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1. Introduction

In this paper, we are concerned on the Cauchy problem to a nonlinear Fokker-Planck equation as
follows
(1.1)

F(@, x,v) = Fy(x,v),

where the nonnegative unknown functions F(z, x,v) is the distribution function of particles with
position x = (x, X2, x3) € R and velocity v = (v{, v, v3) € R? at time ¢ > 0, and the density p(t, x) is
defined as p = fR3 Fdv.

In statistical mechanics, nonlinear Fokker-Planck equation is a partial differential equation which
describes the Brownian motion of particles. This equation illustrates the evolution of particle

{@F +v- V. F =pV, - (V,F +vF),
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probability density function with velocity, time and space position under the influence of resistance or
random force. This equation is also widely used in various fields such as plasma physics,
astrophysics, nonlinear hydrodynamics, theory of electronic circuitry and laser arrays, population
dynamics, human movement sciences and marketing.

The global equilibrium for the nonlinear Fokker-Planck Eq (1.1) is the normalized global

Maxwellian
2

p=pv) = Q) ie T,

Therefore, we can define the perturbation f = f(¢, x, v) by

F(t,x,v) =y + 2 f(t, x, V),

then the Cauchy problem (1.1) of the nonlinear Fokker-Planck equation is reformulated as

Of +v-Vif =pLf. p=1+ [ utfav, 12)
FO, %) = folxv) = p3 (Fo(x, v) = ), '
where the linear Fokker-Planck operator L is given by
1 _1 1
Lf =p72V, - uViu 2 /) = Af + 76~ VS (1.3)
Let us define the velocity orthogonal projection
P: L*(R}) — Span {,u%, viu%(l <i< 3)}.
For any given function f(z, x,v) € L*(R?), one has
Pf = alt, x)u* + b(t, x) - i, (14)
with
a:fy%fdv, b:f vyl fdv. (1.5)
R3 R3

Then by the macro-micro decomposition introduced in [9], we get the decomposition of
solutions f(t, x, v) of the nonlinear Fokker-Planck Eq (1.1) as follows

f@ x,v) =Pf(t,x,v) + {I - P}f(z, x,v), (1.6)

where I denotes the identity operator, Pf and {I — P} are called the macroscopic and the microscopic
component of f(z, x, v), respectively.
Before the statement of main result, we need list some notations used in this paper.

e A < B means that there is a constant C > QO suchthat A < CB. A ~ Bmeans A < Band B < A.
e For a multi-index @ = (), @y, @3), the length of a is |a| = @) + @» + @3. We denote 9“ = J¢ =
0y 05205, and use 0; to denote d,, foreach i = 1,2, 3.
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e For any function f and g, denote the inner product and norm as follows

(f.8) = f fedv, 1ff; = f v,
R3 ' R3

1 =11, = f (Vo /1P + vIfP) dv where v(v) := 1+ P,
v R3

1= [ 1Bdx= [ [ (9P volfF) v

2. _ 2 2 ._ 2

e Denoting the function spaces HYL? and HYL?> with the norm as

g = D IOAR, g = > AR

lal<N lalsN

The basic properties of the linearized Fokker-Planck operator L in (1.3) can be referred in [3,6,7,10,15]
as follows

(f.Lg) = (Lf,g), KerL=Span{u?}, L(vu?)= —wu?, (1.7)

and the Fokker-Planck operator L is coercive in the sense that there is a positive constant 4, such that

(fLf) = f 9. + 3 fldv = AT~ I+ 1bF (1.8)
R3

There are a lot of results about the global existence and large time behavior of solutions to the
Fokker-Planck type equation. Such as for the Fokker-Planck-Boltzmann equation, DiPerna and
Lions [4] first obtained the renormalized solution and established global existence for the Cauchy
problem with large data. Li and Matsumura [12] proved that the strong solution for initial data near an
absolute Maxwellian exist globally in time and tends asymptotically in the L?(Lé)-norm to another
time dependent self-similar Maxwellian in large time. The global existence and temporal decay
estimates of classical solutions are established based on the nonlinear energy method developed in [9]
under Grads angular cut-off in [17] and without cut-off in [16], respectively.

As for the Vlasov-Poisson-Fokker-Planck equation, Duan and liu [6] obtained the time-periodic
small-amplitude solution in the three dimensional whole space by Serrins method. Hwang and
Jang [10], Wang [18] obtained the global existence and the time decay of the solution. For the
problem (1.1), the global existence is proved by combining uniform-in-time energy estimates and the
decay rates of the solution is obtained by using the precise spectral analysis of the linearized
Fokker-Planck operator as well as the energy method in [13]. Interested readers can refer to the
references [2,7, 8,12, 14, 19] for more related details.

