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1. Introduction

A rectangular thin and narrow plate that models the deck of a suspension bridge is considered in the
domain Q = (0,7) X (—d, d), where d << m. The nonlocal evolution equations that describe how the
plate is deformed are as follows:

Pu(X,3,1) + A2p(x, 3, 1) = ((P) + K Pxs Pas)) Prx + @Ay = 0 in Qx (0, +c0),

pQ0,y,0) = pex(0,y,1) = p(m,y,1) = pu(m,y,1) = 0 O, 1) € (=d, d) X (0, +0),

DX, xd, 1) + up(x, £d, 1) = 0 (x,0) € (0,7) X (0,+0), (1.1)
Dyyy(X, £d, 1) + (2 = ) prry(x, £d, 1) = 0 (x,1) € (0, ) X (0, +0),
P(x,,0) = po(x,y), pi(x,y,0) = pi(x,y) in Q,
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where 6, @ > 0 and ¢ which introduces a nonlocal effect is given by

o(p) =—a+ bfpi dxdy.
Q

The constant y is the Poisson ratio which is generally in the range of (-1, %) due to physical
reasons (see [1] for more details). It has a value of about 0.3 for metals and between 0.1 and 0.2
1

for concrete. Due to this, we suppose that 0 < p < 3. The constant b > 0 is determined by the

elasticity of the deck’s material, b f p? dxdy determines the plate’s geometric nonlinearity as a result

of its stretching, and a > 0 is the cogstant for prestressing. Specifically, if the plate is compressed, we
have that @ > 0 and if the plate is stretched, one has that a < 0.

The model (1.1) describes the vibrations of the deck of a suspension bridge in the presence of a
Balakrishnan-Taylor damping (the term &{p, p;)) and a strong damping ( the term @A?p,).

Note that (-, -y denotes the usual scalar product in L>(Q).

Let us recall some works in the literature that are related to our problem. For one dimensional
problems, in [2], the author considered the following equation

'1OpE 0y )
tt xXxXxx k d XX xXXXXt
Putap (ﬁ+j;[a§]§p +Yp

P> Prxc)Prx + 6P = 0, in (0,1) X (0, +00), (1.2)

where the constants a, k,y, u are positive, and the constants 8 and 6 have no restrictions on their
sign. Here, [/ denotes the beam’s length. The author established existence, uniqueness, and regularity
theorems for the situations in which the beam’s ends are clamped or hinged. Regarding higher
dimensions, consider the work of Emmrich and Thalhammer [3], who provided a general model for
describing nonlinear extensible beams with weak, viscous, strong, and Balakrishnan-Taylor damping,
as follows:

Du + cyAzp +&p +kp— AAp, + ,UAzpt

—[,8+yf|Vp|2dx+6 pr-thdx
Q Q

in Q X (0, T), where Q is a bounded domain and 7" > 0, the constants @ and 7y are positive, and A4, u,
and ¢ are nonnegative, whereas 3, k,¢ € R and g > 2.

The authors proved the existence of a weak solution for (1.3) under hinged or clamped boundary
conditions by using time discretization in both cases, i.e., when A,y > 0and g > 2 orwhen A =u =0
and ¢ = 2. Under the conditions of applying« = 4 =0,u > 0and g = 2 in (1.2), Clark [4] established
the existence, uniqueness, and asymptotic behavior of the solutions in N-dimensional bounded and
unbounded domains. In [5], You proved that there are global solutions in the cases in which « = u = 0,
A>0,g>2and Q = (0,1). Also, he gave results on the existence of inertial manifolds and the
finite-dimensional stabilization. Subsequently Tavares et al. [6] studied the problem (1.3) for A = u =
0,k € R and g > 2; they established the existence of a unique mild (and strong) solution and analyzed
the long-time dynamics of solutions (in the mentioned case) when « > 0 and 3 is bounded from below
by a negative expression, as well as with the existence of nonlinear source.

q-2
pr - Vpidx|Ap = h (1.3)
Q
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Now, let us mention some works on suspension bridges. In [7, 8], the existence of nonlinear
oscillations was proved. The deck of a suspension bridge has been modeled in a simple form in [9]. See
also Gazzola’s book [10] and recent results [11-13] for additional details. The bending and stretching
energies of the model presented in [9] were examined by Al-Gwaiz et al. in [14]. We mention also the
recent work of [15] in which the authors provide a new model for a suspension bridge.

