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1. Introduction

The fixed point (FP) theory popularize in different ways by many image authentications which are
proposed in the literature. Recently, new approach based on the FP theory is given in the literature.
It has become an essential stanchion of nonlinear analysis, where it is used to study the existence and
uniqueness of the solutions for many differential and nonlinear integral equations [1-9]. There were
many generalizations of metric space (MS), for instance the first extension of MS was to partial metric
space (PMS) [10] which was done by defining the self distance, another extension was to b-metric
space (bMS) [11] by changing the triangle inequality. In [12] Asadi et al. introduced and extended
PMS to M-metric space (MMS). Also, he showed that every PMS is an M-MS, but inverse is not
true. In 2016, Mlaiki et al. [13] introduced the concept of M,-metric space (MbMS) which is an
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extension of MMS and they gave an example of an MbMS which is not an MMS with proving some
FP results. BCP [14] was appeared in 1922, to be the base of functional analysis and plays a main role
in several branches of mathematics and applied sciences, which asserts that every contraction mapping
defined in complete MS has an FP. In many directions this principle has been extended and generalized
either by relaxing the contractive stipulations or imposing some more stipulations on space. One of
these generalizations and interesting approaches is interpolative Kannan type contraction which was
introduced by Karapinar [15] and established new FP results on complete MS. In [16] Karapinar et
al., discussed the interpolative Reich-Rus-Ciric type contractions in complete PMSs and deduced new
FPs results. In 2020, Hussain [17] gave a proper extension of [15, 16] by presenting the notion of
fractional convex Reich-type and Kannan type a-n-contractions and established some FP theorems
in the setting of F-complete F-MS. Newly, the notion of fractional symmetric @-n-contraction was
introduced in [18-20] with discussing of applications for solving fractional-order differential equations,
they studied four types of said contraction and obtained FP results in the setting of F-complete F-MS.
In 2022, Nazam et al. [29] introduced (¥, ®)-orthogonal interpolative contractions with showing the
existence of FPs of set-valued (¥, ®)-orthogonal interpolative contractions. In this research article,
we are going to give a splendid generalization of Hussain et al. [19] by introducing four new types
of symmetric fractional a-B-n-Y-contractions and prove some new FP results in the complete MbMS.
As addition of our main results, we will show existence of FPs for such contractions on closed ball
of mentioned space. As an application, we will investigate existence of solving of fractional-order
differential equations.

2. Preliminaries

In this portion, some elementary discussions about MbMSs will be given. It should be noted that
Mlaiki et al. [13] introduced the notion of MbMS and inaugurated the advanced Banach Contraction
Principle on MbMS. So, the notion of m;,, and M), , are defined as follows:

mp,, = min {my, (§,&) , my, (u, )},

and
My, = max {my, (£§,€) ,my (1, )} .

Definition 2.1. An MbMS on a non-empty set A is a function m;, : A> — R* that fulfills the assumptions
below, for all &, u, k € A,

(Mby) my (€,8) = my, (u, ) = my, (&, ) iff & = p;
(Mby) my,, < my, (&, 1) ;
(Mb3z) my, (&, ) = my, (u, &) ;

(Mb,) There is a coefficient s > 1 so that for all &, u, k € A, we have

my (&, ) = My, <8 [(mb (& K) = my, )+ (my (k) — mbk,,,)] — my, (K, K) .
Then the pair (A, m,,) is called an MbMS.
Example 2.2. Let A = [0, ) and p > 1 be a constant. Define m;, : A2 — [0, o) by

my (&, ) = (max {&, u})” +1& — ul”, V&€ u € A.
Then (A, m;) is an MbMS (with coefficient s = 2”) and not MMS.
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Definition 2.3. Let (A, m;) be an MbMS. Then

e A sequence {£,} in A converges to a point ¢ if and only if
lim (my (£,,€) = my,, ) = .
e A sequence {£,} in A is called m,-Cauchy sequence iff

lim (mb (&n&m) — mbfn,z:‘m) and lim (ben,fm - mbfnfm)
n,n— o0 SIS ShS En-S

n,m— oo

exist and finite.
e An MbMS is called m,-complete if every m,-Cauchy sequence {£,} converges to a point & so that

r}l_{{)lo (mb (&, &) — mbsn,s) =0 and lim (benf - m”fnf) =0.

n—oo

Theorem 2.4. Let (A, my,) be an MbMS with coefficient s > 1 and T be a self-mapping on A. If there
is k €[0,1) so that

my, (T&,Tu) < kmy, (€, 1), Yé, 1 € A.

Then T has a unique FP g in A.
Example 2.5. [22] Let A = [0, 1] and m;, : A X A — [0, 00) be defined by

my (&, 1) = (#)2 , Vé, u € A

Then (A, m;) is an MbMS (with coefficient s = 2) which is not an MMS.
The concept of cyclic (e, 8)-admissible mapping is showed in the work of [22] as follows:

Definition 2.6. Let A # 0, o, : A — [0, o) be two functions. A mapping I' : A — A is called cyclic
(a, B)-admissible if for some & € A,

a@21=pT4) =1,

and

B >1= al€) > 1.
Mudhesh et al. [23] extended this work to n-cyclic (a, 8)-admissible mappings as following:

Definition 2.7. Let A # 0, o,8,n7 : A — [0, 00) be given functions. The mapping I' : A — A is called
n-cyclic (@, §)-admissible if for some & € A,

a (&) 2n(é) = pdé) 2nTe),

and

B&) 21 (&) = alé) 2nTe).
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Definition 2.8. [24] Assume that I" is a self-mapping on a nonempty set A, A C A and let a,7 :
A X A — [0, ) be given functions. We say that I" is semi a-admissible with respect to (wrt) n; if for
some &, u € A C A, we have

a& ) 2nE = aléTw) 2nTETu).
It should be noted that if A = A, then I' is called a-admissible wrt 7.

The following results are well known in the literature:
Let ¥, where s > 1; denotes the family of all nondecreasing functions ¢ : [0, c0) — [0, o) such
that

o (Y1) Yooy S"Y" () < +ooforall £ > 0
o (Yn) sy (t) <tforallt > 0;
o (3) S"TY(f) < s sy () < s"" (t) ,where Y/ is the n' iterate of .

Let ¥, denotes the family of all nondecreasing functions  : [0, 00) — [0, c0) such that}; >, ¥" (r) <
+oo for all ¢ > 0, where " stands for the n”" iterate of .

Lemma 2.9. Let y € ¥, then the following hold:
(i) W"(1)),cy converges to 0 asn — ooVt € (0, 00);
(ii) Y (t) < t for eacht > 0;

(iii) ¥ (1) =0 iff t = 0.

