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Abstract: Suppose F, is a finite field having an odd characteristic. Let D = {xy,- -+, x,_, oo}, where
{x1,--+,x,-1} & F,. Assume that & is an integer with 2 < k < n. We show that u(D) is a deep hole of
Cauchy code C(D, k) if u(x) = A(x—08)7+vx*'+ fy_»(x), where 1 € F, § € F,\ {x1, -+ , x,-1},v € F,
and fo»(x) € F,y[x] of a degree that does not exceed k — 2. This expands the result shown in our
previous paper. In particular, we also show that the received word u = (uy, - - - , u,) € F is a deep hole
of C(D, k) if and only if the Lagrange interpolation polynomial of the first » — 1 components of u is
Ax =82+ u, X + ugo(x), where 1 € Fr, 6 € By \ {x1, -+, x,-1}, and ugo(x) is a polynomial over
IF, whose degree does not exceed k — 2, if % <k<n<qg-2.
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1. Introduction and primary results

Let F, be a finite field. Suppose that n, k are positive integers with k < n. Assume D = {x;,--- ,x,} C
F, U{eo}. Now, the Cauchy codes C(D, k) with a length n and dimension k is defined as

CD, k) :={(f(x1), ..., f(xn)) € Fy | f(x) € Fylx],deg f(x) < k -1},

with f(c0) = c;_1(f), where c;_;(f) is the coefficient of x*~! in f(x). Note that the Cauchy codes are
called Reed-Solomon codes, singly-extended Reed-Solomon codes, doubly-extended Reed-Solomon
codes (also known as projective Reed-Solomon codes), when D = F,, F,, F, [ J{co}.
We employ #(A) to represent the cardinality of any finite set A. Let u = (uy,...,u,),v =
(V],.. .,Vn) S FZ
du,v) =#1<i<n|u #v,u €F,v; €F,}
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is named the Hamming distance of u and v. For a [n, k] linear code C, we have
d(C) :=min{d(x,y) | x € C,y e C,x £y}

is referred to as the minimum distance of C. If d(C) = n — k + 1, then the [n, k, d] linear code C is
named the maximum distance separable (MDS) code. For the received word u € F}

d(u,C) := min{d(u, v)}
veC
is also called the error distance with the code C. We write

p(C) := r;le%§{d(u, O

then p(C) is called the covering radius of C. If d(u,C) = p(C), then the received word u is called a
deep hole of C.

In the decoding progress of a Cauchy code C(D, k), let u = (uy,...,u,) be a received word of FZ
The Lagrange interpolation polynomial (abbreviated as LIP) u(x) of the first n — 1 components of u is

defined as
n—1 n—1 X—Xj
= i € ]F )
u(x) ;u ]:[xi_x' JLx]

J

where u(x;)) = u;forl1 <i<n-1.

Let u be a received word of F. In the maximum likelihood decoding progress [1], we decode u as
v when d(u,v) = d(u,C) withv € C. If du,C) < n-— Vnk, Guruswami and Sudan [2] presented a
polynomial-time list decoding algorithm for decoding u. Otherwise, Guruswami and Vardy [3] proved
that the maximum-likelihood decoding of Reed-Solomon codes is NP-hard. In [4], Diir obtained the
covering radius of Cauchy codes C(D, k) in certain cases. If D C F,, a bound of d(u, C(D, k)) has also
been obtained by Li and Wan [5]. That is

n — deg u(x) < dw, C(D, k)) < n—k = p(C(D, k)).

Obviously, we assume degu(x) = k, then the received word u is a deep hole of C(D,k). Wu
and Hong [6] discovered a new deep hole of C(F}, k) with its LIP being ax?™? + fo_1(x), where a €
FZ, f<i-1(x) € Fy[x] whose degree does not exceed k — 1. In 2016, Hong and Wu [7] generalized the
result above to C(D, k). More results on the deep holes of Cauchy codes can also be found in [1, 8].

Reed-Solomon codes, as a class of Cauchy code, have many applications in communication. New
MDS codes were built by making use of Reed-Solomon codes in [9-12]. Qiang, Wei, and Hong
[13] obtained two characterizations for an almost MDS code to become a near MDS code, and then
employed these criteria to prove the validity of the conjecture presented by Zhou.

