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1. Introduction and preliminaries

The concept of distance was axiomatically formulated in the beginning of the 19th century with the
introduction of metric spaces , by Frechet and Haussdorff. Since then, many authors have developed
this concept, with several results available in the literature. For the generalization of this concept, the
axioms of the metric space have been relaxed in several ways (see [1]), among which the notion of
a b-metric space takes great importance. Bakhtin [2] (and, independently, Czerwik [3]) presented the
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idea of b-metric spaces and showed different results based on the existence of fixed points. For the
sake of understanding, we present here the definition of a b-metric, also called a quasi-metric (see [4]).

Definition 1.1. (Czerwik [3]) Consider Q to be a non-empty set and b: Q X Q — [0, +00) to be a
self-map fulfilling the below prerequisites:

(1) b(s,p) =0 s =p;

(2) b(s,p) =b(p,s)forall s,p e Q;
(3) b(s,u) < qlb(s, p) + b(p,u)] for all s, p,u € Q, where g > 1.

The function b: Q X Q — [0, +00) is called a b-metric, while the pair (Q, b) is known as a b-metric
space.

Example 1.1. [4] The space M?[0,1] (where p € (0, 1)) of all real functions k(s), s € [0, 1] such that

1
f |k(s)[Pds < +oc0
0

together with the functional

1 P
blk,u) = (f |k(s) — u(s)Ipds) , foreach k,ue M”[0,1]
0

1
. . 1
is a b-metric space. Here, g = 27"

Example 1.2. [5] Let
O={:1<k<J}

for some J € N and a > 2. Define a function b: Q X Q — [0, +00) by

0, if k=14
e ik-n=1
A=V 2 i k-n=2;

1, otherwise.

Accordingly, we obtain
a
b(t;, 1)) < E[b(tia i) + (1, 1))

foralli, jk € {1,2,...,J}. The pair (Q, b) forms a b-metric space for a > 2. We can observe that the
standard triangular inequality does not hold in this case.

The b-metric space shares many topological properties with traditional metric spaces but does not
require continuity. Recently, Kamran et al. [6] presented a new generalization of metric spaces and
proved some important fixed-point results in the newly defined space. Further more, Alqahtani et al. [7]
studied common fixed point results on extended b-metric space.

Definition 1.2. [6] Consider Q to be a non-empty set and 9: Q X Q — [1,+00). A function by:
0 %X Q — [0, +00) is said to be an extended b-metric if for all s,t,u € Q the given axioms are satisfied

(1) by(s,t) =0 implies s = t;
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(2) by(s,1) = by(t, s);
(3) by(s,u) < I(s, u)[by(s, 1) + by(t, u)].

The pair (Q, by) is known as extended b-metric space.

Remark 1.1. /5] Suppose ¥(s,t) = a, for a > 1, then it is obvious that the b-metric and extended
b-metric spaces (bMS ) will coincide. Note that either the b-metric or the extended b-metric need to be
continuous like metric spaces.

Example 1.3. [5] Suppose p € (0,1), q > 1 and Q = 1,(R) U [,(R) equipped with the metric
b,(s,v), ifs,vel(R);

b(s,v) =3 by(s,v), ifs,vel(R),
0, otherwise.

Where .
LR) = (s = {s,} CR: ) Is,l" < oo}

n=1

forr=p,q,and
+00
be(s,v) = () lsw = val)”
n=1
forr = p,q, we can observe that (Q, by) forms an extended bMS with

2P, if s,v € L(R);
Hs,v) =1 24, if s,v € [,(R);
1, otherwise.

Example 1.4. [6] Let G = {1,2,3}, ¥: GXG — [1,+00) and by: GXG — [0, +00) as ¥(s,t) = 1 +s5+¢

and
by(1,1) = by(2,2) = by(3,3) = 0 and by(1,2) = by(2,1) = 80,

bs(1,3) = by(3,1) = 1000, and by(2,3) = by(3,2) = 600.
Example 1.5. [7] Let G = [0,1],%: G X G — [1,+00) and by: G X G — [0, +0) be defined by

1+s+ 1
(s, e) = % by(s,e) = o SeE 0,1], s # e;

by(s,e) =0, s,ec[0,1]s=c¢;
1
by(s,0) = by(0,s) = —, s€(0,1].
s

Now we are going to discuss some basic notions like convergence, completeness, and Cauchy
sequence in extended bMS that are defined as:

Definition 1.3. [6] Suppose (Q,by) be an extended b-metric space.