Recently, many researchers have been interested in studying the stability of a plate model for
the deck of a suspension bridge. Messaoudi and Mukiawa [16] showed an exponential decay in the
presence of both a global frictional damping and a nonlinear term. In [17] (resp. in [18]), the authors
studied the same problem as in [16] but with linear (resp. nonlinear) local damping distributed around a
neighborhood of the boundary, and they proved an exponential decay estimate of the associated energy.

Liu and Zhuang [19] expanded the work of [20] and proved, without considering the relation
between m and r, that the solutions of the equation, i.e.,

|m—2 |r—2

p, m=2,r>2,

pu+Np+ap+Ipl"p =1Ip

exist globally if and only if there exists a real number ¢, € [0, T},,.,) such that p(ty) € W and the energy
at the time ¢ is less than such a constant that depends on r and C, (C, is defined in (2.3)), where

Tax = sup{T > 0: p = p(¢) exists on [0, T]}

and
W={peN,:J(p) <d}

with
N, ={peV:I(p)>0Lu{0},I(p) =Ilplly + (ap, p) - lIpll.,

I, 1 | - .
J(p) = Sliplly + Stap, p) = Zllpll, and d = inf - max J(1p).

Moreover, the energy decay results were obtained, and when r > m a blow-up result was established.
Later, in [21], the authors established the existence of a global weak solution and proved a stability
result under the conditions of an external force f and a nonlinear frictional damping. Finally, we cite
the work [22], in which the author studied the same problem as described here, but it was subject to

t
different types of damping, i.e., one of memory type (of the form f 2()A?p(s)ds) and a nonlinear

localized frictional damping (of the form a(x, y)|p,|"p;). The autho? proved the existence of global
solutions as well as a general stability result. For other results concerning partially hinged plate
equations, we refer the reader to the recent papers [23-25].

Motivated by all mentioned works, our current paper investigates the exponential stability of
solutions to system (1.1) with a strong damping and a Balakrishnan-Taylor damping. As mentioned
at the end of the paper, the Balakrishnan-Taylor damping (alone) is insufficient to deduce exponential
stability. For this reason, we chose to add another damping to obtain the uniform stability.

The structure of the paper is as follows. In the next section, we present some fundamental
preliminaries that will be used to prove our main results. In the third section, the well-posedness
of the problem (1.1) is proved. We show the exponential stability of system (1.1) in the last section.
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2. Preliminaries

Here and in the sequel, we use || - || to denote the usual norm in L*(Q).
We define the space
V={weH*Q):w=0on{0,r}x(-d,d),

with the scalar product

(p.q) = f [ApAq + (I = 1)(2PxyGxy = Prxtlyy = pnyxx)] dxdy.
Q

We note that (V, (-,-)) is a Hilbert space, and that the norm ||.||y is equivalent to the H> norm (see [9,
Lemma 4.1]).

Moreover, we denote by H(C) the dual space of V, and we indicate by (.,.),, the associated
duality. We have the following:

Lemma 2.1. [9] [fO<u< % and f € L*(Q), then there is a unique p € V such that, for all g € V,
we have

(p,q) = ffq- 2.1)
Q

The function p € V satisfying (2.1) is known as the weak solution to the following stationary
problem

Ap = f,
Pp0,y) = p(m,y) = pxx(0,y) = pri(m,y) =0, (2.2)
pyy(xa id) + ﬂpxx(-x’ id) = pyyy(-x7 id) + (2 - ,u)pxxy(-xa id) =0.

Lemma 2.2. [20] Let p e Vand 1 < r < +oo. Then, we have

lIpll; < Cellplly, (2.3)

for some positive constant C, = C,(Q, r).

