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F by adding the notion of intuitionistic Q-fuzzy into a complex fuzzy subfield. We establish a new
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significant advantage of this addition appears to be that it broadens the scope of the investigation from
membership function values to membership and non-membership function values. The range of
complex fuzzy subfields is expanded to the unit disc in the complex plane for both membership and
non-membership functions. Some fundamental operations, especially the intersection, union, and
complement of complex intuitionistic Q-fuzzy subfields are studied. We define the necessity and
possibility operators on a complex intuitionistic Q-fuzzy subfield. Moreover, we show that each
complex intuitionistic Q-fuzzy subfield generates two intuitionistic Q-fuzzy subfields. Subsequently,
several related theorems are proven.
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1. Introduction

A fuzzy set theory plays a significant role in the field of mathematics. Zadeh [1] is the first to
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propose the fuzzy set, which is a generalization of the ordinary set. The fuzzy set is a function where
its domain is the universal set X, and its co-domain is the closed interval between zero and one. The
facts from the obscure, imprecise, and occasionally biased computational presupposition were
overcome using fuzzy logic. The use of ambiguous human judgment in problem calculation is made
possible by fuzzy logic. This idea also encourages us to look for a better approach to making decisions
to handle daily problems. Similarly, Goguen [2] continued the work of Zadeh [1] and explored the
concept of an L-fuzzy set. Afterwards, De Luca and Termini [3] established some algebraic properties
of fuzzy sets. Recent studies have discussed the applications of the fuzzy set and complex fuzzy set to
solve one of the famous real-life problems, which is the decision-making problem (see [4,5]). In these
studies, a new algorithm was introduced and applied to the interval-valued complex neutrosophic soft-
set model to solve a hypothetical decision-making problem.

After that, Rosenfeld [6] applied the idea of a fuzzy set in group theory and determined the
concept of a fuzzy subgroup. Consequently, many mathematicians generalized fuzzy subgroups [7-9].
Solairaju and Nagarajan [10] established the @Q-fuzzy group, where @ is a non-empty set, and
presented a definition of a Q-fuzzy set as a mapping u: G X Q — [0,1] in G suchthat Q isany set
and G is a group. Moreover, Selvam et al. [11] introduced certain properties of anti-Q-fuzzy normal
subgroups. Rasuli [12] introduced the notion of anti-Q-fuzzy subgroups with respect to t-conorm and
studied their important properties.

Later on, Rasuli [13] presented the notions of Q-fuzzy subrings and anti-Q-fuzzy subrings and
proved some related properties by using two types of norms, which are t-conorm and t-norm. Emniyet
and Sahin [14] introduced the concept of fuzzy normed rings and demonstrated a few algebraic
characteristics of normed ring theory on a fuzzy set. Furthermore, Al Tahan [15] proposed certain
findings on fuzzy multi-Hv-ideals of Hv-rings and established the notion of generalized fuzzy multi-
Hv-ideals as a generalization of fuzzy Hv-ideals. Al-Masarwah and Ahmad [16] introduced structures
on doubt neutrosophic ideals of BCK/BCI-Algebras under (S, T) -norms. Addis et al. [17] defined the
notion of a fuzzy kernel of a fuzzy homomorphism on rings and showed that it is a fuzzy ideal of the
domain ring. Kausar et al. [ 18] gave the characterizations of fuzzy bi-ideals in LA-rings and characterized
left weakly regular LA-rings in terms of fuzzy right ideals. Moreover, Al-Masarwah et al. [19] presented
the idea of m-polar fuzzy positive implicative ideals of BCK algebras. Alolaiyan et al. [20] published a
research paper about a certain structure of bipolar fuzzy subrings and defined bipolar fuzzy
homomorphism by using the notion of a natural ring homomorphism. Malik and Mordeson [21]
identified several properties of fuzzy subfields. On top of that, basic structure theorems were given for
fuzzy subfields of finite fields by Mordeson [22]. Feng and Yao [23] introduced the notions of
(4, ) anti-fuzzy subfields and studied their properties. After that, Hussain [24] proposed the Q-fuzzy
field and described the Q-fuzzy set as mapping u: X X Q — [0,1] in a field X. Later, Muthuraman
et al. [25] defined the notion of fuzzy HX field of an HX field and some of their related properties
were investigated and introduced the concept of an image and pre-image of a fuzzy set.

Moreover, the idea of defining an intuitionistic fuzzy set (IFS) was first published by
Atanassov [26,27]. Then Szmidt and Kacprzyk [28] proposed new definitions of distances between
IFSs. These new definitions were introduced and compared with the approach used for fuzzy sets.
Additionally, G. Beliakov et al. [29] determined averaging operators for Atanassov’s IFSs. After that,
Broumi [30] presented the concept of Q-intuitionistic fuzzy soft sets, which combines Q-IFSs and
soft sets. This concept is a generalization of Q -fuzzy soft sets. Furthermore, Atanassov [31]
established new results on IFSs. Later, Hur et al. [32] examined the properties of intuitionistic fuzzy
subrings and intuitionistic fuzzy subgroups. For more development about the intuitionistic fuzzy
subgroup, one can refer to [33,34]. In addition, Yamin [35] studied the theory of intuitionistic fuzzy
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rings and provided some new concepts, such as an intuitionistic fuzzy ring with operators.
Correspondingly, Abed Alhaleem and Ahmad [36,37] presented intuitionistic normal fuzzy subrings
over normed rings. Intuitionistic fuzzy normed prime and maximal ideals were also presented by Abed
Alhaleem and Ahmad [38].

Ramot et al. in [39] characterized a complex fuzzy set. This set is described by a unique
membership function, which consists of two terms called amplitude term and phase term. In their work,
the range of the fuzzy set was expanded to the unit disc in the plane of complex instead of the interval
[0,1] to present their innovative notion of complex fuzzy sets. Moreover, there are some applications
of complex fuzzy sets in decision-making. Al-Sharqi et al. [40] analyzed a real-life economic problem
utilizing the major aspects of interval complex neutrosophic soft relations. After that, Yang et al. [41]
proposed bipolar complex fuzzy subgroups. Alolaiyan et al. [42] introduced a novel algebraic structure
of (a,f) -complex fuzzy subgroups. Alsarahead and Ahmad [43] presented the complex fuzzy
subring and established some new notions. Subsequently, Alsarahead and Ahmad [44] suggested the
complex intuitionistic fuzzy subring and presented some new definitions. Gulzar et al. [45] introduced
some characterization of Q-complex fuzzy subrings and discussed its various algebraic aspects. In
2021, Gulzar et al. [46] studied a complex fuzzy subfield and proved some properties.

The contributions of this paper lie in presenting the concept of a complex intuitionistic Q-fuzzy
subfield as a new structure. Some definitions related to complex intuitionistic @Q-fuzzy subfields are
proposed. Furthermore, basic operations on complex intuitionistic Q-fuzzy subfields are introduced,
and some related theorems are proven. The necessity and possibility operators on a complex
intuitionistic Q-fuzzy subfield are defined, and some of its properties are given.

The novelty of this work can be viewed as:

e In this work, we have combined the following concepts complex fuzzy subfield and
intuitionistic Q-fuzzy. This was done by adding the idea of intuitionistic Q-fuzzy into a
complex fuzzy subfield. Thus, we got a new structure called a complex intuitionistic Q-fuzzy
subfield.

e We have utilized this new concept to create and prove many theorems and results, which will
be a new addition to knowledge in mathematics.

The paper is divided into the following sections. In Section 2, we provide several definitions and
preliminary results. In Section 3, we characterize some algebraic properties of the complex
intuitionistic Q-fuzzy subfield and describe the notions of the necessity and possibility operators on a
complex intuitionistic Q-fuzzy subfield. Some related theorems are also discussed in this section.
Finally, the conclusion is summarized in Section 5.

2. Preliminaries

We provide some basic definitions of Q-fuzzy set and complex intuitionistic Q-fuzzy set in this
part that will be utilized throughout the study.
Definition 2.1. [1] 4 function Y : X — [0,1] that receives values from X to the range [0,1] is
referred to as a fuzzy set in a universal set X. This function is referred to as a membership function
and is indicated by the symbol by w,(d). A fuzzy set 1 is represented by the formula P =

{(d,,uw(d)): de X}, where 0 < py(d) < 1, for every d € X.

Definition 2.2. [21] 4 fuzzy subset 1 = {{d, ty(d)):d € X} of afield (F,+, *) is said to be a fuzzy
subfield for all d,k € X if:

(1) py(d —k) = min{ﬂlp(d):lllp(k)},

AIMS Mathematics Volume 8, Issue 3, 7032-7060.



7035

(2) py(dk) = min{py,(d), uy (k)},

(3) tp(@) = py ().