(1) A sequence {5} ex in Q will converge to t € Q, if for every { > 0 there exists K = K({) € K such
that by(sj, s) < { for all j > K. In this case, we write

lim s; =s.

J—o+oo
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(2) A sequence {s;}jex in Q is known as Cauchy sequence if for every { > 0 exists K = K({) € K such
that by(sj, s,) < ¢, forall m, j > K.

Definition 1.4. [5] Suppose every Cauchy sequence in Q is convergent, then the extended-bMS (Q, by)
is said to be complete.

Definition 1.5. [5] Let (Q, by) be an extended-bMS and 7: Q — Q be a self-map. Fort, € Q, the
orbit of T at t, is the set

O(Im -[) = {tm -[to’ -izto’ .. }

The function 7 is known as orbitally continuous at a given point e € Q if

lim Vt, = e implies TV, = Te.

Jjo+oo

Besides that, suppose every Cauchy sequence {7Vt,} in Q is convergent, then the extended-bMS
(Q, by) is called T-orbitally complete.

Definition 1.6. /8] Suppose (R, by) be an extended b-metric. The mapping 7: R — R is known as
m-continuous, where m = 1,2, ..., if
lim 7", = e,

n—-+00

whenever t, is a sequence in R such that

lim 7" 'z, = e.

n—+o0

Remark 1.2. []] It is notable that every continuous function is orbitally continuous in Q and every
complete extended-bMS is T-orbitally complete for any 7: Q — Q, but the converse is not necessarily
true.

Besides that, it is obvious that 1-continuity results in 2-continuity, which in turn will result in 3-
continuity, and so on; but the converse of this is not true. This might be clearer from this example:
consider the self-mapping 7: Q — Q, where Q = [0, +0), defined by

s |5 ifselos),
STV 1L ifse (5, +o0),

we can clearly see that 7 is discontinuous (at s = 5), while it is 2-continuous because 72s = 5.

Definition 1.7. [4] A self-mapping ¥: [0, +o0) — [0, +00) is said to be a comparison function if it is
increasing and ¥"'(s) — 0 as n — +oo for every s € [0, +00), where ¥" is the n' iterate of ¥.

Lemma 1.1. /4] Suppose ¥: [0, +c0) — [0, +00) is a comparison function, then

(1) ¥ is continuous at 0;
(2) every iterate ¥* of ¥,k > 1 is also a comparison function;
(3) ¥(s) < s forall s > 0.
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Definition 1.8. [4] Suppose t > 1 be a real number. A self-mapping ¥: [0, +c0) — [0, +00) is said to
be a (b)-comparison function if it is increasing and if there exist k, € N,a € [0, 1) and a convergent
non-negative series Y, °] wy such that

L) < af¥E () + wy

fork >k, and any s > 0.

The set of all (b)-comparison functions is denoted by ®. The (b)-comparison function is said to be
a (c)-comparison function if we take r = 1. It is easy to show that every (c)-comparison function is a
(b)-comparison function, but the converse is not true. Another important property of (b)-comparison
functions is presented by Berinde [4].

Lemma 1.2. [4] Suppose Z: [0, +00) — [0, +00) be a (b)-comparison function. Then:

(1) The series Y, >, h'E(s) converges for any s € [0, +00);
(2) The function by: [0, +00) — [0, +00) defined as

+00

b, = Z HE!(s)

t=0
is increasing and is continuous at s = 0.

Remark 1.3. [5] Each (b)-comparison function E satisfies Z(s) < s and

lim Z"(1) =0

n—>+00
for each s > 0.
Definition 1.9. [9] Let a: Q X Q — [0, +0) be a mapping and Q + 0. A self-mapping 7: Q — Q is
called a-orbital admissible if for all a € Q, we have
a(a, Wa)) = 1 implies a(T(a), T (a)) > 1.
Besides, the a-orbital admissible function 7 is said to be triangular a-orbital admissible if
(70) a(a,t) = 1 and a(a, (¢)) = 1 implies a(a, (¢)) > 1, forall a,t € Q.

