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Abstract: In this paper, we introduce dual numbers with components including Leonardo number
sequences. This novel approach facilitates our understanding of dual numbers and properties of
Leonardo sequences. We also investigate fundamental properties and identities associated with
Leonardo number sequences, such as Binet’s formula and Catalan’s, Cassini’s and D’ocagne’s
identities. Furthermore, we also introduce a dual vector with components including Leonardo number
sequences and dual angles. This extension not only deepens our understanding of dual numbers, it
also highlights the interconnectedness between numerical sequences and geometric concepts. In the
future it would be valuable to replicate a similar exploration and development of our findings on dual
numbers with Leonardo number sequences.
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1. Introduction

The concept of dual numbers [1], which is an extension of real numbers, was initially introduced
by Clifford in 1873. It is defined as follows:

D={A=y +&y |y, €R, e#0,& =0).

These numbers form a commutative and associative algebra over the real numbers. Kotelnikov was
the first to explore the practical applications of dual numbers, laying the groundwork for their
utilization in various fields [2]. Notably, Study incorporated dual numbers and associated vectors into
line geometry and kinematics, pioneering their use in these domains [3]. In the context of vectors, the
set of dual vectors can be represented as D3, indicating all possible combinations of dual number
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pairs. Additionally, the collection of all unit dual vectors forms what is known as the unit dual sphere,
denoted by

$={LeD| AlI=1},
which plays a significant role in geometric interpretations and calculations involving dual vectors. This
rich framework of dual numbers and vectors offers a versatile toolset for mathematical and geometric
analyses, with applications ranging from kinematics to computer graphics and beyond.

Study proved that there exists an isomorphism between the points of the dual unit sphere in D* and
the directed lines of Euclidean 3-space, which is known as Study mapping [3]. Dual numbers have
been applied in most fields including research on rigid body motion, displacement analysis of spatial
mechanisms, surface shape analysis and computer graphics, kinematic synthesis, human body motion
analysis, and others [4-10].

The algebra of dual numbers is represented by a ring with the following addition and multiplication
operations:

(y1 + &y2) + (01 + €62) = (y1 + 61) + &(y2 + 62),

(y1 + &y2)(61 + €62) = y161 + &(y102 + ¥261).

The multiplicative inverse of A =y, + gy, 1s given by

1
A= — -2y 20
Y1 "

and there is no inverse for pure dual numbers; hence, this algebra of numbers is not a field over real
numbers. By using the inverse of dual numbers we can define the division operation of two dual
numbers A and B as AB~! where B is not a pure dual number and B # 0. The set given by

D* = {& = ¥} + &2 | 71.7, € RY)
is amodule over the ring of dual numbers D , the elements of this module are called dual vectors.

Proposition 1. Let A and B be dual vectors; then, their scalar and cross products are respectively

given by
(B, By =(71,61) + £ (1, &) + (72, 61))
Kxﬁ%:ﬁx 91+s(*1><92+;72>< 7)

If A and B are unit dual vectors then

<A§, B) = cos® = cosp — ep” sing,
where © = ¢ + ¢ is a dual angle between them [1].
Proposition 2. The norm of the dual vector Ais given by

.72
7]

If,l?& is a unit dual vector, then ||yi|| = 1 and {y},7,) = 0 [1].

|&] = 17 + = (1.1)
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Sequences of integers hold an important place in mathematical literature with many famous
sequences playing crucial roles across various branches of mathematics. These sequences often arise
naturally in mathematical investigations and have been extensively studied due to their properties and
profound connections to different areas of mathematics.

The Fibonacci and Lucas number sequences [11-16] are defined by

Fn = Fn—l + Fn—Z; FO =0, Fl =1,

L,=L._+L,»;Ly= 2,L1 =1.

The characteristic equation of recurrences F, and L, is given by x> — x — 1 = 0. The Binet formulas for
the F,, and L, sequences are respectively given by

where ¢ = 1 ‘f and y = = ‘f are the roots of the characteristic equation. The following identities are

hold for F1b0nacc1 and Lucas number sequences
L,=F,_1+F,andL,; +L, =5F,. (1.2)
The Leonardo number sequence [17-24] is defined as follows
Le, =Le,; +Le,»+1

with the initial condition the Ley = Le; = 1. The Leonardo numbers are related to the Fibonacci
numbers through the below relation:
Len = 2Fn+1 - 1.

This Binet’s formula for the Leonardo number sequence is given by

n+1 n+1
Le, = 2y -1, (1.3)
-y
where ¢ = “‘f and ¥ = ‘f are roots of the characteristic equation x> — 2x> + 1 = 0 and the other

root of this equatlon isd= 1.

