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Abstract: In this paper, we investigated some geometric properties of non-smooth random curves
within a stochastic flow. We considered a polygonal line I'(iZy, - - - , ii,), which connected the points
ity, - ,ii, € R? and was inscribed in a Brownian trajectory. Subsequently, we estimated the probability
that a polygonal line was almost inscribed in a Brownian trajectory. Next, we turned to the study
of the self-intersection local time of Brownian motion and demonstrated the asymptotic result of its
conditional expectation as the size of the polygonal line increased. Finally, taking such a Brownian
trajectory as the initial curve, we let it evolve according to the solution of the equation with interaction.
Then, we proved that its visitation density exhibited an intermittency phenomenon.
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1. Introduction

Since the 1970s, stochastic flows have been intensively studied as a model for the turbulent motion
of gas or liquid. For instance, several works [1-3] have explored this area. To understand the mutual
behavior of particles in a flow [4, 5], one can consider the evolution of sets of passive tracers in the
flow. In the paper [6] , a smooth manifold was placed in the flow, and the change in its curvatures
was discussed. In the paper [7] , the authors considered the evolution of the mass distribution in a
flow and obtained the asymptotics of its moments. In these works, the particles in the flow were
passive. That is, their positions or mass distribution did not change the flow. These studies have laid a
foundation for further exploration of more complex scenarios in stochastic flows. In the works of A. A.
Dorogovtsev [8—10] , a special class of stochastic flows with interactions was introduced. Such flows
change their characteristics depending on the mass distribution of the particles they transport. This
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framework offers new possibilities for modeling the motion of different objects in a turbulent flow,
particularly when the characteristics of an object influence the behavior of the flow. One of the most
interesting applications is the modeling of the motion of long linear polymers. Usually, these molecules
are modeled by the non-smooth random curves. The geometry of such curves can be described using
their self-intersection local times, as reported in [11] . Here, we propose to describe the shape of
the random curve using a polygonal line inscribed in it. In this paper, we consider a polygonal line
['(uy,- -+ ,uy) inscribed in a Brownian trajectory. First, we estimate the probability that a polygonal
line is almost inscribed in a Brownian trajectory. Second, we examine the behavior of a common
characteristic of the Brownian trajectory when the polygonal line is inscribed in it. Here, we propose
to consider the self-intersection local time and investigate how this self-intersection local time evolves
as the size of the polygonal line increases. Third, taking such a Brownian trajectory as the initial curve,
we let it evolve according to the solution of the equation with interaction. Then, we prove that its
visitation densities exhibit an intermittency phenomenon as time tends to infinity.

2. The geometry of Brownian trajectory

In physical and chemical fields, random curves are used to describe polymers, whose configurations
evolve over time. The reason [12] is that: first, there are flexible chemical bonds between monomers;
second, there is the influence of external force (such as stochastic interactions with the molecules of
the medium); and last, there is the interaction between the different parts of the polymer. One of the
possible mathematical descriptions of a linear polymer is a random curve. The properties of such a
random curve can reflect the physical properties of the polymer. Then let us denote the random curve
by v, which can be parameterized by g? : [0, 1] — R, a continuous random process. Usually 5 is non-
smooth and vy has complicated fractal structure. In this case, y can be characterized by its visitation
measures.

o 0 . . . =2
Definition 2.1. The visitation measures of & are

1
() = f 1 @@)dr, A € BERY),
0

1 1
KA = fo fo 15[@E(12) = &), -+, E1) = Et-))ldn - diy, A € BRUD),

Let A be a small ball with radius & and center at the origin 0. Then, u* can be regarded as the
measure of time which .;? spends in the neighborhood of (k-1)-fold intersections.

In the next example, we will investigate how the visitation measures evolve when the Brownian
trajectory is transformed by the smooth function.

Example 2.1. Consider the Brownian motion w = (wy,--- ,wy) in R%.  Assume that its visitation
measure i* has a density I* (see [13, 14] ). For example, when k = 1 and d = 1, as well as k = 2 and
d < 3 the visitation measure has a density. Denote du* = I*dA, where A is the corresponding Lebesgue
measure. Define a new process n = @(w), where ¢ = (@1, ,¢q) is a continuously differentiable
vector-valued function. The function ¢ satisfies the following condition: for any y,---,ys € R,
form a matrix by taking Vo(y;) as the i-th row, and the determinant of this matrix is nonzero. For
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example, for 7 = (z1,...,24) € RY define ¢, = 71 + 2z + -+ + dzfl, =271+ + -+ dzfl, cee
Pa-2 = (d—2)zl + 222 +--- +dZ5, Yag-1 = (d— l)Zl + 222 +--- +dZd, Qg = dZ] +222 +-+ 2y wherein the
coefficients of function ¢, range from 1 to d, the coefficients of function ¢; are obtained by swapping
the first coefficient and the i-th coefficient of the coefficients of function ¢,. Then, ¢ = (1, ,@q) will
satisfy the condition. For the process n, its visitation measure ,uf] has a density I; our primary objective
is to determine the density I},

For x = (x1,-++ ,x4) € RY, the I¥, which coincides with local time (see [15, 16]), it can be expressed

as follows:
1 k-1

1
F(x) = lim fo fo [ 1000 = wiep = - dn,
j=1

where we can take

fe(x) = mlza(o,a)(x),

and vol(B(0, €)) denotes the volume of B(0, €), and B(0, ) is the ball centered at 0 with radius &. If
the visitation density of the process n can also be found as a corresponding local time, we consider the
following approximation,

1 k-1

1
h(x) = lim fo fo [ [Aee0mteo) = ptwt) = vy - - di.

j=1
To show the relationship between I* and l’,‘], first, we investigate the indicator part of fo(e(W(tj1)) —
e(w(t))) = x),

d
lB(O,s)(QD(W(th)) _ gD(W(tj)) —x) = { L, \/Zn:l(‘ﬁn(w(tjﬂ)) - ‘Pn(W(lj)) —x,)? < &, 2.1)

0, otherwise.

