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Abstract: This paper is concerned with the study of nonlocal fractional differential equation
of sobolev type with impulsive conditions. An associated integral equation is obtained and then
considered a sequence of approximate integral equations. By utilizing the techniques of Banach fixed
point approach and analytic semigroup, we obtain the existence and uniqueness of mild solutions
to every approximate solution. Then, Faedo-Galerkin approximation is used to establish certain
convergence outcome for approximate solutions. In order to illustrate the abstract results, we present
an application as a conclusion.
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1. Introduction

Research work in the area of fractional differential equation is multidisciplinary such as control
systems, elasticity, circuit systems, heat transfer, fluid mechanics, signal analysis, traffic flow,
pollution control, etc. It is considered as an alternative model to nonlinear differential equation.
Fractional differential equations are a useful tool in modelling several events. In [1], controllability of
Hilfer fractional neutral differential systems with infinite delay is obtained. An article obtained on
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Neutral fractional stochastic partial differential equations with Clarke subdifferential is investigated
using fractional calculus and fixed point theorems in [2]. Nisar et al. [3], in their publication, briefly
discussed the analysis of controllability for nonlinear Hilfer neutral fractional derivatives via
fractional calculus and Banach contraction principle. Numerous credible theoretical studies on
fractional differential equation can be referred to books in [4–8] and the research articles are [9–15].
The fractional differential equation has many solutions with nonlocal conditions, impulsive type and
sobolev type. In which, the nonlocal conditions is a generalization of the classical conditions, was
motivated by the physical phenomena. The pioneering work on nonlocal condition is due to
Byszewski [16]. Papers related on nonlocal conditions, we may refer [17–20].

Moreover, the theory of fractional impulsive differential equations has been entirely developed
during the past decades. Since 1990’s many mathematician have derived lots of results on differential
equations undergoing impulsive effects. It focuses on the analysis of dynamic processes that
experience abrupt changes. Impulses have a relatively shorter time difference between changes than
the overall length of the process. The following may act as motivation to investigate such systems
using impulsive differential equations. Consider the simplest scenario for a person’s hemodynamic
equilibrium. Some injectable medications, such as insulin, may be provided in the case of a
de-compensation, such as high or low glucose levels. It is clear that the entrance of medications into
the circulation and the body’s subsequent absorption are slow and ongoing processes. This
circumstance might be seen as an impulsive activity that begins suddenly and lasts for a set amount of
time. For detailed information about the impulsive fractional differential equation and its applications,
we refer to the readers [21–25].

On the other hand, the Sobolev type differential system is typically seen in the mathematical
structure of numerous physical events, such as fluid flow through fractured rocks, thermodynamics.
Additionally, Sobolev type differential equations are utilised to describe the attributes of systems and
processes in mathematical modelling and simulations. For more literature on sobolev type differential
equation, see [26–30] and references therein. In addition, one of the most effective methods for
determining out approximations of solutions to a given differential equation in an abstract space is the
Faedo-Galerkin approach. The Faedo-Galerkin method may be used within a vartional formulation in
order to provide solutions of the equations under possibly weaker assumption on the data and may
also prove a very useful tool for numerical approximation of equations. A detailed view on
Faedo-Galerkin approximation we refer [31–35].

In accordance with the aforementioned literature survey, there are relatively few work outcomes
that explore the existence and uniqueness of a mild solution to a Sobolev type fractional differential
equation with Impulses applying a fixed point technique. This fact is the fundamental motivator behind
our current progress. This article [36, 37], outlines the nonlocal Sobolev type fractional differential
impulsive system as follows:

cDβ
σ[Mx(σ)] = Lx(σ) + F (σ, x(σ), x(h(σ))), σ ∈ [0,T ], (1.1)

∆x(σi) = Ii(x(σi)), i = 1, 2, ..., q, q ∈ N, (1.2)
g(x) = φ ∈ H1. (1.3)