For the nonlinear Fokker-Planck equation, Imbert and Mouhot [11] obtained the Holder continuity
by De Giorgi and Moser argument together with the averaging lemma. Liao et al. [13] deduced the
global existence of the Cauchy problem to the equation based on the energy estimates and the decay
rates of the solutions by using the precise spectral analysis of the linearized Fokker-Planck operator
in Sobolev space HY, N > 4. Also the new difficulty caused by the nonlinear term was resolved by
additional tailored weighted-in-v energy estimates suitable for Fokker-Planck operators. However, in
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this paper, we find that we can deal with the difficult by using the definition of the linearized Fokker-
Planck operator L in (1.3) which is not necessary to estimate the dissipation ||Lg||§{£, 2

The rest of this paper is organized as follows. In Section 2, we give the main result of this paper.
In Section 3, we deduce the microscopic and macroscopic dissipation by a refined energy method,
respectively. Section 4 is devoted to close the a priori estimate, then the proof of main theorem is

completed based on the continuation argument.
2. Main result

Now we define the energy norm and the corresponding dissipation rate norm, respectively, by

&) ~ D ISP, 2.1)
lal<2
D@ ~ Y (105 = PLAE + 1076I7) + D 195V alP. (2.2)
<2 lel<1

With the above preparation in hand, our main result can be stated as follows.

Theorem 2.1. Assume there exist a sufficiently small positive constant €, such that Fyo(x,v) = u +
,u% Jo(x,v) > 0 satisfies E0) < €, then the Cauchy problem (1.2) admits a unique global solution
f(t, x,v) satisfying F(t,x,v) = u + y% f(t,x,v) >0, and it holds that

A
&) + f D(s)ds < E(0), (2.3)
0
for any t > 0. In particular, we have the global energy estimate

sup [lf D2z < lfollzzz-

>0

Remark 2.1. o Compared with the integer Sobolev space H? used in [13], the regularity
assumption on the initial data in H* is weaker by virtue of the Sobolev embedding in Lemma 3.1,
especially the estimate of LS(R?).

e [n order to overcome the difficulty from the nonlinear term, the authors in [13] need to estimate
the dissipation ||Lg||*

N2 However, it seems to be not necessary for our estimates.
X v

3. Energy estimates

In this section, we will derive the energy estimates for the nonlinear Fokker-Planck equation. The
first part is concerned on the estimates of the microscopic dissipation and the second part is about
the estimates of macroscopic dissipation by the macroscopic equations similar as [13]. We need list
the following lemma about Sobolev inequalities which are very important to obtain the corresponding
energy estimates.

Lemma 3.1. (See [1,5].) Let u € H*(R?), then there is a constant C > 0 such that

o |lull~ < ClIVullZ||V2ull? < Cl|Vullys,
o |lull;s < C||Vul],
o |lullps < Cllullg, 2 < g < 6.
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3.1. Estimates of microscopic dissipation

Firstly, we need the estimates of the microscopic dissipation for the solution f in (1.2).

Lemma 3.2. It holds that

2dt§]man+vijna“I PYIL+ > 62IP < &2 (D),

jal<2 jal<2 lal<2
foranyt > 0.
Proof. Step 1. a = 0. Multiply (1.2); by f and integrate over R? x R? to obtain

f fPdvdx — f fLfdvdx —f f afLfdvdx.
Zdt R3 JR3 R3 JR3 R3 JR3
By using (1.5) and (1.7), we have

(LR, f) = (L(ap), )+ (L(b - vui?), f)
= a(L(u?), f) + b(L(u?), f)
= —b{v?, f) = -IbP*
Similarly, we can get
LA =-PYf, f) = (LI = P}f {1 = P}f) + (L{L - P} f, Pf)
=(L{I-P}f,{I-P}f) + (LPf, {1 - P}f)
= (L{I-P}f.{I-P}f).
Therefore, by (3.3) and (3.4) and the definition of L (1.3), we can obtain
(Lf, ) = (LPF, f) + (L= P}, f) = (L= P}, (1= P}f) — b
= (Al = P}f I = P}f) + §<{I -Pif,.{I-P}f)
— (VL= P}f, (L= P}f) — b’
= VL= P, + S~ 1L, ~ L~ YL, ~ 1bF,
where we have used the integration by parts of v, i.e.,
(AI=P}f {I-P}f) = (VAL - P} £, V,{I- P}f) = —|V,{I- P}f]..
Consequently,
KLf, Ol = IVAI=PIfI, 3 L =Py}, + (I =PI}, + 16
<C({I-P} fly + Ibl )-

Furthermore, Sobolev embedding in Lemma 3.1 yields

|ffafodvdx|Sf |a||<f,Lf>|dxsf lal({X = P £1} + 1b)dx
R3 JR3 R3 R3

< llallz=(IHT = PYAIE + 1611)
< IV.ally D) < EX(OD().

