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Abstract: In this paper, by the Stampacchia method, we consider the boundedness of positive
solutions to the following mixed local and nonlocal quasilinear elliptic operator

{ —Apu+ (=Ayu = f(u’, x€Q,

u=0, XGRN\Q,
where s € (0,1), 1 < p < N, f € L"(Q) with m > ——gpPres 0 <y < p; = 1, p} = 7% is the

critical Sobolev exponent.
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1. Introduction

The main goal of this paper is consider the boundedness result of solutions to the following mixed
local and nonlocal quasilinear elliptic problem

—A,u+ (—A);u = f(u’, xeQ,

u >0, xeQ, (1.1)
u=0, x € RM\Q,
where Q C RY is a bounded Lipschitz domain, 1 < p < N, s € (0,1),0 <y < ps—1,p; = NNT’:[] is

the critical fractional Sobolev exponent. A, = div(|VulP~2Vu) is the classical p-Laplacian, (=4, is the
fractional p-Laplacian defined as, up to a multiplicative constant,

Ju(x) — u)P(w(x) — u(y)) J

RN |x — y[Ntps

2

(—A);u(x) =PV.
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P.V. stands for the Cauchy principal value. For the nonlocal case,

=A)’u = f(x), x€Q,
u>0, x € Q, (1.2)
u=0, x e RM\Q.

Leonori et al. [19, Theorem 13] proved the boundedness of energy solutions to problem (1.2) if
f € L"(Q) with m > % by two different methods: the Moser method and Stampacchia method.
Dipierro et al. [11, Theorem 2.3] established an L™ estimate for the solutions to the following problem
with some general kind of growth assumptions:

(-A)’u = f(x,u), xe€ RY, (1.3)
where
K
Fee Dl < DA,y vk €[0,2- 1),
i=1
firoos fxeL™ (RN, [O,+oo)), m; € (@i, +oo],
and
2. yiel01]
mi = 2§—22*’ i s *$ (1.4)
m, Yi € (1,2S - 1)

Servadei and Valdinoci [23, Proposition 9] used the argument a fractional version of the classical De
Giorgi-Stampacchia iteration method, proved the boundedness of weak solutions to fractional
boundary value problem

(-A’u=f, xeQ,
u=g, x€RV\Q

Biroud [7, Theorem 2.9] obtained the boundedness of unique solutions to problem

-Au=f, xeQ,
u>0, xeQ,
u=0, xeRMQ,

if f e L"™(Q) forsomem > 1, m > pﬂs Moreover, there exists a constant C := C(V, m, s) > 0 such that,

Wl i@ < Cllflln),

if N N
p—:(p:)’<m<—,
(p— DN + ps ps
where
o (p— 1)mN
S N-pms’
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Problems driven by mixed local and nonlocal have raised a certain interest in the last few years.
When p = 2, problem (1.1) reduced to

—Au+ (-A)’u = f(x)u”’, xe€Q,
u>0, xXEQ, (1.5)
u=0, x € RM\Q.

Biagi et al. [3, Theorem 4.7] obtained the boundedness of solutions to problem (1.5) with y = 0 if

f € L™(Q) with m > Y. This results was improved by LaMao [17, Theorem 1.1] for m > %

2 s+1°
Su et al. [24, Theorem 1.1] showed the L™ boundedness of any weak solution (either not changing

sign or sign-changing) to mixed local-nonlocal semilinear elliptic equations by the Moser iteration
method. Arora and Radulescu [2, Theorem 2.3], Huang and Hajaiej [16, Theorem 1.14] established
the boundedness of solutions to problem (1.5) with y < 0.

