AIMS Mathematics, 8(8): 18435-18454.
DOI: 10.3934/math.2023937
ATMS Mathematics Received: 13 March 2023

Revised: 10 May 2023

Accepted: 23 May 2023
http://www.aimspress.com/journal/Math Published: 30 May 2023

Research article

On the equiform geometry of special curves in hyperbolic and de Sitter
planes

A. A. Abdel-Salam'?, M. 1. Elashiry'-* and M. Khalifa Saad >**

! Department of Mathematics, Faculty of Science and Arts, Northern Border University, Raftha, KSA
2 Department of Mathematics, Faculty of Science, Sohag University, 82524 Sohag, Egypt

3 Department of Mathematics, Faculty of Science, Fayoum University, El-Fayoum, Egypt

4 Department of Mathematics, Faculty of Science, Islamic University of Madinah, KSA

* Correspondence: Email: mohamed khalifa77 @science.sohag.edu.eg.
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1. Introduction

Many important results in the theory of the curves in R® were initiated by G. Monge and G.
Darboux pioneered the moving frame idea. Thereafter, Frenet defined his moving frame and his special
equations which play important role in mechanics and kinematics as well as in differential geometry. At
the beginning of the twentieth century, A. Einstein’s theory opened a door to the use of new geometries.
One of them, Minkowski space-time, which is simultaneously the geometry of special relativity and
the geometry induced on each fixed tangent space of an arbitrary Lorentzian manifold, was introduced
and some of classical differential geometry topics have been treated by the researchers. In recent years,
the theory of degenerate submanifolds has been treated by researchers and some classical differential
geometry topics have been extended to Lorentz manifolds. For instance, in [1-4], the authors extended
and studied involute-evolute curves in Minkowski, hyperbolic, and de Sitter spaces.
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The involute of a given curve is a well-known concept in Euclidean 3-space R?. It is well-known
that, if a curve is differentiable at each point of an open interval, a set of mutually orthogonal unit
vectors can be constructed and called Frenet frame or moving frame vectors. The rates of these frame
vectors along the curve define the curvatures of the curves. The set, whose elements are frame vectors
and curvatures of a curve, is called the Frenet apparatus of the curve. An evolute and its involute, are
defined in mutual pairs. The evolute and involute of the curve pair are well known by mathematicians,
especially differential geometry scientists (see for example [5—7]). We can find more motivations for
our work from several papers (see [8—19]).

The geometry of space is associated with the mathematical groups. The idea of invariance of
geometry under transformation group may imply that on some spacetimes of maximum symmetry,
there should be a principle of relativity, which requires the invariance of physical laws without gravity
under the transformations among inertial systems.

The equiform geometry of Cayley-Klein space is defined by requesting that the similarity group
of the space preserves angles between planes and lines, respectively. Cayley-Klein geometries are
studied for many years. However, they recently have become interesting again since their importance
for other fields, like soliton theory, have been rediscovered. Although the equiform geometry has
minor importance related to the usual one, the curves that appear here in the equiform geometry can
be seen as generalizations of well-known curves from the above-mentioned geometries and therefore
could have been of research interest. Besides, the theory of curves and the curves of constant curvature
in the equiform differential geometry of the isotropic spaces I[% and [} and the Galilean space G; are
described in [20, 21], respectively.

In this work, we introduce a visualization for the equiform geometry of frontal curves in the
hyperbolic and de Sitter planes. Also, we define the equiform geometry of the involute-evolute curve
couple in HJ and S?.

2. Basis concepts and geometric meanings

To meet the requirements in the next sections, here, the basic elements of the theory of curves in the
hyperbolic and de Sitter planes are briefly presented. We adopt H7 and ST as models of hyperbolic and
de Sitter spheres in Minkowski 3-space E?, respectively. Since HJ and S7 are Riemannian manifolds, so
the explicit differential geometry of the curves in these spheres is analogous to the differential geometry
of the curves in Euclidean space (see for more details [3,4,22]).