The coming results are very useful in our study which are taken and proved as in [27,28].
Let (A, my,) be an MbMS. For all £ € A and € > 0, the open ball with the center ¢ and the radius & is

B(&,e)={ueA:my (&) —my,, <&l
Notice that we have & € B (€, ¢) for all € > 0. Indeed, we get
my (£,8) —mp, e =my (§,8) —my (§,8) =0 <e.
Similarly, the closed ball with the center £ and the radius & is
Blé, el ={ueA:my € p) —m,, <&

Lemma 2.10. Let (A,my) be an MbMS, ¢ € A and € > 0. The collection of all open balls on

A, B, = {B(, 8)}222 forms a basis on A.

Lemma 2.11. The following inequality holds for all é,u > 2 and r > 1,

E+w <Ew".
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3. Symmetric fractional a-3-n-T-contraction pattern-I

In this portion, we reset FP results for symmetric fractional a-8-n-T-contraction of pattern-I in
complete MbMS.

Definition 3.1. Let ' : A — A be a mapping on an MbMS (A, m,), a,B,7 : A — [0, 00) be three
functions and T € . We say that I is a symmetric fractional a-B-n-T-contraction of pattern-I, if there

exist constants s > 1,a,b,c € (0,1) and A = (smbg#)(""’;("’b) € [0, o) such that V&, u € AN Fix (I,
whenever a (&) B (1) > n(€) n(u), we have
s*my, (TE,Tw) < T[AR, (&, )], (3.1)

where

RiEp) = myé ). [mp(€,TE]TDT [y (g, Tpa)) i

[my(&, TE) + my(, ) 7055 [y, (€, Tpt) + my(u, T&)] o
Example 3.2. Let A = {0, 1,1, 2, 1} and m, : AXA — R be defined by my, (&, 1) = (‘%)2 . Then (A, mj,)

55, E’ 5,
is a complete MbMS with s = 2. DefineI' : A — A by
1 2 1 1
[0=T-=T=-=T1=0,I'-=-
3 3 22
and o,8,n7: A — [0, ) by
B [ 1 iféeAn, [ 3, iféen,
@ (&) =BE) = { 0 otherwise and () = { 0, otherwise.

Let Y (¢) = %t. If &, u € A. Clearly a (&) B (1) = n(£)n(w), such that

L 1
2 12 1 _1\edeo 2 2\@haa

373 = 3’3 373 3773
1 1 2 2 | 1 .2 2 1 i
S S = e N N e 2 T= ||eoen
[mb(3 3)+mb(3 3)] [mb(3 3)+mb(3 3)] ]
1 1
_ T[/_l i (a=b)(a—c) . l (a=b)(a—c) '[ i N l ](le(b_‘).
4136 9 36 9
1

()b

3 9

1 4 (ﬂ*b)](a*c') 5 (b*a)l(bff) 5 m_
S

6

4

4

A1 4 (a—b)l(a—f) 5 (b—a)l(b—r) 5 m
—— + — | — A=

4136 36) (36) (36)

4

4

1 1 1
5 ) @@ T a0 T ca©b ]

= 7T

IA
=

= 7T

= ?_/616[0’00)'
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By taking any value of constants A € [0, o0) and a, b, c € (0, 1) . Clearly, (3.1) holds for all £, u € AN\
Fix (). Thus I has two FPs of 0 and 1.
Now we state and prove our main theorem.

Theorem 3.3. Let (A, my) be a complete MbMS with coifficient s > 1 and T is a symmetric fractional
a-B-n-T-contraction pattern-I satisfies the following statements:

(i) T is an n-cyclic (a, B)-admissible mapping;
(ii) either there is &) € A so that a (&) > n(&y) or there is uy € A so that B (uy) = 1 (o),
(iii) I' is continuous.

ThenT has an FP & € A.

Proof. Let & € A such that a (&) > n(&), and B(&) = n(&). Define a sequence {£,} in A by
& =Té,.1Vn € N. If 3 some ny € N for which I'é,, = &,,, then &,, is an FP of I" and the proof is done.
Asume that m, (&,,,T¢,,) > 0, by (i) 3 &, € A such that

a (éo) 2 11(60) = B (&) = BTE) 2 n (&) =nT&).,

and
B &) 2n&) = a(é) =alé) 2n&) =nTé).

Continuing in this way, we get

Cy(é?n) = n(fn) ﬁﬁ(‘fnﬂ) 2 n(§n+1) .

Similarlly
B&w) 21 (&) = a (&) 21 (1) -
And hence, For all n € N
@ (&) B (Enrr) 2 ED N Ens) - (3.2)

If &, = &, forsone n € N, then &, = €%, and the proof is done. So, we assume that for all n € N, &, #
&, accompanied by

my (L&, T&,) = my, (£,,T¢,) > 0.

From (3.1) and for all n € N, we have

s my, (T&,-1,Té,) (3.3)
T [/l (Rl (é‘:n—lyé‘:n))] .

ny (‘fn’ §n+l)

IAN A

Where

, my(&n—1, &) mp(&neis an—l)m my (&, an)m

Ry (€n-1,60) = Imp(Enet, Ténsy) + my(&, TE)]T000 (3.4)
[ mp(En1, TED) + my(Ey, TE, )] Ea

, my(En-1, &) -Mp(En-is fn)m Ip(Eny Ens )m

- Lmy(En-rs &n) + mp(&y, ‘fn+1)](""‘)lm

[y (@t Ener) + My €T
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14 s 1
mb(é:n—l ’ é:n) * D@0 .mb(fn, §n+l)(a—b)(a—(:)
o
. [mb(fn—l 5 é‘:n) + mb(é‘:n’ §n+1 )] (b—a)(b—c)
Ls (mb(fn—l,fn) — My, o+ Mp(EnyEnit) — mbé’nf,m)

b, e ] e
My (Enrs &) T TTD (& iy TP
M Enety £0) + Mp(Eny Ensr)]T005

[ mp(&n15 ) + mp( &y Enir)) + 0, oD

mb(gn_1’§")1+m'mb(§n» fn+1)m

Ly (En1s En)-11p (&, §n+1)]”’Tl(”“)

| [ (mp(&n-15 §n)-11p( &y Eni)) s, GRGa
[ s mp(&n-1,&n) ot Tar0 t oD
= I (Ens Env) s R = R ey my (En 1, )

1
(c—a)(c=b)
\m
( bfnf 1€n+1 )

1
(c—a)(c—b)
= (g, )Ty G ).

IA

IA

IA

Now fron (3.3) and (3.4), we obtain that

IA

$my (0,1, T€,) (3.5)
<t (Ao, [T w6 6)

= T (mp (&n-1,€0))
< my (‘fn—l’é:n) .

my, (€n, Ens1)

From (3.5), we conclude that m,, (§,-1,&,) 1s a decreasing sequence with non-negative terms. Thus,
there is a constant o > 0 such that lim,_,., m, (£,_1,&,) = o. Presume that o > 0. From (3.5), we can
write

s*my (T&,-1,T&,) (3.6)
Y [my (£n-1,€0)]

1 [y, (nmas énn)]

T [my (€130 E02)]

my (é‘:m §n+1)

INIA A

IA

< A" [my (o, 1))

Taking limit as n — oo in (3.6), and from properties of Y, we obtain
0< lim my (&, Eper) < lim T [my, (€0,€1)] = 0.
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Which yield that
n1—1>r£>o myp (fn’ §n+1) =0.

