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Abstract: A superposition is an operation of terms by which we substitute each variable within a term
with other forms of terms. With more options of terms to be replaced, an inductive superposition is
apparently more general than the superposition. This comes with a downside that it does not satisfy
the superassociative property on the set of all terms of a given type while the superposition does.
A derived base set of terms on which the inductive superposition is superassociative is given in this
paper. A clone-like algebraic structure involving such base set and superposition is the main topic
of this paper. Generating systems of the clone-like algebra are characterized and it turns out that the
algebra is only free with respect to itself under the certain selections of fixed terms concerning its
inductive superposition or the specific type of its base set.
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1. Introduction

One of the fundamental concepts in universal algebra is the concept of terms. Terms can be
initially constructed from the simplest forms called variables. They are elements from the finite set
X, = {x1,...,x,} or the countably infinite set X = {x, x,, x3,...}. Then variables may be optionally
combined with non-nullary operation symbols from the set { f; | i € I} for a fixed index set I to form new
terms. This approach of operation-symbol combination can literally take on any already constructed
terms, not just variables. The sequence 7 = (n;),; of arities of operation symbols is called the type.
The formal definition of the n-ary terms of type 7 is as follows:

(i) Every element of X,, = {xi,...,x,} is an n-ary term.
(i1) If#,...,t, are n-ary terms and f; is an n;-ary operation symbol, then the composition fi(t, ..., t,,)
is an n-ary term.
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By W,(X,,) and W.(X), we denote the set of all n-ary terms of type 7 and the set of all terms of type T,
respectively. Note that W (X,,) € W.(X,,) whenever m > n. The applications of terms can be found in
both algebraic and theoretical ways. Algebraically, terms are formal languages whose pairs stand for
properties of algebras. With the selected properties, one can generate a variety of algebras satisfying
those properties. Theoretically, terms are broadly utilized in linguistics and computer science. For
more details on the applications of terms, we refer to [1,7, 8, 12] for algebraic aspects and to [1,8,9]
for theoretical aspects. Moreover, readers may look into [4, 10,11, 13,17, 18] for recent trends of term
studies.

Acting as a base set, the set of terms W (X,) or W.(X) induces algebras of terms with various
forms of fundamental operations on the said set of terms, one of which is a superposition of terms.
A superposition is an operation of terms acting as a variable replacement by other terms. There are
many forms of superpositions of terms, each of which is defined on a different base set of terms. For
terms which are generated from a finite set of variables X,, and X, the superposition S, : W.(X,) X
(W(X,))" = W(X,,) is inductively defined as follows: for each r € W,(X,,) and 14, ..., 1, € W(X,,),

1 S t,.... 1) =1t = x; € X,;
) Sp(t ... ty) = fil(Sh (st oo ty), oo, Sh(Spstrs e ty) It = fi(s1, ..., Sp)-

There are also other forms of superpositions such as § p defined on W_(X) (see [6]) and S", the
particular case of S}, where n = m, defined on W, (X,) where 7, is a sequence of arities containing
only many n (see [12]). Some superpositions are partial operations due to some restrictions of their
corresponding base sets of terms such as those of linear terms, k-terms, fixed-variable, and fixed-length
terms (see [3, 13, 17, 18] for more information). Besides, the superpositions we discussed until now
share one essential property called superassociative law (SASS):

SZ(Z’SZ(}}I’ZI"--’Zl’l)""9521()][),Z19-"9Zn)) zS:ln(Sg(Z’yl’---’yp),ZI,---,Zn)

where m, n, p are positive integers, yi,...,Y,,21,...,%, and z are terms (of an appropriate arity),
and S1,S", and S} are superpositions. Note that those partial superpositions only consider the
superassociative law as a weak identity.

At the period of time superpositions of terms have been studied throughout, Shtrakov [16] defined
an inductive composition which is an operation of terms performing similarly to a superposition but
with more choices of subterms which also cover variables to be substituted. The set sub(f) of subterms

of t € W.(X,) is inductively defined as follows:
(1) sub(t) :=tift € X,,;
(11) sub(t) :={t} U sub(t;) U ... U sub(t,)if t = fi(t;,...,t,,).
For each r, 5,1t € W.(X,), the inductive composition #(r < s) gives out the term in W.(X,,) which is
inductively defined (see e.g., [15, 16]) by
(1) t(r « s) :=tif r ¢ sub(1);
(i) t(r < s):=sift =r;
(i) t(r « 5) 1= fiti(r < 8),... t,,(r < s))if t = fi(ty, ..., t,), r € sub(t), and t # r.
Once superassociative operations are obtained, algebraic structures called clones can then be

constructed. Clones are multi-based algebras which satisfy the superassociative law (SASS) and the
following two identities:
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(C2) S,’L(%Zl, Ce ) R
(C3) Si(z,er,...,e,) =z

Here, m,n € N* :={1,2,3,...};i € {1,...,n}; z,21,...,2, are terms; ey, ..., e, are nullary operation
symbols; §7 and S’ are operation symbols. The term clone of type 7

ClOIlC T = ((WT(XH))HEN+’ (SZ)m,HEN"’ (-xi)iE{l,...n},nEN*)

is a basic example of clones.

There are other terminologies for single-based clone-like algebras of type (n+1) and (n+1,0,...,0).
The former type induces an algebra called a Menger algebra of rank n which satisfies (SASS), and the
latter one induces a unary Menger algebra of rank 7, an algebra with n nullary operations which satisfies
all of (SASS), (C2), and (C3).

Clones, Menger algebras, and unary Menger algebras of terms have been investigated for a long
time in many kinds of terms and superpositions such as full terms (see [5]), generalized superpositions
(see [2]), linear terms (see [3]), fixed-variable terms (see [17]), k-terms (see [13]), and fixed-length
terms (see [18]). More background on clones and Menger algebras can be found in [7,12, 14].

One may notice that an inductive composition defined by Shtrakov in [16] provides one subterm
replacement at a time while a superposition replaces many variables in a term at once. This is a
motivation of this paper to define another operation which inherits the good traits from an inductive
composition and a superposition; more precisely, the operation will deal with subterm replacement and
replace many subterms at once. We study its properties as well as clones relating to it. The freeness
property of such clones is examined.

2. Inductive superpositions of terms

In this section, we give the definition of inductive superpositions induced from a fixed sequence
of fixed terms of W,.(X,) and provide several properties of such superpositions to obtain clones or
clone-like algebras concerning them.

Definition 2.1. Let m,n € N* where m > n and ry,...r, € Wi(X,) be n-ary fixed terms of type T such
that r; ¢ sub(r;) whenever i # j. A mapping

Sl’l

(M1 sl

) ¢ WeX) X (We(X,)" — We(Xi)

called an (ry, . . ., r,)-inductive superposition is defined for any t € W.(X,) and t,, . .. ,t, € W.(X,,) by

(D) Sty Gtts oo ty) =2 sub() O {ry, . 1} = 05
(D) Sy Gl ty) =G it =r €4, .. ks
(ii)) S Ctiyee st 5= (S (Sl dse s ST (Sus s 1)
ift= fi(s1,...,8,) €{ri,....r}and sub(t) N {ry,...,r,} #0.

Remark 2.1. From the above definition of inductive superpositions, we notice that:

(i) as an initial term, a variable x € X,, is always fallen into either (i) or (ii) since sub(x) = {x},
(ii) the condition r; & sub(r;) whenever i # j implies that all r’s are distinct.
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For convenience, we denote by R the sequence (ry,...,r,). So, we may write S” . instead of

(m:R)
ST The following example shows a calculation of an inductive superposition.