By the mean value theorem, for every ¢, : R? — R, there exists a 9;’ j(w), where Hz,j(a)) =
(1 = ¢ (@wilty) + ¢, (@wi(t) for some ¢ (w) € [0,1], such that ¢,(w(tz1)) — @a(W(t)) =
(Vou(6y ), w(tj41) = w(t))). Denote 6, ; = (6, (w), - ,64(w)), then

d d
D @awitj1) = uw(t) = x)* = > (Vu(0 ), witjo) = wit)) = x,)2.
n=1

n=1
Let D,(0) be the matrix such that
Vi(6,,)
D,(6) =
Va(6,5)
Here D,(0) is a d X d square matrix, and det(D,(0)) # 0, so the matrix D,(0) is invertible. Thus we can
rewrite (2.1) as follows:

I, DO (W(tj1) —w(t)T — xT|| < &,
IB(O,s)(‘P(W(th))_SO(W(tj))_x):{ 0. l(l)thi(r\z/(i;‘;(tj ol

L W(tp) = w(t)" = D;N(0)x" € D;'(0)B, &),
“1 0, otherwise,

:1[);1(9)3(0,5)((W(tj+1) —w(t)" - D;I(Q)XT)o
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Denote 'y = (W(tj1) — w(t;)" — D;I(Q)xT,

1
1 o ’
vol(D,'(0)B(0, &)) ;' ©)80.6)Y)

ga(y) =

then the density lg at D;l(@)xT can be expressed as follows:

1 k-1

1
k -1 1 -1
[y(D,' (6)x7) = lim fo fo ];[g8<<w<t,~+1)—w(tj>)T—D¢ O)x")dt, -+~ diy.
So we have

. 1 L vol(D;Y(9)BO,g))
I,(x) =lim fo fo I;Igs((wom)—w(rj)) - D, (O)x")(——= Yoldty - diy

£—0 vol(B(0, £))
(D, (x)xT)
(det D, (x))—1"
where D, (x) is the Jacobi matrix of ¢ at x.

Thus, we have shown how the visitation density evolves when the Brownian trajectory is changed
by a smooth function ¢.

One can model long linear polymers using the trajectories of a stochastic process [12,17] . In
general, the shape of trajectories of the stochastic process is very complicated, even for Brownian
motion, because it is not differentiable. It is reasonable to consider the regularity in chaotic structure
of the random curve. To understand it, we must discuss several questions. How can a simple geometric
structure emerge in the non-smooth curve during its motion? When we consider the random curve in
a stochastic flow, it will change its geometrical shape, so we need to understand how the visitation
measures of the curve reflect this change, and what happens with the densities of visitation measures?

In the result presented in reference [13] , for the two-dimensional case, it is shown that E/(x) — oo
as x — 0, where /(x) represents the local time of the Brownian motion. This behavior bears a striking
resemblance to a phenomenon known as intermittency. Specific structures emerge in random media
due to instabilities. In these structures, a growing quantity attains extremely high values. Despite
the rarity of these concentrations, they dominate the integral characteristics of the growing quantity,
such as the mean value and the mean square value. The appearance of such structures is defined as
intermittency [18] . In reference [19] , X. Chen investigated the intermittency for Brownian motion in
random media. Importantly, these concentration properties of energy are referred to as intermittency
in the context of random processes and as a localization property for the polymer measure. In our
description, the asymptotic result of the density /> for Brownian motion shows that this density is
almost concentrated on the point 0, which also means that the measure u?> becomes close to the Dirac
measure at 0.

If the curve is complicated, conventional geometric methods are often inadequate. However, if
we can inscribe the curve with a polygonal line,we can leverage standard topological and geometric
features to study the geometry of the polygonal line, thereby gaining insights into the characteristics of
the original curve.

Suppose that the curve 7y is parametrized by the continuous function .g? : [0, 1] — R4. For the points
iy, ,il, € R?, denote the polygonal line connecting if; to ii, in order by ['(iZ;, - - - , iiy).
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Definition 2.2. The polygonal line T'(idy, - - - , il,) is inscribed in the curve y if there exists 0 < t; < --- <
t, < 1 such that

g(tk):ﬁk’ k=1,---,n.

Definition 2.3. The polygonal line T'(idy, - - - ,ii,) is inscribed in the curve y up to the € > 0, if there
exists 0 <t; <---<t, <1, such that

&t) € Bidy,e), k=1,---,n.
Definition 2.4. Define the set Z° = UszlB(Zk, &), taking € > 0 such that
B(Z,e)NB(Z,e) =0, k+#j kj=1---,N.

Then the sequence of numbers a(1),--- ,a(n) (where a(l),--- ,a(n) is a subset of 1,--- ,n ) can be
associated with every U'(ily, - - - , il,)) which has the vertices from the set Z¢ , where

ijl’---,n L?JEB(ZQ(J),(C))

In this case we say that the polygonal line I" has a type a(1),--- ,a(n) up to &.

Definition 2.5. The curve y has at least type a(1),--- ,a(n) up to € if the polygonal line of such type
up to & can be inscribed in it up to &.

Next we will investigate the probability of a Brownian motion having at least of type a(1), - - - , a(n)
for large n.

Theorem 2.1. For any fixed {Z;}i>1, suppose that the random curve {y(r),r € [0, 1]} is the trajectory
of a standard Brownian motion in R, then for fixed &

. ”Za'* - Za/-*_ ”2
lim n2InPE0<t <--- <t, <1:w(t)) € BZuy, &), »W(ty) € BZoy, &)} = —%,
n—+oo
where Z,,, — Z,,,_, is selected from the set {Z,, — Z,, ,} satisfing max; ||Z,, — Z,, ||| = |Za;, — Za,.,|I

Proof. Consider points
Brownian motion {w(?);

S, ﬁ € [0, 1], since the random curve y(r) is the trajectory of a standard
[0, 1]}, then we have the following relation

P{EI 0 <hH << < l: W(tl) € B(Za(l)’ 8)’ e »W(tn) € B(Zw(n)’ 8)}

ZP{W(%) € B(Za,,8), - ,w(g) € B(Z,,, ©)).

If w(%) € B(Z,,, £) it means that

1
w(=) = Zo, Il <
n

S| M

If also w(2) — w(3) € B(Z,, — Za,» ), which implies that

2 2¢e
Iw(=) = Zo, |l £ —.
n n
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By means of this induction process, we can derive the following result,

P{w(%) € B(Zy,.6). - ,w(% € B(Zy,. )}

1
>P(w(.) € BZ,. )w() (s ~) € BZ,, - al,g),---,w(g)—w(’ ) € B(Z,, a,,l,g)}

=T, Plw(.- L e Bz, - a“,z)}.

Denote the density of w(—) by p, and p decreases when ||x|| increases, so we have

T, POw(- L e Bz, - Zue s S =TT f P

Z Z”k 1’n )

>( f p(X)dX)
Zaju12) (2.2)

=P"{ w( ) € B(Za, ~ Zay» )}
n

—P"(w(1) € B(N1Zy,, — NZa,.,, %)}.