Here, our goal was to study this a new number system that can by generated by using dual numbers
and well known Leonardo numbers as dual Leonardo number sequences and we describe dual
Leonardo vectors and angles to apply these dual vectors and angles in the geometry of dual space.

2. Dual Leonardo number sequences

In this section, we demonstrate dual Leonardo number sequences, presenting their fundamental
identities and properties. Some fundamental properties and identities of these number sequences are
discussed, such as Binet’s formula, Catalan’s, Cassini’s and D’ocagne’s identities. These identities
play crucial roles in obtaining on understanding of the properties of dual Leonardo number sequences,
and we aim to establish and prove them by using Binet’s formulas.
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The dual Leonardo number is defined by the following relation:
L, =Le, + ele,., 2.1)

where Le, is the Leonardo number, &2 = 0 and & # 0. The following recurrence relation can be
obtained directly by using the definition of dual Leonardo numbers

Ln = Ln—l + Ln_z + .Lo, n>?2,
where Lo =1+¢, L, =1+ 3s.

Theorem 1. The Binet formula for dual Leonardo numbers is given by

2¢§0n+1 _ wa}ﬁl
L, =— — — L, (2.2)
o=y
where p = 1+ep, Yy =1+epandoy =1+¢e =L,

Proof. From (1.3) and (2.1), we find that

L, =Le, +&le,,

2 n+1_2 n+1 2 n+2_2 n+2
e R TN o it AN
¢y -y
2¢S0n+1 _ 2wwn+l
= = = —(1+e¢)
p-y
ZSDQDHH _ 2lﬁwn+l
= — — _-£O~
p-y
For the next proof we have taken into account the following equalities:
(‘prl//—r + So—rwr _ 2) 3 90" _ l//r 2
oy =-1, o+ =1and =" (——)". (2.3)
(o —y) o=y

Theorem 2. (Catalan’s identity) For any integers n and r such that n > r, we have
£n+r-l:n—r - -Lﬁ = (_l)n—r (Ler—l + 1)2-£0 - (Ln+r + Ln—r - 2-L:n) LO-

Proof. Using (1.2), (1.3), (2.3) and the Binet formula for dual Leonardo numbers in (2.2), we get

) 2£¢n+r+l _ 2glpn+r+] 2£¢n—r+l _ Z%wn—rﬂ
Ly Ly — ‘Ln = - £0 - L
gy gy
2¢¢n+1 _ zwwrﬁl 2
-|= — [
[ o=y 0]
4 290¢n+r+1 _ 2l//wn+r+l
— DY (ST +o Y =2) = = _
@_w)gg()(ww ¢y -2) P 0
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zf‘pn—rﬂ _ 2%'&[/"—”—1 4£wn+1 _ 4£¢n+1

- Lo+ L
-y ’ p—¥ ’

20" = 24"\
= Lo(-1)" (%) L+ Lo = 2L Lo

= (_1)n—r (Ler—l + 1)2~£0 - (Ln+r + Ln—r - 2£n) LO-

Corollary 1. (Cassini’s identity) For any integer n and n > 1, the following identity holds:
L L — L =4D"" Lo — (L + L —2L) Lo.
Proof. This identity can be obtained from Catalan’s identity by taking r = 1.
Theorem 3. (D’ocagne’s identity) For any integers m and n, we have
Ly Ly — LnLor = Lo(Luoy — L) +2(=1)"Lo(Lepopy + D).

Proof. Using (2.2) and (2.3), we will have
2™ — Qg2 2o — 2y

s N

-[rm+l-£n - Lm-£n+1 = (

p-y p-y
2@/?’"” _ 2@#'"“ L 2£¢n+2 _ 2%//%2 £
) [ p-y ) O)( gy B 0]
_ 4 m+1yn+2  m+2 4 n+l n+2 gm+1 _ n+l o m+2
_(sa—w)Zf%p ¥ A A )
2‘50 n+2 n+2 m+l m+1
+ -0 (g YT+ g Y

_ f¢m+2 +%wm+2 _fgorwl + %lﬂrﬁl).
By taking (1.3), we get
£m+1‘£n - £m~£n+l = LO(Ln—l - Lm—l) + 2(_1)m~£0(Len—m—l + 1)

The proof is completed.
3. Dual Leonardo vector and dual angle

In this section we introduce the dual Leonardo vector fn and dual angle @, respectively. Moreover,
we will give the main identities for this vector.

Definition 1. The dual Leonardo vector L, in D? is defined by

- —

L, =Te, +eley, 3.1)

— —
where Le, = (Le,,Le,.1,Le,n) and Le, .1 = (Le,.1, e, Le,3) are real vectors.
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Theorem 4. If fn is a unit dual vector, then

2Len+] = 2L62n+2 + LC%_H + 1,

and
2Ley,3 + 1 = (Lepyr — D(1 = Leyys).