Remark 2.3. Let f = Ap in (2.2). Then, Theorem 3.4 in [9] asserts that the set of eigenvalues of (2.2)
may be ordered in an increasing sequence {A;} >, of strictly positive numbers that diverge to +oo, and
that the set of eigenfunctions {w} ;>1 of (2.2) is a complete system in V.

The energy related to (1.1) is given as follows

1 1 a b
&) = =llpOI* + =llpOI? — =llpOIF + = lpLOII*, 2.4
0 = Slp DI + SlpOlly = SlpOIF + Fllp @l (2.4)
which satisfies the following identity
&0 = ol s(L Lipe) <0 25)
- pt 1% 2dt px = U, .

This indicates that the energy decreases with time ¢ and &(¢) < &(0), V ¢ > 0.
We recall the following theorem (see [26, Theorem 8.1]) that will be useful in the proof of the
main result.
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Theorem 2.4. Let E : [0,00) — [0, 00) be a non-increasing function and assume that there exists a
constant C > 0 such that

f E(s)ds < CE(t), Yt =0.
t
Then

i

E(t) < E(0)e'"c, VYt > C.

Remark 2.5. We remark that the energy is nonnegative if a < 0, and this case is equivalent to a
stretched plate. However, this scenario is not applicable to real-world bridges [27]. When a > 0,
which is the utmost likely situation for bridges, the energy &E(t) may be negative. This issue can be
solved by following some ideas from [14, Section 3]. To do this, we define

W (we H'(Q) :w=00n{0,7} x (-d,d)},
C¥(Q) = (weC®(Q):3e>0,wx,y)=0ifxe[0,]U[r—eg,nl]}.

endowed with the following norm

1/2
Iplly = ( f |Vp|2dxdy) , 2.6)
Q

where W is a normed space.

Remark 2.6. [14] W is defined as the completion of C°(Q) according to the norm || - ||w. It is clear
that the embedding V- — W is compact and the optimal embedding constant satisfies
Iwlly,

Ay := min -
weV ”W”W

Lemma 2.7. [17] Assume that 0 < a < A;; then, E(t) > 0.

Proof. Using Remark 2.6, we obtain the following inequality
Iwlly, < A IwllE, forallw e V. 2.7)

Since
IpdP < [ 9o dxdy < A7 Il
Q

then we have
a

21\1‘1 Iplly, VpeV,

a
—Ellpxll2 > -
and consequently
L . a > Lo -1
Sl = PP = Sl (1 - aA).

So,if 0 < a < A; we conclude that 3||pllZ — £||p.|I* > 0 and therefore &(r) > 0. This is in agreement

with the hypothesis of Theorem 4 in [27]. O
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3. Well-posedness

Definition 3.1. Let T be a positive number. The functions
p € LOO(O’ T’ V)’ pt € LOO(O, T’ LZ(Q)) n LZ(O, T’ V)’ Cll’ld ptl‘ € LZ(O’ T77_{(Q))a

constitue a weak solution of (1.1) when

@mWh4+%nw0+jX—a+Mmm2+&mﬁm»pwmdmw
Q
+a(p,w) =0, YweYy, 3.1

p(x,y,0) = po(x,y), pi(x,y,0) = pi(x,y),
for almost everywhere t € [0,T].

Theorem 3.2. Suppose that 0 < a < A, and let (py, p1) € V X L*(Q). Then, the problem (1.1) has a
unique global weak solution on [0, T] for any T > 0.

Proof. We divide our proof into 4 steps.
Step 1. In this step, we will prove some convergence results for the sequence (p*);s; (defined below)
and its derivative.

We start by applying the Faedo-Galerkin approach. By Remark 2.3, we may consider {w;}72, as a
basis of V and let V; = span{w;, w,, ..., w;} be subspace of V with finite dimensions, which is spanned
by the first k vectors. Let

k

k
pixy) = ) amwixy),  ph= D bwixny),
j=1

=1
such that p§, p\ € V; and
ph— poinV, and p* — p, in LA(Q). (3.2)
We are looking for a solution of the form
k
Peey, 0 = ) ciow(x.y), (3.3)
=1

that solves the following in V;:

<sz’ Wil 2+ (Pk, w;) + f (—a + b||p1;||2 + (5(171;, p];,)) pI;(Wj)x dxdy
Q
+a(pf,w) =0,V j=1,..k (3.4)
Py, 0) = ph(x,y),  pr(xy,0) = ph(x,y).

