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Abstract: This work analyzes the recently introduced nonlinear dispersive shallow water wave
equation, the Dullin-Gottwald-Holm (DGH) model. By taking into account a wider range of wave
events that frequently occur in real shallow water systems, such as dispersive shocks, bores, and solitary
waves, the advanced nonlinear dispersive shallow water model has been devised to predominate the
classical models. This is accomplished by combining linear and nonlinear dispersion. The several
traveling wave solutions of the governing model are systematically arranged using several well-known
analytical methods. The main focus is to investigate how several important parameters affect the
dynamics and shape of the resulting wave formations. As a result, many wave solutions, including
solitary, shock, singular, shock-singular, hyperbolic, singular periodic, and rational waves, can be
constructed by symbolic computations. The parameter regimes guarantee that a careful analysis
determines the generated solutions’ validity and physical significance. The interpretation of the results
is improved by displaying the solutions across a variety of parameter values using contour graphs, 2D
plots, and 3D surface representations. These results confirm the efficiency and dependability of the
used computational paradigm, which has a great deal of promise for further studies looking at more
intricate nonlinear processes.
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1. Introduction

The wide range of applications of nonlinear partial differential equations (NPDEs) in science and
engineering has garnered a lot of attention lately. In fields like fluid mechanics, plasma physics, optics,
and ocean engineering, nonlinear evolution equations (NLEEs) are especially crucial for simulating a
variety of physical phenomena. The search for analytical solutions to NLEE:s is still ongoing, aided
by sophisticated computational tools that make difficult and time-consuming computations more easier
and reliable [1-3].

Many powerful and intriguing approaches to finding analytic solutions to nonlinear models have
been presented in recent years, attracting the attention of famous scientists and engineers, such as the
variational iteration method [4], the harmonic balance method [5], the the Riemann-theta function [6],
the inverse scattering transform method [7], the Hirota bilinear method [8], the variable separation
approach [9], the homogenous balance method [10], (%) -expansion method [11], the sub-ODE method
[12], the extended Kudryashov method [13], the simple equation method [14], the modified simple
equation method [15], the extended simple equation method [16], the new extended (%)—expansion
method [17], the Frobenius integrable decomposition [18], the exp-function method [19], the solitary
wave ansatzes [20], the simplest equation method [21], the tanh-coth method [22], the exp(—¢(£))-
expansion method [23], the extended tanh-function method [24], the improve F-expansion method
[25], the modified auxiliary equation mapping method [26], and the auxiliary equation method [27].

In order to develop the generalized Dullin-Gottwald-Holm equation, an integrable shallow water
wave equation, Dullin, Gottwald, and Holm combined the linear dispersion from the Korteweg-de
Vries equation with the nonlinear dispersion from the Camassa-Holm equation [28]. The generalized
Dullin-Gottwald-Holm equation is an important NPDE that sheds light on power law nonlinearity and
is relevant to integrability and conservation laws. Several proven analytical techniques are used in this
study to analyze the DGH model [29], which is represented as follows:

U +a U, +ah (- QU U + Uy + UU ) + @3U + 3UU, =0, 120, (1.1)

where U(x, 1) represents the fluid velocity of the above system in the spatial direction x. a3(a, > 0)
while the ratio between a; and a3 represents the squares of the length scales, whereas @ = \/g_h (while
a1 = 2w) represents a linear speed for unperturbed water during equilibrium at spatial infinity.

In fluid mechanics, oceanography, and environmental engineering, understanding the dynamics of
shallow water waves is essential considering its effects on coastal processes, tsunami modeling, river
hydraulics, and estuary dynamics. Traditional models, such as the KdV and Camassa-Holm
equations, can capture some aspects of shallow water behavior, but they often fail to account for both
dispersive and nonlinear effects at higher levels of precision. The DGH equation, a sophisticated
nonlinear dispersive shallow water wave model, was recently created to bridge the gap between
existing integrable models. By combining both linear and nonlinear dispersion, the DGH model is
capable of supporting a greater variety of wave events, including solitary waves, bores, and dispersive
shocks, which are commonly observed in real shallow water systems. The DGH model has been the
subject of numerous investigations in [30, 31] that investigated three types of the shallow water wave
equations. The traveling wave solutions for a class of the dispersive systems with a parameter have
been the main topic of [32, 33] that established the conservation laws for the DGH equation and its
generalized form. In the meantime, [34] has discovered some periodic wave solutions for the DGH
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system, and [35] has put forth a simple sufficient condition on the initial data to guarantee that the
solutions to the modified two-component DGH system that is weakly dissipative experience blow-up.
The linked solutions have been seen to detonate within a specific time period, according to a new
adequate condition on the original data that has been examined [36].