In the following parts of this paper, let D = {x;,--- , x,_;, 00} with {x;,---,x,1} & F,. Given a
polynomial f(x) of F,[x], we write

FD) = (f(x1), -+, f(xn-1), f(00)),
with f(e0) = ¢, (f(x)).
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Zhang and Wan [14] demonstrated that the received word f(F,(J{co}) is a deep hole of
C(F, U{eo}, k), when deg f(x) = k. Xu [15] also obtained some new findings on deep holes of Cauchy
codes. Zhang, Wan, and Kaipa [16] constructed some new deep holes of Cauchy codes C(F, | J{oo}, k)
with fixed redundancy.

In the current paper, we intend to present characterizations for the received words to be deep holes
of the Cauchy code C(D, k), where D = {xj,--- ,x,1,00},{x1, -+, x,1} & F,. Next, we present the
main results of this article.

Theorem 1.1. Let F, be a finite field with an odd prime characteristic. ~ Suppose D =
{x1, -, X1, 000 {x1, - -+, X1} © Fy, and k be an integer such that 2 < k < n. Assume that

u(x) = Ax = 672 + v + foy (),

where A € IF*q,é e F,\{x1, -, xp1),v €F,, and fao(x) € F,[x] with its degree not exceeding k — 2.
Then the received word u(D) is a deep hole of C(D, k).
Remark. Letting 6 = 0 in Theorem 1.1, gives us the main result of [15].

Now by assuming %1 <k <n<q-2,we are able to classify the deep holes of C(D, k) as follows.
Theorem 1.2. Let F, be a finite field with an odd prime characteristic. ~Assume that D =
{xi, -+, X, 000 {x, -+, x4} & By, and k is an integer with % < k <n < qg-2. Suppose that
u= Uy, - ,u,) €F! and u(x) is the LIP of the first n — 1 components of u. Then the received word u
is a deep hole of C(D, k) if and only if

u(x) = Ax — 0772 + u, X+ ugo(x),

where A € F.o e, \{x1, -+, xum1} and u<_»(x) is a polynomial over F, whose degree does not exceed
k—2.

From Theorems 1.1 and 1.2, we are able to infer a result regarding the deep holes of C(D, k) as
follows.
Corollary 1.3. Let F, be the finite field with an odd prime characteristic. ~Assume D =
{xi, -, xpm1, 000 {xy, -+, x4m1} & Fy, and let k be an integer such that 2 < k < n. Suppose that

u(x) = Ax = 87 + fap1 (%),

where A € FZ,O #0€F, \{x1, -, xp1}, fa—1(x) € Fy[x] with deg(f<i—1(x)) < k—1. Ifk =0 (mod p),
then the received word u(D) is a deep hole of C(D, k). Furthermore, if ? < k < q— 2, then the
received word u(D) is a deep hole of C(D, k) if and only if k = 0 (mod p).

MDS codes and a Vandemonde determinant are utilized to prove Theorems 1.1 and 1.2. A crucial
element in these proofs is the so-called Diir’s theorem on the covering radius of C(D, k)(see Lemma
2.3 below). Another significant element is the relationship between projective Reed-Solomon codes
and Reed-Solomon codes.

We arranged the remaining part of this paper as follows. In Section 2, we present some lemmas
required in the proofs of Theorems 1.1 and 1.2. In Section 3, we employ the lemmas in Section 2
to provide the proof of Theorem 1.1. In Section 4, by using the results given in Section 2, we prove
Theorem 1.2 and Corollary 1.3. Finally, we offer the conclusion of our work in Section 5.
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2. Some auxiliary lemmas

In this part, we present some preliminary results for the proof of the main theorem.
As is widely known, the generator matrix of a linear code is a collection of bases that acts as a linear

space. Given D = {xy,--- , X,_1, o}, then a generator matrix of C(D, k) is the following k X n matrix:
1 ... 1 0
X1 ... X1 O
: : : : 2.1
A2 620
oo nn L,

We will use this generator matrix of C(D, k) in the following portion of this paper.

We first give a result to decide an MDS code as follows.
Proposition 2.1. [17] Let G be a generator matrix of the [n, k] linear code C. Then C is an MDS code
if and only if any k different columns of G are linearly independent over the finite field F,.

In the following, we point out that Cauchy code is an MDS code.
Lemma 2.2. [14] Let D = {x,- - , X,—1, 00}, where {xy,- -+ , x,_1} is a proper subset of F,. Then C(D, k)
is an [n, k] MDS code over F,,.

The following result connects the covering radius to the minimum distance of C(D, k) and will be
used in the remaining part of this paper.
Lemma 2.3. [4] Let D = {xy, -+ , Xp—1, 00} with {x1,- -+, X,—1} & F,. Thus

p(C(D,k)) =d(C(D,k)) - 1.

