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Abstract: Using the binary operation “<”” on a GE-algebra X given by 4 (x,y) = (v *x) * x and the GE-
endomorphism Q : X — X, the notion of € )-endomorphic (resp., €,;-endomorphic) GE-derivation
is introduced, and several properties are investigated. Also, examples that illustrate these are provided.
Conditions under which € ,-endomorphic GE-derivations or €2 ,-endomorphic GE-derivations to
satisfy certain equalities and inequalities are studied. We explored the conditions under which f
becomes order preserving when f is an € ,-endomorphic GE-derivation or an €, ;-endomorphic
GE-derivation on X. The f-kernel and Q-kernel of f formed by the €, ;-endomorphic GE-derivation
or € -endomorphic GE-derivation turns out to be GE-subalgebras. It is observed that the Q-kernel
of f is a GE-filter of X. The condition under which the f-kernel of f formed by the €2, ,-endomorphic
GE-derivation or € y-endomorphic GE-derivation becomes a GE-filter is explored.
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1. Introduction

In the 1950s, Hilbert algebras were introduced by L. Henkin and T. Skolem as a means to investigate
non-classical logics, particularly intuitionistic logic. As demonstrated by A. Diego, these algebras
belong to the category of locally finite varieties, a fact highlighted in [5]. Over time, a community
of scholars developed the theory of Hilbert algebras, as evidenced by works such as [3,4,6]. Within
the realm of mathematics, the study of derivations holds a significant place in the theory of algebraic
structures. This branch evolved from the principles of Galois theory and the theory of invariants. K.
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H. Kim et al. extended the concept of derivations to BE-algebras, delving into properties in [10]. C.
Jana et al. [7] introduced the notion of left-right (respectively, right-left) derivation, f-derivation, and
generalized derivation of KUS-algebras, and their properties are established. In the broader scope of
algebraic structures, the process of generalization is of utmost importance. The introduction of GE-
algebras, proposed by R. K. Bandaru et al. as an extension of Hilbert algebras, marked a significant
step in this direction. This advancement led to the examination of various properties, as explored
in [1]. The evolution of GE-algebras was greatly influenced by filter theory. In light of this, R. K.
Bandaru et al. introduced the concept of belligerent GE-filters in GE-algebras, closely investigating
its attributes as documented in [2]. Rezaei et al. [11] introduced the concept of prominent GE-filters
in GE-algebras. Building upon the foundation laid by Y. B. Jun et al., the concepts of £-inside GE-
derivation and &-outside GE-derivation are introduced and their properties are studied. The authors
established prerequisites for a self-map on a GE-algebra to qualify as both a &-inside and &-outside
GE-derivation. The conditions for an order-preserving &-inside GE-derivation and a &-outside GE-
derivation were thoroughly explored, as detailed in [8].

In this paper, we introduce the notion of €,-endomorphic (resp., €. ,-endomorphic)
GE-derivation using the binary operation “9” on a GE-algebra X given by 9 (x,y) = (y * x) * x and the
GE-endomorphism Q : X — X and investigate several properties. We study the conditions under
which € ,-endomorphic GE-derivations or €, -endomorphic GE-derivations to satisfy certain
equalities and inequalities. We explore the conditions under which f becomes order preserving when
f 1s an Qg y-endomorphic GE-derivation or an €,-endomorphic GE-derivation on X. We observe
that the f-kernel of f and the Q-kernel of f formed by the € ,-endomorphic GE-derivation or
Q »-endomorphic GE-derivation are GE-subalgebras. Also, we observe that the Q-kernel of f is a
GE-filter of X, but the f-kernel of f is not a GE-filter of X. Finally, we explore the condition under
which the f-kernel of f formed by the € ,-endomorphic GE-derivation or € ,-endomorphic
GE-derivation becomes a GE-filter.

2. Preliminaries

Definition 2.1 ( [1]). A GE-algebra is a non-empty set X with a constant “1”” and a binary operation

[I3AS

*” satisfying the following axioms:
(GED)uxu=1,
(GE2) 1 *u =u,
(GE3) u* (0 * w) = ux* (v * (1 * w))
forall u,v, w € X.

In a GE-algebra X, a binary relation “<” is defined by
Mu,peX)(u<v © uxv=1). 2.1

Definition 2.2 ( [1,2]). A GE-algebra X is said to be

e Transitive if it satisfies:
Mu,p,m e X)(u*v < (w=*u)*(W=*0)). (2.2)
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o Commutative if it satisfies:
Mu,veX)(uxp)xp=(D*x1u)*xU). (2.3)

Proposition 2.3 ( [1]). Every GE-algebra X satisfies the following items:

MueX)(uxl=1). 2.4)
Mi,p e X) (s (U *v) =1u*D). (2.5)
Mu,peX)(u<v=u). (2.6)
Mu,p,mwe X)(u*(v*w) <o*(uxw)). 2.7)
MueX)(1<u = u=1). (2.8)
Mu,pe X) (< (v*xu)su). (2.9)
Muy,peX)(u< (u*xp)*D). (2.10)
MyoweX)(u<oxw © p<uU*xWw). 2.11)
If X is transitive, then
Mi,bp,weX)(U<v > WxULW*D, D*xW < U*W). (2.12)
Mu,p,we X) (0 < (0% w)* (U *1Ww)). (2.13)
MypweX) (U<, p<w = u<sw). (2.14)

Definition 2.4 ( [1]). A non-empty subset S of X is called a GE-subalgebra of X if it satisfies:
Mx,ye X)(x,yeS = xxyeSl). (2.15)
Definition 2.5 ([1]). A subset F of a GE-algebra X is called a GE-filter of X if it satisfies:

1 €F, (2.16)
Vx,yeX)(xxyeF, xe F = yeF). (2.17)

3. Endomorphic GE-derivations

In what follows, given a self-mapping f on a GE-algebra X, the image of x € X under f is denoted
by f. for the convenience, and let X denote a GE-algebra unless otherwise specified.