The wave structures obtained here are qualitatively consistent with shallow water phenomena
found in controlled experimental settings and in real water bodies, such as estuaries, coastal shelves,
and channels, despite the fact that this work concentrates on analytical and symbolic calculations. The
DGH model appears to offer a mathematically sound framework for representing a wide variety of
physically observed wave characteristics, such as both smooth and discontinuous waveforms, based
on these comparisons. To the best of our knowledge, no other work has systematically derived and
analyzed solitary, shock, singular, shock-singular, hyperbolic, singular periodic, and rational solutions
for the DGH problem using the combined analytical and computational technique proposed in this
research. Furthermore, unique contributions not previously recorded in the literature include the
thorough parametric analysis and graphical representations (3D, 2D, and contour plots) to show how
parameters affect wave profiles.

The structure of the study is as follows: A brief overview of the strategies employed is given in
Section 2. The soliton solutions for the governing model are produced in Section 3. The stability
analysis is covered in Section 4. Section 5 discusses the modulation instability. Section 6 explores
the graphical depiction of various solutions in 3D, 2D, and contour graphs and includs a discussion of
them. The conclusions of the paper are presented in section 7.

2. Methodology

Consider the NPDE in the form
F (P Prs Py Pt P Prts Py Py ) = 0, 2.1)

where x,, and y are the function of #, and ¥ represents the polynomial. Through the process of
transforming the shape

P(x,0) =Um), n=ax-pt (2.2)
where the constants p and « are indicated. An ODE is obtained by using Eq (2.2) in Eq (2.1)
oMU, U, U, u”, --)=0. (2.3)

2.1. The (é) expansion method

The process’s essential steps are listed below [37]:
Step 1: Consider the solution of (2.3) is of the form

M

1 i
Y, , 2.4
=2 57) o

i=0

where G = G(n) validates

Gm+aGm+9 = 0, (2.5)
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while @;, @ and ¥ are constants and M represents the homogenous number.
Step 2: The general solution of ODE (2.5)

g = —@ +cre” "+ ¢y, 2.6)
w
then
1 w
G@) =0+ wci(cosh(wn) — sinh(wm)’ (2.7

where ¢, and ¢, are arbitrary constants and will be computed later.

Step 3: Equating the coeflicients yields a system of algebraic equations of (gi) to zero.

Step 4: In the final stage, evaluate the full set of equations by adding the quantities collected from the
responses.

2.2. The (%, é) expansion method

The main steps in the process are listed below [38]:
Step 1: Consider the solution of (2.3) is of the form

M M
U = ) '+ > pie e, (2.8)
i=0 i=1
where constants «;, 5;, @, and  will be found later. Examine the auxiliary equation of second order
Gm+wGm = 0, (2.9)
where
G 1
= —", = —. (2.10)
T M T
From (2.9) and (2.10), we have
(,D, = —<p2 + o — @, Q, = Q. 2.11)

The following three separate subcases represent the general solution of (2.3): Casel: If w < 0,
accordingly, we acquire the solution as

9
G(n) = Asinh( V—wn) + Bcosh( V-wn) + — (2.12)
and thus
2 _ @ 2
o = —m (90 —219@4"(3'), (2.13)

where o = A? — B? and A and B are arbitrary constants.
Case II: If @ > 0, accordingly, we acquire the solution as

G() = Acos(Van) + Bsin(Von) + g, (2.14)
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and thus

2 _ w 2
o = m(go - 290 + @), (2.15)

where o = A% + B.
Case III: Consequently, if @ = 0, we obtain the solution as

1
G = Eﬂnz +An + B, (2.16)
and thus

1
P = ————(¢* —200). 2.1
0 298 (¢* - 290) (2.17)

Step 2: By substituting (2.8) into (2.3) using (2.11) and (2.13), a system of algebraic equations is
developed by equating the coeflicients of ¢ and p to zero.

Step 3: In the last step, evaluate the complete set of equations by integrating the quantities obtained
from the results.