(311 setn)

Example 2.1. Let t = f(f(x1, f(x2,x3)), X1), 11 = f(x1, f(x2,X3)), 12 = f(x3,x1), and r3 = f(x1, x1),
each of which is in W2 (X3) where f is a binary operation symbol and let R = (ry,12,13). Then we have

5(33;R)(tv X3, X2, X1) = S(33;R)(f(f(x1’ Jf(x2, x3)), x1), X3, X2, X1)
= f(S 33;R)(f(xl ’ f(xz’ x3))7 X3, X2, X] ), S(33;R)(x] » X3, X2, X] ))
= f(S (33;R)(”1, X3, X2, X1), X1)

= f(x3, x1).

The relation m > n in the previous definition is crucial. Lack of such condition can lead to the

following invalidation.

Example 2.2. Let t = x4 € Wp)(Xy) while ri = f(x1,x1),12 = f(x2,%2),73 = f(x2,x1), and r4y =
f(x1,x2) belong to W) (X,) with a binary operation symbol f. Setting R = (ry,r2,13,14), we see
that n = 4 and m = 2 which implies m % n. Then S?m;R)(t, ri, 1, 13,1s) = X4 € Woy(X,) since
sub(t) N {ry, 1y, 13,14} = 0.

From this point on, we set R to be a sequence of fixed terms, each of which is not a subterm of the
others unless state otherwise. In this paper, we sometimes treat the sequence R of fixed terms as if it
is a set of terms so that we can apply set operations such as an intersection and a subtraction to R. For
example, a sequence R = (ry, 1, r3) may be treated as the set {ry, r,, r3}.

Moving to the special case of S{, ., where n = m, we denote such superposition by S. Once we
have a superposition, it is natural to ask for a corresponding clone. The superposition S% as well as
the sequence of terms R can be used to form an algebra (W, (X,,), S%, R) on W.(X,). Unfortunately, this
algebra does not satisfy the superassociativity (SASS) in general. The following example illustrates

this matter.

Example 2.3. Let T = (2, 1) with a binary operation symbol f and g a unary one, and R = (r,1r,,13)
where ry = g(x1),r; = f(g(x2), x3), 3 = f(x2, x3). Consider W.(X3). We have
SrSR(f(g(xD), [(8(x2), X3)), %2, X3, x1), 8(x1), §(x2), &(x3))
= S (f(x2, x3), 8(x1), 8(x2), 8(x3))
= g(x3)
while

Sa(f(g(x1), £(8(x2), X3)), S 3(x2, 8(x1), 8(x2), 8(x3)), S 3(x3, 8(x1), 8(x2), 8(x3)), S 3(x1, 8(x1), 8(x2), 8(x3)))
= SR(f(g(x1), f(8(x2), X3)), X2, X3, X1)
= f(x2, x3).
These show that S 13e does not satisfy the clone axiom (SASS) on W.(X3).
As (W (X,),S%, R) is not clone-like, our hope may bend to a base set restriction so that S% is

superassociative on that restricted base set. For a sequence R of fixed terms of W.(X,), we denote
Wf(Xn) = WX\ U(sub(r) \ {r}). This set seems to have our desired property. To prove the

reR
property, we need the following lemma.
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Lemma 2.1. Let R = (ry,...,r,) be a sequence of fixed terms in W.(X,,) and t, sy, ...,s, € W(X),).
If sub(t)y " R = {ry,...,1r,} for some subsequence (n,...,n;) of (1,...,n), then sub(s;) C
sub(S%(t, s1,...,8,) forall j € {ni,...,m}. The inclusion is proper if and only if t ¢ R.

Proof. Assume that sub(t) N R = {r,,...,r,}. We prove by induction on the structure of t.
If t = r € R for some [ € {l,...,n}, then sub(r) N R = {r} and Si(t,s1,...,5,) =
s;. Hence, sub(s)) C sub(S(t,s1,...,s,). For t = fit,...,t,) ¢ R, we have that
for each j € {nmy,...,n}, there is t;. € {ti,...,t,} such that r; € sub(t;.). Assume
inductively that sub(s;) C sub(S;é(t;, Si,...,8,) for each j € {ny,...,m}. As Si(t,s1,...,8,) =
JilS @, 51500080, o, Sp(lns S15 .., 5,)), we see that sub(S(t,s1,...,5,) = {Sk(t,s1,...,8,)} U

) sub(S (e 51, .., 5)). Tt follows that

m=1

sub(s;) C sub(S}’e(t}, Styeees ) S SUb(SR(t, S15. .., 8y)).

The proof is then complete. O
The essential properties of WX(X,,) are described in the next lemma.

Lemma 2.2. Let R = (ry,...,r,) be a sequence of fixed terms in W(X,)) and t, sy,. .., s, € WE(X,).
Then

(l) S;ZQ(L S1500es sn) € Wf(Xn))
(ii) S%(t,s1,...,5,) € Rwhenevert & R;
(iii) S%(t,s1,...,8,) =rjifandonly ift = i and s = r; for some j,k € {1,...n}.

Proof. (i) If sub(t)y "R = 0, then S%(t, s1,...,5,) =1t € WR(X,). If t = r; € R for some i € {1,...,n},
then S%(t, s1,...,5,) = §; € Wf(X,,). For t = fi(t,...,t,) € R, sub(t)y N R # 0, suppose that
Su(t, s1,...,80) &€ WR(X,). Let ry € sub(r) for some r, € R. Since Si(t, s1,...,5,) &€ WX(X,), we
have that S%(z, s1,...,5,) € U(sub(r) \ {r}), i.e., Si(t, s1,...,5,) € sub(r) \ {r} for some r € R. By

reR
Lemma 2.1, there follows s € sub(sy) & sub(Sk(t, s1,...,s,)) € sub(r) \ {r} which is a contradiction

to s, € WX(X,,). Therefore, S%(t, 51, ..., s,) € WR(X,,).

(i) Assume that 7 ¢ R. If sub(t)NR = 0, then S}(¢, s1,...,5,) =t ¢ R. Fort = fi(t,,...,1,) ¢ R, and
sub(t) N R # (), we suppose that Si(z, s1,...,s,) € R. Let sub(t) "NR = {ry,,...,r,}. By Lemma 2.1,
we have that sub(s;) & sub(Sk(t,s1,...,s,)) for each j € {n,...,n}. This means that s; is a proper
subterm of a term in R which contradicts s; € Wf (X,,). Therefore, Si(t, s1,...,5,) ¢ R.

(iii) Assume that S%(¢, sy,...,s,) = rjfor some j € {1,...n}. By (ii), € R. Then t = r; for some
ke {l,...n}. Hence, r; = S}(t, s1,...,5,) = Sg(rx, s1,...,5,) = sp. The converse is obvious. O

Apparently, the converse of Lemma 2.2(ii) does not hold. Moreover, the base set WX(X,,) has the
following property.