Garain and Ukhlov [15, Theorem 2.16] obtained the boundedness of solutions to problem (1.1)
with y = 0 and f € L"(Q2), where m > % Biagi et al. [5, Theorem 4.1 and Remark 4.2] obtained the
boundedness of weak solutions to problem (1.1) provided the nonlinear term satisfies some suitable
growth assumptions. Filippis and Mingione [12, Proposition 2.1] obtained the boundedness of the
minimizers of the following functionals

Fw) = f[F(Dw) — fwldx + f f O(w(x) — w(y)K(x,y)dx dy, (1.6)
Q RN JRVN
provided
q > %, if p<N,
g=1, ifp>N,

where the integrand F: RV — R is assumed to be C? (RN \{0}) N C! (RN )—regular and to satisfy the
following standard p-growth and coercivity assumptions
2 2
A (P + )" < F@y < A (1P +2)
12
0:F @) + (|2 + 2) 10 F (@) < A (12 +
(p-2)/
A (1P +2) TP < 0. F ()€ - £,

for all z € RM\{0}, & € RY, where u € [0, 1] and A > 1 are fixed constants. The function ®: R — R is
assumed to satisfy

b

2)(17—1)/2

@(-) € C'(R), t — ®(t)is convex,
AN < D@) < A, AN < ()t < Alf?,
for all t € R. The kernel K: RY x RY — R satisfies
k Ak
< K(x,y) < where k € (0, 1]

Alx = yV+>y Jx — yIVEY”

for all x,y € R¥,x # y and p > sy. Some other related results about mixed local and nonlocal elliptic
operator see [4,6,8-10, 13, 14, 18] and references therein.

Motivated by the results of the above cited papers, especially [11, 17], the main purpose of this
paper is to establishes the boundedness of solutions to problem (1.1).
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Theorem 1.1. Assume that u € X,(Q) is a weak solution to problem (1.1) (the definition of X,(£2)
see (2.1) below). Then, u € L*(R") provided 0 <y < p: — 1 and f € L™(Q) withm > m,, where
N PP’

P - =D-p(l+y)

_ Np

Cps+p=1D—y(N~-sp)

Remark 1.2. According to Theorem 1.1, we know that, the weak solutions to problem (1.1) withy = 0

are bounded provided f € L"(Q) with m > p—1\1l+s' This generalizes [17, Theorem 1.1] to mixed local
and nonlocal elliptic operator —A, + (=A);,.

*
mP

(1.7)

Corollary 1.3. Let u € X,(Q) be a weak solution to problem
—Ayu+ (—A)[S,u = f(x,u(x)), xeQ,

u>0, x€Q,
u = 0’ X € RN\Q,
where | f(x,u(x))| < K, i), y; € [0, pt = 1), f; € L"(Q) with m; > my,i=1,2,--- K, where
. psp”
mPi - * gk * *
pip - pip—1D-pd+y)
N
- P . (1.8)
p(s+p—1)—viN - sp)
Then, u € L>(Q).
Remark 1.4. When p = 2, (1.8) reduces to
. 22"
i = e s 251 + )
2N
(1.9)

T 2(s+ 1) —yi(N—2s)
Obviously, m3, > m,, where m, is defined by (1.4). Therefore, Theorem 1.1 extends the corresponding
results of [11, Theorem 2.3].

Corollary 1.5. Let u € X,(Q) be a weak solution to
—Apu+ (=A)u = |X"ul”, x€Q,
u>0, xeEQ, (1.10)
u=>0, X € RN\Q,
where y € [0, pt — 1) and
_Npip' = pi(p—1) = p (1 +7)
pip”
__pGs+p-1—yWN -sp)
p
N
:y(——s)—(s+p— I).
p

a >

Then, u € L(RM).
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Remark 1.6. Salort and Vecchi [22, Corollary 2.5] showed that the weak solution u to problem (1.10)

belongs to L™ if
N
a > max{O,y(— — 1) —p}.
p

By Corollary 1.5, we find u € L*(€2) holds also for some a < 0.
This paper is organized as follows: In Section 2, we give some preliminary lemmas. Finally, we
prove Theorem 1.1 in Section 3.