It is easy to check that, for any k > 1, the above problem (3.4) yields a solution p* on [0, #;), where
0 <# < T. Now, we multiply (3.4) by ¢(¢) and sum over j = I, ..., k to obtain

d . o ld .., :
e = — —_ —_— < .
dt8 @) = =allp;lly 5(2dtllpx|| <0, (3.5)

AIMS Mathematics Volume 9, Issue 6, 14026—-14042.
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where
1 1 a b
&ty = Eupf(r)uz + Eupk(r)né - Enpi(t)nz + Zupi(r)n“. (3.6)

Now, we integrate (3.5) over (0, t), where 0 < ¢ < #;; we also note, from (3.2), that (p’(‘)) and (p’{) are
respectively bounded in V and L?(Q); we then obtain

d "(1d 2
Et) +a f P15 ds + 6 f (ﬁupinz) ds < E0) < C, (3.7)
0 0

where C is a positive constant that does not depend on ¢ and &, and that may vary from line to line.
Hence, we get the following bounds:

!
[Pl AG] f Ipilly < C. (3.8)
0

As a result, one obtains that #; = T and we have the following:

(p") is bounded in L*(0,T;V),

(p’,‘) is bounded in L*(0,T;L*(Q)) N L*0,T; V). o
Hence, there exists a subsequence of (p*), still denoted by (p*), that verifies the following:
p* — p weakly star in L*(0,T;V),
pf — p, weakly star in L*(0,T;L*(Q)) N L*0,T;V),
p* — p in L*(Q) strongly and a.e, (3.10)

||p/;||2p’;x — X weakly star in L*(0,T; L*(Q)),

(Pr prapk, — Xo weakly star in L™(0,T; LA(Q)),

where QO = Q x (0, 7).
Step 2. Here, we will prove that X| = ||p,
as in [2,28].

For the first one, the following lemma is required.

I”prx and X5 = {py, Px) e by following the same arguments
Lemma 3.3. Suppose that p,q € V. We have

<||px||2pxx - ”Clx”zCIxx,p - C]) < 0.

Proof. One has
PP = gl Pgee P — @)

AIMS Mathematics Volume 9, Issue 6, 14026—-14042.
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= [1p:ll ((Pr 40 = 1PalP) + gl (<P 40 — Nl P)
< 1p:lP (I1palligall = 11psl?) + gl (Ipslligsll = llg.dP)
= = (llpall = llgad) (Il = llgalF) < 0.

Now, let g € L*(0,T; V). From Lemma 3.3, one obtains that

T
f APIEDE. = llglPgen p* — @)t < 0.
0

By following the same steps as in [28], we derive that
X = ||px||2pxx-
Next, to prove that X, = (p,, px)Pxx» We note first note that

(P P) = —(paes Y = (PF = P PR,
It is clear that (p,, pf) — (Pxxs Pr) In L7(0, T). Besides, from (3.8), we have

T 3 T 3

( f ||pk—p||2dt) ( f ||p’;x,||2dr)
0 0
, 5
c( fo ||pk—p||2dt) .

Hence (p* — p, p* ) — 01in L'(0, T); thus, we deduce that

(pljp pi;) — <px’ pxt> in Ll(oa T) (311)
Now, let ¢ € L'(0, T; L>(2)). Then

IA

T
f Kp* = p, p¥ It
0

IA

T T
f (P> Pt X P YL f (Pr, pEPE ., pydt
0 0
T
. f (s pa) = (P PLYPL @t
0

T
+ f <pxx - Pix, <px’ pxt>(p>dt' (312)
0

The last two terms on the right side of (3.12) go to zero as k — +co when applying (3.8) and (3.11).
Since ¢ is arbitrary, we conclude that X, = {(p,, px:)Pxx-
Step 3. In this step, we will show that p is the unique solution of the system (3.1).