A self mapping Q : X — X is called a GE-endomorphism if Q,,, = Q. = Q, for all x,y € X.

It is clear that if Q is a GE-endomorphism, then Q; = 1.

We define a binary operation “9” on X as follows:

GT:XXX->X, (x,y) > (y*x)*x. (3.1
Lemma 3.1. The binary operations “9” on a GE-algebra X satisfies:

MueX)x91=1=19%x), (3.2)
Mue X)(x 9x = x). (3.3)
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Proof. Straightforward. O

Using the binary operation “9” and the GE-endomorphism Q : X — X, we will define endomorphic
GE-derivations on X and study its properties.

Definition 3.2. A mapping f : X — X is called an € ,)-endomorphic GE-derivation on X if there
exists a GE-endomorphism Q : X — X satisfying the following condition:

(Vx,y € X)(fen = (Qs % fi) T (fx x Q). (3.4)

Definition 3.3. A mapping f : X — X is called an Q. -endomorphic GE-derivation on X if there
exists a GE-endomorphism Q : X — X satisfying the following condition:

(Vx,y € X)(frny = (fr ¥ ) T (Qx * fy). (3.5

Remark 3.4. It is clear that if X is a commutative GE-algebra, then the two concepts of
Q. »-endomorphic GE-derivation and €,.,-endomorphic GE-derivation are consistent.

Example 3.5. (i) Let X = {1, 11, T2, T3, T4} be a set with a binary operation “«” given in the following
table:

* 11 11 12 T3 T4
LT 110 12 13 74
il 1 12 14 T4
T2l 1T 1 13 713
31 110 12 1 1
Tall 1 12 1 1

Then, X is a GE-algebra. Define the self-maps:

fX—>XXI—>{1 ifXE{l,Tl,T3,T4},
. ’ T2 ifx= T2

and

I ifxell, i},
Q:X->X, x> ] 10 ifx=1,,
13 ifx € {3, 14}

Then, f is an € -endomorphic GE-derivation on X.
(i1) Let X = {1, 11, T2, T3, T4} be a set with a binary operation

9
*k

given in the following table:

AIMS Mathematics

* 11 11 12 T3 T4
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T2l 14 1 1 14
3L 11 1
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Then, X is a GE-algebra. Define the self-maps:
f:X—>X,x+—>{1 ?fxe{l,-rl,-r3,-|-4},
T2 Mfx= T2
and

1 if x € {1, 11, 74},
Q:X->X, x—13 12 ifx=1y
T3 ifx =73
Then, f is an .)-endomorphic GE-derivation on X.
(iii) Let X = {1, 11, T2, T3, T4} be a set with a binary operation “x” given in the following table:

|1 11 12 T3 T4
LT 11 12 13 T4
il 1 12 13 713
2|1 1 1 74 74
31 1 11 1
Tall 71 1 1 1

Then, X is a GE-algebra. Define the self-maps:

1 ifxe{lm)
f:X->X x3 11 ifx=1,

T4 ifx € {73, 74}

and

1 ifxe {19 Tl}a
Q:X->X, xS 1, ifx=r1y

T4 ifx € {3, 14}

Then, f is an € ,-endomorphic GE-derivation on X. But, it is not an £, ,-endomorphic GE-
derivation on X since

(o # Q) T(Q * f1,) = (Qq, = f1) * (f;, x Q) * (f;, x Qo)
= (T ) = (L% 12) = (1% 12)
=(ti*T12)*T2=T2%T2=1
11 = fro = frien

(v) Let X = {1, 11, T2, T3> T4> T5} be a set with a binary operation “x*” given in the following table:

* |1 11 12 13 T4 TS
LI 1112 13 14 75
il 1 12 75 14 75
T2/l i1 13 73 73
3l o2 1o 1
ll o 11 1 1
sl 102 1 12 1

AIMS Mathematics Volume 10, Issue 1, 1792-1813.



1797

Then, X is a GE-algebra. Define the self-maps:

1 if-xe{l’ T3> TS}a
f:X->X x> 11 ifx=1g,
13 ifx € {12, 14}

and

1 ifxe {1a T3> T5}7
QIX—)X,.Xl—) T1 ifx:'rl,

T4 ifx € {72, T4}

Then, f is an € ;-endomorphic GE-derivation on X. But, it is not an € ,-endomorphic GE-
derivation on X:

frvn=tn=m3F 15 =1* 15 =(74% 15) % 15
= (71 *74) % (71 % 73) * (71 * T3)
= ((fr, # Q) % (Qq, * 1)) * (Qq, * f,)
= (Q,, * f1.) T(fy, * Q).

Proposition 3.6. If f : X — X is a GE-endomorphism, then it is both an f,-endomorphic GE-
derivation and an f ,-endomorphic GE-derivation X.

Proof. If f : X — X is a GE-endomorphism, then

fx*y:fx*fy:(fx*f;))(-l(fx*fy)

for all x,y € X. This completes the proof. O

Proposition 3.7. If f : X — X is an ,;-endomorphic GE-derivation or an € »-endomorphic GE-
derivation on X, then f; = 1.