2. Preparations

In this section, we collect some notation and preliminary results which will be used in the rest of
the paper. Firstly, we introduce the proper function spaces for problem (1.1).

For p € (1,+00). Let Q ¢ R" be a connected and bounded open set with C'-smooth boundary.
Define

X,={ue W*R"):u=0 ae. on RV \Q}, (2.1)

which is Banach space equipped with the norm

1

llullx, = (f IVMI”dX) -
Q

Give a fractional parameter s € (0, 1) and p > 1, the mixed local-nonlocal elliptic operator
Lu=-A,u+ (—A);u
is well define between X, and its dual space X, and the following representation formula holds:
(Lu,v) = f IVul”*Vu - Vvdx
Q
— P2 — -
N f f u(x) = uWI () = u@)VE) = ve) o
D)

, veX
|x — y[Veer g

J 21
where
DEQ) =R xR\ (CAxXCQ), CQ=R"\Q.
Definition 2.1. We say that u € X, is a weak solution to problem (1.1) if
(Lu,v) = ff(x)lulyvdx
Q

forall v € X,.

Lemma 2.2. [2], Lemma 4.1] Let y: R* — R be a non-increasing function such that

where M > 0,6 > 1 andy > 0. Then y(d) = 0, where
4 = My(0Y 1235
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Lemma 2.3. [1, Lemma 2.5] For any a,b € Rand k > 0, p > 1, define

| oa, if lal <Kk,
Tk(a)_{ka lf |a|>k,

lal>
and
Gi(a) = a — Ti(a).
We have the algebraic inequalities
la = bI"(a = b) (Gi(@) — Gi(b)) > |Gi(a) — Gi(D)I".

Lemma 2.4. [20, Theorem 6.5] Let s € (0,1), p € [1,+00) be such that ps < N. Then there exists a
positive constant C = C(N, p, s) such that, for any measurable and compactly supported function u:
RN - R,

_ p
|| ”P . H |u(x) z(y)| dxdy.
vien S© o Te—yps

3. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1 by two methods

Proof of Theorem 1.1: the first method. Note that in this paper, we consider the positive solutions to
problem (1.1). Therefore we can decompose RY as RY = A, U A¢, where

A ={x eRY 1 u(x) > k),
A ={xe RY : 0 < u(x) < k). (3.1

Clearly, Gi(u(x)) = u(x) — k for x € Ay and Gi(u(x)) = 0 for x € A}.
For any k > 0, taking G (u) as test function in the definition of weak solution to problem (1.1), we
have

- -2 — -
[[ o250 V6o + || DO )~ ONG) = GO,
D)

|.X _ y|N+ps

= f JOGux)u’dx, (3.2)
Q

where D(Q) = RN xRV \ (CQ x CQ).
Obviously,

f IVu(x)|P>Vu(x) - VGi(u(x))dx > 0
Q
which, together with (3.2), implies that

ff lu(x) — u)IP* [u(x) — uW[Gr(u(x)) — Gr(u())] dxdy < f
()

FOG(u(x)u’dx. (3.3)

|x — y|N+ps Q
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According to Lemma 2.3, we have

Ju(x) = w2 w(x) = u()) [Ge(u(x)) = Gr))] > |Gu(x)) = GeM)I”, (x,y) € DY),

which, together with (3.3), imply that

ff G (u(x)) — Gk(”(y))lpdxdy < ff(x)Gk(M(X))”ydx-
D) °

|X _ y|N+ps

This fact, combined with Sobolev theorem (see Lemma 2.4) and Holder inequality, leads to

||Gk(l/t)||p <C ff |Gk(u(x)) - Gk(u(y))lp dxdy
D(Q)

LP5(Q) |x _ y|N+ps

<C f SO)G(u(x))u’dx
Q

1+

. Y =557
SClIfllem@ IG i g lull o AL 7

(3.4)

(3.5)

(3.6)

where p; = NP Here we have used the fact that Gi(u(x)) = 0 for x € Aj, Ay and Aj are given by (3.1).

