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1. Introduction

In this paper, we study the Liouville type theorem of positive weak solution of the nonlinear system
for Grushin operator

_ 21 2a — . m k
{(mu+m+1nﬂ Ay) = f(v), inR" xRk, 0

—(Aw + B+ 1*xPAp) = g(w), inR™ xR,
where we denote the Grushin operators Lou = A + (@ + 1)?[xP*Ayu, Lgu = A+ (B + 1)*x*A,u,

a, B> 0, and the right hand terms f and g are some continuous functions.
In the case of (1.1), @, B = 0, it should be the Laplacian problem

-Au=v", inR",
-Av=u?, inR"

here, n = m + k. De Figueiredo and Felmer in [7] conjectured that the hyperbola curve

1 1
+
p+1 qg+1

2
:1—2 (p>0, C]>0)

is the dividing curve between existence and nonexistence of the solution to the Laplacian problem.
The conjecture is right for the radial solutions of the above problem, see Serrin and Zou [18,19]. The
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authors in [7] proved that the above Laplacian problem has no positive solutions, when 0 < p, g < %%
and (p, q) # (23, 2). Guo and Liu [14] gave the Liouville type theorems for positive solutions of the
following second order elliptic problem:

—-Au = f(u,v), inR",
—Av = g(u,v), inR",

when n > 3. The key tool in [14] is the method of moving planes which combined with integral
inequalities.
For the Grushin operator, Yu [29] gave the nonexistence of positive solutions for the degenerate
equation
—Lou = f(u) in R™ x R¥,
where Lou = A + (@ + 1)*x**Aju, @ > 0, and f satisfies some assumptions.
We investigate the nonexistence result of the elliptic system involving of the Grushin operator and

with general nonlinear terms. We call (1, v) is a weak solution of system (1.1), if (u, v) satisfies

[ Vavers @ e v edsdy = [ godsdy
Rm XR"

RmxRk

f VoV + (B + 1)2|x|2ﬁVyny<p2dxdy = f gu)prdxdy,
RM xRk R™xRF
for any ¢, ¢» € Cj(R™ x R¥).
The main result in this paper is the following Liouville type theorem of nonnegative weak solution
for (1.1).

Theorem 1.1. Let (u,v) € C(R™ x R¥) x C(R™ x R¥) be a nonnegative weak solution of problem (1.1).
Suppose that f, g : [0, +00) — R are continuous functions satisfying

(i) f(t) and g(t) are nondecreasing in (0, +o0),

(ii) h(t) = 1Y and k() = gp(fl are nonincreasing in (0, +0), here Q = m+(a+1)k > P = m+(B+1)k.

0+2 P+2
P=2 102

t
Then, (u,v) = (cy, c2) for some constants cy, ¢, satisfying f(c,) = g(cy) = 0.

In this paper, a key tool is some integral inequality, which was used in Terracini [21,22]. And then
there were some related results in the references [14,23], etc. Quaas and Xia in [17] gave the Liouville
theorem for fractional Lane-Emden system, which used the monotonicity argument for some suitable
transformed functions with the method of moving planes, where some maximum principles which
obtained by suitable barrier functions and a coupling argument for fractional Sobolev trace inequality
in an infinity half cylinder be used. For this paper, since the extended Grushin operator is degenerated,
and not conclude that (u, v) belongs to C? class. To handle the weak solution and the degeneracy,
we also borrow the idea that the integral inequality can play the role to the maximum principles when
moving planes.

For the more information of the method of moving planes of elliptic equations, see [2,4-6, 8, 12,
13], ect. There are also some results of the fractional operator and its related extension problems
on Heisenberg group (see [3,24-27], ect.) and Grushin manifold see [1, 11, 15, 20, 28, 29] and the
references therein.

This paper is organized as follows. In Section 2, we collect some well known results, and give the
proof of key integral inequalities. In Section 3, Theorem 1.1 will be proved with some conditions of f
and g.
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2. Preliminaries

We list some basic information about the Grushin operator. For the details can refer to [16].
Let a and b be two vectors in R? for some d € N*, define the inner product of them as (a,b) =

Z‘;zl a;b;, and |a| = (a, a)% is the Euclidean norm. Let @ > 0 be a fixed constant (here we only list the

case a, it also holds for f), for z = (x,y) € R” x R¥, define the Grushin norm as
llzll = (XD + [y,

It is easy to check that this Grushin norm is 1-homogeneous, that for the Lie group dilations 6, =
(Ax, 2%*1y), A > 0. Define the Grushin distance of two points z, zo in R™ x R¥ by

d(z, 20) = llz = zoll-
We define the open ball which radius R and centered at z; as
B(z,R) = {z e R" X R" d(z,20) < R}.
A direct calculation gives that
|B(zo, R)| = 1B(0, R)| = R|B(0, 1),

here Q = m + (@ + 1)k, and | - | denotes the Lebesgue measure. And the number Q is the homogeneous
dimension of Grushin space R™ x R¥. In order to define the Grushin gradient and operator in R x R¥,
we use Euclidean gradients V, and V, with respect to x € R and y € R*. And we define

D, = (Vx, (o + 1)|x|avy)
as the Grushin gradient, and set

. - 0 i a : ag]
dive(f,0) = D 7 + (@ + D" ) =
i=1

, (f,g) € C'R™ xR, R™ x RN
c')x,- = ﬁyj

as the Grushin divergence. Then we also have L,u = div,D,u. We list a Sobolev inequality in R™ x RF
(see [9,10]).