Definition 2.3. [46] Let (F,+,") be afield. A complex fuzzy set ¥ = {(d, py(d)):d € F} of afield F
is said to be a complex fuzzy subfield of a field F ifit satisfies the following for all d,k € F:

(1) py(d — k) = min{puy, (d), uy (K},

(2) uy(dk) = min{#zp (d), uy (k)},

(3) py(d™) = py(d).

Definition 2.4. [10] Let X and Q represent any two sets. Ina set X, a Q-fuzzy set is a mapping with
the notation P:X X Q — [0, 1].

Definition 2.5. [45] A Q-complex fuzzy set (Q-CFS) of universe of discourse X is represented by the
membership function py,(d,q) = ry(d, q)e'v @D gnd described as py:X X Q — {z€C:z| <1}
This membership function receives all membership values from the unit disc on a plane, where i = \—1,
bothy(d, q) and wy,(d, q) are real valued such that r(d, q) € [0,1] and wy(d,q) € [0, 2m].
Definition 2.6. [45] Let Y, and Y, be Q-CFSof X. Then

(1) 4 Q-complex fuzzy set, is a homogeneous Q-complex fuzzy set, if for all d,k € X, q € Q, we

have 1y, (d,q) <1y, (k,q) ifand only if wy, (d,q) < wy, (k,q).
(2) A Q-complex fuzzy P, is homogeneous Q-complex fuzzy set with,, if for alld,k € X, q € Q,
we havery, (d,q) < 1y,(k,q) ifand only if wy (d,q) < wy,(k,q).

Definition 2.7.[47] Let X and Q represent any two sets. The definition of an intuitionistic Q-fuzzy
set P in a set X is P = {((d, q), 1y(d,q),vy(d,q)):d €EX,q € Q}, where py(d): X X Q —
[0,1] describes the degree of membership and vy (d): X X Q — [0,1] describes the degree of non-
membership of the element (d,q) € X X Q, such that 0 < py(d,q) +vy(d,q) <1, for every
(d,q) € XxQ.

Definition 2.8. [47] In a set X, let , and 1, represent two intuitionistic Q-fuzzy sets where P, =
{(d @)y, (A @), vy, (d,@)):d €X,q € Q} and P, = {{(d, ), 1y,(d,q),vy,(d, @):d EX,q €
Q}. Foralld € X,q € Q, the next relations and operations are described as:

(D) Y1 =, & py,(d, q) = py,(d,q) and yy,(d,q) = yy,(d,q),

) ¥:° = {{(d, @), Yy, (d, @) 1y, (d,q)):d €EX,q € Q},

(3) Y1 Ny = {((d, @), iy, 0, (A D, Vpyay, (A, @):d € X, q € Q},

where

tp, o, (d, @) = min{ py, (d, @), phy, (d, @},

Vs, (A @) = max{ vy, (d,q), vy, (d, @},

@) Y1 U h={{(d, @), iy, 0y, (4 D, Yy uy, (d, @)1 d € X, q € Q},

where

tp oy, (d, @) = max{ us(d, q), ug(d, q)},

Vipaup, (4, @) = min{ vy, (d, @), vy,(d, )},

() oy ={d ), uy(d q),1 - uy(d q)d €X,q€Q},

©) 0y ={((d,q),1— yu(d, @), vy(d, q)):d € X,q € Q}.

Proposition 2.1. [1] Let 1, = {(d, y, (D)):d € X}, ¥, = {(d, iy, (d)):d € X} two fuzzy sets. Then

forall d € X:

(H1- max{uwl (d), ty, (d)} = min{1 - oy, (d), 1 — wy, (@)},

2)1- min{uwl (d), y, (d)} = max{l — ty, (d), 1 — py, (d)}.
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Definition 2.9. [21] 4 fuzzy subset 1 = {{d, py(d)):d € X} of afield (F,+, -) is said to be a fuzzy
subfield for all d,k € X if:

(3) py(d — k) = min{l"'lp(d)l#‘l/)(k)})

(4) iy (dk) = min{py, (d), 1y ()},

(5) pp(d™) = ().

Definition 2.10. [48] Let X be a universe of discourse. A complex intuitionistic fuzzy set is defined
on X and characterized by membership py,(d) =1y (d)e' v D and non-membership functions
Yy (d) = ﬁl,(d)eia’ll’(d), that determines for any element d € X a complex-valued grade of both
membership and non-membership in . According to the definition, ¥ = {(d, ty(d),yy(d)):d € X }
where 1y,(d) + 7 (d) < 1.

Definition 2.11. [48] Let Y, and 1, be two complex intuitionistic fuzzy subsets of X, with
membership functions y, (d) = 1y, (d)et“v1 @D gnd oy, (d) =1y, (d)e' w2 D) respectively, while
the non-membership functions are yy (d) =Ty, (d)e®vi @D gpd Yo, (d) = Ty, (d)e®v(@)
respectively. Then 1 N Y, is given by:

Y1 NPy = {(d, typ,np, (D, Vg, (@)1 d € X,

where

10y, (d) = min{ Ty, (d), Ty, (d)}eimin{wwl @Dy, (d)}’

Vs, (D) = max{ 7y, (d), 7, (@) Je MDD

Definition 2.12. [48] Let 3 = {(d, ty(d), vy (d)):d € X} be a complex intuitionistic fuzzy set. The
complement of P is denoted by Y° and defined as:

¥° = {{d, v (d), iy ()): d € X} = ({d, 7y (d)e ®¥* @, 1, (d)e™ v D). d € X},

where

wyc(d) = wy(d), 2m — wy(d), or wy(d) + .

Definition 2.13. [44] Let Y, and Y, be two complex intuitionistic fuzzy subsets of X with membership
functions y, (d) = rwl(d)eiwwl(d) and py,(d) = rwz(d)eiwll’z(d), respectively. While the non-
membership functions are vy, (d) =Ty, (d)e®v:1( @D gpd Yo, (d) = Ty, (d)e®v2(D | yegpectively.
Then we have

(1) A complex intuitionistic fuzzy subset Y, is said to be a homogeneous complex intuitionistic fuzzy
set if for all d, k € X the following hold: 1y (d) <1y, (k) if and only if wy, (d) < wy, (k), and
Ty, (@) < Ty, (k) ifand only if &y (d) < @y, (k).

(2) A complex intuitionistic fuzzy subset ), is said to be homogeneous with Y, if for all d,k € X
the following hold: 1y, (d) < 1y, (k) if and only if wy, (d) < wy, (k), and Ty, (d) < 7y, (k) if
and only if @y, (d) < &y, (k).

Definition 2.14. [44] Let ¥ = {(d, ty(d), vy (d)):d € X} be an intuitionistic fuzzy set. Then the

set P (d) = { d, vy, (d),py, (d):d € X} is said to be an intuitionistic T-fuzzy set where vy, (d) =

2y (d) and py, (d) = 2myy,(d). Note that the condition vy, _(d)+py,_(d) < 21 is already satisfied.

3. Characterizations of complex intuitionistic Q-fuzzy subfield
In this part, we start by providing an overview of the main definition of a complex intuitionistic

Q-fuzzy subfield. We examine a few fundamental characterizations of complex intuitionistic Q-fuzzy
subfields and establish some associated theorems.
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Definition 3.1. Let (F,+,") be a field. If a homogeneous complex intuitionistic Q-fuzzy subset ) =

{{(a, q), uy(d, @), vy(d,q)):d €EF, q € Q} of a field F holds the following conditions for any

d,k € F, q €Q, itis said to be a complex intuitionistic Q-fuzzy subfield of that field:

(1) py(d =k, q) = min{uy(d, @), 1y (k, )},

(2) py(dk, @) = min{uy(d, @), py(k, @)},

(3) ,Llw(d_l, q) = Hlp(d; q)a

@) vyp(d =k, @) < max{yy(d, q), vy k )},

(5) vy (dk, @) < max{yy(d, @), vy k @)},

(6) yp(d™, @) < vy(d, ).

Definition 3.2. Let (F,+,") be a field. If a homogeneous complex intuitionistic Q-fuzzy subset P =

{{(a, q), uy(d,q@),vy(d,q)):d €EF, q € Q} of a field F holds the following conditions for any

d,k €F, q €Q, itis said to be a complex intuitionistic anti-Q-fuzzy subfield of that field:

(1) py(d — k, q) < max{py,(d, @), uy (k, O},

(2) py(dk, q) < max{uy(d, @), uy(k, @},

(3) ,Llw(d_l, q) < Hlp(d; q)a

(4) yy(d — k,q) = min{y,(d, @), vy (k, @)},

(5) vy (dk, ) = min{yy(d, @), vy (k, @)},

(6) yp(d™, @) = vy(d, ).