3.1

(3.2)

(3.3)

(3.4)
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Therefore, from (3.2) we have

1d
Ed_t”f” + Aol = PR + 61 < &2 (D).
Step 2. 1 < || < 2. Taking 0¢ of (1.2), yields
005 f +v-V.0.f = L% f + di(aLf), (3.5)

Multiply above equation by 4% f and integrate over R> x R? to get

@ 2 o o
2dt ‘[Ra R3 |(9 fl dvdx — f f 0 fL(a f)dVdX

3.6)
f f > CEarPaL(d )@ f)dvdsx.
1BI<le

Case 1. B = 0. The estimates of the last term in above equation is as follows by the definition of
L (1.3):

f f 0taLfo} fdvdx = f f ota(A, f + (6 VIO fdvdx
R3 JR3

ffﬁ“aAvf(?“fdvdx+ ff@“afﬁ“fdvdx
R3
7 .
- f f a§a|v|2fagfdvdx
R3 JR3

J3

(3.7

Using the integration by parts of v, Holder inequality and Sobolev embedding in Lemma 3.1 to get

= f f §°aY, [, fdvd| < f IV, f1,216°Y, flydx
R3 JR3 R3 ' !
< 102NV, L2107V Fllzie < 10l 2V Vo Pl 207V fll 22 (3.8)
< & ND),
where we have used

ViV fllie S VP fllgie + IV VAL =Py fll 2
1
S IVaallgr + IVl + IVAL = P fllg2 < D2(0),

107V, fllzz < 195VPllzie + 107V = LSl 22
1
S l0%allzz + 11050112 + 10T = Py fll 22 < D2 (o).
Similarly, we can easily get

ol < EXD(), 5| $ EXOD®.

AIMS Mathematics Volume 8, Issue 7, 16115-16126.



16121

Case 2. B8 = 1. The estimates of the last term in (3.6):

3
ff@i_ﬁaL(ﬁ';f)(azf)dvdx:f f 8g_ﬁaAv(9§f8§fdvdx+—f f 0" Fad’ £0° fdvdx
R3 JR3 R3 JR3 2 R3 JR3

Ja Js

. 39
—~ f f 0" FPalv[PP f0° fdvdx
R3 JR?
Je
Using the similar techniques to estimate J;, we have
=] [ [ ooy, fava] < [ 108 aT A0, s
R3 JR3 R3
< 1102 all gAY f 2102V, fllziz < 1005 Pall V.89, Al 10 2z ©-10)
< 8 (D).
Similarly, we can easily get
sl < EXD@), Vel 5 E (D).
Case 3. 8 = a. It holds that
3
f f aL(0¢ )0 fdvdx = f f al\ o5 fo; fdvdx + — f f ad’ fo} fdvdx
R3 R3 R3 R3 2 R3 R3
7 . (3.11)
- f f alv*0° f0° fdvdx
R? JR?
Jo

Using the similar techniques to estimate J;, we have

=] [ [ @S ssavas] < [ 1aor91p009. s
R3 JR3 R3 ' '
< lallez 162V, Al 2107V fllz IV @l 107V, I, (3.12)
< E1(HD®).
Similarly, we can easily get
sl < EXOD(),  |Jol 5 EXNDQ).
Take the summation over 1 < |a| < 2 to get

1d

S DGR+ 0 D IO = PIFIE + D 85I < 820D,

lr|<2 lal<2 lr|<2

Thus we complete the proof of Lemma 3.2.
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3.2. Estimates of macroscopic dissipation
Now we give the estimate of the macroscopic component a by the macroscopic equations.

Lemma 3.3. It holds that

d 1% 13 a 2 ) . )
= Z j% I bV, 0 adx + Z IV d%all” < Z IV 0°b|* + Z IV, 0% - P}f]|

ll<1 li<1 <1 =1 (3.13)
+ ) 162bIP + & (D).
lal<1

Proof. Firstly, multiplying (1.2); by ,u% and v,u% respectively, then integrating with respect to v over R?
to obtain
0a+V,-b=0, (3.14)

and
Ob+Va+V, - vew?, {I-Pif)+(a+ b=0. (3.15)

Secondly, taking 99 of (3.15) for || < 1 to get
8%0,b + V,0% + V., - (v@vu?, 0% — P} f) + 8%(ab) + 8°b = 0.