Next, we consider the probability

& 1 4 1l
Pw(1) € B(NnZy, — NnZy, ., —)} = f (5=)% exp{————}dx, (2.3)
Vn BNy, ~ N, 270 2

and by the change of variable y = %’;(x — \nZ,, + \nZ,,_,), we rewrite (2.3) as follows:

f ||y78}7l + \/EZ(I/'* - \/ﬁzaj*,lllz

(—) (—)2 exp{— }dy.
Bo1 Vn' 2w
Next, by the relation

. g 125 + ViZa ;. = NnZa, 1P
(£)"(55)? expf-—t—5—"—)

nl|Zy

'*_Z(Yj*_ ”2
(35)7 expl———F2=WOl(B(VnZ;, = VnZ, |, %)

2 ye 2
””Zaj* _Z"/*—l I _”iﬁ"' \/;lzzrj* - \/EZ(Y/'*_| I

exp{ : 5 }
B vol(B(0, 1))
<exp{e||Za,-* = Zo. VI
vol(B(0, 1)) ’

explellZa ;, —Za;,_ lVIE . . explellZa ;, —Za;,_ llVIl}
LI is integrable. One can take AR

since y € B(0,1), function s the

= ‘ Vol(B(0, 1)) : Vol(B(0, 1))
dominating function, then we can apply the dominated convergence theorem
d ”L;‘*' \/ﬁZa P ‘/ﬁZa fe— ”2
, (L)(L)# expf— Ly
lim oz E dy
n—+oo d @
BOD (5-)? exp{- —”}Vol(B( VnZy, = Ny, 32))
2ez
_ Zz 1 iYi d dyn = c,,

1<1 Vol(B(0, 1))

[1y1
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where Z,, = Zy,, ., = (21, ,24), Y = V1, + , ya). Thus we have the following relation

Pmmemwaw—waw¢%»

2.4)

1 12, = Za,. P e (
NCS(ZT)% exp{—— . —Wol(B(VnZ,, — \nZ,,_,, %)), n — +oo.

Denote C, = > d/z‘}sf;+ it and we can get that, there exists a ng, for any n > ny

PAO<SH<--- <, <1:w(H e B(Za(l),é‘), - ,w(t,) € B(Za(n),g)}

>P"(w(1) € B(NnZ,, — ViZe, . ~—)}
J J \/ﬁ

> Cg n”Zaj* - Zaj*_lllz "

_(nd/2 expi{— 5 }) }

Then we take logarithm for both sides,
n'InPEA0<H <<, <1:wt)e B(Zy1y, €), -+ ,w(t,) € B(Zyny, €)}

nHZaj* —Z, ”2
2

o1

>InC, +Inn9? -

Finally, we can get

”Za* - Za-*f ”2
lim n?InPA0<H < - <ty < 1:w(ty) € BZoqr), &), -+ s W(ty) € BZyiny, &)} = ———————.

n—+oo 2

O

Next, we consider the asymptotic behavior of probability that the polygonal line can be almost
inscribed into Brownian trajectory.

Theorem 2.2. Let {W(t);t € [0, 1]} be a Brownian motion in dimension d > 3. Given that x is the
starting point of the Brownian motion, let 2,2, -+ ,z, # X be distinct fixed points such that z; # z; for
k # jthen

P{30<n <--- <1, <1: W(ty) € B(zy1,€), W(ta) € B(zp,8), -+, W(ty) € B(zp, €)}

=l = il 2 = 2l llanes — zlPE?Y, £ =0,
Proof. First consider the simple case
P.{3t€[0,1]: W) € B(z,¢)}. (2.5)
To deal with this probability, we have

P31e[0,11: W) € Bz, &)} =P+{31 € [0,1] : @ e B(g, 1))

=P:_:{Ar € [0,1]: @ € B(0, 1)}
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By the scaling property
Wit t
PO 2wl 1o,
g &
we can get

Ps_:(3re[0,1]: @ € B(0,1)} = Ps_:{Tr € [0, é] : W) € B0, 1)}.

Consider these events
A ={Jr>0:W() e B, 1)},

A, ={Tte [ ! ,+00) : W(r) € B(0, 1)},

A; = {3t e [0, ] W(t) € B(O, 1)},
because A; = A, U Az, and P{A, U A3} < P{Az} + P{A3}. So

P::(3>0: W)€ BO,1)} = P:_:(3r € [0, —] W() € B0, 1)}, (2.6)

and

P:_:{3r €0, l] - W(t) € B, 1)}
€ | (2.7)
>Px_:{Ft>0: W(t) € BO,1)} - Px_:{Tt € [;, +oo] : W(r) € B(O, 1)}.

By the known result in [20]
I'd/2-1

Ps_:{3r=0: W() € BO, )} ~ P2 I , €—0,.
Then, from (2.6), there exists a &y, for any € < &y,
P: :{Atel0 l] : W(0) € B(0, 1)} < C(d)||lx — z||* 9?2 2.8
1z ol D} < x = |7, (2.8)

which shows the upper bound of the probability (2.5). Next, we check its lower bound,
P:_:{dre [ ! ,+oo0] : W(r) € B(0, 1)}
—P(3r e [— +oo] : g — 2L W() e B, 1))
=P{ds>0: g——+W( )+[W(s+—)—W( )]eB(O D}

By the Markov property, {W(s); s > 0} is a Brownian motion, then the process {W(s+ 2) W( 5); s > 0}
is again a Brownian motion started from the origin. Denote £ = £ — £ + W( 82) pe(u) is the dens1ty of
random variable &, then

P{ds>0: g——+W( )+[W(s+—)—W( 5)1 € B(O, 1)}
=P{dt>0:£&+ W(r) € B(O, 1)}

- f pe)PEt > 0 : u+ W(r) € B0, 1)}du
RY
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By the last exit formula,

f pe)P{At > 0 : u+ W(t) € B0, 1)}du :f psc(u)duf G(u,v)o(dv)
Rd RY 5(0,1)

:f 6(dv)f pe()G(u,v)du,
5(0.1) R4

where 0 is the equilibrium measure [20] (i.e., the uniform distribution on S (0, 1)), G(u, v) is the Green’s
function,

+00
G(u,v) = f p(t,u,v)dt,
0

where p(t, u, v) is the transition density of W. Then

f pe(u)G(u, v)du :f pg(u)duf 0op(t, u,v)dt = f oodtf pe(u)p(t, u, v)du.
Re R4 0 0 R4

Since the second integral is a convolution, we define a new random variable 8, ~ N(Z — £,7 + ﬁ), then

- e oo 1 -2+ 212
dtf p (”)p(t, u, V)dl/l = f p ,(V)dt = f e_Tdt.
L R 0o 5 (V2

£2

H

By the change of variable “V_Ez—:g =1 we have
S
f+°° 1 _vag%uzd o v-2+ §||2_d y
e ¥ dt= —~ £ e7ids,
L (V2nr) 2 2Ams)

where |[v—2 + 2|27 = ||x — z — &v|”“&*~%. Since ¢ is sufficiently small, we ignore &v here. From (2.7),
we have,

P:_:{3r €0, é] : W(r) € B, 1))

>P: {3t >0: W(r) € BO, D} - P:_:{Jr e [é, +o0] : W(1) € B(0, 1)}

d/2-1) R S d _d-
T ‘fz vy ol e 29)

llz=x11?