Besides that, we say that the extended-bMS (Q, by) 1s a-regular if for any sequence #, in Q such that

,}i_{?o t,=t and a(t,,t,41) =1,
we have a(t,,t) > 1 (for more details and examples, see [9]). Popescu [9] redefined the concept of a-
admissible mapping and triangular @-admissible mapping. Qawagneha et al. [10] investigated common
fixed points for pairs of triangular « -admissible mappings. The idea of interpolative contractions was
very recently introduced by [11], and the well-known Kannan-type contractions were revisited in the
context of interpolation. Subsequently, most famous contractions (Rus [4], Ciri¢ [12], Reich [13],
Hardy and Rogers [14], Kannan [15], Bianchini and Grandolf [16]) have been revisited in this newly
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introduced context-(see [11,17, 18]). Following this trend and using the idea of fractional interpolative
contraction, Fulga [1] established some fixed-point results in the framework of bMS. Additionally
Debnath et al. studied interpolative Hardy-Rogers and Reich-Rus-Ciri¢- type contractions in b-metric
and rectangular bMS [19].

Non-linear integral equations have emerged in various fields of science and engineering, offering
powerful tools for modeling physical phenomena and solving problems in diverse areas such as
physics, engineering, and economics. Various researchers have studied these equations using different
approaches, some of which can be found in [20-22].

Motivated by the above contributions using fractional interpolative contractions some fixed-point
results are studied in the setting of extended-bMS. The work here presented generalizes some well-
known results from the existing literature. For the authenticity of the present work a key theorems is
used to establish the existence of solutions for the Fredholm integral equations. The results obtained
can be extended to investigate the existence of solutions for other integral equations (see [20,21,23]).

2. Main results

We initiate with the following definition of contractive mapping to prove the main results.

Definition 2.1. Let (Q, by) be an extended-bMS. A mapping 7: Q — Q is known as Alj—admissible
interpolative contraction (I = 1,2) if ¢ € ® and Q: Q X Q — [0, +o0) such that

%bﬁ(s, Ts) < by(s, a) implies Q(s, a)by(Ts, Ta) < w(Al-i(s, a)), 2.1

where p; >0, j=1,2,3,4,5, are such that Z;Zl pj=1and

bg(a, Ta)(1 + by(s, Ts)) by(s, Ta) + by(a, Ts)

Al(s,a) = [by(s, )] - [bo(s, T9)]™ - [bo(a, Ta)]™ - [ Tt b(s.) 171 296.a) 1, (2.2)
and
[bo(s, @) - [Dy(s,T)]™ - [bp(a, Ta)]™ - [2elomboteta)huboudbuta) s
A = TR, maxthy(5.Ta) bfa.T9) # 0 -
0, otherwise,

forany s,a € Q\Fix-(Q), (Fix=(Q) = {s € Q|7s = s}).

Theorem 2.1. Let (Q, by) be an extended-bMS and 7 be an All-admissible interpolative contraction,
assume that 1 a sequence {q;}jen,q; > 1, for all j € N, such that ¥(aj,a,,) < q; for all m > j, and 7
also satisfies:

i) There exists a, € Q such that a(a,, Ja,) > 1;
ii) T1is a-orbital admissible;
iiiy) 71is orbitally continuous; or

iiiy) 71is m-continuous form > 1.
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Then, 7 possesses a fixed point @ € Q and the sequence {7"a,} converges to @.

Proof. Suppose a, € Q and the sequence {a,} be defined as a; = Va,, ¥ j € N. Suppose there exists
k € N such that
ay = g1 = g,

then, we have that g, is a fixed point of 7 and the proof is complete. Therefore, we suppose that
a; # aj, for any j € N. Using assumption (ii), we obtain that 7 is a-orbital admissible, so consider
that we have

a(a,,a) = ala,, 1a,) 2 1 = alay, ax) = a(la,, 1(Ta,)) 2 1= -+ = a(aj—laaj) > 1.

On the other hand, we have that

1
Ebﬂ(aj—l, Jaj-y) = Ebﬂ(aj—l,aj) < by(aj-1,a;)).

We mention in the beginning that 7 is an Al-admissible interpolative contraction, so from (2.1) we get
by(Taj_y,a;) < alaj-1,a;)by(Ta;_y,a;) < l/’(All(aj—l’ aj))

= W([bﬂ(aj—l,aj)]m -[bg(aj-r, Ta;-)]” - [bo(aj, Tap]”

_ by(aj,Ta;)(1 + by(a;j-, -iajl))]m . by(aj-y,a;) + by(aj, -Iaj—l)]ps)
1+ by(aj-1,a;) 2¥(aj-1, Ta;)

= l//([bﬁ(aj—l, Clj)](lerpZ) . [bﬁ(aj, aj+1)](l73+p4)

al

Waj_1,a;.1)[bg(aj-1,a;) + by(aj,aj1)] ]ps)
219(611'—1,61]41)

bﬂ(aj_l, aj) + bﬁ(aj, aj+l)]P5)