Proof. Assume that f : X — X is an €, -endomorphic GE-derivation on X. Then,
Jir=Ffoa = Fex Q) T Q= fi) =(fux D T( Q= fi) =19 fi) =1
by (2.4) and Lemma 3.1. If f : X — X is an € ,)-endomorphic GE-derivation on X, then
Ji= feoa = Qe 1) T (fex Q) = Qe 1) T(fex D) =(Qex fi) 91 =1
by (2.4) and Lemma 3.1. O

Proposition 3.8. If f is an € -endomorphic GE-derivation or an €, -endomorphic GE-derivation
on X, then fio, =1 = fiq forall x € X.

Proof. 1If f is an € ,)-endomorphic GE-derivation, then

flﬂx = ﬁx*l)*l = (Qx*l >l<fl) 9 (fx*l * Ql)
=) Thi=D=>0=xfi)91=1
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for all x € X by (2.4) and Lemma 3.1. Suppose that f is an €, ;-endomorphic GE-derivation. Then,

fl"lx = ﬁx*l)*l = (fx*l * Ql) 9 (Qx*l * fl)
=(fi*=Q) T Q)= 9= f)
=19f=1

for all x € X by (GE2), (2.4), and Lemma 3.1. Similarly, we can show that 1 = f; forallx e X. O

Lemma 3.9. Every Q. -endomorphic GE-derivation f on X satisfies:

(Vx € X) (fs = Qc 9 1)) (3.6)

Proof. If f is an €, ;-endomorphic GE-derivation on X, then

fx :fl*x = (fl * €2,) 9 (€2 *fx) =1 =Q,) 9 (1 *fx) =Q, <.lf)c
for all x € X by (GE2) and Proposition 3.7. O

The Eq (3.6) is not valid if f is an €, -endomorphic GE-derivation on X. In fact, the Q-
endomorphic GE-derivation f in Example 3.5(iii) does not satisfy (3.6) since

Jo=ni#Fl=rnrn=(x1) 2= *Q)*Q, =Q, 9 f,.

Proposition 3.10. If f is an Q; -endomorphic GE-derivation or an €, ;-endomorphic GE-derivation
on X, then

(Vx € X)(fx = fx TQ0). (3.7

Proof. Assume that f is an €, -endomorphic GE-derivation on X. Using (GE2) and Proposition 3.7
induces

fx :fl*x = (Q *fx) 9 (fl x Q) = (1 *fx) 9 (1% €,) :fx 9Q,
for all x € X. If f is an €, -endomorphic GE-derivation on X, then

Q£ 0 (Q 9 £) E Qo ((Fx Q) + Q)

EV R () * (@ Q)

(GED)

= Qo (i x Qo x 1)

2.4 2.4
o @,

It follows from (GE2) that f, = 1 f, = (Q, * fo) = f, = f. 1Q, forall x € X. O

Proposition 3.11. If f is an Q; -endomorphic GE-derivation or an €, ;-endomorphic GE-derivation
f on X, then the following equation is valid:

(Vx € X)(fo.z, = D). (3.8)
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Proof. Let f be an Q,;-endomorphic GE-derivation on X. Then,

(3.6) (3 D

Jasr, = Jas@ar) = Jos(fe))

(GE3)
fQ se((freQy)#(Qy#Qy))

(GEI)
Jas((frs1)

(2 4) 2.4)

fQ*l _ﬁ—l

for all x € X. If f is an € ,)-endomorphic GE-derivation on X, then

(3.7 3. 1)

Jouf, = Josrany = Jom@efos

(GE3)
SO (@usfox@s o)

GEl) (2 4)

Jo = fi=1
for all x € X. O

Proposition 3.12. If f is an Q ,-endomorphic GE-derivation or an €),;-endomorphic GE-derivation
on X, then the following assertion is valid:

(Vx € X)(Q, < f)- (3.9)

Proof. Let f be an Q ,)-endomorphic GE-derivation on X. For every x € X, we have

Qo fo Qo (f 990 E Qo (( Q£ £)
LV Q5 (Qu* f) % (Q % £2)
(G1:51) Qx w1 (2i4) 1’

and so (3.9) is valid. Assume that f is an €, ;-endomorphic GE-derivation on X. Then,

(3.€ 6) 3.1

£(Q 9 £) E Q (f + Q) % Q)
Q, # ((f, * Q) * (Qy * Q)
EVQ (i Q) x 1)

24 Q%1 24) 1

Qe x fr =

<G§3)

for all x,y € X. Thus, (3.9) is valid. O

Proposition 3.13. If f is an Q ,-endomorphic GE-derivation or an €),.;-endomorphic GE-derivation
on a transitive GE-algebra X, then the following assertion is valid:

(Vx,y € X)(fr # Qy < Qy % f,). (3.10)
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Proof. Suppose that X is a transitive GE-algebra, and let f be an €, )-endomorphic GE-derivation
or an Q. -endomorphic GE-derivation on X. Then, the combination of (2.12) and (3.9) leads to the
following assertion:

fixQy <QxQ, <Q, % f
and thus f, * Q, < Q, * f, for all x,y € X by (2.14). O

The following example shows that (3.10) is not valid in Proposition 3.13 if the condition “X is
transitive” is omitted.

