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first establish the perturbation relationship and precise spatial decay rates of traveling front solutions.
Subsequently, in some exponentially weighted spaces, we demonstrate the nonlinear exponential
stability of the traveling front solutions with all noncritical speeds ¢ > cpin = ﬁ. This improves

the stability results in [1], in which the authors obtained the stability of traveling front solutions for
1

c> werk

Keywords: traveling front solutions; spectral analysis; exponentially weighted spaces; Evans

function; exponential stability

Mathematics Subject Classification: 35B35, 35C07, 35K57, 35Q92

1. Introduction and statement of main results

In this paper, we investigate the stability of the following reaction-diffusion system

— 2uy
{ U = 6uxx - ﬂTu’

_ uv
Vi =V + B

(1.1)

Here S is a positive constant, # and v represent the concentrations of the ferroin and acidic nitrate,
respectively, and 6 denotes the ratio of the diffusion rates of the ferroin and acidic nitrate. To see
more background and the research results of model (1.1), one can refer to [1-7] and references therein,
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among which [2,3,5] and [1] are concerned with the existence and stability of traveling front solutions
of (1.1), respectively.

In [3], the author gave a necessary and sufficient condition of the existence of traveling front
solutions for (1.1). A traveling wave solution of system (1.1) is a solution of the form (u(x, 1), v(x, 1)) =
(Uc(&,0), V.(£,0)) with & = x — ct connecting the stable steady state (0, %) at £ = —oo to the unstable
steady state (1,0) at & = +o0 (see [1-3,5]). Hence, (U,, V.) satisfies

” ’ 22UV _
oU” +cU U =0,

" ’ v _
V"' +cV + 5.0 10, (1.2)
(Ua V)(—OO) = (0’ 5)7

(U, V)(+00) = (1,0,

. y _ d
with ' = -

The following theorem is the main result obtained in [3].

Theorem A. [3] For 6 > 0, system (1.1) has a unique, up to translation, traveling wave solution with

speed c iff ¢ > ciyin = —2_

In the moving coordinates (&,7) (€ = x — ct), the initial value problem of system (1.1) can be
written as

2uyv

U, = Ouge + cug — =

B+u’
v,:v§§+cv§+b%, (1.3)
uli=o = uo(§),
V=0 = vo(&).

It is easy to see that the traveling front solution (U.(&,0), V.(¢,0)) is the steady state of (1.3). To
investigate the stability of traveling front solutions of system (1.1), it is equivalent to investigating the
stability of the steady states of system (1.3).

Let f(£,1) = u(é, 1) — Us(E,6), g(é,1) = v(&, 1) — V.(&,06). Then, (f, g) satisfies

f) (f) (—ZR(f,g))
=L + , (1.4)
(g, "\ g R(f.8)
where L; is the linearized operator around (U.(&, 6), V.(¢,0)) and is defined by
& il 28V, 2U.
032 * 3% ~ P A
Ls = ) , (1.5)
BV & yed 4 U
B+U.)? &2 0 p+U.
and
y ‘C? 2 _'L]c
R(f.9) = AL — /8 /¢ (1.6)

B+U+NB+UR  B+U+HB+U)  BrUAS

In [1], the authors provided a stability analysis of traveling front solutions for system (1.4) with the
wave speed ¢ > —= and § near 1 by using energy functionals. A direct computation shows that if

Vo

B > 1 then the wave speed c satisfies ¢ > —= > —. To introduce the stability result of traveling

VR
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front solutions in [1], we first give the working spaces used in [1]. Define the exponential weighted
spaces as

Y, = {w|we H'®R), w@) -1+ € L’R), dew- (1 + %) € LXR)),

with the norm defined by

D=

lwlly, = (lo(@) - (1 + €)2|%, 5, +10:w(E) - (1 + )22, ) -

Let Y? = Y, X Y, and the norm of Y2 be

2 25\1
(w1, w)lly2 = (lwrlly, + llw2lly,)?.

Now, we give the main stability results obtained in [1].