2
el 1 _1 2-d_d-2
= e sds||x -z &
fo TR T

Z—dgd—Z

=c|lx - zl| , €0,

Combining (2.8) and (2.9), we can get the asymptotic result
P {3t [0,1]: W(t) € B(z, &)} =< llx — 2l &2, (2.10)
Considering the case of n = 2, estimate the following probability

P00 <t <, <1:W(n) € Bz, 8), W(tz) € B(zz, £)}.

AIMS Mathematics Volume 10, Issue 10, 23613-23638.
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Denote the stopping times
7r=min{0 < <1: W) € B(zy,8)},
T, =min{r; <1, < 1: W(t) € B(zp, )},

then we can rewrite the probability

P{A0 <t <t < 1:W(t) € B(z1,¢), W(1a) € B(z, )}
:E(10ST1<T2S1)
:EX(IOST] <1 )EW(Tl)(10<T2S] -7 )’

where the strong Markov property of Brownian motion is used. The asymptotic result of E,(1p<7,<1) 18
exactly (2.10). Since we consider € — 0, here we replace W(t;) by z;. By the result (2.8), we can get

E.,(Lo<rr<i—r,) < Callzi — 22|46 (2.11)

From (2.9), we have

2-27)
=T 1 1 2-d -2 2-d d=2.
B, (Lo<rior)) 2 ——e dsllz) — 2| > c3llz; — 2l (2.12)

o 2(«ms)

From this, we can get the asymptotic result

PAO<n <5 <1:W(n) € Bz, 8), W(n) € Bz, &)} < |Ix — 21l Iz — 2l (62,
By means of this induction process, we can derive the following result,

P{0<yH<---<t,<1:B(t) € B(zy,¢),---,B(t, € B(z,, &)}
x“)C - Zl”z_dHZl — Z2||2_d e ”Zn—l _ anlz—d(gd—Z)n‘
The theorem is proved. _

Next, we will introduce one kind of stochastic process which is called integrator. These processes
were introduced by A. A. Dorogovtsev [21] for the purposes related to the theory of stochastic
integration and anticipating stochastic differential equations. The integrators include Brownian motion,
Brownian bridge, the Ornstein-Uhlenbeck process and many other processes that are frequently used
in applications. First, we introduce the definition of the integrator.

Definition 2.6. [21] A centered Gaussian process {n(t),t € [0, 11} is called the integrator if there exists
such a positive constant C > 0 that for arbitrary n > 1, partition 0 = ty < --- < t, = 1, and real
numbers ag, - - -, ap_1,

n—1 n—1
E(;o a (1) — n(1))* < C kZO AL,

where Aty := tyy) — k.

In [11], A. A. Dorogovtsev, O. Izyumtseva, and N. Salhi show that if an integrator is represented
by an invertible operator, then its self-intersection local time must exist. Subsequently, we investigate
the asymptotic behavior of multiple self-intersections under the condition that the polygonal line is
inscribed in the Brownian trajectory. Next, we introduce a lemma that gives a representation of
Brownian motion as being divided into two independent integrators.

AIMS Mathematics Volume 10, Issue 10, 23613-23638.
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Lemma 2.3. Let {w(¢);t € [0, 1]} be a Brownian motion. Fix0 < sy < --- < s, < 1, then there exists a
representation

w(r) = y(t) + x(2),
where x(t) is the polygonal line which connects the vertices 0, w(s;),--- ,w(s,). Here, x(t), y(t) are
both integrators and they are independent of each other.

Proof. Consider the polygonal line x(¢#). Since each edge of the polygonal line is a straight-line
segment, it can be represented as a linear combination of its vertices, so we have

tw(s), 0<1<sy,
Syt 1—51

x(t) = SZ—SIW(Sl) + Sz—Slw(SZ)’ S1 <1<,
TEEW(sem1) + i w(s,),  Spe1 <ES S,

For a partition 0 = 7y < --- < ty = 1, define a sequence of corresponding constants cy, -+ ,cy_1. If
x(t,,) and x(t,,,) lie in different edges of the polygonal line, we add a point s; to the partition between
tn and f,,1. From this, we build a new partition 0 = 7y < --- <7, = 1. Next, take any ¢, such that when
ty € (tm, Sm+1], ¢, = ¢,y To show that x is an integrator, we estimate:

n—1
=B, D, Gl -

k=0 7,€(st; 358, +1]

n—1
:E(kzz(;
-1

C D Gl -1)?

N-1
B cn(x(tnin) = X(t))?
m=0

~ W(Sks1) — w(sg)

) )?

Sk+1 — Sk

W(Skr1) — w(sg)

Sk+1 — Sk

D Gl -5

tp€(Sky 35k; +11

S

k=0 7 e(sk; 358, +1]

n—1
2T Y G
k=0 T,e(skssn 1] Tp€lsey 38k +1]

N-1
<Y AL

m=0

From this follows that x is an integrator by the definition of the integrator. Since w(f) and x(#) are both
integrators, and y(¢) = w(t) — x(¢), it follows that y(¢) is also an integrator. Next, since y(#) and x(f) are
both Gaussian processes, to verify their independence, we only need to check that their covariance is
zero. For any t € [s,_1, 5¢], s € [5;_,, 5;], the covariance of y(s) and x(7) can be expressed as follows:

Cov(x, y) =E[(x(1) = E(x(1)))(¥(s) — E(y(s)))]

S — 1 t— Sk-1
= Skt NS+ ———85r A S
Sk — Sk-1 Sk — Sk-1
4 4

Sg—t S =S , L= Sp-1 S— Sy , (2.13)

- Sk N\ Sy T Sk N\,
Sk — Sk-1 Sk - Sk—l Sk — Sk-1 Sk - Sk_1

Sk—t s_s;c—l ’ t—Sk_] S],(—S ’

- Sk—1 N\ 8 — — Sk N Sp_q-
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Next, we divide the problem into two cases. First, assume s, <t < s, < s, , < s < s, then (2.13
p k-1 k

can be expressed as follows:

(k= DS (S, =83 =S, +s—s+5_) (E—se)si(s, =8, —s+s,_,—s5.+5) B

Cov(x,y) = 7 ;
(x.5) (Sk — Se=1)(s, — 8,_) (S5 = Sk-1)(8;, = 83_y)

Second, assume s;,_, < 5 < 5 < 531 <1 < 8, then (2.13) can be expressed as follows:

(k= Dls(s; = 571) = 53, (5; = 8) = 53.(5 = 53]

Cov(x,y) = p p
(Sk - Sk—l)(sk - Sk—l)
(1= si-)lsCsp = 53 ) = s, (s = 57_) = 5, (5, = 9)] 0
(sk = sk-1)(s), — 5,_1) '
Thus we can conclude that y(¢) and x(¢) are independent. O

Theorem 2.4. Let {w(t);t € [0, 11} be a Brownian motion in R>. Fix0 < s; < --- < s, < 1, then for the
conditional expectation of the self-intersection local time of the Brownian motion, the following result
holds