We now give a well-known criterion to determine whether a received word is a deep hole of MDS
code or not.
Lemma 2.4. [15] Let G serve as a generator matrix of an MDS code C over the finite field F,. Suppose
that the covering radius is equal to d(C) — 1, then the received word u € I} is a deep hole of C if and

only if the matrix ( 3 ) also generates another MDS code.

Remark. By Lemmas 2.2, 2.3, and 2.4, u is a deep hole of C(D, k) if and only if the matrix ( 3 )

generates an MDS code over F,,.

Subsequently, we present a lemma to decide whether a received word is a deep hole of C(D, k) or
not.
Lemma 2.5. [16] Let IF, be of an odd characteristic and D C F,. Suppose % <k < q—2with k being
an integer. Assume that u(x) is the LIP of u. Thus u is a deep hole of C(D, k) if and only if u(x) is equal
10 AxXF + fo1(x) or A(x = 8)T2 + foy_1(x), where A € F,6 €F, \ D, fo—1(x) € F,[x] whose degree is no
greater than k — 1.

Meanwhile, we have the following relation for two received words to be deep holes.
Lemma 2.6. Let D = {x;,- -+, X,_1, 0} with {x1,- -+ , x,-1} € F,. Assume

u= (ula' o yun—l’un) € Fg andv = (VI,"' avn—l’vn) € ]FZ
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be two received words. Let u(x) and v(x) be, respectively, the LIP of the first n — 1 components of
u and v. Suppose that u(x) = Av(x) + fa_o(x) and u, = Av,, where 1 € F, Sfa2(x) € Fy[x] with
deg(fex—2(x)) < k =2, then u is a deep hole of C(D, k) if and only if v is a deep hole of C(D, k).

Proof. By (2.1), one can get

1 1 0
X1 X,-1 O
G i
(u ) 4220
Xl P
U Up-1 Up
1 1 0
X1 X1 0
| A7 x5 0
e S T |
u(xy)) ... ulx-1) uy

Since u(x) = A(x) + fa-2(x) and u, = Av,, where A € F,, fo2(x) € Fy[x] with deg(fg-2(x)) < k —2.
One can immediately obtain

1 ... 1 0
X1 . Xn—1 0
( G ) _ : : : :
u X\ . xk=2 0
Xk .. Xk 1
W(x) + faa(x) .. (o) + faa () Av,

. : G
By using the elementary row transformations of ( " ), we have

1 1
X Xp_1 0
(G )~ : :
u xk=2 xk=2 0
XA Xk 1
Av(x1) AV(Xp-1) Ay
1 ... 1 0
X1 ... Xpe1 0
N oo _(G)
x’l“2 xfl:% 0 v )
R S |
v(xp) ..o V(o) v
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Hence the two matrixes ( 5 ) and ( f ) are equivalent. Therefore, Proposition 2.1 and Lemma 2.4

indicate that u is a deep hole of C(D, k) if and only if v is a deep hole of C(D, k). O
In the following, we present a t-sum generators result in the finite field of odd characteristics which
is proved by Roth and Lempel.
Lemma 2.7. [18] Let F, be of an odd characteristic. Suppose that k is an integer such that %1 <k<
g—2andletS CF, with#(S) > k + 1. Then any element of F, can be expressed as a sum of k distinct
elementsin S.
Now we give an interesting division relationship on binomial coefficients as follows.
Lemma 2.8. Let g be a power of the odd prime p. Suppose that t is an integer such that2 <t < g — 1.
Then the binomial coefficient (?:12) is divisible by p if and only if t is divisible by p.
Proof. Denote v,(x) as the p-adic valuation of x. Notice that

q-2\ _ Hq—i
(t_l)—(q—t)l;[ —

Hence

_oy w
vp((q )) =, Vp(c%) +v,(q—1)
=) (g =1 —vp(D) +v,(g - 0. (2.2)

=

[\

Since gisapowerof pand2 <i<t—-1<¢g -2 < g, one can get
vp(g — i) = v,(D). (2.3)

Moreover, (2.2) and (2.3) indicate that

vp(((t]: 12)) =v,(q —1) = v,(1),

as needed. So p | (‘t’:lz) if and only if p | 1. O

3. Proof of Theorem 1.1

We use the lemmas presented in Section 2 to prove Theorem 1.1 in the next section.
Proof of Theorem 1.1. Assume

u(x) = Ax = )2 + v+ fyn(),
where 4 € F}, 6 € Fy \ {x1,- -+, xp1}, v € Fy, faa(x) € Fylx] and deg(ft-2(x)) < k—2. Denote vs(x) as
vs(x) 1= (x = 8)772 + A tyah |
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and define a received word v; associated with vs(x) as

Vs i= Ws(x1), o, Vs(Xm1)s A7),

One can immediately get
u(x) = s(x) + fa-a(x),

and also
v =A1"1).