Let R® = {(x;,x2,x3) | X1, X2, x3 € R} be a 3-dimensional vector space, and X = (xj, X5, x3) and
y = (y1,Y2,y3) two vectors in R?. The pseudo scalar product of x and y is defined by (x,y) = —x;y; +
x2y2+x3y3. We call (R?, (, )) a 3-dimensional pseudo Euclidean space, or Minkowski 3-space. We write
Ei instead of (R?, {,)) and a vector X in Ef is spacelike, lightlike or timelike if (x,x) > 0, (x,x) = 0 or
(x,X) < 0, respectively. We define spheres in E; as follows:

€

0 - H)={xe€BE}|-xl+x+x3=-1}, ife=-,
Sf:{erfl—x%+x%+x§:1}, if €=+,

and we take

_1, X1 1}7

-1, x; < -1},

\%

2 _ 3124 2.0 42
HZ ={x € E] | —x] + x5 + X3

2 _ 3 2, 2., .2
H%_{H+_{XEE1|_XI+X2+X3
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where H3 = H3 U H?. We call Hj a hyperbolic sphere and S7 a de Sitter sphere. For any two vectors
X = (x1, %2, %3), ¥ = (1, V2, y3) of R3, the vector product is defined by the following.

—€; e €3
XAY=| X1 X2 X3
Y y2 Y3

We call y,, : I — HZ C E3;y,,(s) = (x1(s), x2(5), x3(s)) a spacelike frontal curve in Hf (i.e., y,(s) # 0)
for any s € I, where I is an open interval and (y,(s), ¥,(s)) > 0. Also, we call (y,,,v,,) :  — Hg XS% a
framed curve. If y,, is singular at s, we can’t define a frame in a traditional way. However, v,, always
exists even if s is a singular point of y,. We consider u, = v,, Ay, and therefore, the pair {y,,, vy, p,, }
is a moving frame of y,. Then, the hyperbolic Serret-Frenet formulae are read as follows:

Vr($) 0 0 B || (s
vm(s) =] 0 0 £(s) vy, (8) |, (D
i, (s) BGs) =t(s) O My, (s)

where €(t) = (v, (s), 1, (5)), v, (s) and p,, (is) are both unit spacelike vectors. We declare that (y4, —v,,)
is also a framed curve. If (y,,v,,) is a framed immersion, we have (5(s), £(s)) # (0,0) for each r € I.
The pair (B, {) are geodesic curvatures of the framed curve [23,24].

Definition 2.1. [24] Under the assumption (*(s) # B*(s), the evolute of the frontal curve y, in the
hyperbolic plane is expressed as

Er,)(s) = (€yi(s) = By (5)), )

1
N
where vy, is the involute curve of E,(y,,) in the hyperbolic plane.

Further, let y, : I — ST C E}y,(s) = (x1(5), x2(s), x3(s5)) be a timelike frontal curve in S?
(i.e.,y,(s) # 0) for any s € I, where [ is an open interval. It is easy to show that {(y,(s),¥,(s)) < 0.
Let (y,,vy,) : I — ST X S7 be a framed curve. If y, is singular at s, then we can’t define a frame
in a traditional way. However, v,, always exists even s is a singular point of y,. Also, we consider
Ky, = Vy, Ny, The pair {y,, v,,,p,,} is a moving frame of y, and the de Sitter Frenet-Serret formulae
are expressed as follows:

Va(8) 0 0 B || vis)
v, () |=| O 0 £(s) vy, (8) |, 3)
a,,(s) Bls) (s) O Hy,(s)

where £(1) = —(v,,(s), ,uw(s)>; v,,(s) and H, _(s) are both unit timelike vectors. We declare that

(¥4, —Vy,) 1s also a framed curve. If (y,,v,,) is a framed immersion, then we have (B8(s), £(s)) # (0,0)
for each ¢ € I, such that the pair (8, {) are geodesic curvatures of the framed curve [25,26].

Definition 2.2. Under the assumption (*(s) # —3°(s), the evolute of the frontal curve y, in de Sitter
plane is expressed as

E(¥)(s) = 07(5) = By, (), 4

1
Nyl

where vy, is the involute curve of &,(y ) in the hyperbolic plane.
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Throughout this work, we assume that the pairs (y,,v,,) and (y,,v,,) are co-orientable, and the
singular points of ¥, and y, are finite. Also, the derivative with respect to the arc length s is denoted
by (dot) and to the other parameters by (prime).