Lemma 2.3. LetR = (ry, ..., r,) be a sequence of fixed terms in W.(X,,) and t, 51, ..., s, € WA(X,) such
that sub(t) "R = {ry,, ...,y ). The following two conditions are equivalent:

() sub(S%(t,s1,...,8,)NR=0;
(i) sub(s;) "R =0 forall j € {ny,...,n}
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Proof. 1f t = r; for some j € {1,...,n}, then sub(t) " R = {r;} and S}(z, s1,...,s,) = s;. It follows
that sub(S}(t, s1,...,5,)) N R = 0 if and only if sub(s;) " R = (. Next, we consider the case ¢t =
filti, ..., t,) € R and sub(t) "R # (. By Lemma 2.2 (ii), we have that S}(z, s1,...,s,) ¢ R. To prove
one direction, we assume that sub(S%(t, s1,...,s,)) "R = 0. By Lemma 2.1, we have that sub(s;) C
sub(Sy(t, s1,...,s,)) for each j € {ny,...,n;}, and hence for each j € {ny,...,m}, sub(s;) "R C
sub(S%(t, s1,...,5,))NR = 0. Therefore, sub(s;)NR = (). On the other hand, assume that sub(s;)NR = 0

for all j € {ny,...,n;}. Since S, 51,...,5,) = fi(SR(1,S15- .0 Sn)s- oo, Sp(Tns S15+ - -5 84)), it follows
that sub(S(t, 51, . . ., $2)) = {SA(L, St . ., $,)} U U sub(S7(ty, 51, ..., s2). Let L € {1,... . n}. If 1, € U
=1 reR

(sub(r) \ {r}), then S}(#, s1,...,5,) = t;. Thus, sub(S%(#, s1,...,8,) N R = sub(t) "R = 0. If
ti = ry € R, then S%(1;, 51,...,5,) = sp. Since ry = 1; € sub(t), we get ry € sub(t) N R. The assumption
then gives sub(S%(t;, s1,...,5,)) "R = sub(sy)) NR=0.1f 1, € WR(X,) \ R, then Lemma 2.2(ii) yields
S%(t, s1,...,5,) ¢ R. Then we consider in two cases. The first one is sub(#;) " R = (. This implies
that sub(S%(, s1,...,5,)) N R = sub(t}) " R = 0. Another one goes to sub(t;)) N R # 0. It follows
that O # sub(t)) "R C sub(t) "R = {ry,,...,r, ). Foratermu € Wf(X,,), letl,={me{l,...,n}|r, €
sub(u) NR}. Then I, C I,. The assumption sub(s;) NR = @ forall j € {ny,...,n;} = I, also provides that
sub(s;) "R = 0 for all j € I,,. Using induction hypothesis, we obtain sub(S%(#, s1,...,5,)) N R = 0.
Altogether, we finally obtain

sub(Sp(t, s1, ..., 8,)) NR = sub(fi(Sg(t1, S15- oy Sn)sves Sptns S5 5 82))) N R

= (Sp(t, 51, sV U] sub(Sp(t 51, s)) O R

=1

=({Sk, s1,...,s))NR)U U(sub(Sﬁ(tl, Si,...»8))NR)

=1

=0.
The proof is eventually finished. O

The next lemma emphasizes that an initial term ¢ € WX(X,,) will only be dominated by some certain
terms of an inductive superposition.

Lemma 24. Let R = (ry,...,r,) be a sequence of fixed terms in W.(X,), t,s1,...,8, € Wf(X,,)
and sub(t) "R = {ry,,..., Iy ). Then

n _qQn
SR(t’ St1yeees Sn) - SR(t9 U, ... ’un]—la Sn19un1+l’ ey unk—l, Snk,l/lnk+1, C ,I/ln)
R
Jorany uy, ... Up 1 Up 115 Unots Ungis - - - Un € WE(X).

Proof. We prove by induction on the structure of ¢. If + = r; € R, then sub(t) "N R = {r;} and
SU(t, Sty s sn) = 8§ = SBE UL, oo U1y SjsUjsts ..., Uy) TOT QDY wy, o Uy Uy, u, € WER(X).
Fort = fi(ti,...,t,) € R, we have that sub(t;) "R C sub(t) "R = {ry,,...,r,} foreach je€{l,...,n;}.
Let L be the largest subset of {#,...,t,} such that sub(z)) "R # 0 for all #, € L. Sincet ¢ R
and sub(t)y "R # 0, L # 0. For each 1, € L, suppose that sub(t)) N R = {r,l,...,r,kl} c

{Fn,>...,7n}. Inductively, we assume that for each #; € L, S%(t, 51,...,8,) = Sp(ts, ur, ..., us-1, 5,
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R
u11+17 crt ulk[—la Slkl’ ulk[+1’ R ul’l) for any Upyoony ul]—lv u11+1’ crt ulk[—la ulk1+1’ <5 Uy € WT (Xn)' We can
set each u, where a € {ny,...,m} \ {l1,..., I} to be s,. In other words, for each #; € L, we have

n _ qan
SR(th S1seees Sn) - SR(tl’ U, ... 9”}11—17 snl’un1+1» .. ,l/lnk_l, snkaunk+1, .. ’un)'

Moreover, foreach v € {#,...,1,} \ L, sub(v) " R = 0 and thus
n n
SR(V’ Sloeees Sn) =vV= SR(V’ Up,... ’unl—l’ Sn19un1+1’ e ’unk—l’ Snk’unk+1’ R un)-

Therefore,

S;l?(h Sl’ M Sn) = ﬁ(SZ(tl,Sl, . -’Sn), .. -5S$(tnpsl’- . "sl’l))
= ﬁ(SZ(tl’ula .. ~aun1—l’sn1’un1+1a . ~aunk—l’snk7unk+1a . ~aun)a R
S?{(tnpul’ coes U =15 Snps Unyp+1s o o5 Upnp—15 Siys Ung+15 -+ - aun))

= S%(ta ula .. '7”}’!1—1?sl’l|?un|+1’ L -aunk—lasnk,unk+1’ .. -’un)-
The proof is then complete. O

The superposition S% as well as the sequence R of fixed terms in W;(X,,) can be used to form an
algebra on WR(X,), namely, n-ary R-inductive clone of type T denoted by n-clonegz. This algebra is
defined by

n-clonegt := (WX(X,), S}, R).

This algebra turns out to be a unitary Menger algebra of rank n, an algebra of type (n+ 1,0, ...,0) with
n nullary operations which satisfies the three clone axioms: (SASS), (C2) and (C3).

Theorem 2.1. Let R = (ry,...,r,) be a sequence of fixed terms in W.(X,,). The n-clonegt satisfies the
three clone axioms: (SASS), (C2) and (C3).

Proof. First, we prove (SASS) by induction on the structure of the initial term. Let #,sy,...,
Sps U1y - - > Uy € WR(X,). If sub(t) N R = 0, then

S;é(l,S;é(Sbl/l],...,Mn),...,S;l?(Sn,u],...,I/tn))

=t
= St 1)
=SSR 1,0, Sp)sUps oo, Up).

If t = r; for some j € {1,...,n}, then

S;le(t,S;le(S],’/l],...,I/tn),...,S;le(sn,l/l],...,un))
= S;’le(sj’ul"'-’un)

=SSR S1, oy Sp)sUny .oy Up).
Fort = fi(t),...,t,) € R and sub(t) N R # 0, we inductively assume that
S, Se(st,ur, .o sty), oo, Sp(Spattyy o 1)) = Sp(S gty S15- 0y 80)s Uty oo, Uy)
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for each k € {1,...,n;}. Let sub(t) "R = {ry,,...,ry}. The term S%(S%(, s1,...,s,), Ui, ..., u,) must
be considered in 2 cases:
Case 1. sub(Sk(t, s1,...,5,)) NR=10.

By Lemma 2.3, we have that sub(s;) N R = 0 for each j € {n;,...,m}. There follows
Sw(sj,ur,...,u,) = s;foreach j € {ny,...,n}. Therefore,

SRS R Sty e ey Sp) Uty ey Uy)
:S;IQ(I,S],...,S,Z)

= SR, SR(s1, Uty ey tty)y ey, SR(Sus Uy, .oy Uy)).