Definition 3.3. An intuitionistic mw - Q -fuzzy set of a field F is defined as Y, =

{((d, q), vy (d,q),py_(d,q)):dEF, q€ Q}. If the following holds for any d,k € F, q€Q,

then \,, is said to be an intuitionistic m-Q-fuzzy subfield of a field F:

D vy (d—kq) = min{vwn(d, Q) vy, (k, q)},

(2) vy, (dk,q) =2 min{vwn(d, Q). vy, (k, O},

B3) vy, (d™h @) 2 vy, (d ),

(4) py,(d—k,q) <max{py, (d, q),py,k},

(5) py, (dk,q) < max{py,_(d,q),py_ (k @},

(6) py, (A1 q) < py, (dq).

Theorem 3.1. Let Y, = {((d, q), vy, (d, q),py_(d,q)):d EF, q € Q} be an intuitionistic 7-Q -

fuzzy set a field F. Then, is said to be an intuitionistic m-Q-fuzzy subfield if and only if \ is an

intuitionistic Q-fuzzy subfield.

Theorem 3.2. Let F be a field and ¢ ={{(d,q),uy(d,q),vy(d,q)):d €F, g €Q} be a

homogeneous complex intuitionistic Q -fuzzy set with membership function ,(d,q) =

ry(d, q)e' v @D and non-membership function Yu(d, q) = 7y (d, q)e'®w( @D Then 1 is a complex

intuitionistic Q-fuzzy subfield of a field F if and only if:

(1) The intuitionistic Q-fuzzy set ¥ = {{(d, q),ry(d, q),#y(d,q)):d € F, q € Q,1y(d, q),7y(d, q) €
[0,11} is an intuitionistic Q-fuzzy subfield.

(2) The intuitionistic w© - Q fuzzy set P =1{((d q, wy(d,q),0y(d,q)):d €EF, q €
Q, wy(d,q), @y (d,q) € [0,27‘[]} is an intuitionistic - Q-fuzzy subfield.

Proof. Let Y be a complex intuitionistic Q-fuzzy subfield and d,k € F,q € Q. Then we have:

rl/) (d - k, q)eiww(d_k,q) = .ul/) (d - k, CI)

> min{uy(d, @), 1y (k, @)}
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= minfry (d, @)e'+ @D,y (k, q)e’v D}
= min{rw (d, @), 1y (k, q)}eimin{ww(d.q).ww(k,q)}_

(Since 1 is homogeneous)
=>ry(d—k,q) = min{np(d, q), 1y (k, q)} and wy(d—k,q) = min{ww(d, q), wy (k, Q}.
Also, we have

T¢(dk, q)eiwlp(dk,Q) = ﬂtp(dk' CI)
> min{py (d, q), 1y (k, )}
= min{ry (d, e D, 1, (k, q)e D}
= min{r,(d, q), ry (k, q)}eimin{ww(d,q),ww(k,q)}_

(Since 1 is homogeneous)
= 1y(dk,q) = min{rw(d, q), 1y (k, q)} and wy(dk,q) = min{w¢(d, q), wy (k, q)}.
Moreover,

rd,(d—l'q)eiww(d‘l,q) = 1y (d1,q) = 1y (d, q) = 1,(d, q)e @D,
So,
ry(d™t,q) = 1y(d,q) and wy(d™,q) = wy(d,q).
On the other hand,
fp(d — k, Qe ®v @k =y, (d — k,q)

< max{yy(d, @), vy (k q)}
= max{fw (d, q)eiaw(d,q)' 7y (k, q)ei‘f’w(""ﬂ}
= max{fy(d, q), fy(k, q)}eimax{(ﬁw(d.q)@w(k,q)}'

(Since Y is homogeneous)
= fy(d —k,q) < max{ﬁp(d, q), fy (k, q)} and @y (d —k,q) < max{&)w(d, q), @y (k, q)}.
Also, we have

7, (dk, ) e @v @) =y, (dk,q)
< max{yy(d, @), vy (k, @)}
= max{f,,(d, q)e'®¥ @D, 7, (k, q)e v D}
= max{fy(d, q), fy (k, q)}eimax{(ﬁw(d.q)@w(k,q)}'

(Since 1 is homogeneous)
= 7y (dk,q) < max{ﬁp(d, q), fy (k, ¢)} and @y (dk,q) < max{&)w(d, q), @y (k, Q}.
Moreover,

Fp (@™, e @47 =y, (A7, q) < 7y (d, @) = (d, e’ Pv (@,

AIMS Mathematics Volume 8, Issue 3, 7032-7060.



7039

So,
f'w(d_l, CI) < 'I"\'Ip(d, Q) and @¢(d_1,q) < (l,)w(d, Q)

Therefore, 1 is an intuitionistic Q-fuzzy subfield and 1 is an intuitionistic n-Q-fuzzy subfield.

Conversely, assume that 1 is an intuitionistic Q-fuzzy subfield and v is an intuitionistic n-Q-fuzzy

subfield. Thus,
ryp(d — k,q) = min{ry(d, ), ry(k, @)}, wy(d — k,q) = min{wy(d, q), wy(k, )},
ry(dk, q) = min{r,(d, q),ry(k, @)}, wy(dk, ) = min{w,(d, @), wy(k, q)},
rp(d™,q) 2 1y(d, @), wy(d™,q) = wy(d, ),
fu(d — k,q) < max{fy(d, q), %, (k, @)}, &y (d — k,q) < max{@y(d, q), &y (k,q)},
#,(dk, ) < max{#,(d, q), 7, (k, )}, @y (dk, q) < max{@,(d, q), @y (k, q)},
Pp(d™,q) < 7y (d, q), By(d™,q) < @y(d,q).
Then,
uy(d —k,q) = 1,(d — k, @)e'v@kD
> min{r, (d, q), 1y (k, @) Jemrlov(@ D0y ka}
= min{r, (d, 9)e' @D, 1, (k, q)e'@v D}
= min{uy (d, ), py (k, @) }.
Also, we have:
py (dk, q) = 1y (dk, q)e' v @D
> min{r, (d, q), 7y (k, @) Jemn{ow(@D 0y}
= min{r, (d, 9)e' @D, 1, (k, q)e'@v*D}
= min{uy(d, q), uy (k, ) }.
Further,
1y (d™1,q) = 1y (d Y, gei@w(@a) > ry(d, e v @D = 1 (d, q).
On the other hand,
Yu(d —k,q) = fy(d — k, q)e'®v(@ kD
< max{#,(d, q), 7,y (k, ) Jemex (@@ Doy (k)
= max{fy(d, )e@®v @D, #,(k, q)e@vkD}
= max{yy(d, q), vk, @}.

Also, we have
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Yy (dk, q) = 7, (dk, q)e'@w(dka
< max{fy(d, q), fy (k, q)}eimax{@zp(d.q)ﬁ)w(k,q)}
= max{ﬁl,(d, q)eiaw(d,q), ﬁl} (k, q)eiaw(k,q)}
= max{yy(d, @), vy (k. )}.
Moreover,
yp(d™%,q) = 7y (d™1, q)e® (@70 < 7, (d, 9)e'®¥ @D =y, (d, q).

So, ¥ is a complex intuitionistic Q-fuzzy subfield.

Theorem 3.3. Let Y = {((d, q), uy(d,q@),vy(d,q)):d €EF, q € Q} be a complex intuitionistic Q-
fuzzy subfield of a field F, for d € F, q € Q. Then

(1) 7(0,9) = 1y(d, @), wy(0,q) = wy(d,q),

(2) ryp(1,9) 2 1y(d, @), wy(1,q) = wy(d,q),

(3) 7(0,9) < 7y(d,q), @y(0,q) < &y (d, q),

4) 7y(1,q) < fy(d, @), @y(1,q) < dy(d,q),

where the identity elements of F are 0 and 1.

Proof- (1) In the case when the identity element of F is 0 and d in F:

7, (0, q)eiww(O,Q) =r,(d—d, q)eiww(d—d,q)
= uy(d —d,q)
> min{uy (d, @), uy(d, @)}
= min{r, (d, 9)e' @D, 1, (d, q)e'“v @D}
= min{rw (d,q),ry(d, q)}eimin{ww(d.q).ww(d,q)}
= ry(d, q)e' (9.