Py - S N
Theorem B. [1] Let s € [ ‘/ =, +‘/ ik ] Suppose the wave speed ¢ > ﬁ Then, there exist

2 2

positive constants ko (ko << 1), €, and K* > 1 such that for any ¢ € [1—«o, 1 +&o], if [|(fo, g0)lly2 < €, then
we have ||follz~®) < B/2, and system (1.4) admits a unique global classical solution (f(-, 1), g(-,1)) €
C°([0, ), Y?) N CY((0, o0), Y?) with initial data (f;, go). Moreover,

NG, ), 8CoDly2 < K¥NI(fo, golly2, V>0 (1.7)
and
lim sup(|f(&, 1) + [g(&, H))(1 + esf) =0, Ytr>0. (1.8)
20 geR

2_ 4 . 2_ 4
(C— \/cz—m c+\/cz—m

In particular, if we further assume s € 5 , 5 ), then we have the results of exponential
decay to the wave in time: There exists a positive constant M such that

€% F(€, Dl ey + Nl 8 Dllangy < Mre”PN(fo, golllyz, ¥ 1> 0, (1.9)

with p(s) = s> —cs + [ﬁ < 0. Furthermore, for any given L € R, there exist positive constants M, and
w such that

sup (If (& 0l + g€, D)) < Mae™, ¥ 1> 0. (1.10)
gelL, ]
Remark 1.1. In Theorem B, suppose the wave speed ¢ > ﬁ For |6 — 1| small, when the weight
P v SR v
function is chosen as (1 + €*)2, s € \/2 =, +\/2 r ] (1.7) shows the Lyapunov stability of

the traveling front solutions, and (1.8) shows that the solution (f(&,1), g(&,1)) to system (1.4) decays
exponentially in space as & — +oc0 when t — +oo. Furthermore, when the weight function is chosen

e L N
as e¥, s € ( \/2 ., +\/2 i ), (1.9) and (1.10) show that the solution (f(¢,1), g(€,1)) to system (1.4)

decays exponentially in time.
In this paper, by using spectral analysis and the Evans function method, when the weight function

o e he nonli al stabili
5 , 5 , we can prove the nontinear exponential Stability Of
2

(f(&, 1), g(&, 1)) to system (1.4) with |6 — 1| small for all noncritical speeds ¢ > cpin = ——=

Vi
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For 6 = 1, it is easy to check that the traveling front solution (U.,V,) satisfies U, + 2V, = 1
from (1.2). Substituting U. = 1 — 2V, into the second equation of (1.2), we have

’” r . A=2VV
{ V'+cV' + BV = 0,

V(-0) =1, V(+00) =0 (1.11)

If the initial value (uy(&),vo(€)) satisfies uy(€) + 2vo(€) = 1, then the solution (u(é,1),v(&,1)) to
system (1.3) with 6 = 1 also satisfies

u(é, D) +2v(E, D) = 1. (1.12)

In this case, the asymptotic behavior of the solution to (1.3) with 6 = 1 can be described by (1.12) and
the asymptotic behavior of the solution to the scalar equation
V,:v§§+cv§+ﬁ(lﬂ—2_v)2‘;. (1.13)
It is easy to check that (1.13) is a Fisher type equation. The stability of the traveling front solutions
of Fisher type equations with critical or noncritical speeds has been extensively studied. It was first
shown in [8] that the traveling front solutions with noncritical speeds are locally exponentially stable
in some exponentially weighted spaces. In [9], the asymptotic stability of the critical Fisher type front
is investigated, by using pointwise estimates. There is also much literature focusing on the asymptotic
behavior of solutions to the Fisher type equation under more general initial conditions, see [10-14] and
the references therein.
In this paper, we will also focus on the stability of the traveling front solutions with noncritical
speeds to system (1.3) with ¢ near 1. First, we give the perturbation relationship of (U (&, 9), V.(&, 6))
and (U (¢, 1), V (&, 1)), and the precise spatial decay rates of (U.(&,9), V.(&,0)) for ¢ > cpin = \/[;T

and ¢ near 1. Utilizing the spectral analysis combined with Evans function method, we can obtain
the nonlinear exponential stability of traveling front solutions of (1.3) for all noncritical wave speeds
and ¢ near 1. This improves the stability results of traveling front solutions obtained

C > Cpin =
min ﬁ+1

in [1]. The ideas used in this paper are inspired by [15], in which the authors investigated the stability of
traveling front solutions with algebraic spatial decay for some autocatalytic chemical reaction systems
when the two diffusion rates are close. By using the spectral analysis and Evans function method, there
are some recent works [16—19] on stability of waves for reaction-diffusion systems.