(3.7)

Now, we prove that {£,} is an M,-Cauchy sequence in (A, m;). Recall that from (Mb2) and for all

n € N, we have

0 = mbfnss“nﬂ < my (é‘:n’ §n+1) .

Since from (3.7), we have

lim m =0,

N—s 00 bfnvfnﬂ

which denotes that

,}I_)I}’)lo my, (fn,fn) =0, Ory}i—{l; ny, (§n+1’ §n+1) =0.

Therefore,
lim mbfms?m = mI;TOO min{mb (fn’ é‘:n) , My (é:m’ é‘:m)} =0.

m,n— oo
Hence,
llm (benhfn - mbfmyfn) = }nll}zr—l)loo | mb (fn’ gn) - mb (‘fm’ é‘:m) |: O'

m,n— oo

Next, we shall prove that lim,,,,_,c (mb Emy &) — mbfm,_gn) = 0. Suppose on the contrary that

lim (my &) —mi, ., ) # 0,

m,n— oo

then there exist € > 0 and subsequence {g;} C N such that

my (Eges Eng) — Mbee, b, 2 &
Suppose that g is the smallest integer which satisfies (3.11) such that
my, (‘fgk—l’fnk) - mbfgk,l,fnk <é&.

By (Mb4) in (3.11) and using (3.12), we get

e < my(&g.én) — M,
< s [(mb (Egiréem1) — mbfgk,fgkfl) + (mb (EgmtsEm) = M )]
=1y (Eg-15 Eq-1)
< se+s [mb (Egirgim1) — mbfgk,fgk_l] —my (Eg-1,€g-1) -

Letting k — oo in (3.13), using (3.7)—(3.9), then
e < ]}I_)IEIO (mb (&orn) — mbfck,gnk) < se.
Utilizing (3.10) and from (3.14), we have

& < lim my, (&5, &) < se.
k—o00

AIMS Mathematics Volume 8, Issue 4,
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Similarly from (Mb4) and (3.11), we obtain

g < my(ég,én)— Mg e, (3.16)
= e el
—I;Ilb (Egirt Eqir1)
’ (s o vvr) = i)
IR [(mb (Egrts Enrt) — Mg 1 &y ) + (mb CO by 1y )]
—mp (€15 Engr1)

—my (‘fng’ §§k+1)
s\my (€qs Egert) — m + 5% (mp (Egert, Enrr) —m
Sk g‘k+1 bfs.k ’§§k+l b g‘k+1 s nk+1 bf?k"'l’f”k*l

+5° (mb Enr1>én) — Mg, 1wy | — ST (Ener1s Ener1) = My (Egi1s Eger)
Similar to (3.13), we find that

& < mp(Eqrrsnrt) =My o (3.17)

2
s (mb (‘fg‘k-%—la é:gk) - mb‘fs‘kﬂ‘fs‘k ) + s (mb (é:gk’ fnk) - mb&k "f”k)

<
#5 (€)= g ) = 990 s ) = s (e 66)

Utilizing (3.16) and (3.17), then

& < my(Egobn) =M, (3.18)
[ 2
< s (mb (fgk’fgk‘*'l) - mbfgkfs‘k*l ) + s (mb (§§k+1’ ‘fnk+1) - mbﬁ‘k”'gﬂk*l)
+S2 (mb (é:nk+l’ 'fnk) - mbf'lk’rl’f”k — sy, (éjnk+19 é‘:nk+l) —myp (§§k+l’ §§k+1)
S[mb (fgk_"l ’ é‘:gk) - mbfgkﬂvfck]
2
+57[my (Eq, En) — M, |
N (mb (fgk,§§k+l) - mbggk’f +1) + SZ ) Sk> STk Eox Snye
S ok ts [mb (é:nk’ é‘:nk+1) - mb‘fnkvfnkH ]
—smy, (fnk+1’ é‘:”lk+1) —my ('fs‘k’éer)
» +52 (mb (Enes1>En) — mbgnk+1,§nk) — sty (Enprts Enpr1) — My (Egrts Egirt) |

Taking limit as k — oo in (3.18) , and using (3.7)—(3.9) and (3.14), we get

. 2 5
< - <
e < lim s (mb (§§k+1,§nk+|) mbew,s,,kﬂ) = 5e.
Therefore
£
. 3

— < - <5
S2 = ]}1_{?0 (mb (§§k+l’ é:nk+1) mbfgkﬂvfnk-*—l) RSO (319)
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From (3.10), we have

& . 3
= < lim m,, (fgk+l’fnk+l) s s5e.
Ky k—o00

Now, from (3.1), we obtain

Szmb (Eqr1:€ns1) = Szmb (T, TEn)
T [/1 (Rl (fs‘k’ gnk))] H

IA

where

Ri(Egpbn) = My (Eqprén) iy (€ TEg) Ty (€, Ty ) ™00
Ty (€. TE) + my (&, TE, )] Ta05

[y (Eq TEny) + My (€ TE) )T

My (€ ) 15 (Er €)1y (Eng )P0
Ly (s Eqi1) + 1y (€ 1)1 7070

[y (€ Enin) + iy (s € )]0,

By taking limit as k — oo in the above equation and using (3.7) and (3.8), we obtain
0. < Jim Ry (¢ £,,) <0 = 1im Ry (&5,,€5,) = 0.

Thence, it follows from (3.20), (3.21) and (iii) of Lemma 2.9 that

& X ]
o = P (5) S fmm G = fimm (e )

v[a)im R, &6,

[ fim R (6.6
T [0]
= 0.

IA

A

(3.20)

(3.21)

Hence, we conclude that ¢ < 0 which is a contradiction. Thus, lim,, (m,, Ens &) — mbfm,_&) =0,
therefore {£,} is an M),-Cauchy sequence in A. Since A is complete, there exist some &* € A such that

&, — & asn — oo, Since I is continuous then lim,,_,., ['¢, = ['é*, therefore we have

. % _ . _ —
}’}1—>n;lo (mb (é‘:n+l ’ é‘: ) mbfn+1’§*) - O. and llm (ben+1’f* mb§;1+1>§*) O.

n—oo

Since from (3.9) and (3.22), we get

lim (my (&1, €)=y, ) = O
= }1_)1{)10 my, (€511, &)
= lim m, ([, )
= m, (¢, 8.

So, thatis I'é* = &* and ¢* is an FP of T'.