(As Y 1is homogeneous)
= r‘([}(or Q) = rlj) (dr q)a and Cl)w(o, Q) 2 wlj) (dr q)
(2) For d # 0 in F and 1 is the identity element of F:

7'1/;(1, q)eiww(l,tI) — r¢(dd_1, q)eiww(dd_l,q)
= py(dd™,q)
> min{uy (d, @), 1y (d, @)}
= min{ry (d, q)e' v @D, 1, (d, g)e@w(@D}
= min{rw (d, q),ry(d, q)}eimin{ww(d,q),ww(d,q)}
=ry,(d, q)elvv@D,

(As 1 is homogeneous)
= 1y (1,q) 2 1y(d, q), and wy(1,q) = wy(d, q).
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(3)For d in F and O is the identity element of F:
7 (0, q)e 0D = 7,(d — d, q)e'@v(@-d.0)
=yy(d—d,q)
< max{yy(d, q),vy(d, )}
= max{fy(d, q)e®¥ @D, 7, (d, q)e!®v (@D}
= max{#,(d, q),fy(d, q)}eimax{fﬁw(d,q)@w(d,q)}
= #,(d, q)e®v@d,

(As Y 1s homogeneous)
(4) In the case when the identity elementof F is 1 and d # 0 in F:

’Aﬂw(l' q)eia)w(l,tI) — f.w(dd—l, q)ei(f)w(dd_l,q)
= yy(dd™,q)
< max{yy(d, q),vy(d, 9}
= max{f,(d, q)e'® @D, (d, q)e'®v(@D}
= max{ﬁl, (d, q),7y( q)}eimax{fﬁw(d,q),aw(d,q)}
= 7,,(d, q)e@v(@),

(As 3 is homogeneous)

Theorem 3.4. Let (F,+,) be a field. Let ¥ = {{(d,q), uyp(d, q),vy(d,q)):d €F, g € Q} be a
complex intuitionistic Q-fuzzy set. Then the statements below are equivalent:

(1) The fuzzy set P is a complex intuitionistic Q-fuzzy subfield of a field F.

(2) The fuzzy set Y° is a complex intuitionistic anti-Q-fuzzy subfield of a field F.

Proof. (1) = (2) Suppose Y is a complex intuitionistic Q-fuzzy subfield. So,

Hy(d =k, q) = minfuy(d, @), iy (k, )}
= min{r, (d, 9)e' @D, 1, (k, q)e'@v*D}
= min{r,(d, q), ry (k, q)}eimin{ww(d,q).ww(k,q) }
= pye(d —k,q) < (1= min{ry(d, q), 1y (k, q)})e!Gm—mi loy@wyea))
= max{1 —r,(d,q),1 —ry(k, q)}eimax{Zn'—ww(d,q),zﬂ_ww(k’q)}
= max{ryc(d, q), ryec(k, q)}eimax{wa(d,q),wwc(k,q)}
= max{rye(d, q)ei“’wc(d'q),rwc(k, q)eiwwc(k,q)}
= max{uye(d, q), uye(k, q)}.
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Also,
py(dk, q) = min{uy(d, @), py(k, @)}
= min{ry(d, )e' @D, 1, (k, g)e@v*D}
= min{r¢ d,q), Ty (k, q)}eimin{ww(dm,ww(k,q) }
= uye(dk, q) < (1 —min{ry(d, q),ry(k, q)})e"(Zﬂ—min{ww(d.q),ww(k.q)})
= max{l —1y(d, @), 1 —ry(k, q)}eimax{ZH—ww(d,Q).Zn—wlp(k,q)}
= max{ryc(d, q), Ty (k, q)}eimax{wwc(d.q).wwc(k.q)}
= max{ryc(d, )"+ *P, r e (k, g)e v}
= max{pye(d, @), pye(k, q)}.
Further,
typ(d™h, q) = py(d, q) = 1y(d, q)e'@w(@D
= pye(d™,q) < (1 —1y(d, q))elCm0v@D) = 1 . (d, @)e v D = 1 ,c(d, q).
On the other hand,
Yo(d —k,q) <max{yy,(d q), vy q)}
= max{fy(d, q)e'® @D, £, (k, q)e@vD}
= max{ﬁl, d,q), Ty (k, q)}eimax{@w(d,qmw(k,q)}
= yye(d —k,q) = (1 — max{ﬁp (d, q), 7y (k, q)})ei(ZN—max{@zp(d,Q)@w(k.q)})
= min{l — fy(d, q), 1 — 7, (k, q)}eimin{z”-@w(d,Q).Zﬂ—@w(k,q)}
= min{fyc(d, q), Fye(k, q)}eimin{%c(d,q),%c(k,q)}
= min{fyc(d, @) v D, 7 e (k, q)e v Dy,
= min{yye(d, ), yye(k, 9)}.
Moreover,
vy(dk,q) < max{yy(d, q), vy q)}
= max{#y (d, )e @ @D, 7, (k, g)e v D)
= max{?,(d, q), 7,y (k, q) Je e (@v @Oy (k)]
= yye(dk,q) = (1 —max{fy(d, q), 7k, q)})ei(ZH—ma {@y(d.0).0y k)
= min{l —fy(d, @), 1 —7y(k, q)}eimin{z"-@w(d,Q).Zn—@p(k,q)}

= min{fyc(d, q), Fyc(k, q)}eimin{%c(d,q),@wc(k,q)}

AIMS Mathematics Volume 8, Issue 3, 7032-7060.



7043

= min{fyc(d, @) ®v D, 7 (k, q)e v "Dy

Father,
(@%9) vy < vy(d, q) = 7, (d, @)@ (@D

= yye(d™,q) =2 (1 - 7,(d, q)) = Fye(d, q) = yye(d, q).

Therefore, ¢ is a complex intuitionistic anti-Q-fuzzy subfield.
Conversely, assume that 1€ is a complex anti-Q-fuzzy subfield. So,

pype(d — k, q) < max{uye(d, q), uye(k, @)}

iwwc(d,Q) iwlpC(k'Q)}

= max{ryc(d, q)e ;Tye(k,q)e

= max{ryc(d, q), ryc(k, q)}eimax{wwc(d,q),wwc(k,q)}
= max{1 —r,(d,q),1 —ry(k, q)}eimax{z”-%p(d,q),ZN—ww(k,q)}
= (1 —min{ry(d, @), ry(k, q)})ei(2”—min{w¢(d,q}w¢(k.q) )
=>1—uy(d—k,q) < (1- min{r¢(d, q),1y(k, q)})ei@”—mi {wy(d.@)wykq)})
= uy(d — k,q) = min{ry,(d, q),ry (k, q)}eimi"{ww(d.q),ww(k,q)}
= min{rw (d, q)eiww(d'CI), Ty (k, q)eiww(k.q)}
= min{py, (d, @), 1y (k, @) }.
Also, we have

puye(dk, q) < max{pye(d, q), uye(k, @)}

iwwc(d,Q) iwwc(k,Q)}

= max{ryc(d, q)e ;Tye(k,q)e

= max{ryc(d, q), rye(k, q)}eimax{wwc(d,q),wwc(k,q)}
= max{1 — ry(d, @), 1 —ry(k, q)}eimax{zﬂ—ww(d.q),ZH—ww(k.q)}
= (1 — min{np (d, @), ry(k, q)})ei(2”—min{w¢(dm,w¢(k.q)})
= 1—uy(dk,q) < (1 — min{rw (d, @), ry (k, q)})ei(zn‘mi"{ww(d'Q)'ww(k'Q)})
= uy(dk, q) = min{r,(d, q), 7, (k, q)}e"mi”{ww(dﬂ)'ww(kﬂ)}
= min{r¢ (d, q)e'@v @D, ry(k, q)eiww(k,q)}
= min{uy (d, @), iy (k, @)}
Further,

— [ Iod d, i —
[J¢C(d 1 q) < ,Llwc(d, q) = wa(d, q)elww (da) _ (1- Tw(d, q))el(Zn' wy(d.q))
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= puy(d™h q) = 1y (d, qe@v(@d) = ty(d, q).
On other hand,
yye(d =k, q) = min{yye(d, ), yye(k, @)}

i(f)wc(d,q) i(T)lpc(k,q)}

= min {fyc(d, q)e Fye(k,q)e

= mm{ﬁl,c (d, q), 'f‘wc (k' q)}eimin{awc(d,q),a)wc(k,q)}
= min{1 — fy(d, q), 1 — iy (k, q) Jeimin{zm-0y(da)2m-ay (ka)}
= (1 — max{f,,(d, q), 7 (k, )} )e!(Zr-max@y )by (0}
= (1 - yy(d — k,q)) = (1 — max{fy(d, q), 7, (k, q)})e'?m—ma (B @D oy ka))
= yy(d — k,q) < max{#,(d, q),#,(k, q)}eimax{aw(d,Q).@w(k,q)}
= max{fy(d, q)e'®v @D, 7, (k, q)e'®v P}
= max{yy (d, @), vy (k, @)}.
Moreover,

Yye(dk, @) =min{yye(d, @), vye(k, @)}

i&\)wc(d,q) i&\)wc(k,Q)}

= min{fyc(d, qe Fye(k,q)e

= min{fwc(d, Q,* wf(k: q)}eimin{%c(d,q).a)wc(k,q)}
= min{1 - ,,(d, q), 1 — 7, (k, @) Je™n2m -0y (@0).2m-0y ()}
= (1 — max{f,,(d, q), 7y (k, q)})ei(ZN—max{@w(d,Q)@lp(k,q)})
= 1-yy(dk,q) = (1- max{ﬁp (d, q), 7y (k, q)})ei(m—ma {@y(d.q).0yka)})
=y, (dk, q) < max{fy(d, q), %, (k, q)}eimax{a)w(d,q),aw(k,q)}
= max{f-w (d, q)ei‘f’ll’(d’q),ﬁl,(k, q)eic?)w(k,q)}
= max{yy(d, ), vy (k, 0)}.
Also, we have
Ype(d™,q) = yye(d, q) = Fye(d, @' v P = (1 - 7, (d, q))e (™ Pu (D)
= yyp(d™,q) < 7y (d, @)D = y,(d, q).