Example 3.14. Let X = {1, 11, T2, T3, T4} be a set with a binary operation ““ * ”” given in the following
table:

* 11 11 12 T3 T4
LT 11 12 13 74
ol 11 15 1
2|l 11 1 1 1
3|1 14 T2 1 T4
T T T

Then, X is a GE-algebra which is not transitive. Define the self-maps:

I ifxefl, 3},
f:X—)X,XH T1 ifXE{Tl,T4},
13 ifx =12

and

1 ifxell, 13},
Q:X—>X, x—>13 11 ifxe{t, T4}

T2 ifx=To

Then, f is an € ,-endomorphic GE-derivation on X. But, f does not satisfy (3.10) since (f;, *
Q-rz) * (QTl *f-rz) = (Tl * T2) * (Tl * T3) = 1 *T3 = T3 * 1, thatis9 le * QTz i Q-r] *f-rz'

"

Example 3.15. Let X = {1, 11, T2, T3> T4> T5} b€ a set with a binary operation “x” given in the following
table:

* |1 11 12 T3 T4 TS
LI 11 12 13 174 75
il 1T 15 1T 1 75
e T T T N
3l 74 1 1 74 1
T4l 3 1 13 1 1
S T T
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Then, X is a GE-algebra which is not transitive. Define the self-maps:

1 ifXE{l, T4 TS}’
f:X—>X x> 73 ifxe{r, 13}
T2 ifx=To

and

1 ifx=1,

11 ifx =7y,
T2 ifx =1y
13 Ifx =13
T4 ifx =74
15 ifx=1s.

Q:X->X, x>

Then, f is an Q. ;-endomorphic GE-derivation on X. But, f does not satisfy (3.10) since (f;, *
QTZ) * (QTI *sz) =(r3*12)* (1% 72) = 1% 75 = 15 # 1, that s, le * QT2 £ QTI *Jr

Let f and Q be self-maps on X, and consider the following equality:

(Vx,y € X)(frry = Qy * ). (3.11)

Question 3.16. If f is an € ,-endomorphic GE-derivation or an €),.;-endomorphic GE-derivation on
X, then does Eq (3.11) work?

The answer to Question 3.16 is negative and confirmed in the following examples.

Example 3.17. (i) In Example 3.14, we can observe that X is a GE-algebra which is not commutative.
Also, the Q , -endomorphic GE-derivation f does not satisfy (3.11) since f; .., = fi = 1 # 13 =

Ti* T3 =Qp * [,
(i1) In Example 3.15, we can observe that X is a GE-algebra which is not commutative. Also, €, ;-
endomorphic GE-derivation f does not satisfy (3.11) since f .., = frs =1 # 75 = T1% 720 = Q * f,,.

We explore conditions under which the answer to Question 3.16 will be positive.

Theorem 3.18. If X is a commutative GE-algebra, then every €, -endomorphic GE-derivation f on
X satisfies Eq (3.11).

Proof. Let f be an € )-endomorphic GE-derivation on a commutative GE-algebra X. Since X is
commutative, it is also transitive (see [9]). Hence,

For B (Fox Q) Q5 £) B (Qu % £) # (fe + Q) % (f, % Q)
@3)

= ((fx % Q) * (Qy = f1)) * (Q * f))
(.10 1% (Q, * fy) (GE2) Q, * fy
for all x,y € X. O

Based on Remark 3.4, the following is the corollary of Theorem 3.18.
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Corollary 3.19. If X is a commutative GE-algebra, then every € ,-endomorphic GE-derivation f on
X satisfies equality (3.11).

Question 3.20. If f is an Q,)-endomorphic GE-derivation or an €, ,-endomorphic GE-derivation on
X, then are the two self-maps f and Q consistent?

The answer to Question 3.20 is negative and confirmed in the following example.

Example 3.21. (i) If we take the Q ,)-endomorphic GE-derivation f in Example 3.5(i), then f,, = 1 #
T3 = Q.
(i1) If we take the €),.-endomorphic GE-derivation f in Example 3.5(i1), then f,, =1 # 13 = Q_,.

Given two self-maps f and Q on X, consider the following equation:

(Vx,y € X)(fasy = fx  L2y). (3.12)

If f is an Q. ;-endomorphic GE-derivation or €, -endomorphic GE-derivation on a commutative
GE-algebra X, then f may not satisfy (3.12).

Example 3.22. Let X = {1, 11, 12, T3, T4} be a set with a binary operation ““ * ”” given in the following
table:

* 11 11 12 T3 T4
LI 11012 13 14
Tl T 12 13 T4
T2l 11 1 13 T4
LER LR ST I S
T4l 1112 T3 1

Then, X is a commutative GE-algebra. Define the self-maps:

I ifxedl, 1, 12k
f:X>X x—>1{ 12 ifx=r13,
T4 ifx =14

and

1 ifx=1,
11 ifx =7y,
Q:X—->X, x—< 13 ifx=r1,,
T2 ifx =13,

T4 Ifx= T4

Then, f is both an € ,)-endomorphic GE-derivation and an €, ;-endomorphic GE-derivation on X.
But, f does not satisfy (3.12) since f .., = fi=1# 71 =1x 11 = f;, xQ .

The following example shows that there is an €,-endomorphic GE-derivation f or
Q. »-endomorphic GE-derivation f on X that would not normally establish Eq (3.12).

AIMS Mathematics Volume 10, Issue 1, 1792-1813.
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Example 3.23. (i) The Q,-endomorphic GE-derivation f in Example 3.5(1) does not satisfy the
Eq (3.12) since

fT1*T3 :fT4 =l#13=1%713 :fn *QT3‘
(i1) The Q. -endomorphic GE-derivation f in Example 3.5(ii) does not satisty the Eq (3.12) since

le*T3 :fT3 =1#13=1%13 :le *'Q‘T3'
We investigate the conditions under which two self-maps f and € match in X.

Theorem 3.24. If an Q) -endomorphic GE-derivation or an €, \-endomorphic GE-derivation f on
X satisfies Eq (3.12), then f matches Q.