3. Development of solitons

3.1. Applications of the (é)—expansion method

Applying the transformation
w(x, 1) = 6(n), n=x-vi, (3.1)
the (1.1) will becomes
V8" + @38 — 368" + a6’ — v&' + 368 - 2a36'6" =0, (3.2)

and integration leads (3.2) to

0" (—afgv —az+ a/%(S) - 3—62

>t %a% (') = (ay =) =0. (3.3)

m = 2 1n (3.3) is obtained by balancing the highest derivative with the highest degree of nonlinear term,
suggesting that the solution takes the following form:

1 1\
o(n) = , 3.4
(m) = ap + a; (g'(ﬂ))+a2(g'(ﬂ)) (3.4)

where the values of the variables ay, a;, and a, must be determined. The system that results from
collecting G’(n7) and substituting (3.4) with its first and second derivatives into (3.3) is as follows.

1
Constant : —aqagy + agy — §3a3 =0,
1
Gg'm)

ala/%wz(—v) + aoalaéwz — 3@’ — a1 + ayv — 3apa; =0,
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1 3
Gor D —dayarwy + 2a2a§w2 + 4aya i@’ - dayayw® - 3a 5@y
n
3a
+3a0a1a/27m9 3aia3w? — araq + apv — 3apay — 7 =0,
1
m Taiay05@* — 10a,05@9v + 4atasw?d + 10apar 5w — 10a,a3 @
n
—2a1a2192v + 2a0a1a§ﬁ —2a,a39* = 3aja, = 0,
1 5
W 6a§a/2w + 17a1a2a21m9 6a2a2ﬂ v+ 2a a%ﬁz
3a2
+6a0a2a/§192 - 6(12@’3192 — 72 =0,
1
—_— l4d’ @ + lOalazazﬂz 0.
G m? 22

The following cases arise by solving the above system of algebraic equations with the aid of
Mathematica:

6a30%v-4a30%(v—a1)~ \/ (-6a292v+4a2 92 (v—a1)- 6a3ﬂ2)2+6a3192
3(4adw2-1)

Casel. a9 = %(v— ay),a; =0,a, =

By using values in Eq (3.4), we get

1127 (- 0 (03 G )+ 303) 2+ 202 Qa4+ + 302
o(m) = —[

3 +2(v—a/1)],

(403w - 1) (Aw sinh(yw) — Aw cosh(ym) + ¥)°
(3.5)

and the reverse transmutation is used to obtain the solution

1127 (- (03 Qe + )+ 3as) 2 + 0202 s +0) + 3a3ﬂ2)
Ul(x,1) —[ +2(v—a/1)].
31 (402w - 1) (Aw sinh(w(x — v1)) — Aw cosh(w(x — 1)) + 9)?
(3.6)
107 2V 0% 2 V= 0’2 24 10% V- [0% 104 2
Case II. aO = %(V - al)’ al = O’ a2 - ‘ 219 h 219 ( l)+ \/(324(2;9;;—41)2192( 1) ° 3ﬂ2)2+6 319 ’
By using values in Eq (3.4), we get
202 (9 (0 Qo +v) + 3as)” + a30° Qe +7) + 3ax?)
5(n) = _[ - +2(V—a1)],
3 (403w - 1) (Aw sinh(y@) — Aw cosh(ym) + ¥)°
(3.7)
and the reverse transmutation is used to obtain the solution
11 27 (Y (03 Car )+ 303) 2+ 0202y +9) + 3002
(Llé(x,t) = —[ +2(v—0q)].
3 (4@%132 - 1) (Aw sinh(w(x — vt)) — Aw cosh(w(x — vt)) + #)?
(3.8)

AIMS Mathematics Volume 10, Issue 10, 23151-23168.