The last equation concerning s; for each / € {1,...,n;} \ {ny, ..., n;} is valid due to Lemma 2.4.
Case 2. sub(Si(t, s1,...,8)) NR # 0.
By Lemma 2.2(ii), S}(¢, 51, ..., 5,) € R. As a consequence, we obtain

SRS R Sty e ey Sp) Uty ey Uy)
= Sr(filSr1, St Sn)s ey Sp(tnis Stse ey Sp))s Uty -y Up)
= [i(SR(SR1s St ey Su)s Uty ey tn)y ey SRS R S1s v vy Su)y ULy ooy Uy))
= [i(Spt1, SR(St s oo stty)s ey SR(Spy Uy ooy Uy))s e
SR SR(S1 ULy ooy ty)y ey SR(Spy Uty .oy Uy)))
= Se(fits, .. ), SR(s1 iy, ooy ty)s oo, SR(Sps ty, .o, Up))

= SR, SR(s1, Uy, ooy tty)y. ey SR(Spslhyy ..y Uy)).

These ensure the (SASS) satisfaction of n-cloneg7. For (C2), it is directly obtained from the definition
of §%. To prove (C3), we can simply do so by induction on the structure of the initial term. O

3. Properties of the clone n-cloneg,

From the previous section, we have shown that n-cloneg7t is a clone (in fact, a unitary Menger
algebra of rank n). It’s natural to ask for a generating set of a clone which is very essential in studying
the freeness property of that clone. In this section, we consider a clone n-clonegt, = (Wf; (X,),S",R)

of a specific type 7, := (n;);; where n; = n for all i € I. We define sub(R) := U sub(r) and

reR
FX = {fiuy,...,u,) i€l and u; € {r;} U (sub(R) \ R) foreach 1< j<n}.

Lemma 3.1. Let R = (ry,...,r,) be a sequence of fixed terms in W, (X,). Then GX := (FF UX,)n
(Wf.i(X,,) \ R) is a generating system of n-clonegt,.

Proof. We show by induction on the complexity of a term ¢ € Wf.fl (X,) that ¢ can be generated from
an. All elements in R belong to the type of n-clonegt, so they are generated. Next, consider ¢ ¢ R. If
t € X, thent e an and so it is generated. For t = fi(#1,...,t,), it is obviously generated if it belongs
to G¥ | so we assume that r ¢ GX . Then there is k € {I,...,n} such that 1, ¢ {ri} U (sub(R) \ R).
Let K = {ky,...,k,} C {1,...,n} be the set of all indices such that ¢, ¢ {rp} U (sub(R) \ R) for

any k¥ € K. This means that #,,...,%, € Wfl(X,,). Inductively assume that #,,...,#, are all
generated. Note that for each / € {1,...,n}\ K, t; € {r;} U (sub(R) \ R), i.e., t; = ryor t; € sub(R) \ R.
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The latter provides Sk(7,si,...,s,) = f; for any sq,...,s, € Wﬁi (X,,) while the former gives
S;lg(tla SlsvvesSI_1s¥1 Si41, Sp) = S;lg(tla Ily...,t,) = t; for any Si,...,8-1,814+1,---55, € Wfl(Xn) due
to Lemma 2.4 and (C3) satisfaction. Let T = (F1,...,Fk—15 by Fiyals -« s Pyt Lk Tyt 1o« -+ 5 Fn)
be a sequence. For a shorter expression, we denote Sp(u,ri, ... ¢ 1,0, kt1se--s

=15 tkps Tt 15 - - - » ) Dy simply S%(u, T') for any u € W, (X,). Consequently,

SRUGt L, o 15 Thys Ty ts -+ s Bky— 15 Thipys Byt Lo =+ =5 Bn)s Pl v o v s Fhy—1s B> Py Lo+« + 5 Py 1 Lo Tyt 15+ -+ 5 Tn)
= SRt ooty =1 Thys Lyl -+ s Bky—1s Thps Ly 1o+ - < 5 En)s 1)
= filSr(t, 1)y s S ety -1, T)s Sy, ) S oty 11, Ty« oo S g1, 1), S g(ra,,s Ty S g (115 T,
oo SE,, T))
= filtis sty =1 by By 1 -« s L= Ty By 1o -+ - 5 In)
=1
Hence, 7 is generated. O

We remark from the previous lemma that when we consider R = X, the generating system an of
n-clonegt, becomes {fi(xy,...,x,) | i € I} which coincides with the result discovered in [12].

Once we obtain a generator of a clone, the freeness property of that clone can then be examined.
A clone is free with respect to itself if there is a generating system such that each mapping from
this generating system to the corresponding clone can be extended to an endomorphism of that clone.
Undoubtedly, if R = X, then the clone n-clonegt, is actually (W, (X,),S", xi,...,x,) and from the
results mentioned in [12], it is free with respect to itself. Unfortunately, not every setting of R makes
n-clonegt, satisfy such freeness as shown in the following example.

Example 3.1. Let n = 3, 73 = (3,3) with ternary operation symbols f and g, R =
(f(x1, x1, x1), (X2, X2, X2), f(X1, X2, X1)). Consider x; € Wf3 (X3). It is not difficult to see that x; cannot
be generated unless it is in a generating system. Let G be a generating system of this 3 — clonegt;
andg : G — Wf3 (X3) be a mapping with ¢ as its extension on Wf; (X3) and o(x3) = @(x3) = f(x1, X1, X1).
If G is a singleton set of x3, then {G)3_cioneprs = {X3,71, 72,13} # Wﬁ (X3), a contradiction. So, the
cardinality of G must be greater than 1. We also have that for sy, s,, 53 € Wf.i (X3),

@(S r(x3, 51, 52, 83)) = @(x3) = f(x1, X1, x1)

while

Sr(@(x3), @(s1), ©(52), P(53)) = SR(f(x1, X1, X1), ©(51), P(52), @(53)) = @(s1).

This implies that ©(S j(x3, 51, 52, 53)) = Sk(@(x3), ©(51), 9(52), ©(s53)) if and only if ¢ designates each
term of Wf; (X3) the term f(xy,x1,x1) in which case the mapping ¢ is not independent due to the
cardinality of G being greater than 1. Therefore, this 3 — clonegts is not free with respect to itself.

Our hope is bended to finding the condition of R which makes n-clonegt, satisfy freeness property.
Referring to the above example, we see that if there is a variable in a generating system, a mapping
from the generating system to an (X,,) cannot be selected freely or else its extension will not satisfy
homomorphism. This leads to the following lemma whose proof is similar to the reasoning from
Example 3.1.

AIMS Mathematics Volume 8, Issue 4, 7747-7765.



7756

Lemma 3.2. If the clone n-clonegt, is free with respect to itself, then X,, C sub(R).

We have to find all possible minimal generators of the clone in order to investigate the incident
where the clone is free with respect to itself. To do so, we first define the R-equivalence of terms: let
s,t € W.(X,) be n-ary terms of type 7 and R = (ry,...,r,) be a sequence of fixed terms in W(X,,). A
term 7 is said to be R-equivalent to s, in which case we denote by ¢ ~¢ s, if s can be obtained from ¢ by
interchanging each r € sub(f) N R via a bijection a : sub(t) "R — sub(s) N R whenever sub(t) "R # 0,
and s = ¢ otherwise.

Example 3.2. Let R = (ry,...,r,) be a sequence of fixed terms in W.(X,,) and g(x;) ¢ R. Consider
terms from W1 3(Xs) where f, g, and h are binary, unary, and ternary operation symbols, respectively.