Proof. Assume that f satisfies Eq (3.12). Then,

(GE2) 3.12) Proposition 3.7 (GE2)
fx = fl*x = fl*Qx = I*Qx = Qx

for all x € X. Hence, f matches Q. O

If an Q;,)-endomorphic GE-derivation or an €, ,-endomorphic GE-derivation f on X satisfies the
Eq (3.11), then f may not match Q.

Example 3.25. Let X = {1, 11, T2, T3, T4} be a set with a binary operation ““ = ”” given in the following
table:

* |1 11 12 T3 T4
LT 110 12 13 74
|l 11 73 713
T2/ 1 1 14 14
T3l 1112 1 1
Ta|l 71 12 1 1

Then, X is a GE-algebra. Define the self-maps:

1 if)CE{l, T1> T3> T4}’

X=X x> )
/ {Tl if x = 12.

and

1 ifXE{l, T3> T4}’

Q:X—>X,x+—>{ .
11 ifxe{T, 12}

Then, f is both an € ,)-endomorphic GE-derivation and an €, ;-endomorphic GE-derivation on X
satisfying (3.11). But, f does not match with Q since f;, =1 # 1, = Q

TL®

Question 3.26. If f is an € ,,-endomorphic GE-derivation or an €),;-endomorphic GE-derivation on
X, then does the following equation work?

(Vx,y € X)(Qy x fy = fi* Q). (3.13)
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The answer to Question 3.26 is negative and confirmed in the following examples.

Example 3.27. (i) The Q;,)-endomorphic GE-derivation f in Example 3.5(1) does not satisfy Eq (3.13)
since

Qo #fry=q2xl=1%#13=12%13=f, *Qq,.

(i1) The €, )-endomorphic GE-derivation f in Example 3.5(ii) does not satisfy Eq (3.13) since

Qe fra=1xl=1#73=1%13=f,*Q.

T

Lemma 3.28. Let f be an € ,-endomorphic GE-derivation or an €, -endomorphic GE-derivation
on X. If it satisfies (3.13), then Eq (3.12) is valid.

Proof. If f is an Q ,-endomorphic GE-derivation on X satisfying (3.13), then

For Z Qe x £) (i x Q)
(e Q) * (Qux £) % (Q * f))

(3.13)

= ((fex Q)+ (fe % Q) * (fx ¥ Q)

(GE) (GE2)

- 1*(fx*Qy) - fx*Qy
for all x,y € X. Let f be an Q,-endomorphic GE-derivation on X satisfying (3.13). Then,
(35)

Joy = (fex Q) T (Qu = f)

3.1

= ((Qu* fy) # (fex Q) * (fe % Q)

(3.13)

= ((fex Q) * (fi Q) * (i ¥ Q)
(GE1) (GE2)

Vs () B fr
for all x,y € X. |

Corollary 3.29. If f is an € ,-endomorphic GE-derivation or an €, -endomorphic GE-derivation
on X, then f matches Q if and only if Eq (3.13) holds.

Proof. Let f be an € ,-endomorphic GE-derivation or an €, ,-endomorphic GE-derivation on X.
Suppose f matches Q and x,y € X. Then, f, = Q, forall x € X, and hence f,*Q, = Q. f,. Conversely,
assume that Eq (3.13) holds. Let x € X. Then, f, = 1% f, = Qq = f, = fi « Q, = 1 * Q, = Q,, which is
true for all x € X. Hence, f matches Q. O

Question 3.30. If f is an Q, -endomorphic GE-derivation or an €, ,-endomorphic GE-derivation on
X, then is f order preserving?

The answer to Question 3.30 is negative and confirmed in the following examples.

Example 3.31. (i) From Example 3.5(iii), the map f is an € ,)-endomorphic GE-derivation on X. We
can observe that 14 < 1o and f,, x f,, = 74* 11 = 11 # 1, 1e, f,, £ f,,- Hence, f is not order
preserving.
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(11) From Example 3.5(ii), the map f is an €. ,-endomorphic GE-derivation on X. We can observe
that 13 < moand fo, = f., = L x 1o = 12 # 1, thatis, f, £ f,,. Hence, f is not order preserving.
(iii) Let X = {1, 11, T2, T3, T4} be a set with a binary operation “x” given in the following table:

* 11 11 12 T3 T4
LT 11012 13 74
il 1 1 74 714
T2 11 13 713
Sl 1 11
T4/l 11 1 1 1

Then, X is a GE-algebra. Define the self-maps:

1 ifXE{l, Tl}a

if x =
f:X—)X, X - T1 : T2
13 if x = 13,

T4 IfXx =714
and

1 ifx=1,
11 ifx=1y,
Q:X->X, x—><3 10 ifx=1,,
T3 1fx =13,
T4 Ifx= 14

Then, f is an € ,)-endomorphic GE-derivation on X. We can observe that 1, < 1 and f;, * f,, =
Ity =11#1,1e, f;, £ f;,. Hence, f is not order preserving.

Now we explore the conditions under which f becomes order preserving when f is an
Q. »-endomorphic GE-derivation or an €, j-endomorphic GE-derivation on X.

Theorem 3.32. Let f be an Q,.;-endomorphic GE-derivation or an € »-endomorphic GE-derivation
on X. If X is transitive and f satisfies:

(Vox,y € X)(fe 9 fy < fray), (3.14)

then f is order preserving.