Proof. From (1.1), (1.3) and (3.1), we get

52
[Cer|| = Le2+ L2, + L2,
_ g n+l n+2 n+3 _ yn+3
- (zw 1) + (2—1/’ 1)2 + (zw _ 1)2
o=y o=y o=y
4
— - (¢2n+2 + w2n+2 + 902n+4 + lp2n+4 + 902n+6 + lﬁn+6 + 2(_1)n)
(p—¥)
n+l n+1 n+2 n+2 n+3 n+3
—2( 2y 1+ 2y 1+—¢—1+3)+3
o=y o=y o=y

4
= 5 (Lonsz + Lopsa + Lopse + 2(=1)") =2 (Le, + Leys + Leysn) =3

Using (1.2) and (1.3), we have

4
:‘JgﬁFM8+5FLQ—2QL%H—1)—3

= V2(Leywo + 1) + (Leyya + 12— 4F,5 — 1

S
Le,

On the other hand

5 o
(Le,,Le,t1) = Le,Leyy + Le,iLeyyn + Leyiole,s

— (90 _4"7[/)2 ((p2n+3 + w2n+3 _ SOn+ll//n+2 _ (pn+2wn+l)

__((pn+1_l//n+l+"0n+2_wn+2)+1
-y

4 2n+3 2n+3 n+l yn+2 n+2 yn+l1
+m(¢ Tyt ="yt —90+l//+)
2

_ m ((pn+l _ l//n+1 + ‘,0n+2 _ l//n+2) +1

4
+ = ("02n+3 + l//2n+3 _ ‘pn+l¢/n+2 _ (pn+2wn+1)

n+1 n+1 n+2 n+2
(" T ) L

w—w( )
Using (2.3) and performing necessary calculations, we obtain

(Cey,Lepir) = 2Lesis + (Legsz = D(Lenss = 1) + 1.
Then, by using (1.1), the proof is completed.
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Theorem 5. For dual Leonardo vectors fn and fm, we have

(L L) = 2Lner + (L = L)Lz = L0) + 26 Loz + Lo) + 1,

Lox Ly =2(=1)"(Ley i (1 + )+ 1)(& - & — &)
+ (~£n - ~£m +é& (Len - Lem))e_i + (£n+1 - £m+1)e_§
+ (Ln—l - -Em—l +é& (Len—l - Lem—l))e_é-

Proof. Using (1.3), (2.2) and (2.3), we obtain

<fen, fem> =Le,Le, + Le,1Le,1 + Le,olensn

290n+1 _ 2wn+l 2(pm+l _ 2wm+l
= -1 -1
== O )
2"Dn+2 _ 2¢n+2 2¢m+2 _ 2lpm+2
-1 -1
T = )
2"0n+3 _ an+3 2(pm+3 _ 21//m+3
-1 -1
+( o= X P )

= 2(Len+m+2 - Len+2 - Lem+2) + (Len+2 + 1)(Lem+2) +1
= 2Lepime2 + (Lepya — D(Lepin — 1) + 1,

and by using the properties of determinants, we get
- - -
€1 €2 €3
I_:en X [—:em = |Le, Len Lensn

Lem L€m+1 Lem+2
= (Len+lLem+2 - Len+2Lem+1)e_{ - (LenLem+2 - Len+2Lem)e—§ + (LenLemH - Len+1Lem)e_§

=2 (_l)m (Len—m—l + 1) (e_i - e_i - 6_)3) + (Len - Lem)e—i + (Len+1 - Lem+1)e—£ + (Len—l - Lem—l)e_éa
where €1, €3, €3 are unit direction vectors. By Proposition (1) and the above calculations we have

(L0 L) = (CewTen) + & ((Ten Lo ) + (Cennr, Cew))
= 2Lepime2 + (Lepsr — DLepr — D + 1
+e(=Le,s — Leyys +4le,imes + Legole,s + Legisle,n + 6)
= 2Lensm+2 + (Lepsr — D(Lepr — 1) + 1
+ & (@Lenims + (Lepss — D(Lepsn — 1) + (Leyso — D(Leps — 1) +2)
=2Lyine2 + (Lepar — D(Ls2 — Lo)
+ e(2Leines + Lenasle,o — Leyszs — Leyn +3) + 1
=2Leniniz + (Luva — Lo)(Lepia — 1 + eleyyz — &) + 2e(Lepims + 1) +11
=2Lyinia + (Lusz = Lo)( Lz — Lo) + 26(Lyimes + Lo) + 1,
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and

.fn X .fm = L_E:,, X ﬁem + 6(fe,, X ﬁemH + fe,m X fem)
=2(-1)" (Lepm-1 (1 + &) + 1) (e1 — €3 — €3)
+ (L, — Ly +eLe, — Lep))er + (Lo — Lus)e
+ (Lot — L +e(Le,oy — Ley1))és.