= W([bﬂ(a/‘—l,aj)](pl+p2).[bﬂ(aj,aj+1)](p3+l’4) 8 -

So,

(5P [bﬂ(a,-_l, aj + bﬂ(aj,ajﬂ)]z’s)_

by(aj,aj.1) = lﬁ([bﬂ(aj—l, aj)](mm) -[bs(aj, ajir) D

(2.4)

Therefore,

, by(aj-1,a;) + by(aj, aj1) s
by(aj,aj.) < [bﬂ(aj—laaj)](pl+p2) [bo(aj, a)]” - | L 5 LT,
i.e.,

by(aj-1,a;) + by(aj,a;.1)

[bﬁ(aj’aj+1)](l_p3_p4) < [b19(aj—1,aj)](pl+p2) | 2

]PS.

If exists m, € N such that

bﬁ(amo—l ) am(,) < bﬁ(amoa am,,+1 )’
then the above inequality becomes

)](171+P2)’[ +l)](175+173+174)

bl?(amg’ amu+1) < [bﬂ(amg—la am, bﬂ(amu’ anm,

b
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i.e.,
(p1+p2) (p1+p2)
[bﬂ(am[,a am(,+1)] pib < [bﬂ(am(,—l, am(,)] prepe )

SO,

bl?(am,,a am0+l) < bﬂ(am(,—l » amo)a

but it is a contradiction, so for any j € N,

by(aj,aj1) < by(aj_y,a;).

Furthermore, returning to inequality (2.4), we have

bo(aj, ajs1) < Y(bs(aj-1,a))) < - < ¢/ (byay, ar)). (2.5)

Let r € N and j < m, then by (2.5) together with the condition (iii) of extended-bMS, we obtain

by(aj,an) < HNaj,ay,)by(a;,aj.1) + bg(aji, an)l

< WNaj, an)lby(aj, aj)] + Haj, ap)[HNajer, an)lby(ajer, ajea) + bg(ajr, an)ll

< Waj,a,)by(a;, aj)] + HNaj, an)HNajy, an)by(ajs, ajvr)

+ o+ HNaj, an)HNajer, an)Haje, ap) - - Ham-1, an)by(a,, ay)

< Haj, ap)p (by(ag, 1)) + 9aj, an) @, an’ (by(ao, ar)

++ [Haj, an) - Ko, an) W™ (bo(a,, ar))

< 9ay, an)Haz, an) - - N am-1, an’ (bg(ao, 1)) + Nay, aw)HNaz, am)

< et ) (by(ap, @) + - -+ + Har, an)Haz, @) - - K1, @)W (by(a,, ar)).

Let

J m—1

J
Sj= > W bsan,a) ]k_l[ Haw an),  Swy = ) ¥ (bo(ap an)),

e=1 e=

we deduce
by(aj,an) < Sp,-1 — S forallm > j.

Consider the series

® j
D Wi by(an,a) | | 9@, an).
e=1

j=1
Let
q = max{qi,q>, ... ,Clj},

we have

k
u; = 9/ (by(ag,an) | | 9aj, an) < w/by(ar an)g’ = v;.

J=1

AIMS Mathematics Volume 9, Issue 6, 14043-14061.



14051

From Lemma 1.2, we have that ) ;”, Y (by(a,,a,))q* converges. For the convergence of series using
comparison criteria, we get that

00 J
D W by(ag a) | | 9@ an
e=1

=1

converges, and hence
lim by(aj,a,) = 0.

J-m—00

As aresult, we say that {a;} ey is a Cauchy sequence in a T-orbitally complete extended-bMS . Hence,
there exists a point @ € Q, such that

lim Va, = w.

Jj—ooo

We can declare that @ is a fixed point of the self-mapping 7 under of any hypothesis, (iii;) or (iiiy).
Indeed,

w = lim aj = lim -[Clj_l.

j—)oo j—)OO

Moreover,
lim 'l’”aj =w (2.6)
]

for every m > 1.
If 7 1s m-continuous, then
lim 7"a; = T,

j—ooo

and by (2.6), it follows that @ = @. Suppose 7 is considered to be orbitally continuous on Q, then

@ = lim g; = lim Ja;_; = lim 7(V'a,) = Tw.
]—)00

j—oo j—ooo
Therefore, @ € Fix-(Q). m]

Theorem 2.2. Let (Q, by) be an extended bMS. Suppose there exists a sequence {q;},q; > 1, for all
Jj € N such that ¥(a;, a,) < q;, for all m > j, and 7 is A2-admissible interpolative contraction, and
also satisfies:

i) There exists a, € Q such that a(a,, Ja,) > 1;
ii) Tis a-orbital admissible;

iiiy) 71is orbitally continuous; or

iiiy) 71is m-continuous form > 1.