3. Equiform geometry of frontal curves in hyperbolic plane
Lety,(s): I — H(Z,(—l) be a frontal curve in a hyperbolic plane. We define the equiform parameter

of y, as
[E- i

where p = 7, is the radius of curvature of the frontal curve y, [27-29].
From Eq (5), we get

ds S
=2 £ 6
do ¢ ©
Let H is a homothety with a center at the origin and € as a coefficient. So, if we put y; = H (y,), then
B _ B
t = s d -V =&,
s =es, and o = &7

where s is the arc length parameter of ¥}, and */¢* is the radius of curvature of ¥;. Hence, o is an
equiform invariant parameter of y,. Let /8 be not an invariant of the homothety group, then 24 = ié
If we take T, (o) = dy,(s)/do as a tangent vector of ¥, in the equiform geometry of H2, therefore we

get

dy,(s) _ Edyh (s)

T = =
W)= = =T ds
ﬁ2
="— qu. 7
7 (7
Furthermore, we define the vector N, as

2

N =L ®)

It is easy to see that {y,, T;, N,} is an equiform invariant trihedron of the curve y,. The derivatives of
these vectors with respect to o are given as follows:

, d Bd (B B 20pB — {3 B
T, (o) = 0'( 0 = 7ds (711) 7 ((T)u - 7;1)
283 — B2 2
(e P )
B B (268 - (B B
527114_ I ( [2 )/J—7V
2
= i—in+( ﬁf ﬁ)Th—ﬁNh,
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and

d d (B 2665 — 1B
o o4 () ().

2086 - B>

)

_B B (2B~ 1B

kT f( 2 )

2
1+ ( 24p 1 B)

Let K, : I — R be a function defined by K, = %(,6’2 /€) is called the equiform curvature of the curve
7,- Then, the analogous formulae to Frenet formulae in the equiform geometry of the hyperbolic plane
have the following form

7i(0) = Ty(0),
T,(0) = Z,(0) + BTy(0) - BNy(0), ©)
N, () = BT4(@) + ZENy(0),

and they can be written in a matrix form as follows:

v (o) g L0 1 yu0)
T} (o) 7 5 B || T
N/ (o) 0 B L |[ N

Therefore, according to the equiform Frenet formulae (9), the equiform curvature of the curve y, is
given by

K, = B(T,, T) = B(N,,N,). (10)

3.1. Equiform geometry of height function in hyperbolic plane

In this section, we introduce the families of functions on a curve y,(0) : [ — Hé. We call H" the
hyperbolic height function of the curve (o) in Hj.

Theorem 3.1. Assume that H"(c) : I ANH*(=1) = R; (o,u) — (y,(0),u), and I'T; (o)l # O, then the
equation of the evolute curve in the equiform geometry is given by:

—{ 1
E(y(0) = —— (7/;,(0 ) = _Nh(o'))’ (1)

Proof. With the aid of Frenet formulae (9), we obtain

where > + 3.

h

oo

(o, u) = (y,(0),u) = (Ty(o),u) =0
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since u € Hg, there are A,u € R such that u = Ay,(0) + uN,(0), therefore (u,u) = —1, hence
~2 42 (%) = -1, and if G;{Th = 0, then
a;gh = (T"y(0), u)
= <[;—zyh + %Th — BNy, Ay, + ,uNh>

which implies 1 = —Bu, therefore dH" /00 = 8*H" /0o = 0, if and only if u = Ay, (o) + uNy(o),
-2+ P (%) = —1and A = —By, it leads to

—{
A= —
Ve -#
3 €
PN
Under the condition ¢ # 3%, we have
- 1
Uu=——7— (711(0') - —Nh(O')),
|gz —,32| B

it follows that the evolute curve in equiform geometry of the hyperbolic plane is given by

1
E(y)(o) = ———— (n((f) - —Nh(U))-
/|52 _,32| B

Thus, it completes the proof. O
4. Equiform geometry of frontal curves in de Sitter plane

Let y,(s) : I - S} be a frontal curve in de Sitter plane. The equiform parameter of y,, is expressed

as p /
o= f @ f —ds,
P B
where p = g, is the radius of curvature of the frontal curve y,. From which, we get
ds
=2 _£ 12
do ¢ (12)
Let 7 be a homothety with the center at the origin and a coefficient &, so if we put ¥, = ¥ (y,) , then
5§ = &s, andﬁ: = é’lz,
¢ £

AIMS Mathematics Volume 8, Issue 8, 18435—-18454.



