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1. Introduction

In this work, we study the oscillation of the quasilinear functional dynamic equation[
β1(s)

∣∣∣x∆(s)
∣∣∣a−1

x∆(s)
]∆

+ β2(s) |x(ν(s))|b−1 x(ν(s)) = 0 (1.1)

on an above-unbounded time scale T, where s ∈ [s0,∞)T, s0 ≥ 0, s0 ∈ T; a and b are positive real
numbers; β1, β2 ∈ Crd ([s0,∞)T,R+) such that

K(s) :=
∫ s

s0

∆r

β1/a
1 (r)

→ ∞ as s→ ∞;

and ν : T→ T satisfies lims→∞ ν(s) = ∞. By a solution of Eq (1.1) we mean a nontrivial
real-valued function x ∈ C1

rd[Tx,∞)T, Tx ∈ [s0,∞)T such that β1

∣∣∣x∆
∣∣∣a−1

x∆ ∈ C1
rd[Tx,∞)T and x

satisfy (1.1) on [Tx,∞)T, where Crd is the set of rd-continuous functions. A solution x of (1.1) is
considered oscillatory if it is neither eventually positive nor eventually negative. Otherwise, it is called
nonoscillatory. We will exclude from consideration solutions that vanish in the vicinity of infinity.

Now, we provide some definitions on time scales. A time scale is an arbitrary nonempty closed
subset of the real numbers R denoted by the symbol T. It has the topology that it inherits from the real
numbers with the standard topology.

Definition 1.1. For s ∈ T, the forward operator σ : T→ T is defined by

σ(s) = inf{r ∈ R : r > s},

and the backward operator ρ : T→ T is defined by

ρ(s) = sup{r ∈ T : r < s}.

If σ(s) > s, we say that s is right-scattered, while if ρ(s) < s, we say that s is left-scattered. Points
such that

ρ(s) < s < σ(s), ρ(s) < s = supT or inf T = s < σ(s)

are called isolated points. If a time scale consists of only isolated points, then it is an isolated (discrete)
time scale. Also, if s < supT and σ(s) = s, then s is called right-dense, and if s > inf T and ρ(s) = s,
then s is called left-dense. Points that are either left-dense or right-dense are called dense.

The graininess operator µ : T→ [0,∞) is defined by µ(s) = σ(s)− s and if f : T→ R is a function,
then the function f σ : T→ R is defined by

f σ(s) = f (σ(s)) for all s ∈ T.

Finally, the set Tk is derived from T, that is,

Tk :=


T \ (ρ(supT), supT), if supT < ∞,

T, if supT = ∞.

Now, define the so-called delta (or Hilger) derivative of f at a point s ∈ Tk.
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Definition 1.2. Assume that f : T → R is a function and let s ∈ Tk. Then, we define f ∆(s) to be the
number (provided it exists) with the property that given any ε > 0 there is a neighborhood U of s (i.e.,
U = (s − δ, s + δ) ∩ T for some δ > 0 such that

|[ f (σ(s)) − f (r)] − f ∆(s)[σ(s) − r]| ≤ |σ(s) − r| for all r ∈ U.

Theorem 1.1. Assume that f : T→ R is a function and let s ∈ Tk. Then, we have the following:

(i) If f is continuous at s and s is right-scattered, then f is differential at s with

f ∆(s) =
f (σ(s)) − f (s)

µ(s)
.

(ii) If s is right-dense, then f is differential at s if

lim
r→s

f (s)) − f (r)
s − r

exists as a finite number.

We refer the reader to [1–3] for more details regarding the theory of time scales. In dynamical
models, deviation and oscillation scenarios are often formulated by means of external sources and/or
nonlinear diffusion, perturbing the natural evolution of related systems; see, e.g., [4–6]. We also
refer the reader to [7–9] for the oscillation of differential equations, [10–12] for nonlinear differential
equations for dynamic equations on time scales, [13–15] for nonlinear dynamic equations on time
scales, and [16–18] for quasilinear dynamic equations [19–21]. Higher-order equations can be found
in [22] and the references therein. In particular, we highlight several oscillation findings for differential
equations, which are related to the oscillation results for (1.1) on time scales in the following. The
theory of oscillation has fundamentally depended on Euler differential equations and their various
generalizations. The second-order Euler equation

x′′(s) +
α

s2 x(s) = 0, α > 0 (1.2)

is oscillatory if and only if

α >
1
4
.