Thus, the theorem is proven.

Definition 3.4. Let ¢ = {((d, q), 1yp(d, q),vy(d,q)):d EF, q € Q} be a complex intuitionistic Q-
fuzzy subfield of a field F. Then

(1) The necessity operator O = {((d, q),1y(d,q), 1 —uy(d,q)):d €F, q€ Q},

(2) The possibility operator O P = {((d, q),1—-vyy(d,q),vy(d,q)):dEF, q€ Q}.
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Theorem 3.5. Let (F,+,") be a field. If Y is a complex intuitionistic Q-fuzzy subfield of (F,+,"),
then the necessity operator O is a complex intuitionistic Q-fuzzy subfield of (F,+,).

Proof. Let Oy = {((d, q), ty(d, q), uyc(d,q)):d €EF, q € Q}. To show that Oy is a complex
intuitionistic Q-fuzzy subfield of (F, +,), let ¥ = {{(d, q), uy;(d,q),vy(d, @)):d €F, q € Q} bea
complex intuitionistic Q-fuzzy subfield of (F,+,"). So, forall d,k € F, q € Q

(ii) py (dk, @) = min{uy(d, @), py(k, @)},

(iii) uy (d™, @) = py(d, ),

(iV)yy(d — k,q) < max{yy(d, @), vy (k )},

) vyp(dk, @) < max{yy(d, @), vy k, @)},

vi)yy(d™ @) < vy (d, ).

To show that Oy is a complex intuitionistic Q-fuzzy subfield, we must prove the following:

(1) py(d — k, @) = min{py, (d, @), oy (k, @)},

(2) py(dk, @) = min{uy(d, @), uy(k, @)},

(3) ,Llw(d_l, q) = Hlp(d; q)a

(4) pye(d — k, q) < max{puye(d, @), uapye(k, @},

(5) wye(dk, q) < max{uye(d, q), pye(k, )},

(6) ch(d‘l, q) < Hlpc(d; q)

We note that conditions (1)—(3) are given. So,

,Ll.wc(d — k' q) = rwc(d _ k' q)eiwwc(d—k,q)
={1-ry(d -k, q)}ei{zﬂ—ww(d—k.q)}
< (1 — min{rw (d, q), 1y (k, q)})ei(Zn—min{ww(d,q),ww(k’q)})

= max{l —T1y (d, q)’ 1— T (k, q)}eimax{2n—a)¢(d,q),2n—w¢(k,q)}

= max{rwc(d, Q, Tye (k, q)}eimax{wwc(d,Q),wwc(k,q)}

iwwc(d,q) iwwc(k,q)}

= max{ryc(d, q)e ;Tye(k,q)e

= max{uye(d, ), pye (k, q)}.
Moreover,
wye(dk, q) = rye(dk, q)e v @D
= {1 —ry(dk, q)}ei{zn‘“’w(d"'Q)}
< (1 — min{ry(d, @), 1y (k, q)})e'm-min{oyp @D .oy ko))
= max{1 — 1,(d, q), 1 — 1y (k, q) Je @ 2r-wy(da).2m-wy(ka)}
= max{ryc(d, q), ryc(k, q)}e M @ye(d@ wyeclka)

iwwc(d,q) iwwc(k,q)}

= max{ryc(d, q)e ;Tye(k,q)e

= max{uye(d, q), pype(k, @) }.
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Also,

Uape(d,q) = rape(dL, e Cwed )
={1-ry@a?, q)}ei{zn‘ww(d_l,q)}
<{1-nr(@, q)}e!Fr-ww@a)}
= rye(d, q)e @@
= tye(d, q).

Thus,

py(d — k, q) = min{py,(d, @), 1y (k, @} . py(dk, q) = min{py,(d, @),y (k, @} . py(d™,q) =
ty(d, @),

pye(d —k,q) < max{,uwc(d, q), e (k, q)} . pye(dk,q) < max{,uwc(d, q), e (k, q)} , and
pye(d™h, q) < pye(d, q).

Therefore, Oy = {((d, q), uy(d,q), 1uyc(d,q)):d €F, q € Q} is a complex intuitionistic Q-fuzzy
subfield of a field F.

Theorem 3.6. Let (F,+,") be a field. If Y is a complex intuitionistic Q-fuzzy subfield of (F,+,"),
then the possibility operator ¢ P is a complex intuitionistic Q-fuzzy subfield of (F,+,").

Proof. Let 0 ={{(d, q),vye(d, @), vy(d,q)):d EF,q € Q}. To show that 0 ¢ is a complex
intuitionistic Q-fuzzy subfield of (F,+,), let ¥ = {{(d, q), uy(d, q),vy(d, @)):d EF, q € Q} be
a complex intuitionistic Q-fuzzy subfield of (F,+,"). Thus,

(i) uy(d —k,q) = minfuy(d, @),y (k, O},

(ii) uy(dk, q) = min{u,(d, @), uy(k, @)},

(iv) vy (d —k,q) < max{yy(d, q),vy(k @)},

) vy(dk,q) < max{yy(d, @), vy (k )},

(vi) ¥y (d™h q) < vy(d, ).

To show that ¢ 1 is a complex intuitionistic Q-fuzzy subfield, we must prove the following:

(1) yye(d = k,q) = min{yye(d, @), yye(k, )},

(2) vye(dk, @) = min{yye(d, q), yye(k, @},

(3) Yye(d™, @) = yye(d, @),

) vy(d = k,q) < max{yy(d, @), vy @)},

(5) vy (dk, @) < max{yy(d, @), vy (k @)},

(6) vp(d™,q) < yy(d, ).

We note that conditions (4)—(6) are given. Now,

y‘ll)c(d - k, q) = fvlpC(d - kl q)el&)lpc(d_k'q)
= {1 — fyp(d — k, q)}ei{Zn—aw(d—k,q)}
> (1 — max{#y(d, q), 7 (k, q)}) e ?7-max(@y(@a).dy )
= mm{1 —7,(d,q), 1 — iy (k, q)}eimin{zn—aw(d,q),zn—aw(k,q)}

= mm{ﬁl,c (d, q), 'f\'wc (k' q)}eimin{awc(d,q),a)wc(k,q)}
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= min{fyc(d, @) ®v* @D, e (k, q)e Pve D)

= min{yye(d, @), yye(k, )}.

Also,
yye(dk, q) = Fye(dk, q)e'@we( @D
= {1 — f-w(dk' q)}ei{ZH—aw(dk,q)}
> (1 — max{#y(d, q), 7 (k, q)})e!?m=m {By@.dy )
= min{1 - ,,(d, q), 1 — 7, (k, ) Je™n2m-0y(da).2m=0y ()}
= min{fyc(d, q), Fyc(k, q)}eimin{%c(d,q),a)wc(k,q)}
= min{fye(d, q)e P @D, Pye(k, q)e'Puwe0y
= min{yye(d, @), vye (k, )}.
Moreover,
Ype(d™1,q) = Fye(d1, q)e'@ve(@ 0
= {1 — f-lp(d—l' q)}ei{ZH—cT)w(d_l,q)}
> {1 —7,(d, q)Jel2m v (@)
= fye(d, q)e Pwe @)
= Yye(d, @).
So,
yye(d =k, @) = min{yye(d, ), yye(k, @} vye(dk, @) = min{yye(d, @), vye(k, @)}
Yue(d™h @) = yye(d, @),
Yu(d —k,q) < max{m(d, q), vy (k, D}, vy (dk, q) < max{yd,(d, 0, vy, 9} . and

Yp(@™, @) < vy(d,q).

Therefore, ¢ Y = {((d, q),vye(d,q),vy(d,q)):d EF,q € Q} is a complex intuitionistic Q-fuzzy
subfield of a field F.

Theorem 3.7. 4 complex intuitionistic Q-fuzzy subset ) = {((d, q), uy(d, @), vy(d,q) :d €EF,q €
Q} of a field F is a complex intuitionistic Q-fuzzy subfield of a field F if and only if the complex Q-
Suzzy subsets py(d, q), vyc(d,q) are complex Q-fuzzy subfields of a field F.