Before stating the main results of this paper, we introduce the working spaces used in this paper.
Let C,,i¢(R) denote the Banach space consisting of all bounded and uniformly continuous functions
with bounded L*(R) norm, and denote

CrnifR) = {u(€) € C*(R) | (&), ug(€), uge(€) € Conis(R)).
Define the exponentially weighted space C, ,i¢(R) and its norm as
Ca,um’f(R) = {Lt I u(‘f)wa(f) € Cunif(R)}a Wa/(g) = eaf’ a > O»

(e, uipz) = 1UEWa ()l ).

Now we introduce the main results of this paper.

AIMS Mathematics Volume 10, Issue 10, 23773-23788.
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Theorem 1.2. For each fixed wave speed ¢ > cCpin = \/% let (U.(&,0), V.(&,0)) be the traveling
+

front solutions of (1.1) stated in Theorem A. Then, there exists a family of wave fronts, still denoted by

(U(&,0),V.(&,0)), & = x — ct, satisfying V.(0,06) = }‘, and (U (&,0), V.(&,0)) are continuous in 6 for

¢ e Rand 6 near 1; i.e.,

U, 0) = Uc(&, Dllc,ipm + 1IVe(€,6) = Ve(&, Dlle,yjm — 0, as 6 — 1. (1.14)

Furthermore, for small |6 — 1|, (U.(&,0), V.(&,0)) has the following asymptotic properties:
(i) Forc > —2

U.(&,6 A ) g e
[ 1 ¢.9) ]:( : ]e%ﬁ§+o(ezﬁﬁf), (1.15)
2 Vc(f, 5) AZC
as & — —oo, where A, and A,. are positive constants.
(ii) For ¢ > —=

=

1-U.&,6 A ) VA Y

( « )):( ! )eZ L pe T, (1.16)

Vc(f’ 6) A2C
as & — +oo, where A, and A, are positive constants.
ces _ 2
(iii) For ¢ = o
1 -U.&,6 A + By, . .
[ (£,90) ] _ [ ~1 ~1 & ]e_zg +0(€—§§)’ (1.17)
Vc(fa 5) AZC + BZc'f

as & — +oo, where A;. € R and B;, are positive constants, i = 1,2.

Theorem 1.3. (Nonlinear exponential stability of the traveling front solutions) Let (U.(&,0), V.(&,0))
be the traveling front solutions of (1.1) stated in Theorem A. For small |6 — 1|, each fixed ¢ > cpin =

\/%, and a > 0 satisfying (2.11), if for sufficiently small &, > 0,
+

lluto(€) — Uc(é, 5)||C(,_L,,,,f(R) +[[vo(€) = Ve(é, 5)||C(,,L,,,,~f(R) <&,

then the solution (u(&,1),v(é,t)) to system (1.3) with initial value (uy(€),vo(§)) exists globally and
satisfies

(€, 1) = Uelé, O)lcy s + IVE, D) = Vel€, 0)lIc, iy < Ce™, ¥ 120,
where k > 0 is independent of 6 and C > 0 is independent of t and (uy(€), vo(€)).

Remark 1.4. For 6 = 1 and the initial value (uy(€),vo(€)) satisfying uo(&) + 2vo(&) = 1in (1.3), the
authors in [9] proved the nonlinear asymptotic stability of the critical front (U, (¢,1),V,, . (&, 1)) with

Cmin = % that is, perturbations of the critical front decay algebraically with rate ina weighted

B+t
L™ space.
This paper is organized as follows: Section 2 is the location of essential spectrum and the uniform
boundedness of unstable isolated eigenvalues of the linearized operator for |  — 1 | small. The proofs
of Theorems 1.2 and 1.3 are given in Section 3. Finally, Section 4 is conclusions and future research.