S B
E( 0a(w(tz) — w(t))dtidirw(s1) = vi, -+, w(sn) = V) ~ (—e VIS e,
0<t < <1 Tuv*
where il = (u,u), u # 0 is fixed, k* = argmin||vi_; + wll, v* = [|[vie1 + viell, and s* = spe — s
k

Proof. From Lemma 2.3, x(7) is the polygonal line which connects the vertices 0, w(s;), -+, w(s,),
then the conditional expectation of self-intersection local time can be written as follows:

E( So(w(tz) — w(t))dtidir|w(sy) = vi, -+, W(sn) = Vi)
0<t1<tr<1
=E( 0o(Ay(12, 1) + Ax(ta, 1))dtydirlw(sy) = vi, -+, w(s,) = V) (2.14)
0<t1<tr<1
:E( 60(Ay(t2, tl) + AX(tz, tl ))dtldtZ)lx(sl):vl,m X(8)=v, ¢
0<t1<r<1

First, we consider
E(0o(Ay(t2, 1) + Ax(12, 11))) = q(Ax(12, 11)),

where ¢ is the density of Ay, and ¢ is uniformly integrable when O < #; < t, < 1. When ¢ € [s;_1, 5«1,
denote v; = (v}, vi). Now, the covariance matrix of y(z) is

{g(t) 0 }
0 g0 |’

C__ Then we can rewrite (2.14) as follows:

Sk—Sk-1

where g(t) =t —

E( 00(Ay(t2, 1) + Ax(t2, 1))dt1dtr) | x(s))=v, e x(5,)=v

0<t1<1<1

=), f g(Ax(tr, t))dndtr + ) f f g(Ax(tr, 1))dtdtr.
k=2 v Sk-1S11<t2=sg i) $i-1<11<8; Js5j-1<0<s;j
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Thus, when #,, #, in the same interval [s;_i, s;], we can get the covariance of Ay:

(h — 1)?

g —t)=({—1)— .
Sk — Sk-1

(-1 +vi_y)

Then, the conditional
Sk—Sk-1

When s,y < t; < t, < s, the expectation of Ay is Zle u—

expectation can be written as follows:
2 (—1)(Vi+vi_)
f Sk — Sk—1 2ic1 (S = se-1)(w — #)2
S

exp{— Vdndt,.  (215)
<t <ty<s, 20(t = 1) (S — Sy — (T2 — 11)) P 2(ty = 1) (s = Sp-1 — (2 — 1)) e

Denote s; — s;_1 = s, and by the change of variables a; = t, — t;,a, = t, + t;, (2.15) can be written as
follows:

5 2 @) \2
: -~ s(u — ——=L1
2 exp{—Zl_1 ( ) Yda. (2.16)
0 Ta 2a,(s — ay)

Denote Z.,-zzl(v;; + v )* = v+ vl vy + v, +vi +vi_| = v. Do the change of variable b = p(a;) =

2 _al(v;€+v;\,_1) 5
Zici S(Z';l = " Here the function p has only one minimal value on [0, s]. When a; = s, b = oo,
and when a; = 0, b = co. To find the minimal value of p(a;), we need to check the derivative of the

function p(a,;). By calculation, the extreme point is

o _ =Buls + dus 42 + Qllve + viei [P = 4uv)

a =
4|vi + vi_1ll? — 8uv

then the minimal value of p is

Sve + viill, v)
_[16us + 2us2lvi + vicilP = duv) + 8’ VA2 + Qllvi +vici P~ 4un)llvi + viealP
) g(Ivi + vitll, )
. u?sQ2lv + viaill? = 4uv)? + 4P sv2||[vi + vii|I? = 4uv)
q(lvi + vizill, v)
| 2025Vl + vl — 4uv) Vau? + Qllve + v P = duv)
q(llvi + viill, v) ’

where
qlv + viill, v)
=2us?2lve + it l? = 4uv) Va2 + Qllve + vt |2 — 4uv) — 8 s> Qllvi + vt |l — 4uv)

— 32u*s? + 161 5% \4u? + Qllvi + viet > — 4uv) — 8u? s> ve + vier P — 4uw).

i i
2 ap(vi +v, 1) 5
iz su— k: =)

2ay(s—ay)

When 0 < a; < s and u # 0, for function p(a;) = , both 2a;(s — a;) and Zle s(u —

al(v2+v5€_|))2
K

are greater than 0. Therefore, the function f(|[vy + vx_1l|,v) > 0. Here, p is decreasing on
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[0,a"] and increasing on (a*, s]. Therefore, there exists /;, which is the inverse function of p on the
interval [0, a*], and h,, which is the inverse function of p on the interval (a*, s],

2 2 2 2 22

s“uv + bs s?uv + bs 2u?s
ay = h(b, |lvi + vill,v) = 2 — ,
||Vk + Vi ||2 +2bs ||Vk + Vk_1||2 + 2bs ||Vk + Vi ||2 +2bs

and

2 2 2 2 22

suv + bs sZuy + bs 2u?s
ay = hy(b, |[vi + viill,v) = - 2 — .
( (Vi + vic1ll? + 2bs (Vi + vic1ll? + 2bs Vi + vicil]? + 2bs

Then the integral (2.16) can be written as follows:

0 sh! (b, ||ve + viill, v ° shl(b, |[ve + viill, v
f (D, vie + vill )e_bdb+f 5B, i + vl )e_bdb, (2.17)
Fvervii by TR1(D, Vi + viall, v) Fivervir by Tha (b, Vi + vitll, v)

where £/, i), are the derivative of h;, h, with respect to b

Ry (b, |lvi + vi-ll, v)

_sz(llvk + v |? + 2bs) — (sPuv + bs2)2s 1
(”Vk + Vi ”2 + 2bS)2 ( s2uv+bs? 2u? 52
Hvk+vk 1||2+2bs ||vk+vk,1||2+2bs
2 2 2 2 _ 2 2.3
2( s uv + bs S2(lvi + it l]> + 2bs) — (s%uv + bs*)2s 4u-s
i + Vit ll® + 2bs (Ve + v |I? + 2bs)? (v + vt PP + 2bs)* ™

Because the asymptotic result for both integrals in (2.17) is the same, it is enough to check the first
integral of (2.17),

e ’db

fm s (D, |lvi + viill, v)

vty T, Ve + vl v)

— e~ [ UVetvi-illv) foo sh/l(a + fUve + victll, v)s [ve + vzl v)
0

—a
e ‘da.
rhi(a + f(lvi + viill, v), v + vizall, v)

For sufficiently large ||v; + vi_1||, one can get the following estimation

shi(a+ f(lvi + vicill, V), v + vl Wvie + viall
whi(a + f(lvi + vieill, v), v + vieill, v)

el <Ce™”,

where C, is a constant. Here, we will consider the asymptotic behavior when ||[v; + vi_{|| — o0, so
F(Ive +viall, v) s equivaulent to ~24]jv, + vy ll, 7 (a + F(llve + vieill, ), v + il v) is equivalent to
V2usllvi + vi_ill™', and 7 (a + f(lvi + vieill, V), [Ivi + viall, v) is equivalent to s2|[vg + vi_y||72. Taking
Cye™* as the dominating function, we can apply the dominated convergence theorem,