(3.22)

(3.23)

O
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Theorem 3.4. Let (A, my,) be a complete MbMS with coefficient s > 1 and I is a symmetric fractional

a-B-n-T-contraction pattern-I fulfilling the affirmations below:

(i) T is an n-cyclic (a, B)-admissible mapping;
(ii) either there is &) € A so that a (&) > 1 (&) or there is uy € A so that B (uy) > n (1),

(iii) if {£,} is a sequence in A such that &, — & as n — oo, and B(&,) = n(&,) for all n € N, then

BE) =n ().
ThenT has an FP & € A.

Proof. In the definitive lines of the proof of Theorem 3.3, we acquire S(£*) > n(£*). Now we show

that my, (I'€*,&%) = 0. &, = £ as n — oo, from (Mb4), we have

0 < |(mEurTE) = my, ) = (my (&, TE) =y, )|

s ((mo G €)=, ) = (o TE) = my. ) = my (€7, €)
(s ((ms €8 = my. ) = (my €. TE) = my. ) = my (€7,69) |

So taking limit as n — oo in (3.24) and using of (3.9) and (3.22), we get
0 < 1im |(my Erer, TE) =y, () = (€, TE) =y, )| <0,
this implies that
5im (my (&1, TE) = my, ) = my (€. TE) = my,. . = my, (€ TE).
Now from (3.3) and (3.25), we have

my (G, TE) =y, o < 8°my (U6, TE) = my,, ..
< T[AR (€€
Amy, (&, &) my, (TEY, g*)m—b)l(a-c) 1y (En, rgn)m
T [my (CE*, %) + my, (&, TE) | T000
[y (T&,, &) + my (&, TE) e

IA

By taking limit as n — oo in (3.26) and since Y € ', we get
lim my (£511,TE) =y, e = 0.

Therefore, from (3.25) and (3.27), we get m, (§*,1¢") = 0 and " is an FP of T'.

The example below supports Theorems 3.3 and 3.4.

Example 3.5. Let A = [0, 1] and m;, : A X A — [0, o) defined by

my(&, 1) = (éizﬂ)z , YE u e A

(3.24)

(3.25)

(3.26)

(3.27)

AIMS Mathematics Volume 8, Issue 4, 9118-9145.
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Clearly, (A, mp) is an MbMS with s = 2. Define I' : A - A by

rg:{ £ ifee (1],

0, otherwise.
Describe the functions @, 3,7 : A — [0, o) as,

(2, ifee(0.1], (1, ifE€ (0,1,
@ (§) =B &) _{ 0, otherwise n(&) = { 0, otherwise.

Clearly forall &, € (0,1], (€) =2 > 1 =n(¢) = BIé) =2> 1 =pTé), and B¢) =2 > 1 = p(é) =
a(lé) > nTé). So, I is n-cyclic (a, B)-admissible mapping. Now if {£,} is a sequence in A such that

&n = & asn — coand B(&,) 2 n(&,) . Then B(£7) = n(£7) whenever, a()B(u) = n(§)n(u), such that

o (55) () <50 =3B

2
(s“r_#) _(%)ZW,(%)ZW,

1

s*my, (T€, Ty) 3

2

IA

1
§ ((34_5)2 + (%)2)m ) ((@)2 + (#)Z)WL—M
[A(R, (€, )]

= ol s

That is achieved when we take Y(r) = ¥ and constants 1 = § € [0,00), a,b,c € (0,1), for all &, u €

A\FIX(F). OtheI‘WISe, fOI‘ f = 'U = O’ we Obtaln that F IS U-CyChC (a’,lB)-admlsgﬂjle mapplng, Whenever
a(&)B() = nénw), and

my, (T&,Ti) = 0 < T[A(R, (€ p)].

Therefore, all affirmations of Theorems 3.3 and 3.4 are satisfied. Hence I" has an FP & = 0 € A. (Note
that 9 is an another FP of T', but it does not belong to A.

4. Symmetric fractional a-8-n-T-contraction pattern-II

In this portion, we devote our efforts to introduce the notion of symmetric fractional a-8-n-7-
contraction pattern-II and some FP results are obtained via a complete MbMS.

Definition 4.1. LetI : A — A be a mapping on an MbMS (A, m;,), a,B,n1 : A — [0, c0) be three
functions and I’ € . We say that I is a symmetric fractional a-B-n-Y-contraction of pattern-1I provided

that there are constants s > 1,a,b,c € (0,1) and A = (smb&#)(““;(“b) € [0, o0) such that V&, u € A\ Fix
(I'), whenever a (§) B () = n(&)n (w) , we have

s’my (T€,Tp) < Y [A(Ry (€, )], (4.1)

where

my(€,p1). [mp(€,TE)| D0 [y (1, Tp)] @
[my(§,T6) + my(u, Tu)] Taxr-0 Lmp(&, T) + my,(u, TE) | @ae,

RZ(fa ,Ll)
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Now we show and demonstrate our next theorem.

Theorem 4.2. Let (A, my,) be a complete MbMS and I be a symmetric fractional a-B-n-Y-contraction
of pattern-II fulfilling the same affirmations of Theorem 3.3:

Then I has an FP in A.
Proof. By the same steps as in proof of Theorem 3.3, we deduce that I" has an FP & € A. m|

Theorem 4.3. Let (A, my,) be a complete MbMS and T be a symmetric fractional a--n-Y-contraction
of pattern-1I fulfilling the same affirmations of Theorem 3.4

Then I has an FP in A.

Proof. Similar to the same steps as in proof of Theorem 3.4, we conclude that £* is an FP of T'. O
5. Symmetric fractional a-3-n-T-contraction pattern-II1
In this segment, the notion of symmetric fractional @-8-n-Y-contraction pattern-1II and some FP

results are established via a complete MbMS:

Definition 5.1. Let (A, m;,) be an MbMS with a self-map ' : A — A, ,8,7 : A — [0, o) be three
functions and Y € ¥. We say that I' is a symmetric fractional a-8-n-T-contraction pattern-III along
2

with constants s > 1,a,b,c € (0,1) and A = (smj, )™ € [0, c0) such that ¥¢,u € AN Fix (),
whenever a (&) B (1) > n(€) n(u), we have

s7my (T€,Tp) < Y [A(Rs (£, )], (5.1
where
2 2
my (§:9 /J) , My, (67 Fé‘:) a=ba=) . ny, (/.l, Fﬂ)m
2
R3(€, 1) = max [my (£,T€) + my, (u, Tp)] 700
(,'2
Lmy (6, 1) + my, (p, 0D
Now, we declare and demonstrate our next theorem.

Theorem 5.2. Let (A, my,) be a complete MbMS and I be a symmetric fractional a-B-n-Y-contraction
of pattern-III that satisfies the same assertions of Theorem 3.3:

Then I" has an FP in A.