18441

where § is the arc length parameter of ¥, and 3/€ is the radius of curvature of ¥,. Hence, o is an

equiform invariant parameter of y,. Also, let £/ be not an invariant of the homothety group, then
g = é g. If we take Ty = dy,(s)/do as a tangent vector of ,, in the equiform geometry of S?, then we

get

dy,(s) _Bdy,(s)

Ty(o) =

do € ds
ﬁZ
=" qu, 13
7 H (13)
and we define the vector N, as follows
2
Ny(o) = ’8? V. (14)

It is easy to check that the trihedron {y,, T,, N,} is an equiform invariant trihedron of the curve y,,.
Now, we find the derivatives of these vectors with respect to o~. So, from Eqs (12)—(14), we find

v= Ly 2B (8, B (M), B
N a s\eH e\ e JHT R
2 52 2

(M B oy o)

B B (263 - (B B

T gt {’( Iz )”+7V

266 - 1,
=§yd+( = ﬁ)Td+ﬁNd,

also, we get

d d (B 2¢ tp?
N;:—(Nd)=§d—('87v):'§(( ﬁﬁfz '8) +ﬁ€v)
+ B

_B((2BB - o

=3 ()
B B (2p- B
:7’”7( Iz )V
2€,8—€ﬁ)N

= ﬁTd + ( 7
Let K : I — R be a function defined by K; = d/ds(8*/¢) is called the equiform curvature of the curve
v4- The formulae analogous to Frenet formulae in the equiform geometry of de Sitter plane are read as
follows:

=Ty,
T, =%y, + 5T, + pN,, (15)

N, = BT, + 22N,
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and in the matrix form are

(o) O 8 U v
To) |=| % & B || Tao) |.
N;() 0 B % || Nuo)

Hence, according to the equiform Frenet formulae (15), the equiform curvature of the curve y, is given
by

Ky = B(T; Ta) = (N, Na). (16)

4.1. Equiform geometry of height function in de Sitter plane

Here, we introduce families of functions on the curve y (o) : [ — S%. We call H? the de Sitter
height function of the curve y (o) in S7.

Theorem 4.1. Let Hé (o) : I A S% — R; (0,v) = (y,(0),v), and suppose that ||T) (o)l # O, then the
equation of the evolute curve in the equiform geometry is given by

1
74(0) + —Nd(a)), (17)

4
\/m( B

Proof. By using Frenet formulae (15), we get

E(y (o) =
where (* # [3%.

(9 d
6—(0', v) = (y(0),v) = (Ty(0),v) =0,
o

since v € Sf, there are A, u € R such that v = Ay (o) + uNy(0), therefore (v,v) = 1. Hence, -1 +

w2 (%) =1, if ‘Z—(Hd = 0, then

o
a;gd = (T (o).
= <§_27d + %Td +BNg, Ay, + ﬂNd>
= —%/l + ’?—zy =0,

which implies A = Bu, therefore 9H? /0o = #*H?/do* = 0, if and only if v = Ay (o) + uNy(o),
e (%) =1 and A = Bu, which implies that

p-—t
& -#
t
/l =
ANl - F|
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Under the condition £? # 5, we get

po L (yd(a) " %Nd«r)),

& -#]

it follows that the evolute curve in the equiform geometry of de Sitter plane is expressed as

1
E(y)(o) = Ya(0) + —Nd(U)),

4
\/m( B

and thus, the proof is completed. O
5. Equiform geometry of involute-evolute curve couple in H?

In this section, we introduce the definitions of front and frontal curves in the hyperbolic plane.
Also, we investigate the equiform geometry of the Frenet apparatus of an evolute-involute curve
couple [30-34].