AIMS Mathematics Volume 10, Issue 10, 23773-23788.
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2. Spectral analysis of the linearized operator for | 5§ — 1 | small

2.1. The location of essential spectrum of the linearized operator for | 6 — 1 | small

Define X = C2_(R)xC2 . (R)and Y = Cir(R) X Cis(R). Consider the linearized system of (1.3)

unif unif
(1)-<(0)
8/, 8
with £ : X — Y defined by (1.5).

around (U.(¢, 6), V(€. 6)), i.e.,
The asymptotic operators of L at & = +o0 are

ik d 2
N R T
0 0 5_2 + Ci + 1 ’
02 9 T B+
and )
d a1
B 6662 + C[){f — E 0
L; = 1 i 3
2B 082 o¢
Let
—67% + cit —ﬁ%
Af (1) = , . |, for TER,
0 —T°+ cCc17m + m
and
—67 + cit — [l), 0
Aj(r) = . Rt for T e R.
% —T° + cit

Define the curves S5 by

St = {1eC|det(Al - Ai(1)) =0, for some 7€ R} s
= {1eC |/1: —01% +citor A = —72+cir+lﬁ, for some T € R}, 22)

and
S; = {1€C|det(dl - A;(7)) =0, for some 7€ R} 03

{1ecC |/1 = 01 +cit— 1 orA=—-7%+cir, for some 7 €R}.

B
Denote o0,(Ls) as the set of all the isolated eigenvalues of L; with finite algebraic multiplicities, and
define the essential spectrum of Lz as oes(Ls) = 0(Ls) \ 0,(Ls), where o(Ls) denotes the spectral
set of Ls. By applying classical spectral theory (see [20]), the boundary of the essential spectrum of
L is characterized by the curves S;.
From (2.2) and (2.3), it is easy to get

1
supfRe S} = m >0 and sup{ReS;} =0,

thus we have
O-ess(-ﬁé) N {/1 I Re/l > 0} * 0,

AIMS Mathematics Volume 10, Issue 10, 23773-23788.
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which implies that there is no spectral stability of traveling front solutions in Y = C,;;¢(R) X Ci¢(R).
In the following, we shall investigate the spectral stability and the exponential stability of the traveling
front solutions in some exponentially weighted spaces.

Choose the exponential weight function w,(€) = €* with @ > 0 to be determined later, and define

Ya = Ca,unif(R) X Ca,unif(R) é {(¢» 'ﬁ) €Y I (Wa/¢’ W(l'vb) € Cumf(R) X Cunif(R)}7

X, = C2 . R)XC2 L (R) = {(,) € X | (Wasp, wa) € C2(R) X C2 (R)}.

unif unif
Let L5, : X, — Y, be the operator of L; restricted in X,, i.e.,
f(&) f(&)
4 = ) f 1) Xa- 2.4
~ (g(f)) “’35(g(§)) o Ga)e @4

For each fixed & > 0, we define the operator £;, : X — Y by

- (fO)_ W, (OF@)
Lé,a( g(év_-) ) - Wa(ér) Lé[ W;l(é:)g(f) ’ fOI' (f’ g) € X

Obviously, Ls, defined in (2.4) is equivalent to .[:5,(, in the sense that 0(Ls,) = O'(Z(;,a) and 0 egs(Lse) =
Uess(zé,a/)'

Consider the asymptotic operator of £, at & = +co, which is denoted by .ZZ:;"Q as follows:

7 _[5((%—@)2+c(a%—a) ~ ]
e 0 Z-aP+et-a+ 75 )
and TR PR
< ( 6(af a)” + C(ag ) 3 0 ]
e % (F-arl+cf-a) )
Let
A (0 S(t — @)* + c(it — @) —% ] o
T) = , for T €R,
o 0 (it — @) + c(it - @) + 7+
and
P (5(17'—0/)2+c(i‘r—a/)—/%, 0 ] ; "
5D = ‘ . , for TeR.
z—lﬁ (it — @)’ + c(it — @)

Define the curves S 3, by
Sie = {1€C]| det(Al - A7,

{1 e C|A=-67? + cti — 2a67i + 60’ — ca, or (2.5)

(t)) =0, for some 7€ R}

/1:—72+c7'i—2ari+a/2—ca+ﬁﬁ, for some 7€ R},

and

Ss5e = {1eCldet(A - Ay, (1) =0, for some 7€R}
{1ecC |/l = —67% + cti — 2671 + 60 — ca — é, or (2.6)
A= -1+ c1i—2ati+a? — ca, for some T € R)}.