Proof. Let & € Asuch thata (&) > 1 (&) and B (&) > 1 (&) . For all n € N, we build an iteration {£,}* |
such that & = &), & = Ié = I'?&. By proceeding in this manner, we obtain &,,; = T'¢, = I"™*1&,.
Now from (i), we can conclude that for all n € N,

@ (&n) B (Ene1) 2 1 (&) 1 (Enst) - (5.2)

If &, = &, for some n € N, then &, = £ is an FP of I'. So, we assume that &, # &,,1 accompanied by
my, (T&y-1,T&,) = my (£, T'€,) for every n € N.
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From (5.1), we own

my (Ens nn) < 8°my (C€,1,TE,) < L [A(Rs (€41, 6))]

where by the same steps in (3.4), we deduce that

2

R3 (é‘:n—l P é‘:n) = max{mb (é‘:n—l P é‘:n) P [Smbfnflfnﬂ ] ey -y (é:n’ §n+1)}-
Now if

2

Ry (Enrn ) = [smy, o |77 my (6. E0nr).
Then, from (5.3) and (5.4), we get

s°my (T&,-1,TE,)
2
T (/1 I:Smbfnflﬁ'frwl ] e -y (gn’ f n+1)

= T (my (€n Ens1))
< my (& éni)

myp (é‘:m §n+1)

IA

IA

which gives a contradiction, thus

R; (é‘:n—l’ ‘fn) =myp (‘fn—l,é:n) .

Now, from (5.3) and (5.5), we conclude that

my (§n, Env1) < Szmb Té.-1,TE)
T [/1 (R3 ('fn—l B fn))]
my, (é:n—l»fn) )

INIA

A

(5.3)

(5.4)

(5.5)

(5.6)

The rest of the proof follows along the same lines as the proof of Theorem 3.3. So, we find that " has

anFP & € A.

O

Theorem 5.3. Let (A, my,) be a complete MbMS and T be a symmetric fractional a--n-Y-contraction

of pattern-III fulfilling the same affirmations of Theorem 3.4:
Then I' has an FP in A.

Proof. In the same style of the proof of Theorem 3.4, we obtain that £&* is an FP of I'.

The example below supports Theorems 5.2 and 5.3.
Example 54. Let A = [0, 1] and m;, : A X A — [0, o) defined by

my(E, 1) = (%“)2 Ve €A,

Clearly, (A, mp) is an MbMS with s = 2. Define I' : A — A by

[ L, iféelo,1),
rf‘{lls, if&=1.
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Describe the functions @, 8,17 : A — [0, o) as,

(2 ifeelo), (1, ifEeo,1),
@ (§) =B &) _{ 0, otherwise, ) = { 0, otherwise.

Clearly I is an n-cyclic (a, 8)-admissible mapping. Now if {£,} is a sequence in A such that &, — &* as

n — oo and B(&,) = n(&,) . Then B () > 1 (") whenever, a(§)B(w) = n(é)n(w), and for & € [0, 1), u =
1, we have

L g 2
s*my, (T€,Tw) = 22mb(F§,Fl):4(15 ) :4(_)

(4[]

T[A1(Rs (& 1)].

IA

That is satisfied when we define T : [0,00) — [0,00) by T (¥) = 4 and we choose the constants

5
A= % € [0,00), a,b,c € (0,1). Therefore, all affirmations of Theorems 5.2 and 5.3 are satisfied.

Hence I' has two FPs - and 1 € A.
6. Symmetric fractional o-8-n-7-contraction pattern-1V

This portion is consecrated to presenting a symmetric fractional a-8-n-Y-contraction of pattern-I'V
in the framework of complete MbMS. Furthermore, new fixed point results are obtained in the said
space.

Definition 6.1. Let (A, m,;) be an MbMS with a self-map ' : A — A, a,8,7 : A — [0, c0) be three
functions and Y € Y. We say that I' is a symmetric fractional a-3-n-Y-contraction pattern-IV along

—c3
(c—a)(c=b)

with constants s > 1,a,b,c € (0,1) and A = (smy,, ) € [0,00) with a + b + ¢ < 1 such that

V&, u € AN\ Fix ('), whenever a (€) 8 (u) = n(£)n (1), we have

s’my (TE,Tp) < T[A(Ry (€, )], (6.1)

where

Ry(&,p) = [mh(f,,u)]%. [m, (€, rg)]% ,
[y (&, TE) + my(ua, D) 5055 [y (€, Tpt) + my(, TE)]@ores

Now, we declare and demonstrate our next theorem.

Theorem 6.2. Let (A, my,) be a complete MbMS and I be a symmetric fractional a-B-n-Y-contraction
of pattern-1V that satisfies the same assertions of Theorem 3.3:

Then I has an FP in A.
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Proof. Take any &, € A such that a (&)) > n1(&) and (&) > (&) . For all n € N, we build an iteration
{&:)2, such that & = &, & = Té = &, By proceeding in this manner, we obtain &, = ', =
I"*1&,. Now from (i), we can conclude that for all n € N,

@ (&) B (Ene1) 2 1 (&) 11 (Eps) - (6.2)

If &4 = &, for some n € N, then &, = € 1s an FP of I'. So, we assume that &, # &,,1 accompanied by
my, (Té,-1,TE,) = my, (&,,T€,) for every n € N. Now, from (6.1), we have

My (Eny Ens1) < 57my (T€,-1,TE) < T [AR4 (€421, €]

where by the same steps in (3.4), we deduce that

Ry (&-1,&0) (M (Enm1,€0) oy (€, E0s1)) P

<
< max{my (&-1, &) s myp (Eny Envr)} -

If max {mb (fn—b fn) > My, (fn’ §n+1)} =myp (é:m §n+1) ’ then

mp, (fn’frwl) < T[mb (é:nafn+l)]
< my (Ens €nrt) s
which is a contradiction, thus
mp, (é‘:n"fn+l) < T[mb (gn—l, é:n)] (63)
< m (‘fn—la‘fn),
The rest of the proof follows along the same lines as the proof of Theorem 3.3. So, we find that I has
an FP & € A. |

Theorem 6.3. Consider a complete MbMS (A,m;,) and let T be a symmetric fractional
a-B-n-Y-contraction of pattern-1V fulfilling the same affirmations of Theorem 3.4:

Then I' has an FP in A.
Proof. By the same way of the proof of Theorem 3.4, we canclud that I" has an FP in A. O

The example below supports Theorem 6.2.
Example 6.4. Let A = [0,00), p > 1 and m;, : A X A — [0, oo0) defined by
my(&, 1) = max{&, u}’ + 1§ —ul”, V&, € A.

Clearly, (A, my) is an MbMS with s = 27. Define I' : A — A by

e = L, ifée(0,1],
0, otherwise.