Kneser-type (see [23]) are considered some of the essential oscillation criteria for second-order
differential equations, which utilize Sturmian comparison methods and the oscillatory behavior of (1.2)
to demonstrate that the linear differential equation

x′′(s) + β2(s)x(s) = 0

is oscillatory if

lim inf
s→∞

s2β2 (s) >
1
4
.

Numerous works that derive Kneser-type criteria for various kinds of differential equations have since
been published in a similar manner. Some of these works are as follows, see [24–26]:
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(I) The linear differential equation [
β1(s)x′(s)

]′
+ β2(s)x (s) = 0

is oscillatory if

lim inf
s→∞

β1(s)K2(s)β2 (s) >
1
4
.

(II) The half-linear differential equation[
|x′(s)|a−1 x′(s)

]′
+ β2(s) |x (s)|a−1 x (s) = 0

is oscillatory if

lim inf
s→∞

sa+1β2 (s) >
( a
a + 1

)a+1
.

(III) The half-linear differential equation[
β1(s) |x′(s)|a−1 x′(s)

]′
+ β2(s) |x (s)|a−1 x (s) = 0

is oscillatory if

lim inf
s→∞

β
1
a
1 (s)Ka+1(s)β2 (s) >

( a
a + 1

)a+1
.

Recently, Hassan et al. [27] found some interesting Kneser-type oscillation criteria for the
dynamic equation [

β1(s)
∣∣∣x∆(s)

∣∣∣a−1
x∆(s)

]∆

+ β2(s) |x(ν(s))|a−1 x(ν(s)) = 0 (1.3)

as in the following theorem.

Theorem 1.2. [27] If R := lim inf s→∞
K(s)
Kσ(s)

> 0 and

lim inf
s→∞

β
1
a
1 (s) K (s) Ka (Γ(s)) β2 (s) >

1
Ra(a+1)

( a
a + 1

)a+1
, (1.4)

where

Γ(s) :=


ν(s), ν(s) ≤ s,

s, ν(s) ≥ s,
(1.5)

then every solution of Eq (1.3) is oscillatory.

Considering the above-mentioned theorem and influenced by the contributions of [23–25, 27], this
paper aims to derive sharp Kneser-type oscillation conditions for the dynamic Eq (1.1) using the known
Riccati transformation technique for the cases where a ≤ b, a ≥ b, ν (s) ≤ s, and ν (s) ≥ s.
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2. Main results

At the beginning of this section, we will present a preliminary theorem and some lemmas that we
will use later to demonstrate the main results.

Theorem 2.1. Pötzsche chain rule, see [1, Theorem 1.90] Let g : R→ R be continuously differentiable
and suppose f : T→ R is delta differentiable. Then, g ◦ f : T→ R is delta differentiable and satisfies

(g ◦ f )∆(s) =

(∫ 1

0
g′( f (s) + hµ(s) f ∆(s))dh

)
f ∆(s).

Lemma 2.1. [28, Theorem 1] Let x(s) be an eventually positive solution of (1.1). Then,

x∆(s) > 0,
( x
K

)∆

(s) < 0, x (s) ≥
[
β

1
a
1 x∆K

]
(s) , and

[
β1

∣∣∣x∆
∣∣∣a−1

x∆

]∆

(s) < 0 (2.1)

eventually.

Lemma 2.2. Let x(s) be an eventually positive solution of (1.1). Then,

z∆(s) ≤ −
xb (ν (s))

xa (s)
β2(s) − aβ−

1
a

1 (s)
(

K (s)
Kσ (s)

)1−c

z
1
a (s) zσ (s) (2.2)

eventually, where c := min {1, a} and

z(s) :=
β1 (s)

(
x∆ (s)

)a

xa (s)
. (2.3)

Proof. Let x(ν(s)) > 0 for s ∈ [s0,∞)T. From Lemma 2.1, there exists an s1 ∈ [s0,∞)T such

that
( x
K

)∆

(s) < 0 on [s1,∞)T. It follows from (2.3) that

z∆(s) =

(
1
xa

[
β1

(
x∆

)a])∆

(s)

=
1

xa (s)

[
β1

(
x∆

)a]∆

(s) −
(xa(s))∆

xa(s)xa(σ(s))

[
β1

(
x∆

)a]σ
(s)

(1.1)
= −

xb (ν (s))
xa (s)

β2(s) −
(xa(s))∆

xa(s)
zσ (s) .