3.2. Applications of the (%, é)—expansion method

Consider the solution of (3.3), is of the form:

where it is necessary to calculate the constants ay,a; and a,. The following system is obtained by

8(n) = ap + a1p(n) + bio(n) + axp(m)* + bro(n)*,

substituting (3.9) and its first and second derivatives into (3.3) and gathering ¢(77), o(1)

constant

()
o(me(n)

o))
o)’

o)’

o))’

o)’ p(n)*
e(m)’
omem)’

o(m)*

ome(m)*
o(n)

o(n)’

o(n)’

AIMS Mathematics

1
2 2 2.2 2 22 2
—2aa;w Y + Fh®@ + 2a0a,05@" — 2,03 @
2
3ag

—apay + agy — - =0,

4a1a2a§w2 - 2a1a§wv + 2a0ala§w - 2a13

—aia; +av—3apa; =0,

—8a1a2a§wﬁ + Salagﬁv - 3a0a1a§ﬁ + 3a;a3
+da,a53b @ - 3a,b; = 0,

da,a,039* + 6a,a5b,@ — Sa,a3b,9 — 3ab, = 0,
ddiaim? — 8arasmv + 3a5ai @ + 8aparasw — 8a,a3w

3a?
—ar,a1 + arv — 7 - 3610612 =0,

—8a3a5w? + 10a,a59v — dad a3 — 10apar 39 + 10a,a319
+11aya5b @ + 2apa3b, — 3arb, — 2a5b,v — 2a3b; = 0,

daza59 + ldayasbyw — 13a,a5b,9 + 6ayasbs

5
—3ayb;y — 6a5byv + Ea%bf — 6a3b, =0,

10a3b, b, — 16a,a3b,1% = 0,
14a1a2a§w - 2a1a/§v + ZaOalag —2aya3 — 3a1a, = 0,
5a10/§b1 - 17a1a20z§19 =0,

5, , 3a4

120303 — 6a3a,v + 6agaia, — 6aza, + Ea?a -5 = 0,

10a,a3b, — 14a3a359 = 0,
darar @IV + ajas(—w)d — daparas @ + daraz @ + 2a,a5b @

+a0a/§b1w - 3apb, — agblwv —azhyw —a1by + byv =0,

1
—2a,059%y + —aja39* + 2a0a,059% — 2a,a39% + 2a,a5b, "

2

~4a,03b @m0 + 200030y @ — apaih\ 9 — 3agh, — 203b,wy + Aib @
3b?

—2a3b2w + oz%blﬂv + a’3b119 - a’lbz + b2V - 71 = O,

~4a,a3b, @Y + 2a,a5b,9 — 2apa3by? + 3a5b by

+20a5b,9v + a3b3(—19) + 2a3by) — 3b1b, = 0,
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4 2 212 2 3b3
ot 1 2aa3by9* + 2a5b5w — 3aib by — 7 =0.
For the solutions of this system we have the following situations.
a2 +az)?—20a
Case I: @ = OV} 200 _ 0 20, by = 0, by =0,
2

a, = 3( 2a1a/2 + V10 ,/a? a2 + 2a1a3a2 + a/3 2a3),

4r (a102+a3)2 25a3 3 9=0.
1002 20 T g’

Here, we have @w > 0 and for @ > 0, we have

7VI0 /(102 + a3)2 - 20a;
2003

o(m) = —a;+

+15

( —2a,02 + V10 (105 + a3)? - 2a/3)

. 1 f 1 7 \)
(C2 sinh (E a—gn) + cosh (E))
) 1 |1 n
20 2( N h )2)-‘ ,
( as|c; sin [2 azn] + ¢5 cos (2a2)

and by taking the reverse transformation, we have the first solution of the form

710 (alaﬁ + 03)2 —20a;
2003

(L{{I(x,t) = -+

+15

( —2a,02 + V10 (@103 + a3)? - 2(1/3)

(02 sinh (% \/QI%(X _ vt)) + ¢, cosh ((xz;;/t)))z

(2oa§(c1 sinh(% \/QT (x =) + ¢ cosh((xz;:t)))z)_l].
2

—4a1a3+ V10 \/(a1a3+a3)?—das

2 E)
4a;

a2:3( 2a/1a2+ V10 aa2+2a1a/302+a/3—2a3)
—3(11(12+\F\/((21(12+a3) —Sa3 1
= 02 19 0 w = —2
2
Again for @ > 0, we have

611:0, b1:0, b2:0,

Case II: aqy =

—4ay05 + V10 (ala/% + a/3) 2 —da;

2
4a/2

o(m =

(3.10)

(3.11)
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+

3 (—2a1a§ + V10 (a/la/% + 03)2 - 2a3)
1 |1
¢y sinh| =  [—=n|+ ¢ cosh Rk
2 CZ% 2(}’2
1 f 1
{40/% [61 sinh (5 a—gn] + ¢, cosh (2%12)) 2) —1]’
and by taking the reverse transformation, we have the second solution of the form