Proof. Let ¥ ={{((d, q), uy(d,q),vy(d,q) ):d EF,q € Q} be a complex intuitionistic Q -fuzzy
subfield of (F,+,"). Thus,

(1) py(d — k, @) = min{py, (d, @), 1y (k, @)},

(2) py(dk, q) = min{py,(d, @), uy (k, O},

(3) .ul,l)(d_li q) = Hlp(d; Q),

(4) yyp(d — k,q) < max{yy(d, @), vy (k. @},

(5) vy (dk, @) < max{yy(d, @), vy },

(6) yy(d™, @) < vy(d, ).
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Clearly, py(d,q) is a complex Q-fuzzy subfield of (F,+,") by the given (1), (2), and (3). Now we
must show that y,c(d, q) is a complex Q-fuzzy subfield of (F,+,).
To show that yy.c(d, q) is a complex Q-fuzzy subfield of a field F, we will prove the following:

(i) yye(d —k,q) = min{yye(d, @), yye(k, )},
(ii) yye(dk, @) = min{yye(d, @), vy (k, )},
(iii) yye(d™%, q) = yye(d, @).

Now,

Yye(d — k,q) = Fye(d — k, q)e ®ve @ 0D
={1-#,(d -k, q)}ei{zn_a’ll’(d""‘”}
> (1 — max{#, (d, q), 7 (k, q)})e?7-ma {By(@).dyca))
= min{l —f,(d, q), 1 — 7, (k, q)}eimin{z"-ff’w(d,q)zﬂ—@lp(k,q)}
= min{fyc(d, q), Fye(k, q)}eimin{ﬁwc(d,q).ﬁ)wc(k.q)}
= min{fye(d, 9)e'®v D, 7 e (k, q)e v "D}
= min{yye(d, ), vye(k, @)}
Moreover,
yye(dk, q) = #ye(dk, q)e'@w@?
=(1-% (dk, q))ei(Zn—aw(dk,q))
> (1 — max{#, (d, q), 7 (k, q)}) e (37-max(@y @2y (ca)})

= min{1 — #,(d, q), 1 — 7, (k, q)}eimin{Zn’—(T)w(d,q),Zn'—aw(k,q)}

= mln{f'wc(d, CI)’ f‘lpc(k, q)}eimin{alpC(d'Q)'G)wc(k,q)}

= min{fye(d, q)e v P, 7 e (k, q)e v Dy
= min{yye(d, q), vye (k, )}.
Further,
Vllic(d_l' CI) = 7A'¢C(d_1, q)eia’wc(d_l'q)
= {1 —#,(d", q)}e!Pm-®p(a7a)}
> {1 - 7,(d, q)Je!Zr-@v (@)}

n i&0,,c(d,
— T¢C(d, q)elwll’ (d,q)

= yyc(d, q).

Therefore, the complex Q-fuzzy subsets uy,(d,q), yyc(d,q) are complex Q-fuzzy subfields of
(F, +,).
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Conversely, let uy(d, q),yye(d,q) are complex Q-fuzzy subfields of (F,+,"). To prove that ¢ =
{ ((d,q), uy(d,q),vy(d,q) ):d EF,q € Q} be a complex intuitionistic Q-fuzzy subfield of (F,+,"),
we must prove that 1) satisfies all conditions of a complex intuitionistic Q-fuzzy subfield of a field F.
So, we want to show that:

(2) py(dk, @) = min{uy(d, @), uy(k, @)},

(3) ,Llw(d_l, q) = Hlp(d; q)a

) vy(d — k,q) < max{yy(d, ), vy k O},

(5) vy (dk, @) < max{yy(d, @), vyk )},

(©) vy(@™' @) < yy(d, 9.

Given that p,,(d, q) isacomplex Q-fuzzy subfield of (F,+, )., we remark that (1)—(3) are satisfied.
As a result, we need to demonstrate conditions (4)—(6). Given that ywc(d, q) is a complex Q-fuzzy
subfield, thus:

Vye(d =k, q) = min{yye(d, @), vye(k, @)}
= min{fy(d, q)eiawc(dm,fwc(k, q)eimwc(k,Q)}
= min{fyc(d, q), Fye(k, q)}eimin{ﬁ)wc(d.q)@wc(k.q)}
= min{1 — 7, (d, q), 1 — 7, (k, q) }emin(2r-0y @021y ()}
= (1 - max{fy,(d, ), 7y (k, @)}) e ?r-me [Py (@D (D)),
So,
Yo(d — k,q) < max{f,,(d, q), 7,y (k, q) }emex{@u(@Doy (ka)}
= max{ﬁl,(d, q)eiaw(d,q)' 7, (K, q)ei(f)w(k,q)}
= max{yy(d, @), vy (k. )}.
Also, since yyc(d,q) is a complex Q-fuzzy subfield of (F,+, ), hence
Vye(dk, @) = min{yye(d, q), vy (k, )},

= min{fyc(d, @) ®v* @D, e (k, q)e Pve D)

= min{fwc(d, Q,* wf(k: q)}eimin{%c(d,q).awc(k,q)}
= min{l — f(d, q), 1 — f (k, q)}eimin{Zn—@w(d,q),Zn—@w(k,q)}
= (1 — max{fy(d, q), 7y (k, q)})el'(Zﬂ—maX{f?)w(d,q).a)w(k,q)})'
So,
yo(dk, q) < max{f,(d, q), 7, (k, q)}e M@y @0y )
= max{#,(d, q)e'®v @D, #, (k, q)e vk}
= max{yy(d, @), vy (k. @)}.
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Also, since yyc(d, q) is a complex Q-fuzzy subfield of (F,+, ), hence:
Yye(d™,q) = yye(d, q)
= fye(d, q)ei@wc(d,q)
— {1 _ fzp (d, q)}ei{ZH—cT)w(d,q)}

Then,

yp(d™1q) < fy(d, )e®v@D =y, (d, q).

Already we have

wy(d — k, q) = min{uy (d, ), ny (k, @)}, py(dk, q) = min{uy(d, q), uy(k, @)}, and py(d™*,q) =
Hence, ¢ = {((d, q), uy(d,q),vy(d,q) ):d €EF,q € Q} be a complex intuitionistic Q -fuzzy
subfield of a field F.

Theorem 3.8. Let (F,+,) be a field A complex intuitionistic Q -fuzzy subset P =
{ ((d, @), uyp(d, q),vyp(d,q) ):d EF,q € Q} of (F,+,”) is acomplex intuitionistic Q-fuzzy subfield
of (F,+,") ifand only if the complex Q-fuzzy subsets pyc(d,q), vy(d,q) are complex anti-Q-fuzzy
subfields of (F,+,).

Proof. Let ¥ ={{((d, q), uy(d,q),vy(d,q) ):d EF,q € Q} be a complex intuitionistic Q -fuzzy
subfield of (F,+," ). Then

(1) py(d =k, q) = min{py,(d, @), oy (k, )},

() py(dk, q) = min{uy(d, @), py(k, @)},

3) uy(d™,q) = uy(d, q),

@ vyp(d — k,q) < max{y,(d, @), vy(k },

(5) vy (dk, q) < max{yy(d, @), vy(k @)},

©6) vyp(d™, @) < yy(d, q).

From (4), (5), and (6), it is clear that y,,(d, q) is a complex anti-Q-fuzzy subfield of (F,+," ). Now we
must show that uye(d, q) is a complex anti-Q-fuzzy subfield of (F,+,").

To show that pyc(d, q) is a complex anti-Q-fuzzy subfield of (F, +,), we will prove the following:
(1) MwC(d —k, q) < max{#tpc(d; Q); .uwc(ki q) }7

(ii) pye(dk, q) < max{uye(d, q), pye(k, @)},

(iii) pye(d™, q) < pye(d, q).

Now,

pype(d — k,q) = rye(d — k, g)e v (@7
= {1 -r1y(d — k, q)}e'Pr-ould-ka}
< (1 —minf{ry(d, @), ry(k, q)})ei(2n—min{w¢(d,q>,w¢(k,q>})
= max{1 — 1,(d, q), 1 — 1,y (k, q) Je M 2r-wy(da).2m-wy k)
= max{ryc(d, q), ryec(k, q)}eimax{wwc(d,q),wwc(k,q)}
= max{rye(d, )e @D ek, @) v * Dy

= max{pye(d, @), prye (k, @)}.
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Also,
tye(dk, @) = rye(dk, q)e ek
= {1 -, (dk, q)}e Zmew(@ka)]
< (1 —min{ry(d, q), 7 (k, q)})ei@m=mi {op@ wy®a))

= max{l —T1y (d, q)’ 1— T (k, q)}eimax{2n—a)¢(d,q),2n—w¢(k,q)}

= max{ryc(d, q), ryc(k, q)}eimax{wwc(dm'“’wc(k'q}}

i(ulpc(d,CI) iwwc(k'Q)}

= max{ryc(d,q)e ;Tye(k,q)e

= max{pye(d, q), pye(k, @ }.
Further,
; -1
pye(d™,q) = rye(dt, q)e v @)
— {1y, qelenoslaa)
< {1 -r,(d, ) }etl2m @y @)}

= rye(d, Qe v

= Hye (d, q)

So, pye(d,q) and yy(d,q) are a complex anti-Q-fuzzy subfield of (F,+,").