AIMS Mathematics Volume 10, Issue 10, 23773-23788.
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From (2.5), for |6 — 1| small, if 6a® — ca < 0 and @? — ca + -— < 0, i.e., if @ satisfies

B+1
4 4
. . . c— c2—m c+ cz—m .
<C¥<g an f<a<f, ()
then for each fixed ¢ > ¢,,;, = —== there exists 8, > 0 such that
Yoy
S:{CXC{AEC|RC/1§—5&<O}. (2.8)
From (2.6), for |6 — 1| small, if §a* — car — é < 0and a® - ca < 0, i.e., if « satisfies
O<a<ec, (2.9)
then for each fixed ¢ > ¢, = —2= there exists 6, > 0 such that
VB+1
S(EQC{AEC|RC/1§—5(I<O}. (2.10)

By applying classical spectral theory (see [20]), the boundaries of o (Ls,) and O'ess(f@a) can be
described by the curves S ; , thus by (2.7)—(2.10), we have the following lemma.

s,a°

Lemma 2.1. For |6 — 1| small, each fixed ¢ > ¢y = 2 =, and a > 0 satisfying the condition

Vi

<< —mMm (2.11)

there exists 6, = min{d,, 6,} > O such that

sup Re {O-ess(‘L(S,a)} < _605 <0.

2.2. The uniform boundedness of unstable isolated eigenvalues of the linearized operator for | 6 — 1 |
small

LetY = (f, fz, 8 g,f)T. Foreach 1 € C, .£(5( g ) = /l( g ) with L defined by (1.5) can be rewritten

as the differential equations

Y' = B, 4,0)Y, (2.12)
with the symbol 7 = d% and

0 1 0 0

1 28V, c 12U,

WA+ 22y - L2

5 B+U0) 5 0B+l

B(¢,4,0) =

€.49) 0 0 0 1

BV U,
“@or 0 A-mg C

AIMS Mathematics Volume 10, Issue 10, 23773-23788.
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Denote B*(4A,0) = flim B(¢, 4, 06). Then,

0 1 0 0 0 I 0

a4 1.2 1 1 :

4 ¢ 12 la+ly —< 0
B@o=| " ° L BQ@e= 0

0 O 0 0 0 0 1

0 O /l—[ﬁ —c —% 0 4 —c

The characteristic equations of B*(4, ¢) satisfy

A
(0% + So- o +co +

1
_) =0, até = +oo,
5775 gr1 Y atg = 4o

[0'2+ga—%(/1+é)](02+ca—ﬂ):0, at £ = —co

Denote the eigenvalues of B*(4, ) by 07(4,6), i = 1,2, 3,4, which are given as follows:

—c+ c2—%+4xl - 4/c? —m+4/l

0';(/1,6)— 3 ,0'3(/1 6)— (2.13)
—c+ V2 4+ 426 —c— Vc2+4/15

o1 (4,6) = 5 , 0,(A,6) = 5 ,

and

—c+ V2 +42 —c— V2 +42

3(4,0) = ———, o5 (4,0) = ————, (2.14)
—c+ \Jc2+ % + 462 —c— [+ % + 462

“(1,0) = (1,0) = .

0-1( s ) 26 ’ 0-4( s ) 26

—2_ and @ > O satisfying (2.11), there exists small

B+1

B € (0,6,) independent of ¢ such that the following spectral gap condition holds:

For small |6 — 1|, each fixed ¢ > cpin =

for Red > —f,. (2.15)

Re o} (4,6) <Reo}(4,0) < —a <Reo;(4,6) <Reo|(4,0),
Re 07,(4,0) <Reo;(4,6) < —a <Reo;(4,6) <Reoi(4,0),

Theorem 2.2. For small |6 — 1|, each fixed ¢ > cmin = \/%, and a > 0 satisfying (2.11), there
+

exists small B, € (0,0,) independent of 1) such that Lsqo has no eigenvalues in {1 € C | Red >

—B, and Re A + [Im A| > M}, where M = < + + B + = max{ﬁ E} + 1 and M is independent of 6.