~4a,0% + V10 (aqa% + a/3)2 —4das

U (x,1) = o
2

+

3 (—Zaqa/i + V10 (alaﬁ + 03)2 - 2a/3)

[02 sinh(% \/azg(x - vt)] + ¢, cosh ((xz;;/t))] 2

[4&% (cl sinh [% \/QI%(X - vt)) + ¢, cosh ((Xz;;/l) )) 2] -1 ]

aa? V(ai1a2+a3)?+4a
Case III: qy = _dmaz V10 4(021 v 2, a;=0,b, =0, by =0,

a =3 (—2&@% - V10 \/ata; + 2010303 + F — 2a/3),
_ _3ala%+ \/E\/(aqa%+a3)2+503 9=0. o= 1
- 2(!% ’ - - 4a§'

Again for @ > 0, we have

daja; + V10 (alag + a/3)2 + 4as

2
4a2

o(m =

—[3 (2aqa/§ + V10 (a/lag + ag) 2+ 20/3)

1 1
{02 sinh [5 \ /a—%n) + ¢; cosh (2%[2)] 2

|1 / 1 _
[4@% [C1 sinh (E a—%n] + ¢, cosh (2%[2)) 2) 1],

and by taking the reverse transformation, we have the third solution of the form

daia; + V10 (ala/g + a/3)2 + 4as

2
4a/2

U (x,1) =

(3.12)

(3.13)

(3.14)
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—[3 (2@@% + V10 (am% + 03)2 + 2@3)

1 1 _
[CQ sinh (5 \/a:%(x _ Vt)] + ¢ cosh ((xza;/t))] )
[40’% (C] sinh [% \/Q/I%(x _ Vl)) + o cosh ((Xz;;/t) )) 2] _1]. (315)

a1 +a3 )2 @
Case IV: gy = — OV (@adtaafe20as = =0, by =0,

20a3
a =3 (—2&@% - V10 /ata; + 2a1a305 + ] — 2a3),

15alag+4\/10 \/(ala§+a3)2+25a3 1
= — 5 , @ =—, +=0.
10a3; da;
Again for @ > 0, we have

710 (am% + Q’3) 2 + 203
20&%

om = -—a-—

—[15 (2(1/1013 + V10 (ala% + a3)2 + 2a3)
1 1
[Cz sinh (§ 1 /a/_gn] + ¢ cosh (2%[2)] 2
2062 | ¢y sinh | £ [ |+ ey cosn (1) [2]1] (3.16)
2 2 ag 2a,

and by taking the reverse transformation, we have the fourth solution of the form

710 (alaﬁ + 03)2 +20a3

U = - e
2

—[15 (Za/la/% + V10 (aqa% + a3)2 + 20/3)

s 3 - rercom 2

E o))
20a; h_\/_ B h 2171, 3.17
[ @, [61 sin (2 a%(x vt)]+C2cos ( T )] ] ] (3.17)

The Hamilton structure’s momentum in this section is found in Eq (1.1), and it can be expressed as

4. Stability analysis

M:lf(u2 dn, 4.1)
2 Jr
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where the electric field potential is represented by U and the momentum like conserved quantity by
M. For soliton stability, the appropriate prerequisite is

M
M o, 4.2)
ov

where v is the wavelength for wave speed = x — vt. Integrating the traveling wave solution from
Eq (3.17) into Eq (4.1) yields the following result

1 10
M== f [{3 (—2&105 - \/E\/oz%a;¥ + 2010305 + @3 — 20'3)
-10
1 f 1 1 / 1 1 / 1 1 / 1
[5 Q—%CZ smh[i a—g(x - Vl)] + 5 a—%cl cosh [5 Q—%(X — Vl)))Z}
1 1 1 1 7@ (ala§+a3)2+20a3 2
/|cisinh| = —2(x —vt)|+ cycosh| = —2(x -vo||? - 5 - 0/1] dx.
2\ 2\ 20a;

(4.3)

Applying the soliton stability condition found in Eq (4.2) establishes that the considered solution is
stable. This means that as M increases, the wave number increases in a way that takes the system away
from the intermediate state, implying stabilizing behavior.