(1) 1y ~g 1y with a bijection a : {r|} — {r,} defined by a(r)) = ry;

(2) f(r1,r2) ~g f(ry, 1) via a bijection « : {ry, r,} — {ry, r1} defined by a(r\) = r, and a(r;) = ry;

(3) h(ri,8(x1),r3) ~g h(rs,g(x1), rp) via a bijection a : {ry,r3} — {rs,r.} defined by a(r) = r; and
a(r3) = n.

The following lemma characterizes R-equivalent terms in which at least one r € R is included.

Lemma 3.3. Let R = (ry,...,r,) be a sequence of fixed terms in W.(X,,) and s,t € W.(X,) such that
sub(t) "R # 0 and t ~g s which relates to a bijection « : sub(t) N R — sub(s) N R.

(i) If t € R, then s € R. More precisely, s = a(t) € R.

@) Ift = fi(t1,..., 1) ¢ Rand sub(t)NR # 0, then s = fi(s1,...,S,)andt; ~g sjforall j€{1,..., n;}
with the additional condition of the case sub(t;) N R # O that the bijection «; : sub(t;) N R —
sub(s;) N R relating to the equivalence must be a restriction of a.

Proof. (1) This is directly obtained from the definition of ~g.

(i1) Assume that t = fi(t,...,t,) ¢ Rand sub(tf)NR # 0. Let A ={a € {1,...,n;} | sub(t,) "R # 0}.
Then sub(t,) "R = @ for all @’ € {1,...,n;} \ A. Since s can be obtained from ¢ by interchanging
each r € sub(t) N R, any operation symbol of ¢ which is not a subterm of any r € sub(f) N R stays
unchanged and thus s = fi(sy,...,s,) for some sy,...,s, € W.(X,). Again, by the definition of ~,
we obtain t, = s, forall @’ € {1,...,n;} \ A which also means that 7, ~r s,. Consider each 7, where
a € A. If there is j € A such that ¢; »¢ s;, then s; cannot be obtained from ¢; by simply swapping each
r € sub(t;) N R through any bijection «; : sub(t;) N R — sub(s;) N R. Acting as a subterm of ¢ and
s, respectively, this unpleasant behavior of 7; and s; leads to the same behavior for 7 and s, contrary to
t ~g 5. Thus, t; ~¢ s; for all j € A. Altogether, we obtain ¢; ~¢ s; for all j € {1,...,n;}. Additionally,
for each 7, where a € A, the index of satisfying sub(z,) N R # 0, we let a, : sub(t,) " R — sub(s,) N R
be a bijection corresponding to 7, ~¢ s,. It is crucial to note that |sub(t,) " R| = |sub(s,) N R|. Therefore,
A sub ok * sub(ty) N R — sub(s,) N R is also a bijection. A simple calculation provides @, = @|guu,)nr
because otherwise we would get different s. The proof is then complete. O

A common question for any relation is to classify whether it is an equivalent relation or not. The
R-equivalence, ~, appears to be an equivalent one.

Lemma 3.4. Let R = (ry,...,r,) be a sequence of fixed terms in W.(X,)). Then ~g is an equivalent
relation on W (X,).
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Proof. Let s,t,u € W.(X,). Reflexivity is obvious. To show symmetry, we assume that t ~z s. It
is easy to see that s ~x ¢ when sub(r) N R = (. Additionally assume that sub(r) N R # (. Let
a : sub(t) N R — sub(s) N R be a bijection correponding to t ~x s. Note that @' : sub(s) N R —
sub(t) N R 1s also a bijection and hence s ~; t. To prove transitivity, we assume that t ~; s and
s ~g u. Then t ~¢ u is directly obtained if one of s, ¢, or u does not have any r € R as its subterms.
Suppose more that sub(t) N R and sub(s) N R are nonempty. Let a : sub(t) N R — sub(s) N R and
B : sub(s) N R — sub(u) N R be bijections correponding to ¢ ~¢ s and s ~ u, respectively. Thus,
the mapping 8 o @ : sub(t) N R — sub(u) N R is bijective. Therefore, t ~g u. Consequently, ~ is an
equivalent relation on W, (X,,). O

For a sequence of fixed terms R = (ry,...,r,) in W,(X,), we denote by [f]., an equivalent class of
t € Wi (X,) relating to ~¢. The next lemma describes a behaviour of terms within the same equivalent
class based on ~g.

Lemma 3.5. Let R = (ry, ..., r,) be a sequence of fixed terms in W.(X,,), s,t € W.(X,) with sub(t)NR =
rnys.oosry), and t ~g s (i.e., t and s are in the same equivalent class of ~g) corresponding to a
bijection a : sub(t) N R — sub(s) N R. Then Si(t,r1,..., 1 n-1,(Fp)s Fpysts ooy Frgm1, @(Tn)s Frgs s
e Fy) = 8.

Proof. We prove by induction on the structure of z. If + = r; € R, then Lemma 3.3(i) yields s =
a(rj) = r. € R. So, Spt,ri,....rj1,@(rj), Fjgts. oo i) = SE(Fj iy o Fjmty T ity oo ) = Fx = 5.
Fort = fi(t;,...,t,) € R and sub(t) " R # 0, we have by Lemma 3.3(ii) that s = fi(s;,...,s,) and
tj ~g s;forall j € {l,...,n;} and if sub(t;) N R # 0, then the equivalence relates to @; := @ |gup;)nr:
sub(t;)NR — sub(s;)NR. Inductively assume that for eachm € {1, ..., n;}, if sub(t,)NR = {rp,, ..., "m,}
and 1, ~g Sy, then SEGn, 11,y T =1, @)y Tyt « o s Fing=15 @(Ton)s Tingt 15 - - o5 T) = Sy Let J =
{j € {1,....,n;} | sub(tj)) " R # 0}. By induction hypothesis and Lemma 2.4, we obtain
sio= Sk, =1, @)y Tyt oo Fig—1, @)y P15 - -, 1) for all j € J. For each
[ e {1,....,m} \ J, we see that sub(ty) " R = @ and by the definition of ~;, we get
tp = s;. Hence, Sp(t, 71, ..oy Fpyo1, @(Fpy)s Fpysts - oo s Fpgm1, @(F )y Tt - -5 1) = 1 = 5. These imply
that SE(ti, 71y ooy Fpy—1, @(Fn))s Fpysts « oo s Fpgm 1, (1 )y Tt - -, 1) = S forall k € {1, ..., n;}. Therefore,

S;le(t’ ry, . --’rnl—lva(rnl)arn1+l’-- -»rnk—l»a’(rnk),rnk+la---arn)

= fi SR T et @y )s Tyt v v Fagm 1 €T T -+ -5 T

s SR 1 e Ty =1 @)y Tyt « v oo P15 @(T)s P15+« -5 )
= fi(S1,.. 5 Sp,)
=s.

O

Note that the superposition of the form in the previous lemma is also valid for a term # with sub(¢) N
R = 0. Such form of a superposition in the above lemma leads to an essential result.

Corollary 3.1. LetR = (ry,...,1,) be a sequence of fixed terms in W, (X,,) and s,t € Wf.i (X,,) such that
t ~R S. Then <t>n—clonem'n = <S>n—cloneR‘r,,-

Scoping out the generating system an of n-clonegt,, we have a characterization of terms in the
same ~g-equivalent class.
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Lemma 3.6. Let R = (ry,...,1,) be a sequence of fixed terms in W, (X,),u € WSZ(X,,), andt € an.
Thent ~g uif and only if t = S%(u,uy, ..., u,) for some uy, ..., u, € an(Xn) \ {r}.