Definition 5.1. The curve denoted by (&,, vy,) : [ — HS X S} is said to be a framed Legendrian curve
if (Eu(5), Vi, (5)) = 0, and (E,(5), Vi, (8)) = 0 for all s € I, and l']‘(&v,vh&) is an immersion, namely,
(SV(S), i/hav(s)) # (0,0), we call (&,,vy,,) a framed immersion Legendrian curve.

Definition 5.2. The curve &, : I — Hé is said to be a frontal curve if there exists a smooth mapping
Vi, - I — Sf such that (&, vy, ) is a framed curve. Also, we say that &, : 1 — Hg is a front curve

if there exists a smooth mapping v, : 1 — St such that (&,, Vi) IS a framed immersion Legendrian
curve.

Theorem 5.1. Lety, : | — H(z) and E,(y,) 1 1 — Hé be unit speed spacelike frontal curves and
&E,(y,) an evolute of y,. The equiform Frenet apparatus of E,(y},) {8v(7h); Thsv’Nhsv’(Khsv} can be
formed according to Frenet apparatus of y,, {‘}’/12 s Vy,, ([{;)n}-

Proof. From the definition of the evolute frontal curve in H2, and by differentiating both sides of Eq (2)
with respect to s, we get

1| -e(et-pp) Ll

= 3 Yu(s)
he, ﬁhgv |€2 _ﬁ2|§ |£2 —ﬁ2| h
1 |BleL-pBB ;
+ ( ) - £ vy, (5), (18)
ﬁh&v |52 _ﬁ2|i |€2 _52|
which can be written as
mi ms
= —7,(8) + v, (), (19)
ﬂhbv ﬁhav 7h ﬁhgv Yh

AIMS Mathematics Volume 8, Issue 8, 18435—-18454.
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where
C(el-pp) 0
my = — t )
s Jle-pl
B (et - BB) 3
m2 = 3 - s
e-pF (e -4

and from the relation g, (s) = ||8v(s)||, we find

2 2
~e(ct - pp - B¢t -pp '
B, (5) = ( 3)+ N 3)— | 20)
=g le-gl) \le-gf Jle-p

From Definition 5.2, there exists a smooth mapping v, : [ — Sf such that (&,, vy, ) is a framed

curve, and we get £;,, from the equation ¢, = <i’hav’ /.lhgv>, where (ﬁh&_,&,&) #(0,0).
From Eqgs (7), (8), (18), and (20), we obtain the equiform geometry of Frenet apparatus of an evolute
curve according to the apparatus of the involute curve as follows:

2

he,
Th.g\, (O-) = fh - llhgv
Ey

B, | (0 -8B) Ll

- 5 3 7h(s)

wlle-g e -#

+ ﬂhsv B (58 _’BB) ﬁ
¢ 3 vyh(s)’
hs, |g2 _’32|2 |€2 _’32|
B d (P
N = Ve K = —|—2].
he, (o) fhsv Vhe, hg, ds ghsv
Hence, the proof is completed. O

6. Equiform geometry of involute-evolute curve couple in S}

Now, we introduce the definitions of front and frontal curves in the de Sitter plane. Further, we study
the equiform geometry of the Frenet apparatus of an evolute curve according to the Frenet apparatus
of an involute curve.

Definition 6.1. The curve (&,,vq,) @ I — S% X S% is said to be a framed Legendrian curve, if
(Ey(8), V4, (5)) = 0, and (E,(s), Vg, (8)) = 0 for all s € 1. Also, if (SV’Vdav) is an immersion, namely,

(Sv(s), i/dav(s)) # (0,0), we call (&,,vy,,) a framed immersion Legendrian curve.

AIMS Mathematics Volume 8, Issue 8, 18435—-18454.
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Definition 6.2. The &, : I — S? is a frontal curve if there exists a smooth mapping Vi, - I — S?
such that (&,,vq,, ) is a framed curve. Also, the curve &, : I — S? is said to be a front curve if there
exists a smooth mapping vg, : 1 — St such that (&,, Vys,) IS a framed immersion Legendrian curve.
Theorem 6.1. Let y, : I — S} and E,(y,) : I —> S? be unit speed spacelike frontal curves and
&E,(y,) an evolute of y,. Then, the equiform Frenet apparatus of E,(y ) {Sv('yd); Ty, Nas, » dev} can
be formed according to Frenet apparatus of y, {yd;/,tyd, Vs (,g)w}-

Proof. From the definition of the evolute frontal curve in S, and by differentiating both sides of Eq (4)
with respect to s, we get

1 —f(£€+ﬁ5)+ I .