Proof. Consider the eigenvalue problem (2.1), i.e.,

(2.16)

6f§f + cff (ﬂ+U )zf ﬁz_g; 8= /lf
8ee T C8c (ﬂf‘l; v+ ﬁ 7.8 =18

AIMS Mathematics Volume 10, Issue 10, 23773-23788.
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If A is an eigenvalue of L;,, then the corresponding eigenfunction (f(£), g(£)) € Ci ni f(R) X
a unif (R) In fact, for small |6 — 1|, by Lemma 2.1, (2.15), and (2.16), it is easy to check that
(f(€),g(¢)) tends to zero exponentially at both ends for {1 € C | Red > —f,}. Therefore,

(f(6),8(6)) € H*(R) x H*(R). )
Multiplying the first equality of (2.16) by f and the second equality of (2.16) by g, then integrating

over R, we have

28V,
P 2 d 5f 2d f 2d. = 1f)d 2.17
fR(IfI + |gI9)dé + legl &+ ng,sl &+ R(B+Uc)2|f| '3 (2.17)

- _ U(; 2 _2Uc ~ 18
CL(fff+g§g)d§+Lﬁ+ v ¢ d§+fR(ﬁ+U¢.g (B+U)2fg @

It follows from (2.17) that

Re 2+ M A1, + 18120, + Ol fel2age, + gl (2.18)
< C(||f||L2(R)||f§||L2(R) + ||8||L2(R)||gf||L2(R))

1
+= ”g”LZ(R) + = maX{ (”f”Lz(R) + ||g||L2(R))

B 2 28’

By using the two inequalities

6 2 ¢ 2
W @l fell 2w < EIIfgIILz(R) + 5||f||Lz(R),

1 2 Cioi2
lgll2@llgell 2w < E||8§||L2(R) + Z”g”Lz(R),

it can be deduced from (2.18) that

(Re 1+ |Im a|><||f||iz(R) + 11812 )
2

< L mad L 2 i +1+1ma{1 =
—+ = xX{—, = :
4o Ty maxtsg ,8 re T\ T g Ty MG I8l
Since |6 — 1] is small enough, then

Re A+ [ImA| < M,

where M = € + 1 B + = max{ﬁ E} + 1 and M is independent of ¢.

This completes the proof of Theorem 2.2. Theorem 2.2 implies that the unstable eigenvalues of the
linearized operator L, are uniformly bounded.

3. The proofs of Theorems 1.2 and 1.3

3.1. The proof of Theorem 1.2

Proof of Theorem 1.2. By a similar argument as in the proof of Theorem 1.4 in [15], we can obtain that
(U.(&,0), V.(&,0)) is the small perturbation of (U (¢, 1), V.(&,1)) as d — 1, 1i.e., (1.14) holds.

AIMS Mathematics Volume 10, Issue 10, 23773-23788.
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To give the spatial decay rates of the traveling front solutions (U.(¢, 0), V.(¢,6)) of (1.2) with small
|0 — 1], we first show the spatial decay rates of (U.(¢, 1), V.(&, 1)) of (1.2) with 6 = 1. Note that when
0 = 11in (1.2), we have U, + 2V, = 1, and then V.(¢, 1) satisfies (1.11). By using Theorem 1.2.15
in [21], we can get the spatial decay rates of V.(£, 1) as

1 —c+ (Jc?+ g 2

~ Vc(ga 1) ~ exp(—§)9 as é: — —00, if ¢ 2 Cmin = ’ (31)
2 2 VB+1
—c+ ¢ g . 2

V(& 1) ~ exp( > &), as & — 4oo, if ¢ > e = 3 (3.2)

+

_c ) 2

VA& 1)~ (A+ BEe >, as € - +oo, if ¢ = cpyin = —— (3.3)

\B+ T
with A € Rand B > 0. U.(¢, 1) has the same spatial decay rates as V.(&, 1).
Now, linearizing (1.2) at (0, %) and (1, 0), respectively, we can get the corresponding eigenvalues,
which in fact are (2.13)—(2.14) with 4 = 0. By (3.1)—(3.3) and (1.14), we can obtain that (1.15)—(1.17)
hold.