Lemma 2.1. Let D' (R x R¥) be the completion of Cy(R™ x R¥) under the seminorm of
llull = (f (V. + (@ + D3PIV, )dxdy)?,
RmxRk
then the Sobolev inequality holds:

2 22 2 21,2 2 1
( (lule2dxdy) @ < ( (IVaul” + (@ + D)7 Vyul)dxdy)>.
RmxRk RM xRk
For the function u € D'(R™ x R¥) and p = (xo, yo) € R™ x R, let U be the Kelvin transformation of
u with respect to point p, define as
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1 z = (%0, Yo)

U(z) = u
llz = (x0, yolI=2 " [lz = (0, yo)II?

+ (X0, Y0)), Z # (X0, Y0)-

In this paper, let (u,v) be nonnegative in the Grushin manifolds R X R¥ we follow the Kelvin
transform in [16,29] which centered at p = 0. Then we obtain that U, V is continuous in R” x R* \ {0}
of the Kelvin transformation of u, v. Obviously, U, V are continuous and nonnegative in R” X R*\ {0}.
And a direct computation shows that:

Lemma 2.2. Let (u,v) be a nonnegative weak solution of system (1.1). Then (U, V) weakly satisfies the
following system:

~LoU = g fURIPPV), iR xR (0),
< (2.1)
LV = ss(EICU), in R xR o)
Moreover, (U, V) has decay at infinity as
Hzll}glm 1211972 U (2) = u(0), Hzlniinm llzII”?V (z) = (0). (2.2)

Let A € Rand z = (x,y). We define T, = {(x,y) e R" xRF y; = A}, 2, = {(x,y) e R" X R¥| y; > A},
p/l = (05 Tt ’anl = 2/1509 e 50)’ i = (XI,XZ, s Xms 2/1 - )’1,)’2, e 9yk)$ and denOte U/I(Z) = U(Z/l)
and V) (z) = V(z,). Then we can infer from problem (2.1) that U, and V), satisfy

1 P-2 : m k
—L, Uy = Wf(”@” Vi), InR"XR"\ {p,},

1 _ -
—%w=Engmw2wx inR" xR\ {p,).
A

(2.3)

Let UY(z) = U(z) — U(zy), VMz) = V(X) — V(z,), we prove the following integral inequalities at
firstly.

Lemma 2.3. For any fixed 1 > 0, Ut € L%(Zﬁ) N L2y, Ve L= Z) N L*®(X)), such that

2P

1 +
\ﬂ%WWM%%f—mmﬂmwﬂmeWMa (24)
2 AL el 7 )

1 X
f |D[;V’”|2dxdy§CA(f wdxdy)w;QQ)f
x A Jlzl) e x

where D, = (V,, (@ + DIx|?V,), Dg = (V,, (B + DIxFV,), A; ={zeX, V>0 Aﬁ ={zeX,| U >0},
UM = max{U*,0}, V** = max{V*,0}, C; > 0 is a constant which is nonincreasing in A.

DU dxdy, 2.5)

Proof. We just prove the inequality (2.4), the proof of (2.5) is omitted. For any fixed 4 > 0, we know

20
that U and U < U € Lo2(Z;) N LO(Z)).

For & > 0 small, choose a smooth cut-off function n, € C;’(R™ X R suchthat 0 <7, < 1,7,(z) = 1
for 2e < |lz—pal < &', . = 0for|lz— pall < €orllz—pull > 2&7!, with that |D,n,| < Ce™! for
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e < |lz=pall € 2e and |D,n,| < Ce for €' < ||z - pill < 2&7!, where the positive constant C is

independent of €. By the assumption A(t) = J;(Z , for z € X, we notice that U and U, satisfy

tP-2

~L,U = h(d" V@)V P, in R xR\ {0}, (2.6)

and
-L,U, = h(llZalIP_zVa(Z))Va(Z)%, in R” x RF\ {p,}. 2.7)

Multiply the above equations by the test function ¢ = U**7, and denote ¢, = U**n?, we deduce that

2
f D, UM dz
Zin{2e<lz-pyl<e!}

f Dy dz = f D UY -Dyp.dz+ | (U |Donfdz =1+ 1. (2.8)
Za
We estimate I, at first. Write B} = {z € Z)le < |lz — pall £ 2e or &™! < ||z — pall < 27!}, then we have

f |D,n,|%z < C.
B

Hence, following from the Holder inequality, we obtain
I <( f W')o2dz) e ( f ID1.1%d2)7 < C( f We2dn) T -0
B B} Bf

as e — 0.
We estimate [ at first. Since ||z]| > ||zyll, and & is nonincreasing. If v(z) > v(z;) > 0, then
—h(||zl|72V) > —h(||z4]|°~2V,). By (2.6) and (2.7), we have