. * shi(a+ flvi + viaall, V), vie + vl WIve + vl © 52 5
lim e ‘da =
Ve t+vi-ill—=e0 Jo 0

—e %da = —.
whi(a + f(lvi + vieill, v), v + vizall, v) mu mu
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Thus we have for ¢, ¢, in the same interval

(- tl)(vk+vk 1))2

f il exp{—Zl L0l — tdtdty

i<ti<n<s, 27(t — 1)(s = (f — 11)) 2(t = t1)(s — (lz - 1))

2

S Ly
~— v + Vk—l”
u

Wit v + vy || — oo

When #; € [si_1,8:] and 1, € [sp_1, sp], we divide it into two cases. First case is sp_1 < 1 < s <
s,y < 1 < s5;,onthe second when s, | <1, <5, < 5, <11 < 5. We will only deal with the first
case, because the analysis of the other case is similar. We denote the variance of Ay by g(t,,#). By the
relation s, — s > I — 1) > §;_; — s, there must exist a constant n > 0, such that #, = 7 + n. Then
regarding the variance g(t,, ;) as a function of n for a fixed ¢;, we denote it by k(n). Here, k(n) can be
expressed as follows:

k(n) = an® + bn + c,

where a, b, ¢ are some constants related to 71, s, Sk-1, 5;_,, Sk, because the variance k(n) > 0, and k(0) =
0. Based on this property, we can conclude that for # > 0, the function k(7)) is monotonically increasing
and strictly greater than 0. Then, considering the inequality s, — si_; > h > s]_, — 54, there must exist
two constants C3, C4 such that C; < k(n) < C4. Now, the conditional expectation can be expressed as
follows:

5 . : o
1 1 L, +v,_ ) HO, +v,_,)
f . exple—— Z(u _ 2l T e T e Uy g,
scrsn<siss, <n<s, 2M8(t2, 1) 28(12, 1) s Sk = Sk-1

-5
kT k-1
) . _ (2.18)
1 (=) +vi_))
sf ——expl-—=— ) (u— L d.
Sk— 1<11<SkSSk ]<12<s/ 27TC 2C4 =1 Sk — Sk-1
(v2+v;'(_1) (vk,+v .
Here, we assume o S Ty By the change of variables a; =, — t1,a, =, + 1, s0 (2.18) can
< k k-1
be written as follows:
STl g~ — oy 1 2 a (Vi + Vi
f kel T expi- Z(u kg, (2.19)
a— nCs 2C, ~ Sk — Sk-1
D t d i i\2 2 db h f iable b = 1 2 a2
enote Y i_; (v, +vi_;)” = |lvk + vi1]I, and by a change of variable b = G D (u— W) we can

get its inverse function

(Sk = Se—1)(u + V2bC4)

[V + viill

ay = h(b,[|vi + vill) =

and the derivative of the inverse function is

— Sp_ C
(b, Iy + vyl = = S VC
V2b||vi + i |
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(5} =51 Ive+vi1l? 8= 5k Ivictvii . .
Denote p(||vk+vk_1||) = k21C4(sk——sk_|)2’ q(llvk+vk 1D = W and the 1ntegral (2.19) satisfies

the following relation,

Sy Sk—1 ¢ -5 - a 1 2 al(vi + Vi )
k k—1 k k=172
exp{— E u———— ) }da
f: 7TC3 p{ 2C4 P ( Sk — Sk=1 ) } !

Sp_1—Sk
Ivetvil) (¢ — ¢ — (DY (b
:f (st = s —HODHD) _,
pIvi+vi-ilD nCs
<o PUVitvieild foo (s, = 8,_y — ha + p(llve + vielD)R (a + p(|lvi + Vi ”))e‘“da.
- 0 nCs

By the form of 4 and /', we have

(st = se-1) Vu + 2(a + p(llvic + viet ) Cs
Ve + vl

h(a + p(|lvi + vi-1lD) =

b

and

(sx — s1-1) VC3

V2(a + p(vi + via )i + vl

W (a+ p(llvi + vial) =

Then, we have

|||Vk + vicilP(s; = s = hla + plve + vict DDA (a + pllve + Vk—l”))e_a
7I'C3

2¢ ’ ’ (‘Y;’(_|—Sk)2||Vk4"’k—1||2
Vi + vill (Sk - Sk_l)h (a+ W)g’ﬂ
7TC3

e+ vl = 57 ) (s — Sk—l)e_a

2
\/Z(a L G 9P P )

T 2Ca(si—si1)?
<(Sk - Sk_l)(sk - Sk—l) V 4e_a

B m(si_, = Sk)

Here, we will consider the asymptotic behavior when |[v; + vi_1]| = o0, so h(a + p(||[vi + vi-1ll))

is equivalent to a constat Cs, and h’(a + p(|[vi + vi_1l])) is equivalent to Cg|lvi + vi_i1l|>. Taking
(Sk Sk 1)(51\ Sk— 1) \/a _a

7(s5_ —Sk)

e + v |P(s). — 5., — h(a + oo
lim f Wi Vil (S = 8 = h@t Py ple~“da = f Cre™da = C.
lvitvieili—oo Jo nCs 0

So, we can get

5 . . . .
1 1 LV, +Vv, ) O+ )
f S explmy—— > (- — = L Uyanar,
Sk-1<n<sk<s)_ <n<s, 2rg(tr, 1) 28(t2, 1) = S = Sy Sk — Sk-1

s vt
<Cre 2 e+ vl v+ vl = oo

as the dominating function, we can apply the dominated convergence theorem,
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Thus, we can conclude that when #,, 1, lie in different intervals, they converge to zero faster than when
11, tp lie in the same interval. Finally, we have the following result,

*\2
B( Sow(ts) — Wit dtrdislw(sy) = vis - w(sy) = 1) ~ SV e oo,
0<t<h <1 Tuy

where k* = argmin|[vi_; + V||, v = |[vieor + viells 8 = S — Speo O
k

3. The random curve driven by the equation with interaction

In this section, we will consider the motion of a random curve driven by the equation with
interaction. First, we introduce the stochastic differential equations with interaction.

dx(it, 1) = a(X(id, 1), p)dt + [, b(R(@, 1), 1, pYW(dP, ),
X, 0) =i, #@eR, (3.1)
= o0 X, 1),

where w(dp, dt) is the Wiener sheet. If one takes y as a visitation measure of the curve vy, the u, will
be a visitation measure of its image at the time ¢.