S
Proposition 3. Let A = v} + &y, be a unit dual vector in D? ; then the directed line that corresponds
to A has an equation of the form

X¥=Yi X2+ uv,
where 0 < u < 1.

Proof. Let A= Y1 + €Y, be the unit dual vector and if 7 and X are points on the corresponding line d
and O is the origin (see Figure 1), then

Then,
and

F=9 X2+ (F1,0) F1 + A 71,
By taking u = <)71, r > +4, we get the result as follows

X=Y1 XV +puyi.

IZ T ¥ /x d
2 i

I.i’,_) a

o ¥

Figure 1. E. Study mapping.
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- -
Theorem 6. Suppose that Ly, is a dual Leonardo vector and let L, = Ije,, + 8L?3,,+1 be its unitized
vector; that is L, € S*; then, the equation for the corresponding line is given by

% =QC=1D)"" (Lesa + 1) +uLe, — Le,s — Dé
+(2(=1)"(Ley,—2 + 1) + u Le,y — Le, — e
+Q2(-1)"(Le,oo + 1) + u Le,yn + Le,_3 + 1és.

Proof. By using (1.3) and Proposition (3), we obtain

N — — —
x, = Le, X Le,.1 + u Le,,
- - -
€1 € €3
=| Le, Leu Lewo |+pu(Le,é +Leyiés +Le,inés)
Len+1 Len+2 Len+3

=2=D""(Le,o+1)+uLe,—Le,; — Dé;
+(2(=1)"(Leya + 1) + p Leyyy — Le, — Dé3
+Q2(-1)"(Le,.o + 1) + u Le,yn + Le,_3 + 1és.

The dual number ® = ¢ + £¢* was defined by E. Study in 1903 as a dual angle, where ¢ is the angle
between oriented lines /; and [, in R and ¢* is the vertical distance between these lines [3].

- -
Corollary 2. For unit vectors L, and L,,, we have

(L0 L) = 2Lepumr + Ly = DLy — 1) + 1
te [_Len+4 - Lem+4 + 4'Len+m+3 + Len+2Lem+3 + Len+3Lem+2 + 6]

= cos¢p — ep” sing.

The following cases can be given for a dual angle @ satisfying that cos® = cos¢ — £¢*sing, as
wellas the conditions for the corresponding lines /; and /,.

Case 1. Assume that ¢ = g and ¢* # 0 ;then,

(I = Ley2)(Lepnz — 1) = 1 + 2Leyi 12

and
¢" = Leyis + Leyis — 4Leyimes — Lepoleys — Leyisle, . — 6.

Additionally the corresponding lines l; and [, are perpendicular such that not intersect each other (see
Figure 2).
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Figure 2. Geometric representation of a dual angle between the directed lines /; and /,.

Case 2. Assume that ¢* = 0 and ¢ # O; then, we obtain
¢ = arccos (2Len+m+2 + (Len+2 - 1)(Lem+2 - 1) + 1)

and
4Lenme3 + Lepolenis + Lepslenyn + 6 = Leyys + Leya,

in this case lines |, and 1, intersect each other (see Figure 3).

Figure 3. Intersection of lines.

Case 3. Assume that ¢ = 5 and ¢* = 0; then,

(1 - Len+2)(Lem+2 - 1) =1+ 2Len+m+2

and
4Lenme3 + Lepolenis + Lepslenyn + 6 = Leyys + Leya,

in this case lines |, and 1, intersect each other at a right angle (see Figure 4).
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Figure 4. Perpendicular intersection of lines.

Case 4. Assume that ¢ = 0 and ¢* # 0; then,

2Lenims2 = (1 = Lepo)(Lepz — 1)

and
4Lenime3 + Lepalen s + Lepslenyn + 6 = Leyys + Leya,

in this case corresponding lines |, and l, are parallel (see Figure 5).

Figure 5. The lines are parallel.

4. Conclusions

In this paper, we have introduced the concept of dual Leonardo number sequences and derived
the fundamental identities associated with them. Then, we introduced the notion of dual Leonardo
vectors and investigated their scalar and cross products. Additionally, we have provided the properties
of dual Leonardo vectors, including Study mapping and relationship with dual angles. These findings
provide valuable insights into the interference between dual Leonardo number sequences, vectors and
geometric concepts within the framework of dual space. Moreover, our explanation of the fundamental
identities and properties opens the door further research on the geometry of dual space.
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