= S

B et VERR)

1 (B(ee+BB)
= , 21

* Bas, [ C+p)y; B ] 77l D

which can be written as

Q, Q,
= ——74(8) + 7, (),
l‘ldg‘, ﬁd&/ 7d ﬁdsv Yd

where

o :(—€(€€+,8,8)+ i ]
eyt VEER)
o _(ﬁ(€£’+,8,8) 3 ]

(£ +,82)% o oy

Further, from the relation B, (s) = ||8v(s)||, we obtain

(B ]2+[ﬁ(€€+ﬁﬁ)_ F; )2
@+ NE+E) \(@+p) PR

From Definition 6.2, there exists a smooth mapping v;, : I — Sf, such that (&,, V4g,) 18 a framed

Bae, (5) = ( (22)

curve, and then we get £;, from the equation €4, = <"’dsv’ 1] dsv>’ where (ﬁd&, , fdgv) # (0,0).
Also, from Eqs (13), (14), and (21), we find the equiform geometry of Frenet apparatus of an evolute
curve according to the apparatus of the involute curve as follows:

Pin  _Pu (ZUEBB)
Typ, (0) = —— Hy, = — + Va(s)
Cag, bis, \ (22 + p2)? VO + B2
S (BB ),
e, \(e+pyt NE+B) T
B; d (P
N = = ) = -7 = * 23
de, (0) las Vi, »  Ka, a5\ 2, (23)
Hence, this completes the proof. O
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7. Computational examples

Finally, in what follows we give two illustrative examples for the frontal curves and obtain their
equiform differential geometric properties in the hyperbolic and de Sitter planes.

Example 7.1. Consider the hyperbolic astroid curve y,, : I — H, parameterized by

7,(0) = (\/0056(t) +sin’(1) + 1, cos’ (1), sin* (1) |, (24)

therefore, we get

C 44
V(8 = 3 sin(e) cos(r) | ——m D =S WD _ osr, sin(s) |

cos®(7) + sin®(r) + 1

It is obvious that y,, is a singular curve att = 0, /2, m and 31/2.
If we take v,, = (Vln’ Vay,s V37h)’ where

iy, = o (sin(t) cos() y/cosd(?) + sin’() + 1),

V2, = o (sin(t) (cos4(t) + 1)) (25)
V3, = QL. (cos(t) (sin4(t) + 1)),

such that Q,(t) = \/ 1 + sin?(¢) cos2(?), then by a straightforward calculation, we obtain (y (1), v,, (1)) =
(7,0, vy, () = 0 and (v,, (1), v,,(t)) = 1. Hence, (y,,v,,) is a framed curve (see Figures la and 1D).

(a) (b)
Figure 1. (a) The hyperbolic frontal curve y, (), (b) The curve v, (7).

AIMS Mathematics Volume 8, Issue 8, 18435—-18454.
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Thereafter, from the relation g, = vy, Ay, we find

i j k
1 —sin@eos) in(?) (cos*(¢) + 1 1) (sin*(t) + 1
p, = Q_l et s sin( )(cos () ) cos( )(sm () ) ’
\/0056(t) +sin() + 1 cos’(1) sin’(¢)

and then, we get

\/cosﬁ(t) +sin®(7) + 1 cos*(r) — sin*(7)

— ,cos(t), —sin(?) |, (26)
\/1 + sin“(¢) cos2(r) \/00560«) +sin®() + 1

K, (1) =

it follows that (,uyh(t), 75 (1)) = 1. So, we obtain

_ (sin*(2) = cos* (1)’
cosO(z) + sin®(H) + 1

B@) = lly, ()l = 3sin(r) cos(?) \/ 1 27)