By integrating (3.4) over (0, 7), we obtain

! !
fpfw dxdy + f (P, w)ds + f f (—a + bllpfcll2 + (5(p§,p§t)) p';wx dxdyds
Q 0 0 Ja

!
+af(pf,w)ds = fp'l‘w, YwelV (3.13)
0 Q
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Recall (3.10) and let k — co; we get

! t
fptw dxdy—fplw = - (p,W)ds—f f(—a+bllpx||2+5<px,px,>)pxwx dxdyds
Q Q 0 0 Q
!
— fa(pt,w)ds. (3.14)
0

This means that (3.14) holds true for any w € V. Since the terms on the right hand side of (3.14)
are absolutely continuous, then (3.14) is differentiable for almost everywhere ¢ > 0. It holds that

(P Whr2 + (p,w) + f (—a + Blpl + 6(ps, pud) pows dxdy
Q

+a(p,w) =0, VweV (3.15)
Regarding the initial conditions, from (3.10), and by using Lions’ lemma [29], we can simply get
Pk = p in C(0,T), L*(Q)). (3.16)
p*(x,,0) then makes sense and p*(x,y,0) — p(x,y,0) in L*>(Q). Noting that

P, y,0) = pi(x,y) = po(x,y) in V,

we get
P(x’y’o) :p()(x’y)- (317)

Besides, as in [30], we multiply (3.4) by ¢ € C(0, T') and integrate over (0, T'); we get the following

forany j < k:
T
- f f pi(tywe' (1) dx dy dt
0 Ja

T T
=~ [ whowdi— [ [ (-abIptiE + 5k ) phwiso) dx dy dr
0 0 Q

T
-a f (pk, w)p(o)dt. (3.18)
0

As k — +o0, we have the following for any w € V and any ¢ € C7(0,T)

T
- f f p(Owg'(t) dx dy dt
0 Q

T T
== [ omsar= [ [ (-ar bl + 6 pid) i) dxdy d
0 0 Q

T
—a/f (pr, w)P(t)dt, (3.19)
0

which implies that (see [30])
Dit € LZ(O, T;H(Q)).

AIMS Mathematics Volume 9, Issue 6, 14026—-14042.
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Given that p, € L*(0, T; L*(Q)), we conclude that p, € C(0, T; H(Q)).
pf(x, v, 0) therefore makes sense and

PEx, Yy, 0) = p(x,y,0) in H(Q).

However
Pi(x,,0) = pi(x,y) = pi(x,y) in L(Q).
So,
Pi(x,y,0) = pi(x,y). (3.20)

For the uniqueness, assume that p and p verify (3.15), (3.17), and (3.20). So, by integrating by
parts, ¢ = p — p satisfies

f qu(x, W dx dy + (g, w) + a f Gew dx dy — b f (PP pas = B IPP) w dix dy
Q Q Q

_ f O (P> Pxt)Pxx — Pys Py Prr) W dX dy + (g, w) =0, Y w e Y, (3.21)
Q
Q(X, Y, 0) = q:(X, Yy, 0) =0.

Then, (3.21) holds true for any w € C;°(Q2 X (0, T)) by the density it is also valid for any w € L*(Q %
0,7)).
If we test (3.21) with ¢,, we get

d (1 1
4 —||q||2+—||q||2}+a [ g dxdy=b [ (IpdPpu =157 dxds
dt{Z oMY o Q( ) !

- f S ({Prs PatdPox — D> Put)Prx) @i dx dy + allqill} = 0. (3.22)
Q

By using Young’s inequality, we get

—aquxq, dx dy
Q

IA

a 2, 4 2
~ + = XX
2|qu|| 2||61 I

C (Ilg P + liglf}) . (3.23)

IA

Next, it is easy to see that

1P P = DI
= 1p<lPqex = (P + Pr Q) Prrs (3.24)

and

fQ 5 (Do PudPax — (P PudPs) i e dly
= ~6({qi> Prc))* = K> Do) Prs Q) = P> Pax)Gt> G- (3.25)

Then, using (3.24), we infer that
b [ (pPo = 1B . dx s
Q

AIMS Mathematics Volume 9, Issue 6, 14026—-14042.