Proof. One direction is immediately obtained from Lemma 3.5. On the other hand, assume that t =
Sw(u,uy, ..., u,) for some uy, ..., u, € Wf.i(X,,) \ {t}. We consider 3 cases.

Case 1.1 € X, N (WX (X,) \ R).

If sub(u) N R # 0, then Lemma 2.1 provides
sub(uy) C sub(S x(u, uy, ..., u,)) = sub(t) = {t}

for some [ € {1,...,n}. This implies that u; = ¢, a contradiction. Therefore, sub(u) N R = () and hence
t=S8%u,u,...,u,) = u. This means that 7 ~ u.

Case 2.1 = fi(t,...,t,) and t; € sub(R) \ R for all j € {1,...,n}.

If u=r. €R,thent = S, uy,...,u,) = u, a contradiction. For u = fi(s1,...,s,) € R and
sub(uy N R # 0, we let K = {k € {1,...,n} | sub(sy) "R # 0}. Then K # 0 and fi(t,...,t,) =t =
S uy, ... uy) = fi(SR(st, 1, .o ty), .o, SE(Spy Uy, ..o uy)). So, SE(sj,uy, ..., u,) = t;forall j €
{L,...,n}. Now for each k € K, S (s, u1,...,u,) = t; and sub(s;) "R # (). By Lemma 2.1, we obtain

u; € sub(u;) C sub(S%(s, uy,...,u,)) = sub(ty) forsome/ € {1,...,n} which means that u; € sub(R)\R,
a contradiction to u; € Wﬁi(Xn). Consequently, sub(u) "R = 0 and thus t = S (u, uy,...,u,) = u, ie.,
t~p U.

Case 3.t = fi(t;,...,t,) and t; € sub(R) \ R for some j € {1,...,n}.

LetM={me{l,....n}|t, ¢ sub(R)\R} ={me{l,...,n}|t, =r,}. Then M # 0 which implies
that sub(r) " R # (. We consider the possibility of u. If u = r;, € R, then t = Sk(u,uy,...,u,) = u,
a contradiction. If sub(u) "R = 0, then t = S}(u,uy,...,u,) = u which contradicts to sub(r) N
R # 0. Therefore, u = fi(sy,...,s,) ¢ R and sub(u) N R # (0. This implies that fi(z,...,t,) =
t = Sk(uuy, ... u,) = fi(Sp(st,ur, ... ), ..., SK(sy,ur,...,u,)). For each m’" € {1,...,n} \ M,
Se(Sprs Uiy ... Uy) = by € Sub(R)\R. If sub(s,,)NR # (), then by Lemma 2.1, there is [ € {1, ..., n} such
that sub(u;) C sub(t,,) which means that u; € sub(R) \ R, contradicting u; € an (X,). Hence, sub(s,,)N
R = 0 and thus s,, = S%(Sy,u1,...,u,) = t,,. For each m € M, we have that S3(s,, u1,...,u,) = t,, =
'm. By Lemma 2.2(ii1), s, = r,, and u,, = r, for some p, € {1,...,n}. Let P = {p € {1,...,n} |
r, = s, forsome m € M}. We show that |P| = |M|, suppose not. Then |P| < |[M| or M| < |P|. The
latter is impossible since otherwise there will be m € M such that r, = s, = r, for some distinct
p,p’ € P by pigeonhole principle. The former implies, by pigeonhole principle, that there are distinct
m,m € M and p € P such that s,, = r, and s = r,. Then Lemma 2.2(ii1) yields r,, = u,, = r which is
impossible. Therefore, |P| = |M|. This means that there is a bijection 8 : M — P or more accurately, a
bijection « : sub(t) N R — sub(u) N R. So far we have the term u = f(sy,...,s,) where s,, = t,, and
Sm = 1p, foreachm’ € {1,...,n} \ M and m € M and for some p,, € P. It follows that the term u can
be obtained by swapping each r € sub(t) N R via a bijection « : sub(t) N R — sub(u) N R. So, t ~¢ u.

The proof is finally complete. m|
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Lemma 3.6 provides a robust method how each term in the generating system an of n-clonegt, is
generated. Such term can only be formed by using a term within the same ~g-class. Again, that term
can only be generated by some term from the same ~g-class. This will be an endless process unless
we include terms from that ~g-class in a generating set. Ideally, only one term from each ~g-class is
needed if we want a minimal one. This discussion leads to the following corollary.

Corollary 3.2. The generating system an of n-clonegt, is minimal and the other minimal generating
systems of the clone are collections of terms selecting from ~g-classs of terms in an, one from each
class.

Extending the finding from Lemma 3.2, we now identify conditions which are equivalent to the
self-freeness of n-clonegt,.

Theorem 3.1. Let R = (ry,...,r,) be a sequence of fixed terms in W, (X,) and G be the collection of
all minimal generating systems of n-clonegt,. Then the following statements are equivalent.

(i) The clone n-clonegt, is free with respect to itself.

(@) R = (Xa(1)s - - - » Xa(m)) for some permutation a on {1, ...,n} or 7, = (1).
(iii) There exists G € G such that X, NG = 0 and fi(t,,...,1,) € G in which t; € sub(R) \ R for some
jell,...,n}

Proof. (1) = (iii): Let A be a generator of n-clonegt, and G € G such that G € A. Assume that
X, NG # (0. By Lemma 3.1 and Corollary 3.2, |G| > 1. Lett € X, NG, s1,...,5, € Wf.i(Xn), and
0:G—> Wf-i(Xn) be a mapping. It follows by Lemma 3.1 and Corollary 3.2 thatt € X,, N (Wf; (X)) \R).
In order for an extension ¢ of ¢ to be an endomorphism of n-clonegt,, the following expression must
be satisfied:

(1) = (1) = (SR, 515+ -+ 50)) = Sp(@(D), @(51), - ., @(52)) = SE(@(D), ©(51); - - -, P(52))-
Note that ¢(7) can be any element from an (X,). For ¢(t) = r; € R, we have

ri = @(1) = Sk, @(s1), ..., @(s4)) = @(s1).

Since s, is arbitrary and |G| > 1, ¢ must be an identity mapping of G and it cannot be defined freely.
Thus, any extension ¢ : A — Wﬁi (X, of ¢ cannot be defined freely either. Therefore, n-clonegt, is not
free with respect to itself. Next, assume that s = fi(t,...,t,) € G in which ¢; € sub(R) \ R for some
J €{l,...,n}. This implies that |G| > 1 by Lemma 3.1 and Corollary 3.2. Let J = {j € {1,...,n} | ; €
sub(R)\ R} = {ji1,..., jm}. If J ={1,...,n}, then sub(s) N R = (). To be a homomorphism, ¢ needs to
satisfy
@(s) = @(s) = @(SE(s, 51, .., 52)) = Sp(p(5), @(s1), - .., @(s0)).