(2.4)

From (2.1) and the Pötzsche chain rule application, we get

(xa(s))∆

xa(s)
=

a
xa(s)

[∫ 1

0
[(1 − h) x (s) + hxσ (s)]a−1 dh

]
x∆ (s)

≥


a
(

x(s)
xσ (s)

)1−a x∆(s)
x (s)

, 0 < a ≤ 1,

a
x∆(s)
x (s)

, a ≥ 1,
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≥


aβ−

1
a

1 (s)
(

K (s)
Kσ (s)

)1−a

z
1
a (s) , 0 < a ≤ 1,

aβ−
1
a

1 (s) z
1
a (s) , a ≥ 1,

= aβ−
1
a

1 (s)
(

K (s)
Kσ (s)

)1−c

z
1
a (s) .

Therefore, (2.4) becomes

z∆(s) ≤ −
xb (ν (s))

xa (s)
β2(s) − aβ−

1
a

1 (s)
(

K (s)
Kσ (s)

)1−c

z
1
a (s) zσ (s) . (2.5)

�

The first theorem is Kneser-type to the second-order quasilinear dynamic Eq (1.1) in the case of
a ≥ b.

Theorem 2.2. Let a ≥ b and R := lim inf
s→∞

K(s)
Kσ(s)

> 0. If

A1 := lim inf
s→∞

β
1
a
1 (s) K1−a (Ω (s)) Kaσ (s) Kb (Γ(s)) β2 (s) >

1
Ra|a−1|

( a
a + 1

)a+1
, (2.6)

where Γ is defined by (1.5) and

Ω(s) :=


s, 0 < a ≤ 1,

σ (s) , a ≥ 1,
(2.7)

then every solution of Eq (1.1) is oscillatory.

Proof. If not, let x (s) > 0 and x(ν(s)) > 0 for s ∈ [s0,∞)T. From Lemma 2.1, there exists an

s1 ∈ [s0,∞)T such that
( x
K

)∆

(s) < 0 for s ∈ [s1,∞)T. Therefore,

xb (ν (s))
xa (s)

=

(
x (ν (s))

x (s)

)b

xb−a (s)

≥



(
K (ν (s))

K (s)

)b (
x (s1)
K (s1)

)b−a

Kb−a (s) , ν (s) ≤ s,

(
x (s1)
K (s1)

)b−a

Kb−a (s) , ν (s) ≥ s,

= λ1
Kb (Γ(s))

Ka (s)
,

where λ1 :=
(

x (s1)
K (s1)

)b−a

. Hence, (2.2) becomes

z∆(s) ≤ −λ1
Kb (Γ(s))

Ka (s)
β2(s) − aβ−

1
a

1 (s)
(

K (s)
Kσ (s)

)1−c

z
1
a (s) zσ (s) . (2.8)
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Integrating (2.8) from s to v and letting v→ ∞, we get

z (s) ≥ λ1

∫ ∞

s

Kb (Γ(t))
Ka (t)

β2(t)∆t + a
∫ ∞

s
β
− 1

a
1 (t)

(
K (t)
Kσ (t)

)1−c

z
1
a (t) zσ (t) ∆t.

Now,

0 ≤ ψ := lim inf
s→∞

Ka (s) z (s)
(2.3)
= lim inf

s→∞
Ka (s)

β1 (s)
(
x∆ (s)

)a

xa (s)
(2.1)
≤ 1.

Then, from the definitions of R, ψ, and A1, for any ε ∈ (0, 1), there exists an s2 ∈ [s1,∞)T such that, for
s ∈ [s2,∞)T,

K (s)
Kσ (s)

≥ εR, Ka (s) z (s) ≥ εψ, (2.9)

and
β

1
a
1 (s) K1−a (Ω (s)) Ka (σ (s)) Kb (Γ(s)) β2 (s) ≥ εA1. (2.10)

Using (2.9) and (2.10) in (2.5), we have

z (s) ≥ λ1

∫ ∞

s

Kb (Γ(t))
Ka (t)