Proof. Let X be a transitive GE-algebra and let x,y € X be such that x <y. Then,y 9x = (x*xy)*y =
I xy =y. Assume that f is an €, ,-endomorphic GE-derivation on X satisfying (3.14). Then,

(

2.10) (3.14)
fio £ (ixf)xfh=L9f < fiax=1

Hence, f is order preserving. Similarly, if f is an €, ,,-endomorphic GE-derivation on X satisfying
(3.14), then f is order preserving. m|

Corollary 3.33. Let f be an €,.;-endomorphic GE-derivation or an £ ,-endomorphic GE-derivation
on X. If X is commutative and f satisfies (3.14), then f is order preserving.
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In general, an €, ,)-endomorphic GE-derivation or an £),.;-endomorphic GE-derivation f on X does

not satisfy (3.14) as seen in the following example.

Example 3.34. (i) Let X = {1, 11, T2, T3> T4> T5} be a set with a binary operation

following table:

“+” given in the

* |1 11 12 13 T4 T
LI 1012 13 14 75
il 1 12 13 1 73
211 1 15 1 75
3l 1112 1 1 1
Ta|l 71 172 1 1 1
T5 1 T1 T2 1 1 1

Then, X is a GE-algebra. Define the self-maps:

fX->X x>

and

Q: X=X, x—=13 14

T2

ifx € {15 T3> T4 TS}’
if x = T1
if x = T2-

if x € {L, 13, 74, T5}
if x = Tl
if x= T2-

Then, f is an ,-endomorphic GE-derivation on X. The € ,)-endomorphic GE-derivation f does

not satisfy (3.14), since

((f-rz *f-rl) *f-rl) *f(Tz*Tl)*Tl = ((Tl * T3) * T3) *fl*-“
=(maxm)*fr,=lxm =11 %1,

that is, le A sz £ le‘TTz'

(i1) Let X = {1, 11, T2, T3> T4> T5} be a set with a binary operation “x”” given in the following table:

* |1 11 12 13 T4 TS
LT 11 12 13 T4 75
il 1 12 15 14 715
T2 1 1 13 13 73
3l 1112 1 12 1
S T T T T
sl o2 1o 1

Then, X is a GE-algebra. Define the self-maps:

1

T1
T3

f:X—>X x>

AIMS Mathematics

if x € {1’ T3> TS},
if x = Tl

if x € {72, 74}.
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and

I ifxe{l, 13,75},
Q:X->X, x—>! 11 ifx=qy,
T4 ifx € {72, T4}

Then, f is an Q,;-endomorphic GE-derivation on X. The €, j-endomorphic GE-derivation f does
not satisfy (3.14), since

((sz *fTI) *fTI) >kf(Tz*Tl)*Tl = ((T3 * Tl)"< Tl)*fl*n
=(rixT*fr,=lxmi=11%#1,

thatis, f,, 9 f1, £ frr0m-

Let f be an €, -endomorphic GE-derivation or an € ,-endomorphic GE-derivation on X. We
consider the following set:

QX)) ={xeX| fi=Q} (3.15)

Theorem 3.35. If f is an Q ,-endomorphic GE-derivation or an €. -endomorphic GE-derivation
on X, then the set Q(X) is a GE-subalgebra of X and 1 € Q(X).

Proof. Let f be an € ,)-endomorphic GE-derivation on X. If x,y € Q¢(X), then f, = Q, and f, = Q,.
Hence,

34

Joy = (Qux f) 9(fi x Q)

D ((fox Q) * (@ f)) * Q% f)
= (Qu f) % Qo ) % (Qu % f;)
CEV 1 (@, % Q)

0,0 =0,,

and so x x y € Q¢(X). Hence, Q(X) is a GE-subalgebra of X. Similarly, if f is an €, ;-endomorphic
GE-derivation on X, then Q(X) is a GE-subalgebra of X. It is clear that 1 € Q/(X). O

Proposition 3.36. If f is an Q ,-endomorphic GE-derivation or an €, -endomorphic GE-derivation
on X, then the set Q¢(X) is closed under the operation “9”.

Proof. Let x,y € Q¢(X). Then, f, = Q, and f, = Q,. Assume that f is an € ,-endomorphic GE-
derivation on X. Then,

34
fxﬁy = ﬁy*x)*x = (Qy*x * fx) 9 (fy*x * Qx)

Qe % £0) Q% £) 9 (f + Q) + Q)
= (Qy*x * Qx) 9 (((Qy * Qx) q (Qy * Qx)) * Qx)

) ( Qe+ Q) 9 ((Q % Q) + Q)
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= (Qy*x * Qx) (-l (Qy*x * Qx)
(3:3) Qy*x %k Qx = Q(y*x)*x = Qx‘lya

and so x 9y € Qg(X). This shows that Q¢(X) is closed under the operation “9”. If f is an Q.-
endomorphic GE-derivation on X, then

(3.5)
fx‘ly = ﬁy*x)*x = (fy*x * Qx) 9 (Qy*x * fx)

35)

= (((fy * Q) T(Qy = f2)) % Q) 9 (Qyux * fr)

= (((Qy # Q) T(Q) xQ,)) x Q) T(Qyuy * Q)

(@ * Q) * Q) (@ * Q)

= (Qy*x *€2)) 9 (Qy*x *€2))

33)

= Qy*x * Qx = Q(y*x)*x = Qx"ly’

and so x 9y € Q/(X). This shows that Q/(X) is closed under the operation “9”. O

Let f be an €, -endomorphic GE-derivation or an €2 ,-endomorphic GE-derivation on X. We
consider the following sets:

kerx(f) :={xe X | fi =1}, (3.16)
kery(Q) :={xe X | Q, =1} (3.17)

which is called the f-kernel of f and the Q-kernel of f, respectively, in X.