3.2. Definition and properties of Evans function

From Lemma 2.1 and Theorem 2.2, we see that for each fixed ¢ > ¢y, = \/[2; and @ > 0
+
satisfying (2.11), there exists small gy > 0 such that
sup Re {O-ess(-Eda)} < _5(1 < 0, for |6 - 1| < &o, (34)
on(Lse) € Q, for |6 — 1] < &, (3.5)

where
O0={1€C|Red>—-B,}Nn{1eC|Red+|ImAa < M},

Ba € (0,6,) and B, is independent of 6. Denote Q as the closure of Q. Now, we need to investigate the
location of eigenvalues of Ls, in Q. Here, the Evans function method is utilized. From the properties
of the Evans function D(4, 1) in Lemma 3.1, if we can get the location of zeros of the Evans function
D(A,7) in Q, then the location of the eigenvalues of L, in Q is known.

By applying standard asymptotic theory of ODEs to system (2.12), it follows from (2.15) that there
exist two linearly independent solutions Y| (£, 4,6), Y5 (£, 4,6) to system (2.12) which are analytic in A
for Red > -3, and satisfy

Y7 (£,4,0)e 7 % 5 V(4,6), i=1,2, as &— —oo,

and there also exist two linearly independent solutions Y7 (&, 4,6), Y, (£, 4,6) to system (2.12), which
are analytic in A for Red > —f3, and satisfy

Yi_'—(‘g:’ 4, 5)6_0-?(/1’6)%f - Vi+(/l, 6)5 i=3,4, as é‘: — +00.
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Here,
s = sO1s = — 9~ — — s
! ! 2A—coy —(0))? 2BA—co| —(07)?
2 1 2 ot
V+ /1,6 = N 3 s 1’O-+ D
3(4,9) (6(,8+1)(0';“)2+§0'§—§ 5(ﬁ+1)(o-§)2+§.0'§—3 3)
and

V5(4,6) =(0,0,1,03), V;(4,0) =(1,07,0,0).

Let U™ (¢, 4, 6) represent the 2-dimensional unstable manifold spanned by Y (£, 4, 6) and Y5 (£, 4, 6).
Let S*(&,4,0) represent the 2-dimensional stable manifold spanned by Y (£,4,0) and Y[ (£, 4,9).
Obviously, 4 € Q is an eigenvalue of Ls, if and only if S*(&,4,6) N U (&, 4,6) has a nonzero
intersection. For Red > —f3,,, we define the Evans function of L;, by

D(1,0) = e~ | TR0 gy (Y[ (&, 4,8), Y5(£,4,0), Y5 (£,4,0), Y (£ 2,0)).

Applying the abstract results in [22,23], we can get some properties of Evans function, which can
be stated as follows.

Lemma 3.1. For each A € Q, D(A,6) has the following properties:

(1) D(A,0) is independent of ¢ and analytic in A;

(i1) A is an eigenvalue of Ls, if and only if D(4,6) = 0,

(iii) the number of the zeros (counting the algebraic multiplicities) of D(A,6) in Q is equal to the
number of eigenvalues of Ls,, (counting the algebraic multiplicities) in Q.

3.3. Spectral stability for small |6 — 1| and the proof of Theorem 1.3

Lemma 3.2. For 6 = 1, each fixed ¢ > cpin = %, and a > 0 satisfying (2.11), there exists a small
+

enough B, € (0,6,), such that there exists no eigenvalue of the linearized opertaor L, , in Re 1 > —f3,.
Proof. For 6 = 1, system (1.3) becomes

u,:u&c+cu§—M

B+u’
Vi = Veg tCve + ﬁ%,
uli=o = up(é),
V=0 = vo(§)-

If up(é) + 2vo(é) = 1, thenu + 2v = 1.
If up(é) + 2vo(€) # 1, then u + 2v £ 1. Let w = u + 2v — 1. Then, (w, v) satisfies

W = Wege + CWg,
— (w=2v+1)v
Vi = Vet OVe + i (3.6)

Wli=o = uo(§) + 2vp(&) — 1,
Vli=0 = vo(&).
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Note that for 6 = 1, U.(&,1) + 2V.(&,1) = 1, which yields W.(&,1) = U.(é,1) +2V.(£,1) -1 = 0.
Therefore, the traveling front solution of (3.6) is (0, V.(¢,1)). For Red > —f,, linearizing (3.6) at
(0, V.(&, 1)), we can get the corresponding eigenvalue problem