β2(t)∆t

+ a
∫ ∞

s

(
K (t)
Kσ (t)

)1−c 1

β
1
a
1 (t) K (t) Kaσ (t)

K (t) z
1
a (t) Kaσ (t) zσ (t) ∆t

≥ ελ1A1

∫ ∞

s

Ka−1 (Ω (t))

β
1
a
1 (t) Ka (t) Kaσ (t)

∆t

+ a (εψ)1+ 1
a

∫ ∞

s

(
K (t)
Kσ (t)

)1−c 1

β
1
a
1 (t) K (t) Kaσ (t)

∆t

= ελ1A1

∫ ∞

s

Ka−1 (Ω1 (t))

β
1
a
1 (t) Ka (t) Kaσ (t)

∆t

+ a (εψ)1+ 1
a

∫ ∞

s

(
K (t)
Kσ (t)

)|a−1| Ka−1 (Ω (t))

β
1
a
1 (t) Ka (t) Kaσ (t)

∆t

≥ ελ1A1

∫ ∞

s

Ka−1 (Ω (t))

β
1
a
1 (t) Ka (t) Kaσ (t)

∆t

+ (εR)|a−1| (εψ)1+ 1
a

∫ ∞

s

aKa−1 (Ω (t))

β
1
a
1 (t) Ka (t) Kaσ (t)

∆t.

The Pötzsche chain rule implies that

(Ka (t))∆ = a
∫ 1

0
[(1 − h) K (t) + hK (σ(t))]a−1dh K∆ (t) ≤ aβ−

1
a

1 (t) Ka−1 (Ω (t)) . (2.11)

Now, from (2.11) and the quotient rule for derivatives, see [1, Theorem 1.20] we have that(
−1

Ka (t)

)∆

=
(Ka (t))∆

Ka (t) Ka (σ(t))
≤

aKa (Ω (t))

β
1
a
1 (t) Ka (t) Ka (σ(t))

.
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Therefore,

z (s) ≥
ελ1A1

a

∫ ∞

s

(
−1

Ka (t)

)∆

∆t + (εR)|a−1| (εψ)1+ 1
a

∫ ∞

s

(
−1

Ka (t)

)∆

∆t

=
ελ1A1

a
1

Ka (s)
+ (εR)|a−1| (εψ)1+ 1

a
1

Ka (s)
,

which implies
ελ1A1 ≤ aKa (s) z (s) − a (εR)|a−1| (εψ)1+ 1

a .

Taking the lim inf of both sides as s→ ∞, we obtain

ελ1A1 ≤ aψ − a (εR)|a−1| (εψ)1+ 1
a .

Since ε and λ1 are arbitrary, we arrive at

A1 ≤ aψ − aR|a−1|ψ1+ 1
a .

Let
Y = aR|a−1|, X = a, and U = ψ.

By the inequality

XU − YU1+ 1
a ≤

aa

(a + 1)a+1

Xa+1

Ya , X,Y > 0, (2.12)

we have

A1 ≤
1

Ra|a−1|

( a
a + 1

)a+1
,

which gives the contradiction with (2.6). �

The next theorem is Kneser-type to the second-order quasilinear dynamic Eq (1.1) when a ≤ b.

Theorem 2.3. Let a ≤ b and R := lim inf
s→∞

K(s)
Kσ(s)

> 0. If

A2 := lim inf
s→∞

β
1
a
1 (s) Ka−b (s) K1−a (Ω (s)) Kaσ (s) Kb (Γ(s)) β2 (s) >

1
Ra|a−1|

( a
a + 1

)a+1
, (2.13)

where Γ and Ω are defined by (1.5) and (2.7), respectively, then every solution of Eq (1.1) is oscillatory.