Consider ¢(s) = r; € R and we can imply that n-cloneg7, is not free with respect to itself by similar
reasoning of the previous case. In the case of J # {1,...,n}, we have by Lemma 3.1 and Corollary 3.2
that t; = r, ) for some injective mapping o : {1,...,n}\ J — {1,...,n}forall j € {1,...,n}\ J. The
homomorphism requires

O(fi(Sa(1ys - - - » Saii=1)> Ljts Sa(i+1)s « - - » SaGin=1)> Ljn> SaGiu+1)s - - - » Sa(m))
= (fi(Sg(ti, Sty Sp)se o, Sp(tns S15- 005 S0)))
= @O(SR(S, S1,...,8)
= Sx(@(s), 9(51), . ., P(5n)).
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For ¢(s) = r, forsome k € {1,...,n} \ a({l,...,n}\ J), we see that

O(fi(Sa(1)s - - - » Saii=1)> Ljts Sa(ji+1)s + - - » SaGin=1)> Ljn> SaGiu+1)s - - - » Sa(m)))
= Sp(p(s), @(s1), - - -, (1))
= @(Sp).
Since the leftmost term is not dominated by the term sy, ¢(ss;) gets mapped to a fixed element for any
S; € Wf; (X,,). With similar reasoning from the first case, we conclude that n-clonegt, is not free with
respect to itself.

(i11) = (i1): Suppose that R # (X1, - - - » Xo(ny) fOr any permutation @ on {1,...,n} and 7, # (1).
Let G € G. To show that there exists fi(t;,...,1,) € G in which ¢; € sub(R) \ R for some j € {1,...,n}.
By assumption, there is r € R such that r = fi(u,,...,u,) for some u,,...,u, € W, (X,). It follows that
uy,...,u, € sub(R) \ R. If n > 2, then for a fixed operation symbol f,

Hfi,...,va) | v; € sub(R) \ R forsome je€{l,...,n}}| >n=|R|.

So, {f(vi,...,v,) | v; € sub(R) \ R forsome j € {1,...,n}} NG # 0. For the case n = 1 with two
or more operation symbols, let g be a unary operation symbol besides f. As n = 1, we have that
R = (f(u;)) or R = (g(u,)) for some u; € W, (X;). This implies that u; € sub(R) \ R. By Lemma 3.1
and Corollary 3.2, we get g(u;) € Gif R = (f(uy)) and f(u;) € G if R = (g(uy)).

(i1) = (1): Assume that R = (Xa(1), - - -, Xa(n)) for some permutation @ on {1,...,n}. Lemma 3.1
provides G = FF = {fi(r,...,r,) | i € I}. Weextend ¢ : G¥ — WF(X,) to @ : n-clonegr, —
n-clonegt, by defining

(1) o(t) =tift € R;

(2) o(1) = Sple(fi(r1,....r)), @(t1), ..., p(t) if £ = filtr,..., 1).
Note that the condition for the second case is actually ¢ = fi(t;,...,t,) ¢ R and sub(t) "R # (. Let
t,81,...,8, € an (X,). We prove by induction on the structure of ¢ that ¢ is an endomorphism of
n-clonegt,. If t = r;, € R, then

QSR S15. .5 80))
= (k)
= Sp(t,@(s1), ..., @(sn))
= Sr@(1), @(s1), . .., @(sp)).
For t = fi(t;,...,t,) ¢ R and sub(t) N R # 0, we inductively assume that @(S%(z;, s1,...,5,)) =

S, o(s1),...,9(s,)) for all j € {l,...,n}. Since R is a sequence of all variables,
sub(S%(tj, s1,...,5,)) "R # O forany j € {1,...,n}. It follows that

oSt S15. .5 80))
= O(fi(SR(t1, St e ey Sn)sve s SRty S150 025 S0)))
= Sp(@(fi(ris s r)), @S g1, S15 -+ o5 $0))s s @S Ry S15- - -5 50)))
= Sr(p(fir1, ..., 1), SR(@(11), (1), - . ., @(80))s - - o, SR(@(1), @(51), - - ., @(52)))
= SRS R(@(fi(r1, .., 1)), @(t1), - ., @), @(51), - - -, P(5))
= Sr@(1), @(s1), . .., @(sy)).
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These depict the homomorphism of ¢. Next, assume that 7, = (1) with f as the unary operation symbol.

It is easy to identify that GX = {f(r)} and WX (X,) = {r(, f(r1), fF(f(r)), fF(f(f(r1))),...}. Note that
sub(u) N R # 0 for all u € WF(X,). We extend ¢ : GX — WF(X,) to ¢ : n-clonegr, — n-clonegt,
by defining ©(ry) = r; and (1) = SE(e(f(r1)), (1)) if t = f(2;). Lett,s, € Wf.fl(Xn). We show that
@(Sk(t,51)) = SE(@(1), (s1)). This is immediate when ¢ = ry, so only the case r = f(#;) ¢ R remains.
Inductively assume that o(S%(t1, 51)) = Sk(@(t1), ¢(s1)). We then obtain

DS, 1)) = @(f(S(t1,51)))
= Sr(e(f(r1)), (S (11, 51)))
= Srle(f(r1)), Sg(e(t1), ©(s1)))
= SR(Sr((f(r1), @(t1)), e(51))
= Sr(@(0), @(s51))-

Consequently, n-clonegt, is free with respect to itself. O

The condition for the clone n-clonegt, to be free with respect to itself is eventually obtained. It
provides that not every form of mapping ¢ from a minimal generator M to W¥ (X,) can be extended to
an endomorphism of the clone. The final theorem here gives a sufficient condition for such mapping to
be extendable as an endomorphism of the clone.

Theorem 3.2. Let R = (ry,...,r,) be a sequence of fixed terms in W, (X,). Then a mapping ¢ :
an — Wf.i (X,,) can be extended to an endomorphism on n-clonegt, if for each t € an, sub(e(t))NR C
sub(t) N R.

Proof. Assume that sub(e()) N R C sub(r) N R for each t € G . Define o : WX (X,) —» WX (X,) in the
following way: for each r € WX (X,,),

(1) o(t) =tift e R.
Gi) B(1) = (1) if £ € X, \ R.
(i) B -2 10) = SBQUTr o) Bt B(t)) i £; € WR (X,) forall j € (1,....n).
(av) o(fi(tr, ..o 1,) = SROUfi(r1s e o s Pl — 15 Ty s Tl 1« o 5 Flo=1s Lo Tt 1 -+ -5 1)) @015 - oo @(Tky—1), Ui,
Oty +1)s -+ s Pty —1) U, P, 41)s - - - @(L,)) for some wy,,...,u, € an(X,,) such that
subu) R = 0 forall [ € {ky, ..., kn) if ... 1. € sub(R)\ R.

We first show that ¢ is an extension of ¢ to Wﬁi (X,). This is clear for t € X, \ R.
Lett = fi(t;,....t,) € an. If t; = r;forall j € {1,...,n}, then by (iii) and (C3), we see that
o) = @(fi(r1,....m)) = Sgle(fi(r, ..., 1)) @(r1), ..., @(ry) = Sple(fi(ris...ora))sriy ..., 1r) =
o(fi(r1,...,r,) = @(t). Next, for the case of t; # r; for some j € {1,...,n}, we set K = {ki,...,k,}
C {1,...,n} to be the set of all indices such that #, € sub(R) \ R for all k € K. So, t, = r, for all

pefl,...,n}\ Kand sub(t) "R = {r, | p € {1,...,n} \ K}. It follows from the assumption that
sub(p(t)) "R C{r, | p€{l,...,n}\ K}. Then (iv), (C3), and Lemma 2.4 give out

@O() = @(fi(r1y .oy Fiy=1s tiys Thy 1 -+ > Py Lpys Thpt 15+ =+ 5 )
= SR@UFTL, o s Thym s bys Ty s -+ s Tl Lhys T « -+ 5 Tn))> @(T1),

s @y =1)s Uiy s @(Thy41)s « o s P(Fy—1)s Uy s @(Thy41)s - - 5 P(T0))

AIMS Mathematics Volume 8, Issue 4, 7747-7765.