I= f D, U" - D,¢.dz
)
= —f L U* - ¢ dxdy
A}

= f I 2VEIVE T = h(llzall”2(V@)(Va(2) 2 1g.dxdy

1
A a

< f h(lIP2VEDIVE)FE = (Vi(2) 72 1pedxdy

1
A/I

’ il gy ’ 1 A
<C} j;l V' VY. dxdy < C, j;n ||Z||Q_P+4V "¢ dxdy

a

’ 1 A A 2
=G f T UV ey

< Cu f - PQ(Q,M))*( W axdy) % ([ (v P dran 7
Z [

P+ X, ()M
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By Lemma 2.1, Sobolev trace inequality on extended Grushin manifolds, letting & — 0 in (2.8),

we get
f D U“| dz
< Cﬁ(f T )(f (UM o2dxdy) T (| (V™) dxdy)
llz||~ 7@ 0%,
P+o 1 2 1
SCA([ W) Po (f DU | dZ)Z(f DV [ dz)2.
Ay Jlzl| ™ e % %

Hence, (2.4) is holds. O

3. Proof of Theorem 1.1

We start moving planes from some place.
Lemma 3.1. There exist Ay > 0 such that for all 1 > Ay, UNz) < 0 and V(z) < 0 for any z € X,.

Proof. If A > 0 large enough, then

1 1
f oo = f POQFD) =0, asd1-0,
Izl %2 Z ||zl

2(P+Q)
CA(f o <1, foralld> Ay,
Izl

we have

PQ( [ P+4)
P+Q

and

PQ(Q P+4)
P+Q

2(P+Q)
Cﬂ(f “Po <1, forall A= A
Izl

By Lemma 2.3, for Ut € Lo= ) N LP(ED, VA € L2 (E) N L2(Z,), we deduce

f |DQU“|2dZ =0

2

[ oo
)

for all A > Ay. Thus, for A > 0 large enough, we obtain that U*(X) < 0 and VA(X) < 0, forallz € £,. O
The above process provides a starting point of moving planes, now we can go on moving the planes.
Let

and

A =inf{A> 0] U,(2) £0,V,(2) <0,Vz € X, u> A}.

Lemma 3.2. If A > 0, then U(z) = 0 and V() = 0 for any z € Z,.

AIMS Mathematics Volume 8, Issue 8, 19039-19048.
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Proof. By the continuity of « and v, we have U*(z) < 0 and V*(z) < 0 for any z € Z,.
Suppose on the contrary that V*(z) # 0 in Z,, then we have

SA2V@) _ fA™?VaR) _ fARall”2Va2)

2@ = =lle T [lzall9?

0+2
-2

h(lzI” V@)V ()™= =

= (Al 2(V)@)(VAR) 72

Using the Lemma 2.1 and the strong maximum principle to V*(z), we obtain that V*(z) < 0, and then
VA(z) < 01in Z,. This strict inequality shows that the characteristic function X 2 = 0a.e. in R" x R,
when 4 — A. By the dominated convergence theorem, we know

. 1 2AP+0)
lim C/l(f SN ) PO = 0
A=A AL ||zl Pre

therefore, for A € (A — 6, A), we see

1 2P+Q) 1 2P+Q)
Cl| —Fgera) ™ Ol | —gry) ™ <L
Ay [lz][~Fro A7 [zl Fre

where § > 0 is a sufficiently small constant. Using the previous argument, we obtain that V4(z) < 0

and U*(z) < 0 for any z € X,, which contradicts with the definition of A. O
If A = 0, for any (x,y1,¥2," - ,yn) € 2o, we get U(X,y1,y2, -+ ,¥n) < UX,=y1,Y2,7 " ,Vn)
and V(x,y1,y2, - ,¥n) < V(x,=y1,¥2, - ,¥u). One can move the planes in the contrary direction,

Wthh Wlll ShOW that U(x’y19y27 LY ,yn) 2 U(X’ _yl’yZ’ “ e ’yn) and V(X,yl’yZ’ “e. ,yn) 2
V(x,=y1,y2,* " ,yn). Hence, we have

U(-x’y17y27'.' ,Yn): U(trx’_yl’yZ"” ’yl’l)
and
V(x,)’1,Y2,"' ’)’n) = V(t’x’ _)71,)’2,"' ,}’n)

For any point can be chosen as the center of Kelvin transform, then U and V must be independent
of the variable y;. Similarly, we can process the above procedure of the directions y,, - - - ,y,. Then we
obtain that U, V are independent of y. However, this claim implies that U and V satisfy the system

—-Awu = f(v), inR",
A = g(u), in R™,

By [7, 14], we have that (u,v) = (ci,c;) for some constants cy,c, with f(c;) = g(c;) = 0. This
completes the proof of Theorem 1.1.

4. Conclusions
In this paper, the Liouville type theorem of positive weak solution of nonlinear system for Grushin
operator be given by the method of moving plane. In stead of the maximum principles, we introduce

some integral inequality, which be used in the processes of moving planes.
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