Describe the functions @, 8,17 : A — [0, o) as,

(2 ifEe 1], (1, ifé€ (01,
@ (&) =B = { 0, otherwise, ) _{ 0, otherwise.
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Clearly for all &, € (0, 1], I is an n-cyclic (@, §)-admissible mapping, whenever a(&)B(u) > n(é)n(w),
we have

szmh (1—‘5’ F,Ll) 22pmh (f +0.5 U + 05) < 22pmb (i’ i)

128 ° 128 64 64

22p 2p 1
= oqp Wax{& " + 18— pl) = Semy (§,p) = Smmy (6, 4)
< % l% (Rs (é:’/l))]
= T[1(R; (€ w)].
That is achieved when we take Y(¥) = 2%1, and constants 4 = 2% € [0,00), a,b,c € (0,1), for all

&1 € A\Fix(T). Otherwise, we can obtain that T is n-cyclic (a,3)-admissible mapping, whenever
a(&)B(u) = n(En(u), and

s“my (T€,Tp) = 0 < T [A(Ry (€, m)].
1
Therefore, all affirmations of Theorem 6.2 are satisfied. Hence I" has two FPs 0 and 754 € A.

By taking n7(¢) = n(u) = 1, in Theorems 3.3, 3.4, 4.2 and 4.3, we derive the following corollaries.

Corollary 6.5. Let (A, my) be a complete MbMS and T be a symmetric fractional a-3--contraction of
pattern-I fulfilling the accompanying affirmations:

(i) T is a cyclic (a, B)-admissible mapping;
(ii) there is an &y € A so that a(&y) > 1 or there is a ug € A so that B(uy) > 1;
(iii) I is continuous.

ThenT has an FP in A.
Corollary 6.6. Let (A, my,) be a complete MbMS and T" be a symmetric fractional a-B-Y-contraction of
pattern-I fulfilling the accompanying affirmations:

(i) Uis a cyclic (a,8)-admissible mapping;
(ii) there is an &y € A so that a(&y) > 1 or there is a ug € A so that B(uy) > 1;
(iii) if {£,} is a sequence in A such that &, — & asn — oo, and $(&,) > 1 Vn € N, then B(£7) > 1.
Hence, I' has an FP in A.

Corollary 6.7. Let (A, my,) be a complete MbMS, and T be a symmetric fractional a-B-Y-contraction
of pattern-1I fulfilling the same affirmations in Corollary 6.5.

Then I" has an FP in A.

Corollary 6.8. Let (A, my) be a complete MbMS, and T" be a symmetric fractional a-B-Y-contraction
of pattern-1I fulfilling the same affirmations in Corollary 6.6.

Then I" has an FP in A.
Note. In a similar action, we can deduce the Corollaries 6.5-6.8 for symmetric fractional a-5-7-
contractions of pattern III and IV respectively.
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7. Symmetric fractional a-7-T-contraction on closed ball

In this portion, we derive some fixed point results for symmetric fractional contraction mappings
on a closed ball of MbMS.

Theorem 7.1. Let (A, m;,) be a complete MbMS, &, be an arbitrary point in a closed ball B[&, €],
a,n:A X A — [0,00) be semi a-admissible mappings wrt n on Bl&y, €] with a(&y, &) > n(&, &) and
T eW. Let ' : A = A be a continuous semi a-admissible mapping satisfying (3.1) for all &,u €
B[&y, €] € A\Fix(I'), a(&, ) > n(€, ). Moreover, for all € > 0

my €0, €1) = my < > S my (60, €0)] < & (7.1)
i=0

Then I" has an FP in B[&), €] C A.

Proof. Since &, € B[&, €] there exists & € A such that & = T'§; and & € A such that & = T'é.
Continuing in this process, we construct a sequence {£,} of points in A such that, &, = T'§,. As
a(&o,&1) = n(&o, &) and it is semi a-admissible mapping wrt 1, we have a(I'éy, I'é) > n(Téy, &)
from which we deduce that a(&1,&) > n(é1,&) which also implies that a(T6,,T&) > n(Té;,TE).
Continuing in this way, we obtain «(I¢,-;,TE,) > nTé,-,T¢,). which leads to

a(&,, Env1) = 1€y, Err). for all n € N. Now, we show that &, € B[&, ] for all n € N. Utilizing
inequality (7.1), we have

my (o, €0) = my < D ST [my (60, 60] < £, Ve > 0.
i=0

That is &, € B[&, €]. Let &, &3, ..., &} € B[&, €] for some j € N. Now, we can write
my (€,€1m1) < 5°my (Té,1.TE) < T[A(Ri (61-1.8)))] . (7.2)
where, by the same steps in (3.4), we deduce that
Ry (¢j-1,€)) < (sm_ . | )ﬁ my (£1-1.€;). (7.3)
Therefore, from (7.2), (7.3) and similar to (3.3) and (3.4), we conclude that
my (&5 €501) < 07 [my (€0,€D), V) € N, (7.4)
Using (Mb4) and (7.4), we have

my (fo,fjﬂ) —Mp . S8 [(mb (é0,61) — mbgofl) + (mb (fl,fjﬂ) — Mg e )] —my (£1,81)

< s|my o, + smy (€1, 6) + 5Py (£2,65) + .+ sTmy (£, €101
= smy (&0, &) + 5my (E1,E) + S°my (E2,6) + ... + 57 my, (fj’fjﬂ)
< smy (&0, &) + 57 (my (0, €1) + 87X (my (0, €1) + oo + 870 my, (&0, €1)
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<

s (my, (&0, €1))

i
< &

J
=0
Thus &, € B[, €]. Hence by induction, we get &, € B[&, €] Vn € N, therefore {£,} is a sequence in

B[&y, €]. As T is simi @-admissible wrt 7 on B[&, €], S0 @ (&,,Env1) = 11(Eny Env1) - Also inequality (7.4)
can be written as

mp (En, Enrr) < X" [my, (€, 1)) Y € N. (7.5)

As Y2, s (f) < oo, then for some k € N the series Y o, s'Y" [Tk‘l (my, (£0,&))], converges. Fix & > 0,
then there exists k() € N, such that

S0 my (G0, 60)] < . (7.6)
=1

1

Let n,m € N with n > m > k(¢) and from (Mb4), (7.5), (7.6) and (3), we get

ny, (éﬂ’ é:m) - mb@z»fm

m—1

i—n+1
Z §7"my, (&4, 1)
i=n

m—1

ST [y (& E41)]

™

33
s S

ST (my (660 60))|

™

33
s S

< o STOT my (£0, 60)]

<

X

The convergence of the series Y- s'Y" [‘Y’k‘l (my, (&, gl))] leads to
lim (g, (&, &) = i, ,) = 0.