Conversely, let uyc(d,q) and yy(d,q) are a complex anti-Q-fuzzy subfield of (F,+,"). To prove
that i = { ((d,q),uy(d,q),vy(d,q) ):d EF,q € Q} be a complex intuitionistic Q-fuzzy subfield
of (F,+, ), we must prove that ) satisfies all conditions of a complex intuitionistic Q -fuzzy
subfield of (F,+, ). It is clear that y,(d—k,q) < max{yw(d, q), vy (k, D}, yy(dk,q) <

max{yy(d, q),vy(k, @)}, and y,(d™%,q) < yy(d, q) are satisfied.
Now,

pye(d — k,q) < max{uye(d, q), wye(k, @)}

iwwc(d,q) iwwc(k,q)}

= max{ryc(d,q)e ,rye(k,q)e
= max{1 —ry(d,q),1 —ry(k, q)}eimax{z”—ww(d,q)zﬂ—wlp(k,q)}
= (1 - min{r,(d, q), 1y (k, q)})e!Fr-min{oy@d .oy (ea))
Then,
iy (d =k, @) = min{ry(d, q), 7y (k, @) Ye minl@w (@D 0y ()}
= min{ry(d, )e' v @D, 1, (k, q)eiwv*D}
= min{uy(d, q), uy (k, @)},
Also,
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pye(dk, q) < max{pye(d, q), uye(k, @)}

iwwc(d,q) iwwc(k,q)}

= max{ryc(d, q)e Tye(k, qe
= max{1l — rlli(d' Q), 1— rlli(k' q)}eimax{Zn—ww(d,q),Zn—ww(k,q)}

= (1 —minf{ry(d, @), ry (k, q)})ei(2”—min{w¢(d.Q).ww(k,q)})_

Then,
y(dk,q) = minfry(d, q), 1y (k, ) }e ™oy (@D oy k)
= min{r,(d, q)e'“v@D 1, (k, q)e' s}
= min{uy (d, q), iy (k, @)}.
Also,
pye(d™, q) < pye(d, @)
= rye(d q)e e
= (1 =1 (d, @))eCr v @),
Then,

ny(d™,q) = 1y(d, q) = py(d, q).

Therefore, Y(d) = {((d, q), uy(d,q),vy(d,q) ):d €EF,q € Q} is a complex intuitionistic Q-fuzzy
subfield of (F,+,").
Definition 3.5. Let (F,+,").be a field. Lety, and Y, be any two complex intuitionistic Q-fuzzy

subfields of (F,+,) where P; = {((d, q), iy, (d,q),vy,(d,q) ):d EF,q€E Q} and P, =
{ ((d,q), uy,(d,q),vyp,(d,q) ):d EF,q E Q}. Then their intersection is defined as:

1 NPy = {{(d, @), iy, o, (A @), Vg, 0, (4, @)): d € Fq € Q)
where

tapooup, (d, @) = min{ry, (d, @), 7y, (d, ) Je™mM@v: @Dy, @D}

Vs, (@) = max{fy, (d, q), 7y, (d, q) Je mX@va @D Dy, (@D},

Definition 3.6. Let (F,+,") be a field. Lety, and Y, be any two complex intuitionistic Q-fuzzy
subfields of (F,+,) where ¥, ={{(d,q), 1y, (d,qQ),vy,(d.q)):d EF,q€Q} and 1, =
{ ((d, @), 1y, (d, @), vy,(d,q) ):d EF,q € Q}. Then their union is defined as:

W1 U, = {((d, @), iy up, (s @, Vpyup, (d,@)):d € F,q € Q}

where
oo, d,q) = max{npl d,q), Ty, , q)}eimax{w¢1(d'q)""1pz (d,q)},
Vg, (d, @) = min{fy, (d, q), 7y, (d, q) e ™M Pv: (@D0y, (@0},
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Theorem 3.9. Let (F,+,") beafield. If Y, and 1, be two complex intuitionistic Q-fuzzy subfields
of (F,+,), then Y1 NP, is a complex intuitionistic Q-fuzzy subfield of (F,+,").

Proof. Let Y1 = {{(d, @), 1y, (d,q),vy,(d,q) ):d EF,q € Q} and P, =
{((d, q), y,(d,q),vy,(d,q) ):d EF,q € Q} be two complex intuitionistic Q-fuzzy subfields of
(F,+,"). To prove that ¥, N, is also a complex intuitionistic Q-fuzzy subfield, we must show that
P, N Y, satisfies all conditions of complex intuitionistic Q-fuzzy subfield for all d,k € F,q € Q.
Note that ny, (d,q),1y,(d,q), 7y, (d,q) and 7y,(d,q) are intuitionistic Q-fuzzy subfields and
wy, (d,q), wy,(d,q), Dy, (d,q), and &y,(d,q) are intuitionistic - Q -fuzzy subfields by
Theorem 3.2. Then 7y, ny,(d, @), 7y, ny,(d,q) are intuitionistic @ -fuzzy subfields and
Wy, np, (d, q), Wy, ay,(d, q) are intuitionistic 7-Q-fuzzy subfields.

Now, let d,k € F,q € Q. Then,

My np, (d—kq) = T, N, (d —k, q)ei“’%nwz (d-k,q)
2 min{r‘/’lnwz (d’ q)’ rwln'll)z (kl q)}elmln{wwlnwz (d’q)’wwlnwz (qu)}
= min{rllhﬂl/)z (d, Q)eiwwlmpz (d,q), Ty ny, (k, q)eiwthmllz (k,q)}'

= min{fulhml)z (d, ), Hpy i (k, Q)}
Moreover,
Hap 0y, (dk, q) = M1y, (dk, q)eiwwlm‘bz (dk.q)
> min{ry, ny, (d, Q). 7y, (K, q) Je ™ @p10v, (@D 010w, (k.@)}
= min{nplmpz (d’ Q)eiw¢1n¢2 (d.Q), Ty, (k, q)eiw¢1n1p2 (k,q)}'
= min{#lplﬂlpz (dl CI): .ull)lﬂll)z (kr CI)}
Also,
— _ : -1
Wy inyp, (d 1, CI) = TyYiny, (d 1, q)elwll’mlllz(d ')
> 1,y (d, @' vinv2 (4D
= Hyiny, (d, q).
Further,
ylplmpz (d - k; CI) = fwlﬂwz (d — k, q)eia)ll’mll’z(d_k'Q)
< maJC{f'wlnwz (d, q), 7;1/)101/)2 (k, q)}eim(IX{(?)lplmpz (d,q),(f)wlmpz (k,q)}
= max{fy, oy, (4 P20, 1y (1, q)e v i),
= max{y¢1nwz (d' q)' YIlJlmj)Z (k: CI)}
Moreover,
Yy, 0y, (dk, Q) = ﬁl’lnwz (dk, q)eia\)wlmﬂz (dk,q)

< max{fy, vy, (d, @), P ovp, (e, @) J& M @100 (A D By, (60D}
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= max{fy, ny, (d, q)ePvinwz(da), P vp, (e, q)e @iy (k)

= max{Y¢1n¢2 (d, CI); Yyiny, (k, CI)}
Also,

VTI)MIIJZ (d_li Cl) = f'¢1n¢2 (d_l, q)ei&\)¢1ﬂ¢2 (d_l'Q)

< fp.op, (d, @)@ a0z (D

= Yy, (d, Q).

Hence, the intersection of two complex intuitionistic Q-fuzzy subfields is a complex intuitionistic Q-
fuzzy subfield.
Theorem 3.10. Let {y;:i € I} represent a set of complex intuitionistic Q-fuzzy subfields of a field F.
Then Nic; Y; is a complex intuitionistic Q-fuzzy subfield.
Proof. The proof is straightforward.
Remark 3.1. The union of two complex intuitionistic Q-fuzzy subfields of a field F may not be a
complex intuitionistic Q-fuzzy subfield of a field F.
Example 3.1. Let F = 71, be a field under ordinary addition and multiplication of integers where
Z,1 ={0,1,2,...,10} is the set of integers modulo 11.
Suppose that ; and Y, are two complex intuitionistic Q-fuzzy subfields of a field Z;; where
q € Q and defined as:

T 0.1e's ;
py, (d,q) = {0-2312 Jif d €3L11 and v, (d,q) = i d € 3T

0 ,otherwise i .
0.5e3 ,otherwise

03e's ,if d €22
ty, (d, q) ={ . and yy,(d,q) ={ .E / H
0.01e's ,otherwise 0.4e's ,otherwise
It is possible to verify that 1, and i, are complex intuitionistic Q-fuzzy subfields of a field Zq.