Theorem 3.37. If f is an Q,-endomorphic GE-derivation or an €, ;-endomorphic GE-derivation
on X, then its f-kernel and its Q-kernel are GE-subalgebras of X and 1 € kery(f) N kery(Q).

Proof. Let x,y € kerx(f). Then, f, = 1 and f, = 1. Assume that f is an Q,-endomorphic GE-
derivation on X. Then,

Foy = Q% £) 9(fex Q) = Q% 1) 4 (15 Q)

CHLGED | ¢ Q, (32) 1,
and so x x y € kerx(f). Hence, kerx(f) is a GE-subalgebra of X. If f is an Q. ;-endomorphic GE-
derivation on X, then

Fow B (fer Q) 9 Qux f) = (14Q) 9 (@ x 1)

24)&(GE2 32
():( )Qyéll(:)l,

and so x * y € kery(f). Hence, kery(f) is a GE-subalgebra of X. If x,y € keryx(Q2), then Q, = 1 and
Q, = 1. Since Q is a GE-endomorphism, it follows that Q,,, = Q, *Q, = 1% 1 =1and Q; = 1. Thus,
x*y € kery(Q) and 1 € keryx(€2). Hence, kery(Q) is a GE-subalgebra of X. It is clear that 1 € kerx(f)
by Proposition 3.7. Therefore, 1 € kerx(f) N kerx(£2). O

The example below illustrates Theorem 3.37.
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Example 3.38. (i) In Example 3.5(i), we can observe that kerx(f) = {1, 11, T3, T4} and keryx(Q) =
{1, 11} are GE-subalgebras of X, and 1 € kerx(f) N kerx(Q).

(i1) In Example 3.5(ii), we can observe that kerx(f) = {1, 11, T3, T4} and kerx(Q) = {1, 11, T4} are
GE-subalgebras of X, and 1 € kerx(f) N kerx(€2).

Proposition 3.39. If f is an Q ,-endomorphic GE-derivation or an €),.;-endomorphic GE-derivation
on X, then its f-kernel satisfies:

(Vx,y € X)(x € kerg(f) = y*x € kerx(f), x 9y € kerx(f)). (3.18)

Proof. Let x,y € X be such that x € kerx(f). Then, f, = 1. If f is an Q )-endomorphic GE-derivation
on X, then

for 2@ ) 1520 =@ D 1 (520 19+ 00 P

and

3.1 3.4)
fx‘ly = f(y*x)*x = (Qy*x * fx) 9 (fy*x * Qx)

(3i4) (QJ/*X * fx) <-| (((Qy * fx) (-l (fy * QX)) * QX)

= (Qpr + 1) Q) * 1) 9 (fy * Q) * Q)

24) (32)

=190 9(f*Q)xQy) =

If f is an Q. ;-endomorphic GE-derivation on X, then

S E fr Q9@ )=+ Q) 9@+ ) E (fx0) 41
and
Fe B S B e Q) 9 (Qu * )
= o * Q0 9 (Qur# D Z (fe Q) 91 E 1.
Hence, y = x € kerx(f) and x 9y € kery(f). O

For any Q ,)-endomorphic GE-derivation or €,.,-endomorphic GE-derivation f on X, its f-kernel
does not satisfy the following assertions:

(Vx,y € X)(x € kerx(f) = x*y € kerx(f)), (3.19)
(Vx,y € X)(x € kerx(f) = y 9 x € kerx(f)). (3.20)

In fact, in Example 3.31(iii), we can observe that kerx(f) = {1, t1}. But, it does not satisfy (3.19)
and (3.20) since T * T3 = T4 ¢ kery(f) and

T2 ¢ kerx(f).

{1, 71, T3, T4}. But, it does not satisfy

T2 Imi=(rixT)*m2=1%12

Also, in Example 3.5(i1), we can observe that kery(f)
(3.19) and (3.20) since T * T2 = T2 ¢ kery(f) and

T2 913 =(13*%12) * T2 = 1 % 12 = 72 €& kerx(f).
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Proposition 3.40. If f is an Q ,-endomorphic GE-derivation or an €, -endomorphic GE-derivation
on X, then its Q-kernel satisfies:

(3.21)

Vx,y € X)( x € kery(Q) = { y * x € kery(Q) )

x9y,y 9x e kery(Q)

Proof. Let f be an € ,)-endomorphic GE-derivation or an €,.,-endomorphic GE-derivation on X. For
every x,y € X, if x € kery(Q2), then Q, = 1. Hence,

Q= *Q, =Q x1=1,
Quy = Qyegyer = Ly ¥ Q= (Q Q) * Q, = (@ 1)+ 1 = 1 and
Quor = Qrayyey = Ry # Q= (Q# Q) Q= (15 Q)+ Q, = Q, +Q, = 1.
Therefore, y * x € kery(Q2) and x 9y, y 9 x € kerx(Q). O

For any € ,)-endomorphic GE-derivation or €, ,-endomorphic GE-derivation f on X, its Q-kernel
does not satisfy the following assertions:

(Vx,y € X)(x € kery(Q) = x =y € kerx(Q)), (3.22)

In fact, in Example 3.5(i), we can observe that kery(€2) = {1, t1}. But, it does not satisfy (3.22)
since 11 * 12 = T2 ¢ kery(Q). Also, in Example 3.5(ii), we can observe that kerx(Q) = {1, 11, 14}. But,
it does not satisfy (3.22) since

T1* T2 = T2 € kerx(Q).