5. Modulation instability

Nonlinear systems have both dispersive and unstable components, which can reduce the stability
of the outputs. Instabilities in the stable solution of a novel PDE that meets the notion of optical
transmission are known as modulating instabilities, and they are frequently brought on by a nonlinear
element interacting through the dispersion principle. Continuous surface waves induce modulation
instability (MI) in a nonlinear dispersion medium, resulting in intensity and phase self-modulation.
The MI of Eq (1.1) is examined here. An illustration of an NPDE solution of the perturbation kind is

U(x,1) = ¢L(x,1) + Py, (5.1)

where ¢ << 1 behaves as the perturbation parameter, £ is the linearized part of the Eq (1.1) and
indicates the impact term employed to determine the equilibrium deviation, and the constant S,
represents the governing model in a steady state. After linearizing the system and including the Eq
(5.1) into Eq (1.1), we obtain the following form

¢-£t + a’l¢£x + 3ﬁ0¢£x + Cl/%(—ﬁb) (£xxt +ﬁ0£xxx) + a’3¢£xxx = O, (52)
the assumption for the Eq (5.2) solution is

L(x, 1) = P, (5.3)
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where w indicates the frequency, k represents the wave number of the perturbation, and P represents
the normalized wave number. Now, by integrating Eq (5.3) into Eq (5.2) and reducing the results

—iKc (a3 — a3fo) + ik (@1 + 3Bo) + (—iw) (3> + 1) = 0, (5.4)
which gives

oz%,[i’ok3 — a3k’ + a1k + 3Bk
w= > , (5.5)
a5k’ + 1

According to Eq (5.5), the dispersion relation is dependent on a number of variables, such as the

quantity of the waves, induced dispersing, the distribution of the collective speeds, and phase

(Y%,BQKS—Q3K3+(I1K+3IB()K
a3k +1

w, and it illustrates the steady modulation for a small perturbation. When it comes to the modulations

Q%ﬁok3—03K3+a1K+3ﬁ0K
a2k2+1

exponentially. From this, the modulation instability gain f(w) can be written as

variations. If > ( then we say that the ¢ is real for every normalized pulse number

instability, the interaction < 0 for ¢ is imaginary, and the modulation rate grows

@2Bok® — a3k + a1k + 3Bok
Fw) = 2m(w) = >Bo 3 1 Jeh)

ak* + 1

A number of factors, most notably the magnitude of the occurrence, cumulative velocity, and tuned
down, affect modulation instabilities. Modulation instability fluctuation for changes in several
parameters is shown in Figure 1.

a;=05 a=-2

. . , , . . . . . . . . . . .
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
I3 p p

(a)al:—1,a2:2,a3:3,,80:1.9 (b)61/1:1,0’2:—2,0’3:3,ﬁ0:0.5 (C)d1:1,02:2,03:—3,ﬂ0:—2

Figure 1. MI increases efficacy to various other factors

6. Discussion and results

In this section, the physical representation of the DGH equation are achieved and some novel
travelling wave solutions are successfully developed. This model demonstrates how waves propagate
in shallow water. In order to illustrate the significance of nonlinear wave structures in everyday
science and engineering, the 3D, 2D, and contour plots are constructed.

First, the (é)-expansion approach is utilized to describe various interesting wave structures.
Figure 2 demonstrates a singular type dark soliton Ul(x,r) for (3.6) when
a; =25, a0, =2, a3 =3, A=2,9=4, w = -0.5, v =5. Figure 3 represents a solitary wave
(Llé(x, t)for B3.8)whena; =1, an =2, a3 =-1, A=2, 9=-08, w=-0.5, v=0.5.

AIMS Mathematics Volume 10, Issue 10, 23151-23168.



23163

() (b) ()

Figure 2. 3D, 2D, and contour representation of ﬂ{(x, t) for (3.6) when a; = 2.5, a; =
2, a3=3,A=2,9=4, w=-05, v=5.

(a) (b) ()

Figure 3. 3D, 2D, and contour representation of (Llé(x, t) for (3.8) whena; =1, a, = 2, a3 =
-1, A=2,9=-08, w=-0.5 v=0.5.