It follows from Lemma 2.6 that the received word u(D) is a deep hole of C(D, k) if and only if vs is a
deep hole of C(D, k).
Since 0 € F, \ {x1,- -+, x,-1}, we have (x; — 8172 = (x;—06)"",1 <i<n-1. Hence (2.1) tells us that

1 ... 1 0
X1 Xn—1 0
G\ _ :
( Vs ) B xh=2 X2 0
x’l‘_1 xﬁ:} 1
(x1 =)™+ Ay (Xumt =) M+ A7kl ATty

:=(G1,...,G,). (3.1
On the other hand, Lemma 2.4 and Proposition 2.1 indicate that vy = (vs(x1), -+ , Vs(X,_1), A-'v) is
a deep hole of C(D, k) if and only if

det(G;,,...,G;.,) %0,

for any k + 1 integers j,...
following two cases.
Case 1. jiy1 #n. Thenk + 1 < jiy <n—1,and by (3.1), one has

, jrv1 such that 1 < j; < --- < jiy1 < n. Hence, we have to consider the

1 . 1
X X jiket

(Gjp"'an/H.]): . .
k—1 k—1

X
Ji
(xj, — O+ /l‘lvx’;l‘l

o ke
(Xjipy =0) + A7 v}

1
So one can see that

Xji — 6 KXjrar — 6

det(éjl, ce

AIMS Mathematics

k+1
> ij+1) :( n(xji - 5)_1
i=1

) det

le(xh

1

- 9)

x*=(xj = 6)

Xt (‘xjk+1 - 6)

-1
Jk+1

('xjk+1 - 6)
1
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By using the row operation of the determinant, one can deduce that

i Xjir
k+1 . .
det(Gjl,...,ijH) :( 1_[()(,']". —6)_1)(16‘[ k k.
i=1 le xjk+l
1 1
1 1
k+1 X X
:(_1)k( [ e - 6)_1)det . "
i=1 :
k
le Jirl
k+1
:(_1)k( [ e - 5)‘1) [1 Gi-xp%0 (3.2)
i=1 1<s<t<k+1
since xj,, ..., xj,, are different from each other.
Case 2. Here, ji.y =n. Thenl < j; <--- < jp <n-1. So (3.1) gives us
det(GAjl, ey ij,GAjn)
1 1 0
Xji Xk 0
el e e
J T Jk
Kkt X1 1
—1'1l -1, k-1 —1"k -1, k-1 -1
(xj;, —0) +4 VX, (xj, =0 +4 vx’;k Ay
1 e 1
Xji X
= —det :
k-2 k=2
le xjk .
(le - 5)_1 (xjk - 6)_
)le e ‘xjk
(ﬁ : : :
= — (le. — 5)_]) det k'—l : k.—l
A Xpo X
| I |
k
:(—1)k( n(xj" - 5)—1) n (xj, —x;) #0 (3.3)
i=1 1<s<t<k

since x;,, ..., x;, are k pairwise distinct elements of D.
For any k + 1 integers ji,..., jrs1 With 1 < j; < -+ < jiy1 < n, (3.2) and (3.3) imply that
det(G F T G i) # 0 holds. Thus the received word v; is a deep hole of C(D, k). Then Lemma 2.6

tells us that u(D) is a deep hole of C(D, k).
The proof of Theorem 1.1 is completed.

AIMS Mathematics
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4. Proofs of Theorem 1.2 and Corollary 1.3

In the present section, the proofs of Theorem 1.2 and Corollary 1.3 are given. The proof of Theorem
1.2 is given first as follows.

Proof of Theorem 1.2. First of all, letting v = u,, in Theorem 1.1, the sufficiency of Theorem 1.2 can
be immediately obtained.