Then 7 has a fixed point w € Q.

Proof. From the proof of the above theorem, for a, € Q, we construct the sequence {a;}, where
(Zj = 'Taj_l = -[j(lo
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for any j € N. Since a;_; # a; for any j € N, keeping in mind that 7 is assumed to be A%—admissible

interpolative contraction, we have

1
Ebﬂ(aj—la Taj_i) = Ebﬂ(aj—la aj;)

< by(aj.1,a)),
ala; 1, a)by(Taj i, Ja;) < W(Ai(aj 1, a))),

where

A2 = [by(aj-1,a)]”" - [bolaj-1, Ta;-)]™ - [bo(a), Ta))]”
. [bﬂ(aj_l, Taj_1)by(a;, Ta;) + by(aj-1, Ja;)bg(a;, Ja )

max{by(a;, Ta;), bs(a;, Ta;_,)}

_ [bﬁ(aj_] ,aj-1)bg(aj-1, Taj) + by(aj, Ta;)bg(aj, Ta;_y)

max{by(a;_i, Ja;), bs(a;, Ta;-1)}

= [bﬂ(aj—l’aj)]pl : [bﬂ(aj—l’aj)]pz : [bﬂ(ajaajﬂ)]m

. [bﬂ(aj—b ajby(aj,aj1) + bg(aj-1,a;)bs(a;, Clj)]p4

max{by(a;, a;.1), bg(a;, a;)}

_ by(aj_1,aj)baj_r,aj.1) + by(aj,aj.1)by(a;, aj)]p5
max{bﬁ(aj—l > Clj+1), bﬁ(aj, Clj)}

— [bﬂ(aj_l,aj)](pl+p2+p5+p4) . [bﬂ(aj,aj+1)]p3-

]P4

]PS

Since, by assumption, it follows that a(a;_;,a;) > 1 for all j € N, we have
bg(aj,aj.1) < alaj_i,a;)by(Ta;_y, Ta;)
< lr//(A%(aj—l, a;))

= y([bg(a;_1,a)| PP by(aj, a;,1)]7)

< [bﬂ(aj—l,aj)](pl+p2+p4+p5) . [bﬂ(ajaaj+l)]p3-

Therefore,
1= +p2+pa+t
[bﬁ(aj’ajﬂ)]( ” < [bﬂ(aj_l,aj)](pl Pr¥pitps)

1.e.,
bﬂ(aj, aj+1) < bﬂ(aj—la aj)’ for any J €N.

Furthermore, keeping in mind ,, we obtain

bo(aj, ajs1) < Y(bs(aj-1,a)) < Y (bs(aja,a;-1)) < -+ < ¥/ (bg(ay ar)),

and using the same method as in the proof of Theorem 2.1, we can see that the sequence {a;} is Cauchy.
Furthermore, since (Q, by) is considered to be T-orbitally complete, we can find a point @ € Q such

that
lim Va, = w.

Jj—ooo

AIMS Mathematics Volume 9, Issue 6, 14043—-14061.



14053

Consider that 7 is m-continuous, we have

Jw = lim 7"a; = lim aj,,, = @,
J—)OO

Jj—oo
and suppose that 7 is orbitally continuous,we obtain

Tw = lim (Va,) = lim Ja; = lim aj,, = @,
Jj— Jj—

Jj—ooo
it means that @ is a fixed point of 7. O
The following corollaries are observed from the above results.

Corollary 2.1. Suppose (Q, by) be a complete extended b-metric space. Suppose that there exists a
sequence {pj}jen, pj > 1 for all j € N such that 9(sj,s,) < qj forallm > jand7: Q — Q be a
mapping such that

a(s, V)by(Ts, ) < Y(AL(s,v)).

For any s,v € Q\Fix(Q), where ALl = 1,2 is defined by (2.2) and (2.3), and € ©. Then, 7 has a
fixed point w € Q provided that:

i) There exists u, € Q such that a(u,, Ju,) > 1;
ii) T1is a-orbital admissible;

iity) 11is orbitally continuous, or

iiiy) 7 is m-continuous form > 1.