14036

< Cligullig:
< C(llgdP +llqll?) (3.26)

Besides, from (3.25), one derives the following:

f6 (<px’ pxt>pxx - <ﬁx’ ﬁxt>ﬁxx) q: dx dy
Q

< —~6((qu P’ + Cligallllal
< =6((gu Do) + C (llgdP + llglly) (3.27)

By using (3.23), (3.26), and (3.27) we can deduce that

d

1 1 —
= {5||q,||iz<g> + 5||q||2v} +6(qn P’ + allgily

< C(llgelP” + liglfy) (3.28)

By Gronwall’s inequality, we obtain

lgdP +llgly < CeC (g OIP + lg)IE),

which gives that g = 0 and thus p = p. |
The following theorem gives an additional regularity result.

Theorem 3.4. Suppose that 0 < a < A, holds true and let (py, py) € X XV, with X = H*( Q)N V. Then
there is a unique function p = p(x,y,t) that satisfies the initial conditions (3.17) and (3.20), and that it
satisfies

peL™0,T;X), p,e L0,T;V)NL*0,T;X), and p, < L*0,T;L*(Q)),

and
Pu+ A’ — (D) + 5Py Put)) Prx + @A*p, = 0, in L*(0, T; L*(Q)). (3.29)

Proof. Let {¢;}2, be a basis of X (this basis exists since X is a separable Hilbert space). The solutions
p* can be written in the form (3.3) and verify (3.4) as well as the following initial conditions

P —po inX, andpl — p, inV.

It is easy to see that the bounds defined in (3.8) are satisfied. If we test (3.4) with A? pf and integrate
by parts, we get

1d
S (I + IAPHIP) + allApfIP = —a(pl,, ApE) + bUIPKIPCpE,, A%pf)

2dt
+ 8Pk, Pi P AP)).

Therefore, by integrating by parts over (0, ¢), it follows that
t
IPAI + A% P4 + 2af 1A p{IPds
0
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!
<O+ G f (P, A2phylds
0

! t
<C+ sz Ip5IPds + af 1A PP ds.
0 0

By using (3.9), we derive that

!
PR IAPIE,  and f IA2pt)ds < C.
0

We proceed as in Theorem (3.2) to prove the existence of a unique p € L*(0,7;X) that
satisfies (3.17), (3.20), (3.29), and p, € L¥(0,T;V) n L*(0,T;X). It follows from (3.29) that
pu € L*(0,T; L*(Q)). O

4. Exponential stability

This section’s major result is as follows:

Theorem 4.1. Let 0 < a < Ay. Then, there are two constants K > 0 and A1 > 0 such that the energy
defined in (2.4) verifies
E)<Ke™, Vit>0. 4.1)

Proof. We will work with regular solutions and by using standard density arguments; the decay holds
true even for weak solutions. Multiplying (1.1) by p and integrating over Q X (s,T), for0 < s < T,
we get

T
f f (Pup + pA*p = ¢(PIPscp — P pxi)Paxp + apA’p,) dxdydt = 0. (4.2)
s Q

Using Lemma 2.1 and integration by parts, we obtain

T T T T
f f (p:p): dxdydt — f f p; dxdydt + f Iplls, dt + f f ¢(p)p; dxdydt
s Q K Q s s Q

T T
+ f f 8P x> dxdydt + f (p,p) dt =0. (4.3)
s Q K

T T 3
fS(t)dHf f(pzp),—if fpt fllpllv——f Ip.II*
+— f Ip.l* +6 f f (Pxs Pxi)Py dxdydt + a f (p,p) dt =0 4.4)