From Definition 3.6 ¥; Uy, = {((d, q), ey, (d, @), Vyp,up,(d,q)):d EF,q € Q}. Then,

0.le's Jif d €27y,

IT
( 02eZ ,if d €32y,
s
Hypup,(d, @) =40.1e'3 ,if d € 2Z,, — 3744
.TT
0.01le's ,otherwise

and

{ 0'1elﬁ ,lfd € 3211

d,q) = i '
yllJlUl/)z( q) 0_3@18 , Lf d € 2211 - 3Z11

0.4e's ,otherwise
Let d =3 and k = 2. Then py,yy,(3,q9) = 0.2e'z , oy oy, (2,q) = 0.1e%s, typ,up,(3—2,q9) =

Hypyop,(1,@) = 0.01e's, and minfpuy, vy, 3, 9), ty,up, (2 9)} = min {02 0.1, } = 0.1¢%5.

We note that iy, yy, (3 —2,q) < min{ulpluwz G, @),y oy, (2, q)}. This means that ; U Y, does
not satisfy one of the conditions of the complex intuitionistic Q-fuzzy subfield.
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Therefore, the union of two complex intuitionistic Q-fuzzy subfields of a field F may not be a
complex intuitionistic Q-fuzzy subfield of a field.

Definition 3.7. Let fields F, and F,, have two complex intuitionistic Q-fuzzy subfields 1, and Y,
such that Py = {4, @) iy, (d, @), vy, (d,q) ):d €E Fi,q € Q} and Y, =
{{d,, Uy, (d, @), vy,(d,q) ):d € Fp,q € Q}. Then their direct product is denoted by ¥, X, and
defined as:

(1 x ¥2)((d, k), q)
= {(((@,5), @) , ttp, xp, (A, K), @), Vp e, ((d, KD, q)): (d, k) € Fy X Fy,q € Q}

where
Moy, xp, ((d' k), q) =Ty x, ((d, k), q)eiwll’lxll’z ((dk)q)
= min{r¢1 d, q), Ty, (k, q)}ei min{wwl(d,q),wwz(k’q)},
Vo, (,5),0) = Py, ((d, 1), q) e Pvweva((@109)
= max{ﬁpl (d,q), 7y, (k, q)}ei max{@y, (d.q),0y, (k.a}

Theorem 3.11. Let fields F, and F,, have two complex intuitionistic Q-fuzzy subfields 1 and .
Then Y1 X Y, is a complex intuitionistic fuzzy subfield of a field F; X F,.

Proof. Let 1 = {{(d, @), py, (d, @), ¥y, (d, @) ):d € Fy, q € Q} and ¥y =
{((d, q), iy, (d, q),vy,(d,q) ):d EF,,,q € Q} be two complex intuitionistic Q-fuzzy subfields of
fields F; and F,, respectively. We must demonstrate that 1, X ¥, satisfies all conditions of a

complex intuitionistic Q-fuzzy subfield to establish that 1y, X 1, is acomplex intuitionistic Q-fuzzy
subfield. For each (d, k), (a,b) € F;, X F, and q € Q, we have

Hopyxp, ((d, k) = (@, ), q) = py,xp, ((d = @, k = b), q)
= 7y, ((d — @,k — b), q)e!@wrxpz((d=ak=b)a)
= min{ry, (d — a,q), 7y, (k — b, q) Je! ™M@u (d-ad vy, (k=ba)])
= min{ry, (d — a,q)e ¥ @D 1, (k — b, q)e'v:k-ba)}
= min{uy, (d — a,q), iy, (k — b, q)}
> min {min{uy, (d, q), y, (@, @)}, minfy, (k, ), 1y, (b, )}
= min {min{py, (d, @), iy, (k, @)}, minfuy, (@, @), 1y, (b, )}
= min{py, xy, ((d, k), q), iy, xy, (@ b), @)}

Hence, fy,xy,((d, k) — (a,b), q) = min{py, xy,((d, k), @), ty,xp,((@ b), q)}.
Moreover,

Hopyxp, ((d, k) (@, B), @) = thy, xp, ((dat, kD), q)

= Tyixap, ((da, kb): q)eiwlluxwz ((@akb)q)
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= min{ry, (da, q), 1y, (kb, q) Je! ™M@ (@@ 0y, (kb))

= min{r,, (da, q)e!¥:1(4%D, v (kb,q)e!@v: >0}

= min{uy, (da, q), wy, (kb, q)}
= min {min{u¢1(d, Q), iy, (@, @)}, min{py, (k, q), wy, (b, q)}}
= min {mi"{ﬂwl(d; D, 1y, (e, @)}, min{uy, (@, q), y, (b, q)}}
= min{gy, xy, ((d, k), ), oy, xp, (@, b), q)}.

Hence, uwlxwz((d, k) (a, b),q) > min{,uwlxwz((d, k), q),,uwlxwz((a, b), q)}
Furthermore,

i —-13,-1
K xap, ((d_1, k_l), CI) = Ty, xy, ((d_l’ k_l)’ q)elwlﬁlxwz((d K )'Q)
= min{rllh a9, Ty, (k71 q)}ei min{wy, (d71,).wy, (k,4)}
= min {rwl (d1, q)eiww(d70a), ry, (K74, q)eiwwz(k_l,Q)}
= minfuy, (d™,q), iy, (k™ @)}
> min{uy, (d, q), iy, (e, @)}

Hence, fiy,xy, (A7 k™), q) 2 ty,xy,((d,5), ).
On the other hand,

Vipap, (1) = (4,0),9) = Yy, ((d — @,k = b), q)
= P, ((d — @, k — b), q) e @wrxwo((d=ak=b)a)
= max{#,, (d — a,q), 7, (k — b, q) }e! ™ @1 (d-a DBy, (k-ba)}
= max{#, (d — a,q)e'®n @D ¢, (k — b, q)e@w.(k-D.D)}
= max{yy, (d — a,q),vy,(k — b, @)}
< max {max{yy, (d, @), vy, (@, @)} max{ry, (k, @), vy, (b, )}
= max {max{yy, (d, 0), vy, (k, )}, max{yy, (@ ), vy, (b, )}
= max{yy,p,((d,©), @), Vi, xp, ((@,0), q)}-

Hence, ¥y, xyp,((d, k) — (a,b),q) < max{yy,xy,((d k), q), vy,xp,((a b),q)}.
Also,

Voixv ((d, k)(a,b), CI) = Yyixy, ((da: kb), CI)
= Fyp xp, ((da, kb), q)eiawlxwz((da,kb),q)

= max{ﬁpl (da, q), fwz (kb, q)}ei max{@y, (da,q),dy,(kb,q)}
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= max{fy, (da, q)e'®»1 @D 7 (kb, q)el@v.k0D)
= max{yy, (da, @), vy, (kb, q)}
< max {max{ywl(d' D), vy, (@, @)}, max{yy, (k, q), vy, (b, q)}}
= max {max{yy, (d, ), vy, (k- )}, max{yy, (@ @), vy, (b, )}
= max{yy, xy,((d, k), 9), Vyp,xp,((@ b),q)}.
Hence, ¥y, xy, ((d, k)(a,b),q) < max{yy, «y,((d,k),q), vy,xyp,((a b),q)}.
Further,
Vo, (A5 K7, q) = Py e, (@71 k7, q)e"a’wlxwz((d‘l"“l)'ﬂ
= max{#y, (d~1, q), 7y, (k=1 @) }e! ™M@ (@) 0y, (0))
= max {ﬁ,,l(d‘l, @)@ (@) 2 (11, q)eia’ll’z(k_l'q)}
= max{yy,(d™*, @), vy, k™, )}
< max{yy, (d, ), vy,k @)}.

Hence, Yy, xyp,((d™5k™),q) < vy, ((d, K), q).

Therefore, Y, X 1, is a complex intuitionistic Q-fuzzy subfield of a field F; X F,.

Corollary 3.1. Let Y4,Y,,95, ..., ¥, be a complex intuitionistic Q -fuzzy subfield of fields
Fi,F,,F,, ...,F,. Then ; XY, X Y3 X ... X 1, is a complex intuitionistic Q-fuzzy subfield of a
field F; X F, X F, X ..X E,.

4. Conclusions

This study proposed a concept of a complex intuitionistic Q-fuzzy subfield as a new structure.
We extend the concept of a complex fuzzy subfield to a complex intuitionistic Q-fuzzy subfield by
adding the idea of the intuitionistic Q -fuzzy set to a complex fuzzy subfield. This valuable
contribution expands the investigation from membership function values to include both membership
and non-membership function values. In the complex plane, the range of complex fuzzy subfields is
extended to the unit disc for membership and non-membership functions. Furthermore, we suggested
basic operations such as intersection, union, and complement and investigated some properties of these
operations. In addition, we introduce the necessity operator and possibility operator on a complex
intuitionistic Q-fuzzy subfield. Some important and related theorems have been studied.
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