Corollary 2.2. Suppose (Q, by) be a complete extended b-metric space. Suppose that there exists a
sequence {p}jen, pj > 1, for all j € N such that 9(sj, s,,) < pj, forallm > jand7: Q — Q be a
mapping such that

1/2by(s,1s) < by(s,v) implies byg(Ts, W) < gb(Al-‘(s, v)).

For any s,v € Q\Fix(Q), where AL, 1 = 1,2, are defined by (2.2) and (2.3), and € ®. Then, 7 has a
fixed point w € Q, provided that either 7 is orbitally continuous or 7 is m-continuous for m > 1.

Proof. Plug a(s,v) = 1 in Theorems 2.1 and 2.2, respectively. O

By replacing the continuity of the function 7 with the continuity of by, we will have the following
result.

Theorem 2.3. Suppose (Q, by) be a complete, a-regular extended-bMS, where by is continuous, and
T: Q — Q is such that

——byg(a, Ja) < by(a,v) implies a(a,v)by(2a, ) < tﬁ(Alj(a, V),
2% a,v)

where Y € © and Al.‘,forl = 1,2 are given by (2.2) and (2.3). Consider that:

(1) There exists a, € Q such that a(a,, Ja,) > 1;

AIMS Mathematics Volume 9, Issue 6, 14043—-14061.



14054

(2) 7 is a-orbital admissible.

Then, 7 contains a fixed point @ € Q, and the sequence {71"a,} converges to this point @.

Proof. As we know from the proof of Theorem 2.1, the sequence {a;} where
aj="aj_| = Va,

converges to a point @ € @, and this point @ is claimed to be a fixed point of the mapping 7. For this
reason, we can declare that

1
9. V)bﬂ(aj, Taj) < by(a;, @) (2.7)
or .
mbﬁ(jaj, T(Wa])) < bﬁ(jaj, ’ZD') (28)
Indeed, supposing on contrary
1
9@ byg(aj,Ta;) > by(a;, @)
and
219((1, v) bﬁ('laj, 'i('iaj)) > bﬂ('laj, ?D'),
we get that

by(aj, aj.) = by(a;, Ta;)
< Ha,v)|by(a;, @) + by(w, Ta,)]

1
< Ha, V)| =—=——=Dby(a;, Ta;) +

29(a.v) bﬁ(-iaj, -[(-Iaj))]

1
2%(a,v)

= E[bﬁ(aj, aj+1) + bﬂ(aj+1’aj+2)]

< by(aj,aj1),

bg(aj,aj) = by(aj,aj2) = bylaj,aj) < bylaj,aj),

which leads to contradiction and then (2.7) and (2.8) holds. Keeping the regularity condition of the
space (Q, by) in mind, we have that a(a;, @) > 1 for any j € N.

Case 1. When [ = 1, if (2.7) holds, we get

by(aji, @) < alaj, @)bs(Tay, V@) < Y(As(a), @) < Ay(a), @)
= [by(aj, @)]"" - [by(a;, T@)]” - [by(w, T@)]”
by(w, T@)(1 + by(aj, aji1)) .,  bsla;, T@) + by(@,aj1)
. 1 + by(a;, @) ™ 2N a;, Tw)

]Ps’

we can distinguish the following two situations:

(1) p1 + p > 0, letting j — +o0 above, we obtain by(w, Tw) = 0, thus To = @.
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(2) p1 = p» = 0, when j — oo above, and keeping in mind the continuity of extended-bM S we obtain
by(w, @) < [by(w, T@)| PP = by(w, Tw),

which is a contradiction. So, we have @ = @, i.e., @ is a fixed point of the mapping .

Case 2. When [ = 2. If (2.7) holds, we obtain

by(aj1, @) < alay, w)by(Ta;, o) < zﬁ(Ai(aj, w)) < Ai(aj, w)
= [by(a;, @) - [by(aj, a;1)]” - [bo(w, Tw)]”
bo(@, T@)bg(aj, aj.) + by(w, aj)by(a;, T@)
max{by(a;, aj.1), by(aj1, 1)}
' by(@, T@)by(w, aj1) + by(aj, aj1)by(a;, @)
max{by(w, a;.1), by(ajs1, @)}

&

]Ps

b

if (2.8) holds,

by(ajsr, T@) < alajir, @)by(TPa;, To) < Y(A3(Taj, @) < A3(Ta;, @)
= [bg(aju1, @] - [bo(ajr1,a1:2)]" - [bo(@, T@)]”
. by(@, T@)by(ajs1,aj12) + by(w, aj2)bg(ajs, T@)
max{by(aj,1,aj42), by(ajwr, To)}
. by(@, T@)by(w, aj2) + by(aji, ajr)by(ajs, @)