N-sp*
Therefore,

1 B2 ;
IGKN 1z ) < SN el 1AL 7T
Using u(x) = Tr(u(x)) + Gi(u(x)), we get

lu(x) — uWIP2(u(x) — u(y)) (Gr(u(x)) — G(u(y)))
|u(x) — u(y)l”, (x,y) € Ap X Ay,
(u(x) — u()’'Gr(u(x)), (x,y) € Ap X AS,
(u(y) — u(x)"'G(u(y)), (x,y) € A{ X Ay,
0, (x,y) € A X AC,

> 0.

On the other hand, by Vu(x) = VG (u(x)) for x € Ay and Vu(x) = 0 for x € A7, we find
f VuP>Vu - VGi(u)dx = f VG ()| dx.

Q Ag
This fact, together with (3.2) and (3.8), lead to

f VG (u)|Pdx < f F()G(u(x)u”dx.

Ax Q
Thus, taking into account (3.7) and (3.10), we obtain
IG @I, < fA VGl dx
k

< f F(O)G(u(x))u’dx
Ay

(3.7

(3.8)

(3.9)

(3.10)
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-1l
<A@ NGO i o, Nl ol

1+
f-b-2)

<SIIig el 1A (3.11)
For every h > k we know that A;, C Ay and |G(u(x))lxa,) = (h — k) in Q. Therefore
L
L *
(h = BIAL" < f IGr(w)l”
1- - ”—7
S W T VAl (3.12)
Therefore
" 1—%—1;%7)
T ; DA
A 3.13
Al < o (3.13)
Note that
p(1-4-3
LA} (3.14)
p—1
if
psp”
m>
ppt—pip—1D—-p(L+7y)
Np

p(s+p—1)=y(N-sp)
Finally, by Lemma 2.2 with the choice ¥(u) = |A,|, hence there exists kj such that ¥(k) = O for any

k > ko. Therefore esssupqu < k. O

Proof of Theorem 1.1: the second method. In order to prove the desired bounded of u, we use a
similarly argument of Stampacchia. We can certainly assume that # does not vanish identical else
there is nothing to prove.

Now, let f € L"™(Q) and 6 > 0 be a positive constant which be conveniently choose later. Define

ii(x) = K67 u(x), (3.15)

where
1

||M||Lp§(g) + [ flme) + ”u”LP*(Q)'

According to (1.1) and (3.15), we know that ii(x) satisfies

{ —Apii + (=AY = f(Oi7, x€Q, (3.16)

i:t = O’ X € RN\Q,

AIMS Mathematics Volume 8, Issue 9, 20665-20678.
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and

- 1 N Y
”u”LP?(Q) < 0rt 5 ”uHLP*(Q) L Ord s

where

fx) = KP176 5 f(),

For every k € N, define B, = 1 — 2% and

we(x) 1= (@(x) — B)* = max{0,#(x) — By}, x €RY, Up = [lwill”™,

It is easy to see that wy € X; and

Wis1(X) < wi(x), ae. x e RY.

Moreover,
1Y Y
wi(x) = (@i(x) — By)" = (ﬁ(x) — Brii + W) = (Wk+l + W) :
By the definition of wy, we find that

1
{Wk > O} c {Wk—l > ?}

and
0 < ii(x) < 28w (x), Yx € {wesy > 0}.