(3.7)

(=2Vet+ 1)(B—2V,+1)-28V.
(B=2V+1)2

77 ’
{ W+ ew’ = Awy,

1’ /7 —
VitV + wy + vy = Avy,

BVe
B2V +1)2
with eigenfunction (w,,v,). From the first equation of (3.7), it is easy to see that for each fixed ¢ >
Cmin = —= and a > 0 satisfying (2.11), if (w(€),v,(¢)) € C2 . (R)x C2 . (R) is a solution of (3.7)

VB+1 a,unif a,unif
for Re 1 > —f,, then w, (&) = 0. Thus, v, (&) satisfies

L, (2V.+ D(B-2V.+1) =28V,
Vi + v+
B2V, + 1)

vy = /h/',l. (38)

Theorem 10.3.12 in [21] shows that for each fixed ¢ > ¢y = \/;_1 and @ > O satisfying (2.11),
+

(3.8) has no eigenvalue in 1 € {1|Red > —f,}, with eigenfunction (1 + e%¥)v, € Cunif(R). In fact,
by (2.15), it is easy to check that if v (§) € Cgumir(R) is a solution of (3.8) with Red > —f,, then
(1 + %), € Cunif(R). Therefore, (3.8) has no solution in Cy ir(R) for Red > -5, and @ > 0
satisfying (2.11), which combines w,(¢) = 0 implies that there exists no eigenvalue of £, , in Red >
—B,. This completes the proof of Lemma 3.2.

Lemma 3.3. (Spectral stability of the traveling front solutions (U.(¢, 6), V.(&,0)) For small |6—1|, each
fixed ¢ > cpin = \/% and a > 0 satisfying (2.11), there exists a small B, > 0 which is independent of
+

0 such that
supRe{o(Lsq)} < =B, < 0.

Proof. From (3.4)—(3.5) and property (i1) in Lemma 3.1, it is easy to see that
D(A,0) #0, for A on the boundary of Q and |6 — 1] < &.

By Lemmas 2.1 and 3.2, we get D(4, 1) # 0 for A € Q. Since D(A, §) is analytic in A and continuous
in ¢ forany 1 € Q and |6 — 1| < &, by applying the Rouchét theorem, it follows that D(4, ) # O for
A€ Qand|6—1| < &. It can be deduced that L, has no eigenvalues in A € Q and |5 — 1| < &, by using
the property (ii) in Lemma 3.1. Combining (3.4) and (3.5), Ls, has no eigenvalues for Re 4 > -, and
small |6 — 1|. Therefore, Lemma 3.3 holds. O

Proof of Theorem 1.3. Note that for small |6 — 1|, each fixed ¢ > ¢y = \/fﬁ, and a > 0
+

satisfying (2.11), the linearized operator L, generates an analytic semigroup on the weighted space

—2R(f,8) \ . .
R(f.g) ) in (1.6) satisfies

Y, = Counir(R) X Cpunir(R), and the nonlinear inhomogeneous term (

I =)
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Then, by Lemma 3.3 and applying standard argument based on analytic semigroup theories, it is easy
to prove that there exists a unique global solution (f (&, 1), g(&,1)) € C([0, ), Y,) to system (1.4) with
initial value (fy(&), go(£)) satisfying

lre& 0.8 0y, < Cllfor g0y, ™ Vi=0,
if ||( Jo go)”Ya is small enough. Here, k > 0 is independent of ¢. This implies that Theorem 1.3 holds.

4. Conclusions and future research

For the reaction-diffusion system with acidic nitrate-ferroin reaction (1.1), by detailed spectral
analysis and the Evans function method, we obtain the nonlinear exponential stability of the traveling

front solutions with all noncritical speeds ¢ > ¢y, = % and ¢ near 1 in some exponentially weighted
+
spaces. Theorem A in [3] shows that for any 6 > 0, system (1.1) has a unique, up to translation,

traveling wave solution with speed c iff ¢ > ¢y = \/% However, for the case ¢ = ¢y = \/% with
+ +

—2— with ¢ not close to 1, there is no stability results of the traveling

N

front solutions. We therefore leave these two problems as open questions for future studies.

0 # 1 and for the case ¢ > cpin =
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