Multiply the above equation by V.0¢a and integrate with respect to x to obtain

V.0l = [ s069.3ad- [ V.- 00wt - PAT.Sads

- y (3.16)

- f 0% (ab)V, 0 adx — f 3°bV,0%adx.
R3 R3

Using (3.14) to get

d

f 070,bV 07adx = — f 07bV 0% adx — f 01bV,00,adx
R3 dt R3 R3
p (3.17)
= — f 3°bV 3" adx — ||V 0°b|*.
dt R3
By Young’s inequality, we have
| f V.- (vevut, 0l - P )V, d%adx| < f V021 — P}f1,2V.0%aldx
R3 R3

< 7lIV.8%all + ClIV. UL - Py fIP,

(3.18)
and
| f 05bV . 0%adx| < 1l|V0%all” + C,lI8%bIP, (3.19)
R3

where 7 > 0 is a sufficiently small universal constant and C,, > 0. Using Sobolev embedding in
Lemma 3.1 to derive

| f 6iabeé‘Zadx| < o%all 1Bl 1V 05 all,2
R3 '
1
S 0%all2IV.bll [V <05all2 < E2 (D),
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and
| f adbV.ada] < llallus 18IVl
R,

< IVaall 1095121V 0%all2 < E> (D).

Thus we can obtain

| f 9%(ab)V . 8%adx| = | f (0%ab + ad?b)V 0" adx|

“ - (3.20)

< f 16%al|bl|V 0% aldx + f alld®bl|V &aldx < E (D).
R3 R3

Combining (3.17)—(3.20) with (3.16) to derive, for |a| < 1

d @ 14 @ 112 @ 7.[12 @ 2
=2 fR bV Sadx+ Y IValP 5 Y IVOBIE + ) IV =PI

lel<1 lrl<1 ler|<1 lrl<1

+ > lIOIP + & (D),

lal<1

where we take n7 > 0 sufficiently small enough. Thus the proof of Lemma 3.3 is completed.
4. Global existence

This section is devoted to proving our main result based on the continuation argument. First, we
need to close the a priori estimate.

Proposition 4.1. There is a small positive constant M > 0 such that if

sup &(f(1) < M

0<t<T
forany 0 < T < oo, then it holds that
d
Ea(r) + D(r) < 0. 4.1)

Proof. Taking the linear combination (3.1) + x X (3.13) with « > O sufficiently small to get

d a (12 a 14 @ 112
E(Z 1T FIP + 5 ) fRS O1bV,adx) + « Y [IV,0%ll

la|<2 le|<1 lal<1 (42)
+ 40 ) I9I=PIIE + > 11901 < E DD,
lo|<2 lal<2

Noticing that

2! fR OBV, dadr| < %Z b1 + 19,0%alP] < > 0 f1P.

la|<1 lal<1 la|<2
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then we have

—k > N0fIP <k Y fR bV, ladx < AR,

la|<2 la|<1 la|<2

(=) Y NOSfIP < D AP+ ) f PV, adx < (1+K) > lIoefIP.
R3

la|<2 la]<2 ler|<1 lr|<2

i.e.,

Consequently, let « > 0 be small enough, it holds

A fII? bV, %adx ~ Y |0%fIF ~ E).
Z||xf||+KZL3x tadx ~ ) 001 ~ &)

lr|<2 lel<1 la|<2

By (4.2) and the definition of D(¢) (2.2), it derives to
d 1
ES(I) + D(1) < E1(HD(1).

Finally, choosing M > 0 to be small enough, then the desired estimate (4.1) is obtained.

Proof of Theorem 2.1. Firstly, the local-in-time existence and uniqueness of the solutions to the Cauchy
problem (1.2) can be established by performing the standard arguments as in [13]. To extend the local
solution into the global one, we can deduce that

&) + f D(s)ds < E(0),
0

from (4.1) in Proposition 4.1 by virtue of the smallness assumption on &(0). Combining this with the
local existence, the global existence of solution and uniqueness follows immediately from the standard
continuity argument. This completes the proof of the global existence and the uniform estimate of
Theorem 2.1.

5. Conclusions

This paper proves the global existence to the Cauchy problem on a nonlinear Fokker- Planck
equation near Maxwellian with small-amplitude initial data by a refined nonlinear energy method.
And the regularity assumption on the initial data is much weaker by virtue of the Sobolev embedding
inequalities.
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