Then, we obtain
T T 3 (T a (7
f &) dt < —f f(pzp)ﬁif fp?+§f lIp.II*
K K Q K Q K
T T
5 f f (Do Py dxdi — a f (p.py) d. 4.5)
s Q s
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This yields
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The terms on the right hand side of (4.5) can be estimated as follows. Using Lemma 2.2 and Young’s

inequality, we infer that
f pi()p(s) f p«T)p(T)‘
Q Q

T
‘— f f (pzp),l
s Q
l 2 l 2 l 2 l 2
2Lm®+2LmGH2Lp®+2LpG)
&(s) + &(T) + Clip(9)lly + Clip(DIIy,
C&(s), (4.6)

IA

+

IA

IANIA

where C is a generic positive constant. For the second term, thanks to Lemma 2.2 we have

3 (7 T c (7 C
3 f f pi<C f Ipdly < = f (=&E'(1) dt < —=&(s). 4.7)
s Q s a Jg (0

The third term on the right hand side of (4.5) may be estimated as follows:

a T aAl—l T T
‘ f I < %5 f IpIE, < aA;! f &), “38)

Thanks to Young’s inequality and (2.5) , we deduce, for any £ > 0, that

T T 2 T
d oe
-0 f f (Po PPl dxdi] < C, f (d—npxuz) dr + = f lpi“dr
s Q s ! 4 s

T T
C. f (=&'() dt+%€ f E()dt

T
C.E(s) + % f E(tdt, 4.9)

A

IA

IA

and

IA

T
af Iplvilpdly

T T
ae
Co [ IplRar+ % [l

T
C.E(s) + asf E(nydt. (4.10)

T
- f (p, py) dt

IA

IA

By inserting (4.6)—(4.10) into (4.5), and choosing € such that 1 — aAl‘l — (% + a)e > 0, we conclude
that there exists a positive constant C; satisfying

T
f E()dt < Ci&(s), Y s>0.
Let T — +o00, and thanks to Theorem 2.4, we get the desired inequality (4.1). O
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Remark 4.2. As remarked in [31] (for extensible beams), the Balakrishnan-Taylor damping does not
seem sufficient to provide a ”good” stability result to our problem (1.1). In fact, ifa = b = a = 0
in (1.1), we have the following equation:

P+ N’p = 8(pxs Pa)Prx = 0, in QX (0, +00). (4.11)
The corresponding energy for system (4.11) is given by

1 1
&) = Ellptll2 + Ellpllz,
which satisfies
E(t) = =6[(px, px)* <0, Y 1> 0. (4.12)

Hence, the system is dissipative. One can ask about its stability. If the system is strongly stable, that
is, 8(t) = 0 as t — +oo, then, using the fact that {py, px;) = —{Pxx, P1)» We get

Kpx Pl £ CE() = 0, as 1 — +oo. (4.13)

This indicates that the Balakrishnan-Taylor damping gets less and less effective as t — +oco. In
addition, it is clear, from (4.12) and (4.13), that

P> Pxe)|
&) = —Cc
VED
CVo
This subsequently gives
— & (E(1) < C%. (4.14)

Integrating the inequality (4.14) over (0, 1), it follows that

&) > >0, (4.15)

1
0C%t + &(0)V !
which means that the energy is bounded from below polynomially, and consequently the Balakrishnan-
Taylor damping term —6{px, Px:)Pxx (alone) is no longer enough to ensure exponential stability. In
conclusion, we need to add another damping term, like a strong damping of the form aA?p,, to recover
exponential decay for system (4.11).

5. Conclusions

This paper describes the study of a plate equation that is subject to a Balakrishnan-Taylor damping
and a strong damping. This equation models the deformation of the deck of a suspension bridge.
First, we have proved the existence of weak solutions and regular ones by using the Faedo-Galerkin
approach. Second, by using the multiplier techniques, we proved the exponential decay of energy in
our model. We also showed that if the plate equation is subject only to Balakrishnan-Taylor damping,
then the exponential stability of this model cannot be reached. In conclusion, the Balakrishnan-Taylor
damping is not enough to stabilize (exponentially) the deck. Hence, the need to add another damping.

Regarding future works, we can change the type of damping by considering, for example, structural
damping (of the form Ap,). Also, we can study a coupled Balakrishnan-Taylor plate with only one
strong damping.

AIMS Mathematics Volume 9, Issue 6, 14026—-14042.
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