) Ba(t)At

00 1-c
e f (Iftf(t) ) I 1 K (0)ze () K (527 (1) At
* ® B¢ () K (t) K (1)

00 a—1
LA, f K~ Q) At

1

By (1) K@ (1) K (1)

e (T(EK@® N\ 1
+a(ey) j; (K‘f (t)) : " At
B () K (1) K (1)

< KNQ (¢
_ S/lezf (€ (1) As

z(s)

W%

\%

1

Bi (t) K (1) Ko (1)

00 la—1] a-1
ot [0,
s ) B (1) Ka (1) K (1)

The remainder of the proof follows as in the proof of Theorem 2.2 and hence is omitted. O

3. Examples

We clarify the strength of our results with the next examples.

Example 3.1. The second-order Euler dynamic equations:

(1) Fora>banda > 1,

A
[ﬁl(s)lxﬁ(s)l“‘lx%s)] b (P x(s) = 0.
F()K” (5) K (s)

AIMS Mathematics Volume 10, Issue 10, 23789-23802.
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(2) Fora<band(0 <a <1,

a—1 A @ _
i el Ao + x (o (I (e () = 0
1(9)K () K ()
a+l1
are oscillatory if R > 0 and a > RalaT] (%) by using Theorems 2.2 and 2.3, respectively. It

is well known that this condition is ideal for the second-order Euler differential equations

B W) X ()| + I () x(5) = 0,
B (5)K?*1 (s)

and

B W ()™ ()| + T Ix () x(5) = 0.
BE ()K" (s)

We note that the second-order Euler differential equation

B W ()™ ¥(9)] + X () x(5) = 0 3.1)
Bi (5)Ka*1(s)

a . a+l . a+l
has a nonoscillatory solution x(s) = Ka1(s) if @ = (a“j) . That is to say, the constant (ﬁ)

provides the lower bound of the oscillation for (3.1).

Example 3.2. Consider the second-order delay dynamic equation

[Vourwy] + il 2 (v(s))sgn (x(1(s))) = 0, (3.2)

RO \4/ s(o(s)v? (s))3

where a > 0 is a constant, R > 0, and v (s) < s on [ sy, ). We have

f"o Ar < Ar
_— = —_— =
v B A

by [2, Example 5.60]. Also, by the Potzsche chain rule, we obtain

K(s):j:%zr): sos%zgfs(f/ﬁ)AAr:g(f/F—i/:g),

1 50

and consequently,
timinf 6 (5) K'~* (© () K7 (5) K” (C() B2 (5
ﬁ(_) . ICIOIION

3
AIMS Mathematics Volume 10, Issue 10, 23789-23802.
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2

ﬁé_L}]' infl1 = <20 ’ 1_4i3
R6\3) TS o (s) v (s)
a 43
13(5)'

3\’
Applying Theorem 2.2 leads to the oscillation of all solutions of Eq (3.2) for a > (4_1) .

Example 3.3. Consider the second-order advanced dynamic equation

REELON x/(a(s»”

O'(S) 4 |xA(s)|

where a > 0 is a constant and v (s) > s on [ sy, 00)1. By the Potzsche chain rule, we obtain

K(s) = fs T f () Ar> - f (rs)A Ar = %(s5 — sg)
lim inf ﬁf () K72 (5) K" (Q (5)) K (5) K (T(5)) 8> (5)

5 4 So >
hmlnf 1— —) 1-
§—00 o (s)

x(v(s)) = 0, (3.3)

and then

\%

1
= a/ —
5
1
Therefore, Theorem 2.3 yields that every solution of Eq (3.3) is oscillatory if @ > 16—\/_3
R
4. Discussion
(1) In this paper, the findings presented are applicable across all time scales, including T =R, T = N,
and T = ¢ := {¢" : n € Ny, for g > 1}, without any restrictive conditions.

(2) We present some sharp oscillation criteria of the Kneser-type for second-order quasilinear
functional dynamic equations when a < b, a > b, v(s) < s, and v (s) > s. Our results represent an
improvement over previously established Kneser-type criteria, as detailed below: if a = b, then
criteria (2.6) and (2.13) reduce to

1 a+l
lim 1nf,31 () K™ (Q(5)) K“ (0 () K* (T(5)) B2 (8) > Rl (a jl_ 1 ) :

By virtue of
,31% () K™ (Q () K* (0 () K* (T(5) B2 () > ﬁll (s) K (5) K* (I'(5) B2 (),

AIMS Mathematics Volume 10, Issue 10, 23789-23802.
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and

1 a a+1 1 a a+1
w(ars) <memlayr) fro<R<t

Theorems 2.2 and 2.3 improve Theorem 1.2 (criteria (2.6) and (2.13) improve (1.4)).
5. Conclusions

(1) In this paper, we investigate new Kneser-type oscillation criteria for second-order quasilinear
functional dynamic equations defined on arbitrary unbounded above time scales. These results
apply to all time scales and improve related results in the literature, as explained in the
discussion section.

(2) Establishing Kneser-type oscillation criteria for a second-order dynamic Eq (1.1) would be

interesting, assuming that
< Ar
l/a < .
0 (r)

1
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