Ps
max{bﬁ(w’ aj+2)’ bﬁ(aj+2’ j’ZD-)} ] ’

1

we can distinguish the following two situations:
(1) p1 + p2 + ps + ps > 0, letting j — oo above, we obtain by(w, Tw) = 0, thus Tw = @.
(2) p1 = p2 = p4 = ps = 0, in this case, when j — oo above, we get
by(w, Tw) < [by(w, T@)]” = by(w, Tw),
which is a contradiction.
So, we get Tw = @, i.e., @w is a fixed point of the mapping 7.
This result possesses the below corollaries.

Corollary 2.3. Let (Q, by) be a complete extended bMS . Suppose {p;};en be a sequence, p; > 1 for all

J € N such that 9(s;, s,) < pjforallm > jand 7: Q — Q be a mapping such that 3 k € [0, 1) such
that

1/2by(s,1s) < by(s,v) implies by(Ts, W) < kAlT(s, V),

for any s,v € Q_pi) where AL, 1 = 1,2 are defined by (2.2) and (2.3). Then, 7 contains a fixed point
@ € Q, provided that either 7 is orbitally continuous or 7 is m-continuous for m > 1.

Proof. Plug y(t) = kt in the above corollary. O
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Corollary 2.4. Suppose (Q, by) be a complete extended-bMS such that by is continuous. Suppose there
exist a sequence {p;}jen, pj > 1 for all j € N such that 9(s, s,) < pjforallm > j, and 7: Q — Q be
a self-mapping. Then 7 has a fixed point provided that

by(s,TIs) < by(s,v) implies by(Ts, ) < ://(Al-‘(s, v)),

1
29(s, v)
where ¢ € F and AL, 1 = 1,2 are given by (2.2) and (2.3).
Proof. Put a(s,v) = 1 in Theorem 2.3. |

Corollary 2.5. Consider (Q, by) be a complete extended-bMS such that by is continuous. Suppose that
exists {pj}jen, pj > 1 for all j € N such that 9(s;, s,,) < pjforallm > jand7: Q — Q, self-mapping.
Then T will have a fixed point in Q provided that there exist k € [0, 1) such that

mmw%@ﬂwsmmwimmazmmngmm&w

where Alj,l = 1,2 are given by (2.2) and (2.3).
Proof. Substituted y(t) = kt in the above corollary. |
Now, we are going to present some examples of the above results.

Example 2.1. Let Q = [0, +o0) and by: Q X Q — [0, +0) be an extended-bMS defined as

s+v, if s #vforall s,v e Q;

bﬁ<s,v):{0 sy

and¥: Q X Q — [1,+00) be defined as 9(s,v) =1+ s + v forall s,v € Q. Let the mapping 7: Q — Q
be defined by

3 if s €[0,1);
T(s) =4 =, if s € [1,2];
s n(s? .
%+%, if s € (2, +00);

and a function a : Q X Q — [0, +00), where

Vs+v+1, ifs,vel0,1);

5, ifs=0v=2;
a(s,v) = . _ |

N +§’ l‘fS:Z,VE{3,9};

0, otherwise.

Let also the comparison function : [0,00) — [0, 0), ¥(s) = s/3, and we choose p; = ps = 1/5,
p2 = ps = 1/10, and p; = 2/5. Therefore, we can clearly see that conditions (i) and (ii) are verified,
and since T(s) = 1/5 is continuous, condition (iv) is also satisfied.

Case (1). For s,v € [0, 1], we have by(Ts,v) = 0, so inequality (2.1) holds.
Case (2). For s = 0andv = 2, we have %bﬂ(O, 1/2) = 1/4 <2 = by(0,2) and by(Ts, ) = 0. Thus, the
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inequality (2.1) holds.
Case(3). For s = 1/4 and v = 3, we have

1/2by(1/4,771/4) = 0.25 < 3.25 = by(1/4,3)
= a(1/4,3)by(71/4,T3)
= 0.441716 < 0.8207
= AL(1/4,3),

hence (2.1) holds.
Case(4). For s = 1/4 andv = 9, we have

1/2bg(1/4,71/4) = 0.225 < 3.25 = by(1/4,9)
= a(1/4,9)by(71/4,779)
=0.8513 < 2.0433
= AL(1/4,9).