Now we intend to present the necessity part. Letu = (uy,--- ,u,) € F be a deep hole of C(D, k).
Assume that the LIP of the initial » — 1 components of # is w(x). Hence one can derive

u= (W(-xl)a T W(xn—l)» un) = (W, un)- (41)
Then (2.1) tells us that
1 1 0

Uy

=(Gy,...,G)). 4.2)

Meanwhile, Lemmas 2.2 and 2.3 inform us that C(D, k) is an MDS code with the covering radius d — 1.
Since u = (uy,---,u,) € F’; is a deep hole of C(D, k), by Proposition 2.1 and Lemma 2.4, one can

conclude that any k + 1 columns of the matrix ( 5 ) in (4.2) are linearly independent over a finite field

IF,. It infers that any k + 1 columns of (Gy, ...,G, 1) must be linearly independent. By Proposition
2.1 and Lemma 2.4, w = (wy,- -+ ,w,_1) is a deep hole of C(D, k) with D C F,. Therefore, Lemma
2.5 tells us that w(x) equals Ax* + we_;(x) or A(x — 8)72 + we_(x), where w(x) is the LIP of w with
A€ F,,6 € F,\D, and w1 (x) is a polynomial over F, whose degree is no more than k — 1. Therefore,
the two cases of LIP on w need to be considered

Case 1. Here, w(x) = Ax* + w1 X1 + wo»(x). By (4.1) and (4.2), it can be inferred that

det(Gjl, .. .,ij,én)
1

1 0
Xji X 0
=det xk ) ’ xk.._z O
) it
x’}‘l x; 1
/1xk. + Wy x’f +wao(x;) ... /lx + Wy 1x " wae 2xj) Uy
k
( /Iijl + Wit ) [ @ =xp 4.3)
i= 1<s<t<k
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For 5= < k < g — 2, according to Lemma 2.7, one can obtain the equation

k
Uy — Wi—p — A E x;, =0,
i=1

namely, the equation
k

Z Xj, = AN, —wiy) € F,
i=1

has solutions over {xi,- -, x,-1} C F,.
From (4.3), one can know that {8;,,...,8;} C {x1, -, x,_1} exist such that
det(GAjl R éjk’ Gn) =0.

Thus, Proposition 2.1 and Lemma 2.4 tell us that u = (w, u,,) is not a deep hole of C(D, k).
Case 2. Here, w(x) = A(x — 8)?72 + wy_1 X1 + w_»(x). From (4.1) and (4.2), one has

1 ... 1 0
Xj, Xji 0
det(Gj,,. .., G}, G,) =det $k2 x":‘2 0
Ji Ji
' k-1
xlj('l x-i" !
W(Xj] ) W(x]k) Un
k
:(Mn — Wi + (_l)k/l l—[(xji - 5)_1) 1—[ (xjt - xjs)' (44)
i=1 1<s<t<k

Also noticed that

k
= wier + (=1 | |, -8 =0,

i=1
if and only if

k
[Te =0 = D1 e, - we.
i=1

By (4.4), one has

det(G;,,...,G;,,G) # 0

if and only if for any {x;,...,x;} C{x1, -, X1},

k
0# | [ =0 # a7 @ = wi).

i=1

If and only if
U, = Wi_1.

Now, as u = (uy,--- ,u,) is a deep hole of C(D, k), Cases 1 and 2 indicate that w(x) is equal to
A(x = 6)72 + u,x*' + wo_»(x). Thus, the necessity aspect is demonstrated.
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The proof of Theorem 1.2 is completed. O
We can now use Theorems 1.1 and 1.2 to prove Corollary 1.3.

Proof of Corollary 1.3. Since u(x) = A(x — )72 + fo_1(x), and also plk with 2 < k < g — 2, Lemma
2.8 shows us that

-2
o1 (u(x) =4(2 ) 1)(—6)‘1-1—" + er(fan (1)

=Cr-1(f<k-1()).
Hence Theorem 1.1 tells us that
u(D) = (u(xy), -+, u(x,-1), 1 (far-1(x))) = (u(xy), - -+, u(x,-1), cr—1(u(x)))

is a deep hole of C(D, k).
Furthermore, for ‘12;1 <k<g-2,

u(D) = (u(xy), - -+, u(Xp-1), Cx1 ((x)))

is a deep hole of C(D, k) if and only if ¢;—y(u(x)) = cr—1(f<x—1(x)) by Theorem 1.2, and if and only if
A7) (=0)717* = 0 with A € F}, 0 # & € F\{x. -, x,1}, if and only if p|(¢"}). According to Lemma
2.8, which holds if and only if p|k.

This ends the proof of Corollary 1.3. O
5. Conclusions

Let D = {xy,---, x,-1, 00}, where {x;,---,x,1} 1s a proper subset of F,. In the current paper, new
deep holes of C(D, k) were obtained. Specifically, when % < k < g -2, we also fully determined the
deep holes of a certain class of C(D, k).
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