Obviously, (3.21) implies that

67w < K12y Vx € (weyy > O}

Taking wy as a test function in (3.16), we obtain that

f f () — a2 (@(x) = 40)) (wi(x) = wi()
R2N

f Vi’ Vii - Vwidx + T
QN> By) lx — y|N*p

= f wi(x) F ()it dx
QnN{i> By}
=K"'s f wie(xX) f ()’ dx.
QN{ii> By}

Note that, for
xeQn{i> B}, i(x)=wx)+ By

and
IVii|P2Vii - Vwg = [Vwil? > 0,

it is easily seen that

wi(x) = w0 = |(x) - BY* = @(y) - B[’
< (@(x) — B = (@(y) — B)")((x) — a(y))

dxdy

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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= (Wie(x) = wie(y) (@(x) = @(y)). (3.24)

This fact, together with (3.23), implies that

Iwi(x) — wie I
P —
[wilf, = MZN o dxdy

< f f () = a2 (@(x) = 4(y)) (wi(x) = wi() dxdy
R2N

|x — y[Veps

< KPls f wefudx. (3.25)
QN{ii> By}

For the right hand of (3.25), using the Holder inequality with exponents

( . D 1)
m’psﬁ__a

y €
where
1 1+
g=1-———2e,0),
m S
we get
i L % é
mn * Ps % Ps
f Swin’dx < [f f’"dx] [f w,fsdx] [f |u|1’5dx] [f ldx]
Qn{i>By) Qn{i>By) Qn{i>By) Qn{i>By) Qn{i>By)
1
<A lzmee ||Lt||Zp§(Q)U,f'r l{wy > O} . (3.26)

By Lemma 2.4, (3.25) and (3.26), we get

p 1

-1 3
U <l , < KPS0l Ml . UL Hwg > O3,

LP5(Q)
that is
Ue < K llwe > 0)1F (3.27)
where .
o
K= (Kp—15 [V ||u||zp§(g))”" .
On the other hand,

f IVft(x)I"_2 (Vii(x), Vwi(x)) dx = f IVit(x)I"_2 (Vii(x), Vwi(x)) dx
Q QN{ii> By}

+ f [Vi(x)P~2 (Vii(x), Vwe(x)) dx
QN{ii<By}

= f [Vwi(x)|? dx, (3.28)
QN{ii> By}
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here we used the fact that Vw,(x) = 0 for any x € Q N {iz < By}.
Define

— P
Vier = Wil g, -
By (3.20), we have
Vier = il

p* d
>f{w“>2‘k}wk_l X

1
> S e > O},

which leads to

e > N < (27 Vi) < 278V

Using the Sobolev inequality and (3.23), we find
L*
Vi< Cf [Vwi|? dx
Q

< CK”_léf wifu’dx
QN{w>0}

1

p—1 Y I 3
< CKP 01 llmey Mull o U™ Hwi > O}

1
=TU lwe > 0},

where

ot -1
T =CK” 5||f||m(g) ||u||z,,*(9)-

According to (3.27) and (3.29), we get

p 1

V' <TU[ |we > O}
~—1 Psé i &
< TK» (I{wk > O}IIH) [{wy > O}
==L (et
< TR 2 oyt
PR

= HV]].,

Notice that m > m), implies that

(3.29)

(3.30)

(3.31)
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where m, is defined as (1.7) and
H = TRH 2 G50,

We observe that )
Vo <677, (3.32)

As a result, according to (3.32) and keeping in mind that 6 > 0 can be taken sufficiently small, we
conclude that

lim Vk =0.

k—+00
Moreover, since 0 < wy < |ii| € LP (Q) for any k € N and limy_., wi = (@i — 1)* a.e. in RY, by the
dominated convergence theorem we get

P’ 0

,11_{?0 Vi = ”(ﬁ - 1)+| Q)

and therefore it < 1. a.e in RV. As a consequence, recalling (3.15), we conclude that

) < eell i ) + 1Nl + ledllpr @)
u(x
- S

with 6 € (0, 1).
The proof of Theorem 1.1 is now complete. O

4. Conclusions

In this paper , we study the boundedness of positive solutions of the mixed local and nonlocal
elliptic equation (Theorem1.1). To obtain this results, two different methods are used. The first one
based on choosing appropriate test functions and the second one using an argument of Stampacchia.
This results generalizes and complements the existing results.
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