By the same way, we can show that lim,, (benfm - mbfnfm) = 0. Therefore, {£,} is an m;,-Cauchy
sequence in B[&y, €]. Since every closed set in a complete MbMS is complete. So, there exists & €
B[&y, €] such that &, — &* as n — oo. Since I is continuous then lim,,_,,, [, = ['¢* and

lim (my (&,,€7) = my,.) = 0. (1.7)
We will show that I'é* = £*. Suppose that my, (§*,1'€") — my,. ... > 0. So, by (Mb4), we have

my (& TE) = mp e < s [(my € &) —mue, )+ (my Enr, TE) = my, )| (7.8)
—my (Ene1s Ent1)
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< s(my € &) —my,, )+ s(my (T€,TE) = my, )

+ (S myp (an’ ré: )) - Smbf +1.TE"

1

= s mb(g*,§n+l)_mb§*,¢,

S
1
S
1 .
; /lRl (fn,f )) - Smbgnﬂ.l"f*

+

( )

( )
< s (mb (& &nr1) —mp,. 1) +

( )

= Ss\lmy ('f*a §n+1) — M., 1
_ 1

(& £).mp(& TE,) (@ = D)@ =€)
1

Tyla (&, Fg*)ml

— smbgnﬂm .

(&0 TED + my(&, Te)| (b = (b = ©)
1

L& TE) + my(€°,TE,)] (€ —a)c = D) |
(7.9)

Taking limit as n — oo in (7.8) and utilizing (7.7), we get

1 1
my (€ TE%) my (€, €)= my (&, TE") s
1
my (&' TED) = my e < ST |4 [mp (€76 + my, (&7, 1) [0
A 1
. [mb (§*9 rf*) + Smb (é':*, g*) + mbf*,r&l](c—a)(c—b)
TSMps e
* * * * 1 + 1 + 1
my (‘f , I"é‘-‘") my, (é‘ , § )(afb)(afc) B=—a)h—0) T c=a)(c=b)
_ST /1 . [mb (é_‘*’ I_‘é‘:*)] (afb)](afc)+(177a)1(b7c)+(cfa)](cfb)

s2 i
] c—a) )

IA

. [Smbf*vrﬁ
TSMp e
1 * *
< Sy € TE) — sm by(03)
< my (§*7 Ff*) - mbg*,rf* .

Which is a contradiction. Therefore m, (¢§*,T'¢") — Mpg. o = 0 implies that m, (£*,T¢*) = Mpe pon- So,
thatis ['é* = &* and &* € B[&y, €] is an FP of T. O

In a similar conductance, we can state and prove the same Theorems fulfill symmetric fractional
a-B3-T-contraction mappings (4.1), (5.1) and (6.1) on closed ball.
The example below supports Theorem 7.1.

Example 7.2. Let A = [0,00), p > 1 and m;, : A X A — [0, o0) is defined by
mb(ér’//l) = max{f,u}p + |‘§ _,ulp’ Vf,/l €A
Clearly, (A, myp) is an MbMS with s = 27. DefineI' : A — A by

B £ if £ € [0, 10],
Ff‘{4§—45, if € € (10, o).
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Describe the functions @, : A X A — [0, o) as,

(2, ifé&pelo,10], (1, if&pe[0,10],
“(5’”)‘{ 1 if£ e (10,00), * 1E )‘{o, if & u € [0, oo].

1
Considering & = 1, € = 180, then B[&), ] = [0, 10] and m,, (&y,1&y) = m, (1,T1) = mb(l,—S) =
e

1

1+(1- —5)’7. Therefore, a(1,I'1) =2 > n(1,I'l) = 1. Now for all £, u € [0, 10], I' is a continuous semi
e

a-admissible mapping wrt 17, whenever a(&, u) > n(&, 1), we have

2% m, (é ﬂ) =0 (max{é ﬁ}p + |é _H |p)

2
s my (F§5 F,u) 65 5 65 65 ) 65 65 6_5

2% o
= —5 max{&u) +l-ul) < (227 m, (&, p0)]

< T[AR (€ w)].

That is achieved when we choose Y(f) = iTp,’ and constants 1 = 2% € [0, ), a,b,c € (0, 1), for all
&, u € A\Fix(I'). Also, for all n > 0 and p > 1, we obtain

n

my .8 < s [y (6o, €0)]

i=0
1P
1+(1—e—5)]

1V] & (22
1+(1—e—5)]2(67p) <180 = &.

i=0

n

Z gitlopi

i=0

IA

22

Note that for 20, 21 € A and for p = 2, we have a(20,21) > (20, 21) and we can calculate
s?my, ([20,T21) > T [AR, (20,21)].

So that condition (3.1) does not hold. Therefore, all affirmations of Theorem 7.1 are satisfied. Hence
" has an FP & = 0 € B[4, €] . (Note that 15 is an another FP of I, which belongs to A but it does not
belong to B [&y, €] .

8. An application to fractional-order differential equation

In this portion, we shall apply Theorem 4.2 to discuss the existence and uniqueness of the bounded
solution to fractional order differential equations (FODE), which have recently proved to be significant
tools in the modeling of many phenomena in numerious fields of science and building. Consider a
function f : (0,1) — R. The conformable fractional derivative of order a of f at + > 0 is defined
in [26] as follows:

(8.1)

l-ay _
D7 1) = tim D =IO

— €
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The conformable fractional integral associated with (8.1) is defined in [25, 26] as following:

ISf() = f s F(s)ds. (8.2)
0

We consider the following boundary value problem (BVP) of a fractional order differential equation:

(04 _ a—1
{sz(t)—ﬂ(t,f(t),D, &0, tae(0,1) 83

£0) = 0, &) = [ &s)ds.
The BVP (8.3) can be expressed as the integral equation as follows:
1
HOE /1‘[0 G(t,5)f(s,&(5))ds. (8.4)

Where G(t, s) is defined as the Green function under the assumption of (8.1), which is given by

25+ 527 0<s<t<1

—2ts, 0<r<s<1 @5

G(s, 1) = {

and fol &(s)ds denotes the Riemann integrable of & with respect to s and f : [0,1] X R — Ris a
continuous function. Consider

1
Et)=co+cit+A f s* (s, E(s))ds, (8.6)
0

when £(0) = 0, then ¢y = 0, &(1) = ¢, + A [ s f(s,&(s))ds, and from the condition &(1) = [ &(s)ds,

we have
1
f £(s)ds f crsds + 4 f f 21 £y, £(v))dvds
0

Ecl +A f f £y, £(v))dvds

L f (1= v f(v, £())dvds
0

1
lcl + /lf (s7! - s (s, E(s))ds,
2 0

this implies that

1 1
L f 1 fs, E(s)ds + A f ("1 — s)f(s. £())ds
0 0

1
-4 f s*f(s,&(s))ds
0

hence,

1
c = —2/lf sYf(s,&(s))ds.
0
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It follows from (8.6), ¢y and ¢; that

&)

1 !
-2t f s f(s, E(s))ds + A f s¥7 (s, E(s))ds
0 0

t 1 t
—2/1tf s f(s,&(s))ds — 2/ltf sYf (s, &(s))ds + Af s f(s, E(s))ds
0 t 0

t 1
A f (=2t5" + s f(s, E(s))ds + ﬂf (=2ts") f(s,&(s))ds
0 t

/lfG(t, $)f(s,&(s))ds.
0

Let C*(I) be the space of all continuous functions de...ned on I, where I = [0,1], @ > 0 and let

2
+ 1)+ u(t

my(é,u) = ||é%||30 = max (lg( ) 2“( )l) for all &,u € C%(I). Then (C*(1),m;) is a complete

MDbMS with a constant 6 = 2.