Proposition 3.41. If f is an Q , -endomorphic GE-derivation or an €, j-endomorphic GE-derivation
on X, then it satisfies:

Vx,y e X)(x <y, x e kery(Q) = y € kerx(QQ)). (3.23)

Proof. Let x,y € X be such that x <y and x € kery(€2). Hence, Q,,, = 1 by Q, = 1, so that Q,*Q, = 1.
Hence, Q, = 1 * Q, = Q, * Q, = 1. Therefore, y € kerx(£2). |

Remark 3.42. In an €, -endomorphic GE-derivation or an €}, ,-endomorphic GE-derivation f on X,
the following does not apply:

(Vx,y e X)(x <y, x e kerx(f) = y € kerx(f)). (3.24)

In fact, in Example 3.31(iii), we can observe that kery(f) = {1, t1}. But, (3.24) is not valid since
Ti*12 = 1,1.e., 11 < 12) and 11 € kery(f), but 1, ¢ kerx(f). Also, in Example 3.5(ii), we can observe
that kerx(f) = {1, 11, T3, T4}- But, (3.24) is not valid since 13 * 12 = 1, 1.e., T3 < 12 and T3 € kerx(f),
but 1, ¢ kerx(f).

Proposition 3.43. Let [ be an € ,-endomorphic GE-derivation or an £ ,-endomorphic
GE-derivation on X. If X is commutative, then it satisfies (3.24).
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Proof. Let x,y € X be such that x < y. Then, x * y = 1. Assume that f is an € ,-endomorphic
GE-derivation on a commutative GE-algebra X. If x € kerx(f), then f, = 1, and so

(GE2) @3
f;' = fl*y = ﬁX*Y)*y = ﬁy*x)*x

(3i4) (Qy*x * fx) 9 (fy*x * Qx) = (Q}’*x * 1) q (f;;*x * QX)

1 20 E

which shows that y € kerx(f). Suppose that f is an €, j,-endomorphic GE-derivation on a commutative
GE-algebra X. If x € kerx(f), then f, = 1, and so
(GE2) (2.3)
fy = fl*y = f(x*y)*y = f(y*x)*x

(g) (fy*x * Qx) <-| (Qy*x * fx) = (fy*x * QX) (-I (Q)’*x * 1)

@4 (32

= (fpex Q) 91 =

which shows that y € kerx(f). |

If X satisfies (3.24), then X may not be commutative. From Example 3.34(i), we can observe that
kerx(f) = {1, 13, T4, T5} satisfies (3.24). But, X is not commutative. Also, from Example 3.34(ii), we
can observe that kery(f) = {1, 13, 15} satisfies (3.24). But, X is not commutative since (1 * T2) * T2 =
Texma=l#F =l =(r2%70) *T11.

Corollary 3.44. If f is an O ,-endomorphic GE-derivation or an €. -endomorphic GE-derivation
on X, then its Q-kernel is a GE-filter of X.

Proof. It is clear that 1 € kerx(Q). Let x,y € X be such that x € kerx(Q2) and x * y € kery(Q2). Then,
Q,=1land Q,, =1,andso 1 = Q,,, = Q, xQ, =1xQ, = Q,, that is, y € kerx(2). Therefore,
kery(QQ) is a GE-filter of X. O

We know from Remark 3.42 that the f-kernel is not a GE-filter of X for every € -endomorphic
GE-derivation or €,.-endomorphic GE-derivation f on X. Finally, we find a condition for the f-kernel
to be a GE-filter of X.

Theorem 3.45. Let f be an € ,-endomorphic GE-derivation or an €, ;-endomorphic GE-derivation
on X. If f is a GE-endomorphism on X, then its f-kernel is a GE-filter of X.

Proof. Assume that f is a GE-endomorphism on X. It is clear that 1 € kerx(f). Let x,y € X be such
that x € kery(f) and x x y € kerx(f). Then, f, = 1 and f.,, = 1. Hence, 1 = f.., = fix f, = 1% f, = f,,
and thus y € kery(f). Therefore, kery(f) is a GE-filter of X. O

4. Conclusions

The concept of derivation is commonly used in a variety of contexts, including mathematics,
linguistics, physics, and chemistry, as it represents a source or the process of obtaining something
from a source. It is a well-known fact that the concept of derivation is mainly addressed in calculus in

the field of mathematics. With the aim of addressing the concept of derivation in GE-algebra, one of
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the logical algebras, we have introduced the notion of €} ,-endomorphic (resp., €2, ;-endomorphic)
GE-derivation using the binary operation “9” on a GE-algebra X given by < (x,y) = (y * x) * x and the
GE-endomorphism Q : X — X, and investigated several properties. We have studied the conditions
under which € ,-endomorphic GE-derivations or €, -endomorphic GE-derivations to satisfy
certain equalities and inequalities. We have explored the conditions under which f becomes order
preserving when f is an € ,)-endomorphic GE-derivation or an €, -endomorphic GE-derivation on
X. We have observed that the f-kernel of f and the Q-kernel of f formed by the €, ;-endomorphic
GE-derivation or € ,-endomorphic GE-derivation are GE-subalgebras. Also, we have observed that
the Q-kernel of f is a GE-filter of X, but the f-kernel of f is not a GE-filter of X. Finally, we have
explored the condition under which the f-kernel of f formed by the €, ;-endomorphic GE-derivation
or Q »-endomorphic GE-derivation becomes a GE-filter.

With the results and ideas obtained in this paper in the background, we will attempt to develop
various forms of derivations on GE-algebras, and we also plan to study the concept of derivations in
various forms of logical algebra.
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