All other cases are true because a(s,v) = 0. Hence, the mapping 7 is an Ali—admissible interpolative
contraction. So, as all the conditions of Theorem 2.1 are verified, we obtained that there exists a fixed
point of the mapping 7, that is u = 1/5.

Example 2.2. Let Q = {1,2,3, 5} and the extended-bMS defined by: Q x Q — R* as by(s,v) = |s—v|*
with 9(s,v) = 1 + x+yand 7: Q — Q such that (1) = 7(5) = 1 and 7(2) = 73) = 2. Taking
a: QX Q — R, a(s,v) =3 forall s,v € Q, and y(t) = t/2. The constants here are all equal, i.e.,
pi=1/5 Vi={1,2,3,4,5}, we have

by(3,713) = 1/18 < 16 = by(3,5),
39G.5) 9(3,713) = 1/18 < 9(3,5)

which implies
a(3,5)bg(73,775) = 3 < 8.2 = Y(A%(3,5)).

Therefore, all the requirements of Theorem 2.3 are satisfied and it is clear that 7 has (at least) a fixed
point.

3. Application

In this segment, we apply one of the observed results to study the existence of a solution for the
Fredholm integral equation. Suppose QO = C([a, b], R) be the space of all continuous real-valued
functions defined on [a,b]. Note that the space Q is complete by considering the extended-bMS

by(s(e), v(e)) = sup |s(e) = v(e)l’

e€la,b]

with
(s, v) = [s(e)| + [v(e)] + 2,

AIMS Mathematics Volume 9, Issue 6, 14043—-14061.



14058

where ¥(s,v): QO X QO — [1,+00) and ¥ € O be the b-comparison function defined as ¥(e) = e/2.
Consider the Fredholm integral equation as:

b
s(e) = f(e) + f M(e, 1, s(i))di forall i,ec€[a,b]. 3.1

Define a mapping 7: Q — Q, as

b
T(s(e)) = f(e) + f M(e, i, s(i))di, i,e € |a,b].

Theorem 3.1. Consider that the following conditions hold:

(1) Suppose M: [p,ql X [p,q] X R — Rand g: [p,q] — R be continuous.
(2) Tis A’_i—admissible interpolative contraction, A’j, [ = 1,2 is defined in (2.2) and (2.3), respectively.

(3)
\JAL(s(e), v(e)

V2(g - p)

SUPeeip.qlM(e, i, s(i)) — M(e,i,v(e))| <

foreache,i € [p,q] and s,v € Q.
Then, the integral Eq (3.1) has a solution.
Proof. Suppose (Q, by) be a complete extended-bMS and a(s,v) = 1. Then as

by(s(e), T(s(e))) < by(s(e), Ts(e))

29(s(e), v(e))
= sup |s(e) - Ts(e)|2
e€[p,q]
= sup |f(e) + fq M(e, i, s(i))di — f(e) — fq M(e, i, s(i))di|2
e€[p.q] P p
q
< sup |f(e)+fq M(e, i, s(i))di—f(e)—f M(e, i,v(i))a’i|2
e€[p.q] p p
= by(s(e), v(e)),
we have
a(s(e), v(e))by(Ts(e), Tv(e)) = by(Ts(e), Tv(e))
= sup |'ls(e) - 'iv(e)|2
e€[p.q]
= sup |f(e) + fq M(e, i, s(i))di — f(e) — fq M(e,i, v(i))di|2
e€[p.q] p p
q
= sup | f (M(e, i, s(i)) - M(e, i, vi)dil’
e€lp,ql Jp
q 2
<( f sup [M(e.i. (@) = Me, v()|di)
p e€lp.gl
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<

( f ,/A;<s<e>,v<e>)d,)z
l
p

V2(q - p)
_ Al(s(e), v(e))
B 2
= Y(AL(s(e), v(e))).

All the conditions of Theorem 2.3 are fulfilled. Therefore, the integral Eq (3.1) has a solution. m|
4. Conclusions and future directions

Many physical problems can be described by various Fredholm integral equations. There are
several methods available in the literature for the establishment of solutions to these equations. One
powerful method is the fixed-point method. Therefore, in the current work, some new fractional
interpolative contractions were introduced. = With the help of these fractional interpolative
contractions, some fixed-point results were studied in extended bMS . For the validity of the presented
results, certain examples were given. Lastly, as a practical application, an existence theorem for the
solution of the Fredholm integral equation was provided. This work generalizes some well-known
results from the existing literature. In the future, one can explore the established work for
multi-valued mapping and investigating the existence of solutions for integral inclusions.
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