Now we consider the BVP (8.3) under the following stipulations:

(1) there exist a functionw : R — (0,1),6 > 1 and p, 0,0 : R — R are three functions such that for all
t € Iand &, pu € R with p(&)o(p) = o(§)o(w), then

w(?)
1062

£ (s, £(5)) + f(s, u(s))] < \/ R(E(s), u(s)),

where, For all a,b,c € (0, 1)

2a 2a

E(s) + u(S) &(s) + Ff(s) (@ —b)a—c) |M| (a—Db)a~-c)

RE(s), u(s) = | .

b

. ‘lé(s) + Ff(s)| . |u(s) + Tu(s) lg‘ b-a)b-rc)

2 2

c

p@—m@—m

>|§(S) + lﬂ,u(S)| N |#(S) +1&(s)
' 2 2

(2) there exists & € C*(I) such that for all € 1,
1 1
p(fl(t))d(fo G(t, 5)f(s, &(S))dS) > Q(&(l))g(j; G(t, S)f(S,fl(S))dS),

(3) for all r € I and for all £, u € C*(I), there are &, u; € C*(I), such that

p&(0) = 0(£(1)
implies

1 1
o(j“cu»vufmnmﬂzQ(f<xunﬂaa@mm)
0 0
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and
o(u®) = o(u(1))
implies
1 1
p(fo G(t, S)f(s,,ul(S))dS) 2 Q(fo G(t, S)f(s,ul(S))dS),

(4) for any cluster point & of a sequence {£,} of points in C*(I) with p(€,)0(&,+1) = 0(&x)0(€n41), SUCh
that

lim inf p(¢,)r(€) > lim o(€,)o(é).

Now, we present our main theorem in this part.
Theorem 8.1. Under the postulates (1)—(4), the BVP (8.3) has at least one solution & € C*(1).

Proof. We known that & € C*(I) is a solution of (8.3) if and only if & € C%(I) is a solution of the
fractional order integral equation:

1
&) = ﬂf G, 5)f(s,&(s)ds, VA, t € 1.
0
We defineamap I' : C*(1) — C*(I) by

1
TE@) = A f G(t, $)f(s,&(s))ds, YA, t € I.
0

Then, problem (8.3) is equivalent to find & € C%(/) that is a fixed point of I'. Let &, 4 € C*(I), such
that p(&(1))o(£(1)) > 0, for all ¢ € 1. Using stipulation (1), we get

, | ! 2
[| &) + Tu@) I I/lllfO G(t,S)f(S,é’(S))dS+j; G(2, 9)f (s, u(s))ds I]

IA

_ 1 2
I/llfo G(t, S)I(S,S(S))+f(s,M(S))IdS]

_ 2
1
W
|21 fo G(t,s)ds\/ o5
: ! * 4o(n)
= |14l fo G(t,s)ds] 057

_ 1 2
l/”f G, s)ds] 4w(t)|§(S)+,u(S)|z
0

4w(7)
1

IA

R(E(s), u(5))

R(E(s), u(5))

IA

» 102 2
O PTEW () 4T

2 2

[lf(s) + F§(s)| N |,u(s) + Tu(s) lz]w-/fw—m
: > g

@ﬂ”+m“> M@+mmwr&m

+
2 [+ 2
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1 2
max [f G(t, S)ds] 4w(f)||§(s)+,u(s) )
0

= tel 1062 2 I
”é:(s) + Fg(s)”(a bY(a—c) ” (S) + F/J(s)”(a b)(a—c)
' 2 2
| [Hf(s) HIE) | )T o ]
. [Hf(s) +2F,u(s)”go N ||,u(s) +2F§(s)” ](c-—axc—w
4w(1) ||f(S) + p(s) 2
- 1067 2 «
§(8) + TE(s) i (M(8) + Tu(s) i
-II#II II#II
£ +TES) o | MO +TU(s) 1, |7
Al > 1% + Il > [
T r (= =]
_ [Hf(S) +2 'u(s)lli N ”,U(S) + é“(S)” ] '
Thus,
62mb (ré:’ r,u) < T [/lRZ(g’ ,Ll)] )
w(t) 1
where, Y'(7) = = t, A= 3 and

my(€, p1). [my(€, TE] TP [y (u, Tp) | aao
Ro(é,p) = Lmy(&,TE) + my(u, Tp)] 7075
[mp (&, Tw) + my(u, [E)]@aen
For each &, u € C*(I) such that p(&(1))o(u(t)) = o(&(t))o(u(t)) for all ¢t € I. We define o, 8,1 : C*(I) —
[0, c0) by

(2 i plE@)ru) 2 0,1 € 1 Lif o @) (u) = 0,1 € T
() = (&) = { 0, otherwise, and 7(¢) = { 0. otherwise.

Then, for all &,u € C*(I), & a(é) > n(€) and B(u) > p(w). If a(€) > n(€) and B(u) > n(w). for each
&, u € C(), then p(&(1)) > o(&(1)) and o (u(r)) > o(u(t)). From stipulation (3), we have p(I'é(r)) >
o(Té(t)) and o(Tu(t)) > o(Tu(t)), and so a(I'¢) > n(Ié) and STw) > n(T'w). Thus, I is n-cyclic a-
admissible mapping. From stipulation (2) there subsist & € C*(I) parallel to a(€)B(u) > n(é)n(u).
By stipulation (4), we have that for any cluster point ¢ of a sequence {£,} of points in C*(/) with
p(gn)a-(.unﬂ) 2 Q(fn)g(ﬂnﬂ) 1mp11es that a’(gn)ﬁ(ﬂnﬂ) 2 n(fn)n(ﬂnﬂ) and lirnn—wo inf a('fn)ﬁ(ﬂnﬂ) 2
lim,,_, o inf (&,)n(,41). So, all affirmations of Theorem 4.2 are satisfied and then I' has an FP &* €
C4(I), which is a solution of the BVP (8.3). O

9. Conclusions

Four classes of symmetric fractional contractions are produced in this paper. The focus was on a
new idea of symmetric fractional a-B-n-T-contraction pattern-I, pattern-II, pattern-III and pattern-IV

AIMS Mathematics Volume 8, Issue 4, 9118-9145.
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in the setting of MbMS and the fifth class studied the same results on closed ball of the said space.
The main results were suported by two nontrivial examples and an application for the existence and
uniqueness of the bounded solution to (FODE). This paper generalized many results in the litrature.
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