Proof. If not, let x(s) > 0 and x(ν(s)) > 0 for s ∈ [s0,∞)T. Then, Lemma 2.1 implies that there exists

an s1 ∈ [s0,∞)T such that x∆ (s) > 0 and
( x
K

)∆

(s) < 0 for s ∈ [s1,∞)T. Thus,

xb (ν (s))
xa (s)

=

(
x (ν (s))

x (s)

)b

xb−a (s)

≥


(

K (ν (s))
K (s)

)b

xb−a (s1) , ν (s) ≤ s,

xb−a (s1) , ν (s) ≥ s,
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= λ2

(
K (Γ(s))

K (s)

)b

, (2.14)

where λ2 := xb−a (s1) . Substituting (2.14) into (2.2), we have

z∆(s) ≤ −λ2

(
K (Γ(s))

K (s)

)b

β2(s) − aβ−
1
a

1 (s)
(

K (s)
Kσ (s)

)1−c

z
1
a (s) zσ (s) . (2.15)

By integrating (2.15) from s to v and letting v→ ∞, we get

z (s) ≥ λ2

∫ ∞

s

(
K (Γ(t))

K (t)

)b

β2(t)∆t + a
∫ ∞

s

1

β
1
a
1 (t)

(
K (t)
Kσ (t)

)1−c

z
1
a (t) z (t) ∆t.

Then, from the definitions of R, ψ, and A2, for any ε ∈ (0, 1), there exists an s2 ∈ [s1,∞)T such that (2.9)
holds and

β
1
a
1 (s) Ka−b (s) K1−a (Ω (s)) Ka (σ (s)) Kb (Γ(s)) β2 (s) ≥ εA2 (2.16)

for s ∈ [s2,∞)T. Using (2.9) and (2.16) in (2.5), we have

z (s) ≥ λ2

∫ ∞

s

(
K (Γ(t))

K (t)

)b

β2(t)∆t

+ a
∫ ∞

s

(
K (t)
Kσ (t)

)1−c 1

β
1
a
1 (t) K (t) Kaσ (t)

K (t) z
1
a (t) Kaσ (t) zσ (t) ∆t

≥ ελ2A2

∫ ∞

s

Ka−1 (Ω (t))

β
1
a
1 (t) Ka (t) Kaσ (t)

∆t

+ a (εψ)1+ 1
a

∫ ∞

s

(
K (t)
Kσ (t)

)1−c 1

β
1
a
1 (t) K (t) Kaσ (t)

∆t

= ελ2A2

∫ ∞

s

Ka−1 (Ω1 (t))

β
1
a
1 (t) Ka (t) Kaσ (t)

∆t

+ a (εψ)1+ 1
a

∫ ∞

s

(
K (t)
Kσ (t)

)|a−1| Ka−1 (Ω (t))

β
1
a
1 (t) Ka (t) Kaσ (t)

∆t.

The remainder of the proof follows as in the proof of Theorem 2.2 and hence is omitted. �

3. Examples

We clarify the strength of our results with the next examples.

Example 3.1. The second-order Euler dynamic equations:

(1) For a ≥ b and a ≥ 1,[
β1(s)

∣∣∣x∆(s)
∣∣∣a−1

x∆(s)
]∆

+
α

β
1
a
1 (s)Kσ (s) Kb (s)

|x (s)|b−1 x (s) = 0.
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(2) For a ≤ b and 0 < a ≤ 1,[
β1(s)

∣∣∣x∆(s)
∣∣∣a−1

x∆(s)
]∆

+
α

β
1
a
1 (s)K (s) Kaσ (s)

|x (σ (s))|b−1 x (σ (s)) = 0

are oscillatory if R > 0 and α >
1

Ra|a−1|

( a
a + 1

)a+1
by using Theorems 2.2 and 2.3, respectively. It

is well known that this condition is ideal for the second-order Euler differential equations[
β1(s) |x′(s)|a−1 x′(s)

]′
+

α

β
1
a
1 (s)Kb+1 (s)

|x (s)|b−1 x (s) = 0,

and [
β1(s) |x′(s)|a−1 x′(s)

]′
+

α

β
1
a
1 (s)Ka+1 (s)

|x (s)|b−1 x (s) = 0.

We note that the second-order Euler differential equation[
β1(s) |x′(s)|a−1 x′(s)

]′
+

α

β
1
a
1 (s)Ka+1(s)

|x (s)|a−1 x (s) = 0 (3.1)

has a nonoscillatory solution x(s) = K
a

a+1 (s) if α =
(

a
a+1

)a+1
. That is to say, the constant

(
a

a+1

)a+1

provides the lower bound of the oscillation for (3.1).