Also, from Eq (25), we have

_sin(t) cos(t)(sin’(r) — cos*(1))
T (1 + sin(r) cos2(n))?
sin(7)(cos*(7) + 1), cos(r)(sin*(7) + 1))
.\ 1
\/ 1 + sin?(¢) cos2(?)
s 3 sin’(7) cos2(1)(sin*(¢) — cos*(r))
cos®(z) + sin’(¢) + 1
+ cos(?), — sin’ (£)(sin’(r) — 4 cos*(r)) — sin(?)),

(sin(?) cos(r) \/ cos®(7) + sin®(7) + 1,

’
V'yh (t)

(\/cos6(t) + sin®(?) + 1(cos’(¢) — sin’(?)

), cos>(1)(cos?(¢) — 4 sin’(7))

thus, we get

€)= (v, (1), 1, (1)
—151 — 108 cos(4t) + 3 cos(8¢)

" 4(=9 + cos(41)) V26 + 6 cos@r)

Furthermore, we have (8(0), £(0)) # (0,0), and hence 7y, is a frontal curve.
Moreover, from Eqs (2), (24), (25), (27), and (28), we obtain the evolute curve &E,(t) (see Figure 2)

as follows: &,(t) = (E,,,6Ey,,Ey,), where

(28)

&,,(1) = Ay sin(?) cos(?),
&,(1) = A3 cos’(1) — Ay sin(®) (cos* (1) + 1),
&,(1) = A3 sin’(1) — Ay cos(d) (sin*(r) + 1), (29)
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such that
)
A) = V1 + sin®(¢) cos(7) [ - B ’
162 — B2 V1 + sin’(7) cos(r)
Ax(t) = p ,
\/(1 +sin’(1) cos?(1)) (12 — )
As(1) =

_t

Vie =gl

Also, from Eqs (7), (8) and (29), we obtain the equiform geometry of Frenet apparatus of the curve y,
in the hyperbolic plane as follows:

81(9 — cos(41)°/?) sin(2¢)*

2V2(13 + 3 cos(41))(151 + 108 cos(4t) — 3 cos(81)) [ \/COSf,(t) +sin®(0) + 1

cos*(r) — sin*(?)

T,(o0) = ,cos(t), — sin(t)],

and Nj(0) = (Np,, Np,, Ni,), where

N, = @ [sin(f) cos(f) v/cosb(£) + sin®(z) + 1),

N;, = @ (sin(#) (cos*(r) + 1)),
Ny, =@ (cos(t) (sin4(t) + 1)),
such that
B 81(9 — cos(41)>/?) sin(2t)*
(13 + 3 cos(41))32(151 + 108 cos(4t) — 3 cos(81))’

Q

_ 8l(cos(4r) — 9)2(1012202 cos(2¢) + 74204 cos(61) — 37236 cos(10f) — 621 cos(14f) — 27 cos(18¢)) sin(2¢)®
8 V2(13 + 3 cos(41))¥2(151 + 108 cos(4f) — 3 cos(81))> .

Kn

Figure 2. The evolute curve &,(¢) of y,(?).
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Example 7.2. We assume that the curve y, : [ — S% is given by
¥, (0) = (sinh(t3), cos(#*) cosh(£?), sin(t%) cosh(t3)) , (30)

where 7y, is a singular curve at t = 0. If we take v,,, = (v1,,, 2y, V3, ,) where

Vi, = 73% (2 coshz(t3))
V2, = 7 (2sinh() cos(?) cosh(r) - 3tsin(?)) 31)
Vay, = 7 (2sin() sinh() cosh() + 3t cos(r?)).

and P, = \[|9r2 ~ 4 cosh®(r)|
Then, we obtain (y ,(1), v, (1)) = (y,(1),v,, (D) = 0 and (v, (1), v, (1)) = 1. Therefore, (y,,v,,) is a
framed curve (see Figures 3a and 3b).

1.0000

(a) (b)
Figure 3. (a) The de Sitter frontal curve y,(?), (b) The curve v, (2).