Similarly, the (%, é)-expansion technique is implemented to develop various interesting wave
structures. Figure 4 illustrates a dark soliton solution ‘LI{I (x,t) for (3.11) when
a; =05, ap =1, @3 =2, ¢; = -1, ¢, = 4. Figure 5 visualizes a v-shaped solitary wave U}/ (x, ) for
(3.13) when @ =4, @, =3, a3 = -2, ¢; = 1, ¢, = 4. Figure 6 expresses a bright soliton U}/ (x, t) for
(3.15) when a; = 4, a = 3, a3 = 2, ¢; = —1, ¢, = 4. Figure 7 visualizes a bell shaped bright
structure UL (x, 1) for (3.17) when @y = 1, @, =3, a3 = 2, ¢; = =2, ¢, = 5 respectively.

20 /
15

(a) (b) ()

Figure 4. 3D, 2D, and contour representation of (L{{’ (x,1) for (3.11) when a; = 0.5, a, =
1, a3=2, Cq =—1, C2=4.
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Figure 5. 3D, 2D, and contour representation of ‘Llé’ (x,1) for (3.13) whena; = 4, ap =
3, az=-2,¢c1=1, ¢, = 4.

(@ (b) (©

Figure 6. 3D, 2D, and contour representation of ‘L[g’ (x,1t) for (3.15) when a; = 4, a, =
3, 0322, C1 :—1, 02:4.

(a) (b) (©)

Figure 7. 3D, 2D, and contour representation of (L[‘{’ (x,1) for (3.17) when oy = 1, a, =
3, a3:2, 01:—2, 02:5.

The wave structures obtained here are qualitatively consistent with shallow water phenomena found
in controlled experimental settings and in real water bodies, such as estuaries, coastal shelves, and
channels, despite the fact that this work concentrates on analytical and symbolic calculations. The
DGH model appears to offer a mathematically sound framework for representing a wide variety of
physically observed wave characteristics, such as both smooth and discontinuous waveforms, based on
these comparisons.
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7. Conclusions

The nonlinear dispersive shallow water wave equation, often known as the DGH model, has been
thoroughly examined analytically in this work. The behavior of shallow water waves is being
analyzed by applying a few well-known analytical techniques to generate some innovative soliton
solutions for the governing model. Numerous exact traveling wave solutions, such as solitary, shock,
singular, shock-singular, hyperbolic, singular periodic, and rational forms, have been successfully
identified by using well-established analytical methods supported by symbolic computing tools. The
efficiency of the strategies employed shows that they are more reliable and effective ways to analyze a
variety of applications in mathematical physics and engineering. The solutions exhibit a number of
intriguing configurations, including bell-shaped, bright, dark, solo, and periodic wave solutions, as
well as brilliant and dark soliton solutions.

With the help of Mathematica, the impact of the factors on the traveling wave forms is specifically
investigated. Computer approaches are used to construct different wave shapes, including solitary,
shock, singular, shock-singular, hyperbolic, singular periodic, and rational solutions. A wide range
of wave behaviors dependent on parameter values has been revealed by a detailed examination of the
influence of key factors on the shape and nature of the wave solutions. The 2D, 3D, and contour
graphical representations corroborate the accuracy of the results produced and offer important insights
into the dynamics of the solutions. The adaptability and resilience of the computational methods used
are further demonstrated by these representations. Importantly, the study identifies specific parameter
regimes that ensure the mathematical and physical correctness of the resulting wave structures (for
additional details, see Figures 2-7).

We provide a new case study that has never been investigated previously, as far as we know, and
will yield many new solutions for the NPDE that occurs in the present work. The results show that the
strategies employed are more effective and capable than the traditional methods employed in previous
research. The investigation is more significant because it is more reliable and important in explaining
a variety of physical events. As a result, it is shown that the methods used are useful and applicable
to a number of additional higher dimensional nonlinear evolution models in hydrodynamics, plasma,
mathematics, and other ocean engineering and research fields. Overall, the results demonstrate how
well the suggested analytical-computational framework explores and categorizes exact solutions of
nonlinear dispersive wave models. Other sophisticated nonlinear systems in fluid dynamics and other
fields can be analyzed using such strategies efficiently.

Furthermore, similar nonlinear dispersive equations that arise in other physical environments, such
as plasma physics, nonlinear optics, and geophysical fluid dynamics, can be analyzed using the
framework implemented in this paper. Another fascinating area that could be the fractional DGH
model and its various forms. These directions have the potential to expand the applications of the
governing model in both theoretical and applied disciplines and enhance our understanding of
nonlinear wave dynamics.
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