1
Ho(A) = fo 1aEs))ds,
1
(A = f 1,(R(E(s), 0)ds,  REC),1) :[0,1] = RY
0

The idea of describing the curve’s motion using an equation with interaction driven by the curve’s
visitation measure was proposed in the paper [22] . The coefficients in (3.1) satisfy the Lipschitz
condition with respect to measure-valued argument when the distance between measures is measured
by the Wasserstein distance [23] .

Definition 3.1. The Wasserstein distance between the probability measures on R? is

. ”I/_t)_ﬁ)“ -
V) = inf MWW i, d),
Pl v) Q‘&v>fRded1+||ﬁ—ﬂ|"( 7,49

where inf is taken over the set Q(u,v) of all probability measures 1 on R, which has u and v as their
marginals.

In this case, the stochastic differential equation (3.1) has a unique solution yu, which is an
evolutionary measure-valued Markov process [8] . Specifically, here we present an example of the
coefficients in (3.1), which satisfies the Lipschitz condition with respect to space and measure-valued
arguments.

Example 3.1. Suppose that the function
fiRIxRY > RY,
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satisfies the Lipschitz condition with respect to both coordinates and is bounded. Define

a(u, ) = f ) f(u, p)u(dp),
R
and there exists a constant L, such that

lla(u, ) — a(v, VIl < L(llu = vIl + p(u, v)). (3.2)
Next, we shortly check the inequality (3.2)

lla(u, ) — a(v, VIl =llau, p) — a(u,v) + a(u, v) — av, v)||

(3.3)
<lla(u, v) = a(v, VIl + lla(u, p) — a(u, v)l|.

First, there exists a constant L,, such that

lla(u, v) — a(v,v)|| =I| f fu,vv(dv) - f F,vv@av)ll

R & (3.4)

Sf Lillu = v|v(dv) = Lillu — vl
Rd

Second, taking two random variable &, &, which have distributions u and v,

lla(u, ) — a(u, V|| = [[Ef(u, &) = Ef(u, &)II.

Here we divide into two cases. First, assume || — &|| < 1, and by the Lipschitz condition, there exists
a constant L,, such that

161 = &l
L+]i& =&l

Second, assume ||&, — & || > 1, and given the condition that f is bounded, there exists a constant L,
such that
€1 — &l

L+iE - &l

Taking the infimum with respect to all possible joint distributions of (¢ — &), we can get there exists a
constant L, such that

f(u,&1) = f(u, &) < Loligy = &l < 2L,

1f @, 1) = fu, &) < Ls

lla(u, 1) — au, V)|l < Lap(u, v). (3.5)
Finally, combine the inequalities (3.4) and (3.5), we can get the desired inequality.

Next we consider Eq (3.1) with the coefficient a of a special form, where the coefficient d is
constructed to describe the motion of particles in a medium with attractors 7. Once we take a Brownian
trajectory as the initial curve, we let it evolve according to the solution of the equation with interaction
with the coefficient @ in such a form. Then its visitation density exhibits an intermittency phenomenon.
Suppose that

RY = UM Dy,

where the connected domains Dy, satisfy the condition that

DinDj=¢, k#J
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and the domains D, have piecewise smooth borders. For every k = 1,--- , N take a point 7 € D;. We
define a function

V e C'(R%RY),
in such a way that
VlUQ/:laDk = 0’

V and V’ are both bounded on R¢, and for every i € D; the solution to Cauchy problem

{ d(r) = V@)t
¥0) = i,

tends to Z; when 1 — +oo. Define a nonnegative function

h e C'(RY),
in such a way that

hlUszlaDk = 0’
h and i’ are both bounded, and

h|ug=1 D > 0.

Define the function
F@t, ) = h@ V(@)

Then we can define the coefficient & as follows:
N
i = Y 10, [ fid Dy (.6
k=1 Dy

The next theorem shows that, starting from any mass distribution, the measure yu, will be

concentrated in the points {Zk}N

o> ST — 00,

Theorem 3.1. Consider equation
#it,0) = il, ileR?,

= o 0 X, 1),

with d of the form (3.6). Define

N
pe=po(DY), k=1, N, v=> py.

Then,
p(u,v) =0, t— +oo.
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Proof. To check the convergence in Wasserstein distance, we just need to prove that y, weakly
converges to v (see [24]). For a function ¢ € C,(RY),

f (s (dF) = f W, D)ol 3.7)
R4 R4

By the construction of the coefficient a,
X, 1) — Zk, when 7 — +oo, il € Dy,

so we have
[ st o > [ w@ty @, o e,
R R
which shows that y, is weakly converging to v. O

Next, we present a theorem about the random curve in a flow with interaction with attractors
71, Zn. Specifically, we investigate the probability of a random curve having at least of type
a(l), -+ ,a(n) up to &. Furthermore, we will show that this probability is less than or equal to the
lower limit of itself at infinity.

Theorem 3.2. Let yo(r), r € [0, 1] be the initial random curve in R?, and denote y, = (o, t), where X
is a solution to the equation with interaction. Let the coefficient d be of the form (3.6) with some fixed
points Z1,-+ ,Zn. Let € be sufficiently small such that

Vk=1,---,N, B(Z.&)CD;.
We define the following probability function:
YVt >0 R, = P{y, has at least type a(1),--- ,a(n)uptoe}, n<N.
This function R, has the property
lim R, = supR,.
[—+0o0 >0

Proof. Define the set A, = {w : Ar; < --- <1, € [0,1] : y(r)(w) € B(Za(i),s)}, since vy, is a random
curve, which means that there exists parametrization of 7,

Yo(r(w), rel0,1], v €C(0,1],RY,

and it is a random continuous function. It is known that ¥ has a continuous modification with respect
to both variables u and 7. This means that X is a random element in C(R¢ X [0, +o0], R?). For fixed r,
Yo(r) is a random variable, and by the known result in [25] ¥(yo(r), ) is also a random variable. Since
vo(+) is continuous and ¥ has a continuous modification, X(yy(-), -) is a random element in C([0, 1]). Fix
aw € A,, and there exist ry, - - - , 1y,

Y‘Y(F,‘)(w) c B(Z(t(i)a 8), l = 1’ N
By the construction of the coefficient d,

Viie DS, Xi,t)—>Z, t—+c0, k=1,---,N,
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we can get
vi(r)w) > 2y, t— +oc0, i=1,---,n.

There exists T(w) < +o00, such that
T(w)=inf{s: Vs >s Vi=1,---,n ye(r)(w) € BZy, )},

and 7(w) is a random variable. For any ¢ > 7(w), ¥;(w) has at least of type a(1),--- , a(n). We choose
7(w) in a measurable way
{ O’ w ¢ Al‘a
T(w) =

T(w), w €A,
Then, for all s > ¢, denote
B, =ANn{w:s>1(w),

and we have B; C A;, so we have the following relation:
R, = P(As) = P(Bs)

Since
Yw e A, 1(w) < +00,

by the construction of By, we have
B, > A;,, s —> +o0.