7762

= Sile®),r1,....1)
= (1)

. € WE(X,) such that sub(u) N R = 0 for all I € f{ky,...,k,}. These
represent the required extension. Only an endomorphism of ¢ is left to be proved. Let ¢, sy,...,s, €
Wfl(Xn). We show that @(S%(t, s1,...,5,) = Sp@®),@(s1),...,0(s,). If t = r; € R for some
jell,...,n}, then

where uy,,...,uy,

GS g 51,0, 80)) = @(s)) = Sg(r), @(s1), ..., @(s0)) = SR(@(D), @(51), - . ., P(8n)).

Ifre X,\R,thent € an and by assumption, we get sub(¢(t)) "R C sub(t)y "R = {t} N R = 0, and
thus sub(¢(t)) N R = (). Therefore,

Sr@0), @(s1), ..., @(sn)) = Sg(@(0), @(s1), ..., @(sn)) = @(1) = (1) = P(Sk(Z, 515 .., $n))-

Next, we consider the case t = fi(#;,...,1,) ¢ R and sub(t)y "N R = (0. Hence, sub(t;) "R = 0
for all j € {1,...,n}. We first show that sub(¢(t)) "R = 0. If t; € X, for each j € {1,...,n}, then
tj € an or t; € sub(R) \ R. The former implies that sub(g(t;)) N R = 0 due to the assumption at the
beginning. Furthermore, there are two possible forms of ¢(¢), each of which corresponds to (iii) or (iv).
Thanks to Lemma 2.3, we obtain, regardless of the form of ©(t), that sub(¢(t)) N R = 0. For the case of
tj= f,-j(tlj, e ln) for some j € {1,...,n}, let T be the set of all terms among ¢, ..., , which are not a
variable. It follows that T # 0. Since r ¢ R and sub(t) " R = (0, we have that u ¢ R and sub(u) "R =0
for any u € T. Assume inductively that sub(¢(u)) N R = (. Using similar reasoning from the previous
case, we eventually obtain sub(¢(f)) N R = . Now, we have shown that sub(¢(7)) N R = (0. Thus, we
have that S%(@(2), @(s1), . .., @(5,)) = @(t) = @(SK(L, S15 ..., 54)).

Only the case t = fi(t;,...,t,) ¢ R and sub(t) " R # (0 remains. Inductively assume that
(S E(E, 81,...,8.) = Sk(@(t)),@o(s1),...,¢(s,)) for each j € {I,...,n} with t; € WQ(X,I). If
tj € Wf_i(Xn) forall j € {1,...,n}, we then have

(SR, S15. .5 8))

= (S R(filty oo s tn)y S1se vy Sp))

= 0(fi(Sg(t1, Sty Sp)s v, SE(tn, S15- 005 Sn)))

= Se(@(fi(r1,y ooy 1)y @(S Rt 815w o v 3 S0))s e o s @S R(Ens S15 -+ 25 S0)))

= Sr(p(fi(ris s 1)), Sp(@(t1), (51), - - -, @(50))s -« 5 S R(@(En), (51), - - -, P(50)))

= SRS R((fi(r1s - s 1)) @(11)s - - @(£0)), @(51), - - ., P(50))

= Sr@(fit1s -5 1)), @(51), - - -, @(80))

= Sr(@®), o(51), - - - 9(s0))-
If some of #1,...,¢, belong to sub(R) \ R, let K = {ky,...,k,} € {1,...,n} be the set of all indices such
that 7, € sub(R) \ R for all k € K. Hence, S%(, S1,. .., s,) = t; for each k € K; moreover, 1, € Wfi(X,,)
foreach p € {1,...,n}\ K, and hence S}(2,, 51, ..., 5,) € Wf;(Xn). Note that for each term u € W, (X,,)

AIMS Mathematics Volume 8, Issue 4, 7747-7765.
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with sub(u) "R = 0, u = SH(u, ¢(s1), ..., 9(s,)). Then

QSR S15. .5 80)
= @(SR(filty o s 10)s S1seves Sp))
= @(fi(Sg(t1, Sty esSn)sev s Sp(tns S15e ooy S0)))
= Q(fi(SR1 Sty ey Sn)s e e s SRi=15 15 -+ s Su)s Ly s S Ry 415 ST v v s Su)s v e vy
SR th—15 815w o s Su)s tiys S R Tk 15 Sty v v vy Sn)s e v e s S p(Ens S15 -+ 25 Sn)))
= SR@Uirts s Ty 1 Ty Tl ts o Ty 15 By Tt 1 -+ -5 T))s @S (21, S15 -+ -5 54)),
s PSRy =15 S15 -+ -5 S0))s Uiy P(S (T 415 S15 -5 80))s v v v s
O(S R(thy—15 815+ 5 S0))s Uk DS R(Ei 15 S15 -5 50))s oo s P(S f(Ens 15+ -+ 5 81)))
= SR@Ui(rts s Ty 1 By Tl 1 o Ty 1o Bl Tt 1+ + + 5 7))
Sr@1), 0(51)s - 9(52))s 5 S R(@Er,~1)s P(S1)s - - s P(S0))s Uy
Sr(@(thy41), (51)5 -+ @(80))s - - 5 S (D11, 1) P(51)s - - - » P(Sn))s Un, 5
S (@1, +1), P(51)5 o s P(52))s - - -5 (@(20), @(51), - - -, P(50)))
= SRS R@Ui(1s s Ty 1 Ty Thy1s o Ty 15 Bl Tt 1+ + + 5 F))s
@(t1)s -+ s Py —1)s Uiy @(Tky+1)5 -+ - s P(Thy—1)s Uk P(Tiy11)s - -+ > P(E0))s P(51)5 - - -, P(51))
= Sr@®), @(51); - - -, P(sn))-

where uy,, ..., u, € Wg(Xn) such that sub(u;) "R = @ for all [ € {ky,...,k,}. Consequently, ¢ is an
endomorphism. O

Although this final theorem only considers the minimal generating system an, other minimal ones
can be substituted for Gfu since each term of any minimal generating system is R-equivalent to the
corresponding term from an due to Corollary 3.2. However, the way we define an extension ¢ will be
slightly different from that of G¥ .

It is crucial to remark that the converse of the previous theorem does not hold. A simple incident
occurs where sub(R) \ R # 0, ensuring the existence of ¢ € an such that sub(f)y " R = 0, and ¢ :
an - Wﬁi (X,,) maps each element in the generating set an to a fixed term r € R. Then we can simply
extend the mapping to a constant mapping of Wi (X,) which makes it an endomorphism; however,
sub(p(t)) "R ={r} £ 0 = sub(t) N R.

4. Conclusions

The main discoveries from this paper regard the properties of an inductive superposition, a
superposition performing the subterm replacement instead of the usual variable replacement. Acting as
an (n + 1)-ary operation, an inductive superposition induces a unitary Menger algebra of rank n whose
form generalizes that of [12]. By using the concept of R-equivalent class, we managed to classify
all possible minimal generating systems of the clone n-cloneg7, and found out that the clone is not
free with respect to itself for some sequences of fixed terms. Fortunately, we were able to seek out
all possible conditions for the clone to be self-free. Lastly, a sufficient condition for a mapping to be
extendable to an endomorphism of the clone was given. The future research may possibly be conducted
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toward the use of an inductive superposition in place of a usual variable-replacing superposition such
as in the context of a hypersubstitution and of a superposition of tree languages.
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