Now, from the relation p, = v,, Ny, we find
| —i j k
By, (1) = P 2cosh?(#)  2sinh() cos(2) cosh(#) — 3tsin(r2) 2 sin(#2) sinh(#3) cosh(#3) + 3¢ cos(s) |,
: sinh(7?) cos(#?) cosh(r?) sin(7?) cosh(#?)
it follows that
1
K, = P (31‘ cosh(#), 3 cos(#?) sinh(#*) — 2 sin(#*) cosh(#®), 3¢ sin(#*) sinh(#}) + 2 cos(#) cosh(t3)) ,

1
(32)
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where (yyd(t), yyd(t» =1, so we get

B(t) = Iy 4(oll = 1|97 ~ 4 cosh?(). (33)
Further, from Eq (31), we have

—(9¢ — 4 cosh(£?) sinh(#3
v, (1) =~ = 2O SINED) 5 v, 2 sinh(F) cos() cosh(r®) — 31 sin(),
|9t2 -4 coshz(t3)|2
2 sin(#%) sinh(#®) cosh(#’) + 3¢ cos(#*))

1
+ (127 cosh(#®) sinh(¢%), 6¢* cos(#*)(cosh(#}) + sinh?())

Jlor - 4cosh’(e)
— 4¢ sinh(7) sin(#?) cosh(#®) — 3 sin(#%) — 67> cos(#), 67> sin(¢*)(cosh?(£*) + sinh*(#*))
+ 4¢ sinh(7) cos(£?) cosh() — 3 cos(?) — 6% sin(#?)),

which leads to

o = v, 0, p, (1)
_ 2(=18¢7 sinh(r) + 4z sinh(*) cosh(#*) + 3 cosh(r*))
B 972 — 4 cosh?(#3) ’

(34)

it follows that (5(0), £(0)) # (0, 0), and then vy, is a frontal curve.
Also, from Egs (4), (30), (31), (33), and (34), we obtain the evolute curve &E,(t) (see Figure 4) as
follows: &,(t) = (&,,,Ey,, Ey,), where

&, (1) = (2, sinh(r*) — 269} cosh’ (1)),
Py \JI4P2 — 2P

&, (1) = ! (29, cos(#?) cosh(r) — 26P32 sinh(r) cos(#?) cosh(r*) — 3P} sin(?)) ,
Py \JI4P2 — 2P

&, (t) = ! (29, sin(?) cosh(r’) — 1977 sin(?) sinh(*) cosh(r*) — 3P} cos(r?)),
Py || 14P2 — 2P|

such that P, = —18¢ sinh(#?) + 4¢ sinh(#*) cosh(#*) + 3 cosh(#®).
Now, from Egs (13), (14), (31), (32), (33), and (34), we get the equiform geometry of Frenet
apparatus of the curve vy, in the de Sitter plane as under:

Ty (o) = P (3tcosh(t3), 3t cos(#?) sinh(#}) — 2 sin(#*) cosh(¢*), 3¢ sin(#?) sinh(+*) + 2 cos(r?) cosh(t3)),
where

~ (9% — 4 cosh*(1))?
T 6 cosh(#3) + 41(=9¢2 sinh(#3) + 4t sinh(2£3))’

P
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and Ny(o) = (Ng,, Ng,, Ng,), such that

Ny =P3 (2 coshz(t3))
Ny, = P5 (2sinh(#) cos(r?) cosh(*) — 3t sin(#2))
Ny, =P (2 sin(#?) sinh(#*) cosh(¢) + 3tcos(t2)) ’

also, we obtain

d ( (972 — 4 cosh?(%))? )

Ky = —
47 dt\ 6 cosh(3) + 41(=9¢2 sinh(#3) + 4 sinh(2£3))

Figure 4. The evolute curve &,(¢) of y,(1).

8. Conclusions

The equiform differential geometric properties of the evolute and involute frontal curves in the
hyperbolic and de Sitter planes have been studied. We have introduced the relevance between
evolute and involute frontal curves that relate to symmetry properties. Also, under the viewpoint of
symmetry, these notions to the frontal curves have been expanded. Furthermore, we have looked at
the classification of these curves and introduce the notion of frontalisation for its singularities. Finally,
two numerical examples through which we authenticate our theoretical results are given and plotted.
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