From this, we can get
P(B;) = P(A;), s — +oo.

Consequently,
P(A)) = lim P(By) < lim P(Aj),
s—+00 N

s§—+00
which implies
lim R, = supR;.

[—=+c0 s>0

O

In Theorem 3.1, we demonstrate that distribution of mass tends to attract points of the differential
equation with interaction. Subsequently, using this result, we will investigate the visitation measure of
the random curve in a flow with interaction.

Theorem 3.3. Consider the equation with interaction with coefficient d in (3.6). Assume the initial
random curve {yo(r);r € [0, 1]} has at least type a(1),--- ,a(n). Consider the random curve y, =
X(yo, 1), where X is a solution to the equation with interaction. Suppose that the visitation measure p*
of y: has density I¥ with respect to the Lebesgue measure. Suppose that at initial time t = 0,

uo(UE,6D)) = 0.

Denote
I) = B(Zy2) — 241, 0), -+ s i1 = B(Zooy — Zai—1, 6)-

Then, for every 6 > 0, we have

f lf(Vl,'" Viedvy, s, dviey = 0, as. 1 — too. (3.8)
Rd\IIX“'XRd\Ik,l
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Proof. First, and consider the case k = 2, consider the visitation measure for set {R¢\/;}
1l . .
W RN = f F(vy)dvy = f f 1ga\f, (€(2) — E(11))dt dt,.
RO 0 Jo

If (£(1,) — €(11)) € I, then

IE(12) = Za) — E11) = Za)Il < 6,

which exactly means the visitation measure concentrates on B(Z,(), ) and B(Z,), ). Consider the
general case,

lim f Bwi, - ovie)dv, -+ dveey = lim gl (U RAL). (3.9
12400 JRAL X xRNy I=+00
From Theorem 3.1 we can get that the visitation measure u* concentrates on B(Zy1y,0), -+, B(Zaw), 9),
when t — +o00. Thus the limit of (3.9) equals to 0 almost surely. i

We described the limit behavior of a visitation measure of random curve which has at least of type
a(l), -+ ,a(n) in a flow with attractor points. To illustrate this result, we now present an example of
the equation with interaction with the coefficient @ in the form of (3.6), and investigate the visitation
measure of its solution.

Example 3.2. When N = 4, consider the equation with interaction with the coefficient d of the
form (3.6) in R? . First, we present the graph of the function V which is in the one-dimensional case
in Figure 1 . Then, we derive the form of V which is in the two-dimensional case, and the resulting
function satisfies the Lipschitz condition with respect to both coordinates. Define the function

(1-x,1-y), (xy)=(500)X(5,),
(1-x~1-y), (xYy)=(3,0)X(~00,~3),
(—-1-x1-y), (xYy)=(-00,—3) X (5,0),
(—1=x—-1-y), (xy) =(=00,~3) X (=00, ~3),
Vy) =4 (), 6y =[-3 51 x[=5,3],

(1=,  (6y) =[5, 3] X (5,),

(x,=1=y),  (5) =[5, 3] X (=00, =3),
(1-xy), xY)=(3,0)x[-35,3]

(—1=xY), (xy)=(-00,-3)X[~3,5].
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NI|H
X

N =

TN

Figure 1. V in one dimension.

The attractors are Z; = (1,1),2, = (1,-1),Z3 = (-1,1),Z4 = (-1,-1), and D; = [0,00) X
[0, 0), Dy = [0, 00) X (=00,0], D3 = (=00,0] X [0, 00), Dy = (—00,0] X (—00,0]. For every u € D}, the
solution x(t) to Cauchy problem

dx(t) = V(x(1))dt,
{ x(0) = (u1, u2),

tends to Z, when t — +oo. The solution is

(e, uze”), (i up) € [=1, 11X [=1,1],  (11,1) € [0,In ;7) X [0, In ),
e,y = De™ + 1), (uy,u2) € [=1, 1] X (1, +00), 1 € [0,In ),
(uie", (ur + e ™ = 1),  (u1,u) € [-1,1] X (=00, —1), 1, €[0,In ﬁ),
(g — De™ + 1,upe”), (u,us) € (1,+00) x [-1,1], 1 €[0,In ﬁ),

X)) =9 (u + De™™ — 1,u2e?), (uy,up) € (=00, —1)x [-1,1], 1, €0, lnlul—2| ,
(up— De™ +1,(ur — De ™+ 1),  (ug,us) € (1,+00) X (1, +00),

(up+ De™ =1,y — De™ + 1), (uy,up) € (—00,—1) X (1, +00),
(up— De™ +1,(ur + De™ = 1),  (ug,ur) € (1,+00) X (—o0, —1),

(up + De™ =1, (ur + De™ = 1),  (uy,ur) € (—o0, —1) X (—o0, —1).

Define nonnegative function h(u) in such a way that
Mot o, = 0,

h and h' are bounded, and

h . > 0.
lut_, g

Define the function
f@u,v) = h(nV(u).
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Then we can define the coefficient a as follows:

alu, p) = f WV u(dv).

R

Now the equation

dx(u, 1) = V(x(u, 1)) [, h(v)u(dv)dt,
x(u,0) = u, uecR?

He = Ho © X(', t)_l'

The initial random curve {yy(r); r € [0, 11} is Brownian motion in R?; denote v, = x(yy,t). When 'k = 1,
the visitation measures for B(Z,, €) are

1
WA(B(Z1,8) = f Loz, o (W),
0

,utl (B(Z;,¢)) = j: 15z, (x(W(r), ))dr = Ar : x(w(r),t) € B(Z,, €)}. (3.10)
For the V and h defined as before, if x(u,0) € Dy, we have
V>0, x(u,t)€ Dy,
then we can rewrite (3.10)

AMr: x(w(r),t) € B(Zy,e)} =A{r : x(w(r),t) € B(Z;, ), w(s) € D}
=r: w(r) € x Y (B(Zy, €), 1), w(s) € D}
=y (x"'(B(Zy,€),t) N Dy),

where X"'(A, t) = {ii : X(ii,t) € A}. For any u € Dy,
|x(u,t) —Z;| > 0, t— oo.
Consequently,
lim |, (B(Z1,8)) = po(Dp)l = lim lug(x™ (B(Z1, £),1) 1 D1) = po(D)| = 0.
4. Conclusions

In this paper, we consider a polygonal line I'(uj, - - - , u,) inscribed in a Brownian trajectory. We
then estimate the probability that such a polygonal line is almost inscribed in a Brownian trajectory.
For the self-intersection local time of Brownian motion, we further demonstrate the asymptotic result
of its conditional expectation as the size of the polygonal line increases. Finally, taking this Brownian
trajectory as the initial curve, we let it evolve according to the solution of the equation with interaction,
and prove that its visitation densities exhibit an intermittency phenomenon as time tends to infinity.
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