Example 3.2. Consider the second-order delay dynamic equation[ 4√
s3(x∆(s))3

]∆

+
α

R6 4
√

s
(
σ (s) ν2 (s)

)3
x2(ν(s))sgn (x(ν(s))) = 0, (3.2)

where α > 0 is a constant, R > 0, and ν (s) ≤ s on [s0,∞)T. We have∫ ∞

s0

∆r

β1/a
1 (s)

=

∫ ∞

s0

∆r
4
√

r
= ∞

by [2, Example 5.60]. Also, by the Pötzsche chain rule, we obtain

K(s) =

∫ s

s0

∆r

β1/a
1 (r)

=

∫ s

s0

∆r
4
√

r
≥

4
3

∫ s

s0

( 4√
r3

)∆

∆r =
4
3

(
4√

s3 −
4
√

s3
0

)
,

and consequently,

lim inf
s→∞

β
1
a
1 (s) K1−a (Ω (s)) Kaσ (s) Kb (Γ(s)) β2 (s)

=
α

R6

(
4
3

)3

lim inf
s→∞

4
√

s
(

4
√

(σ (s))3
−

4
√

s3
0

) (
4
√
ν3 (s) − 4

√
s3

0

)2

4
√

s
(
σ (s) ν2 (s)

)3
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=
α

R6

(
4
3

)3

lim inf
s→∞

1 − 4

√(
s0

σ (s)

)3

1 − 4

√(
s0

ν (s)

)3


2

=
α

R6

(
4
3

)3

.

Applying Theorem 2.2 leads to the oscillation of all solutions of Eq (3.2) for α >
(
3
4

)7

.

Example 3.3. Consider the second-order advanced dynamic equation 1
σ(s)

x∆(s)
4
√∣∣∣x∆(s)

∣∣∣3

∆

+ α

4
√

(σ (s))11

s5
3
√

x(ν(s)) = 0, (3.3)

where α > 0 is a constant and ν (s) ≥ s on [s0,∞)T. By the Pötzsche chain rule, we obtain

K(s) =

∫ s

s0

∆r

β1/a
1 (r)

=

∫ s

s0

(σ (r))4 ∆r ≥
1
5

∫ s

s0

(
r5

)∆
∆r =

1
5

(
s5 − s5

0

)
,

and then

lim inf
s→∞

β
1
a
1 (s) Ka−b (s) K1−a (Ω (s)) Kaσ (s) Kb (Γ(s)) β2 (s)

≥ α
4

√(
1
5

)5

lim inf
s→∞

(
1 −

( s0

s

)5
)

4

√
1 −

(
s0

σ (s)

)5

= α
4

√(
1
5

)5

.

Therefore, Theorem 2.3 yields that every solution of Eq (3.3) is oscillatory if α >
1

16√
R3
.

4. Discussion

(1) In this paper, the findings presented are applicable across all time scales, including T = R, T = N,
and T = qN0 := {qn : n ∈ N0 for q > 1}, without any restrictive conditions.

(2) We present some sharp oscillation criteria of the Kneser-type for second-order quasilinear
functional dynamic equations when a ≤ b, a ≥ b, ν (s) ≤ s, and ν (s) ≥ s. Our results represent an
improvement over previously established Kneser-type criteria, as detailed below: if a = b, then
criteria (2.6) and (2.13) reduce to

lim inf
s→∞

β
1
a
1 (s) K1−a (Ω (s)) Ka (σ (s)) Ka (Γ(s)) β2 (s) >

1
Ra|a−1|

( a
a + 1

)a+1
.

By virtue of

β
1
a
1 (s) K1−a (Ω (s)) Ka (σ (s)) Ka (Γ(s)) β2 (s) ≥ β

1
a
1 (s) K (s) Ka (Γ(s)) β2 (s) ,
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and
1

Ra|a−1|

( a
a + 1

)a+1
<

1
Ra(a+1)

( a
a + 1

)a+1
for 0 < R < 1,

Theorems 2.2 and 2.3 improve Theorem 1.2 (criteria (2.6) and (2.13) improve (1.4)).

5. Conclusions

(1) In this paper, we investigate new Kneser-type oscillation criteria for second-order quasilinear
functional dynamic equations defined on arbitrary unbounded above time scales. These results
apply to all time scales and improve related results in the literature, as explained in the
discussion section.

(2) Establishing Kneser-type oscillation criteria for a second-order dynamic Eq (1.1) would be
interesting, assuming that ∫ ∞

s0

∆r

β1/a
1 (r)

< ∞.
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