Where 0 < β < 1, T ∈ (0,∞) cDβ
σ is the Caputo fractional derivative, 0 = σ0 < σ1 < ... < σq <

σq+1 = T are pre-fixed numbers, ∆x|σ=σi = x(σ+
i )− x(σ−i ) and x(σ+

i ) = limh→0+ x(σi +h) and x(σ−i ) =

limh→0− x(σi + h) denote the right and left limits of x(σ) at σ = σi, respectively. From (1.1), assume
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L : D(L) ⊂ H1 → H2 M : D(M) ⊂ H1 → H2 are closed (unbounded), positive and self-adjoint
operators, where H1 and H2 are Hilbert spaces and the appropriate functions are F : [0,T ] ×H1 → H1

and g : C([0,T ],H1)→ H1, h : [0,T ]→ [0,T ], Ii : H1 → H1.
This articles is organized as:
Basic concepts and lemmas are covered in Section 2. In Section 3, the fixed point theorem is used

to determine the existence and uniqueness of an approximate solution. In Section 4, the convergence of
the approximate solutions is obtained. In Section 5, the convergence of approximate Faedo-Galerkin
solutions is proved. Finally, we provide a theoretical application to assist in the effectiveness of our
result.

2. Basic results

The upcoming segment recalls the necessary things to obtain the primary facts of our discussion.
Let (H1, ‖ · ‖, < ·, · >), (H2, ‖ · ‖, < ·, · >) be Separable Hilbert spaces. Assume C([0,T ],H1) from

[0,T ] into H1 with ‖x‖[0,T ] := sup{‖x(σ)‖ : σ ∈ [0,T ]} be a Banach space of continuous function and
boundedness of linear operator L(H1) equipped with ‖f‖L(H1) = sup{‖f(x)‖ : ‖x‖ = 1}.

Definition 2.1. [37] The R-L integral of order β > 0 is

Jβ
σF (σ) =

1
Γ(β)

σ∫
0

(σ − s)β−1F (s)ds, (2.1)

where F ∈ L1((0,T ),H1).

Definition 2.2. [37] The R-L derivative is

RLDβ
σF (σ) = Dδ

σJ
δ−β
σ F (σ), |β − δ| ∈ (0, 1), δ ∈ N, (2.2)

where Dδ
σ = dδ

dσδ , F ∈ L1((0,T ),H1), Jδ−β
σ F ∈ Wδ,1((0,T ),H1).

Definition 2.3. [37] The Caputo derivative is

cDβ
σF (σ) =

1
Γ(δ − β)

σ∫
0

(σ − s)δ−β−1F δ(s)ds, δ − 1 < β < δ, (2.3)

where F ∈ Cδ−1((0,T ),H1)
⋂

L1((0,T ),H1),

Jβ
σ(cDβ

σF (σ)) = F (σ) −
δ−1∑
k=0

σk

k!
F k(0) holds.

Operators L,M impose the following conditions:

(a) L andM are closed linear operators;
(b) D(M) ⊂ D(L) andM is bijective;
(c) M−1 : H2 → D(M) ⊂ H1 is compact.
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Conditions (a)-(c) and closed graph theorem imply LM−1 : H2 → H2 is the boundedness of the
linear operator. Therefore, an infinitesimal generator E = LM−1 of semigroup S(σ) := eLM

−1
and so

maxσ∈I ‖S(σ)‖ is finite. We have the following integral as per prior definition,

Mx(σ) =Mx(0) +

q∑
i=1

Ii(x(σi)) +

σ∫
0

(σ − s)β−1

Γ(β)
[Lx(s) + F (s, x(s))]ds, σ ∈ [0,T ]. (2.4)

The above (2.4) exists a.e. As a result, aforementioned equalization is equal to the impulsive
differential equation of Sobolev type. Therefore, there exists N0 ≥ 1 a positive constant such that
‖S(σ)‖ ≤ N0. Let the resolvent set of E is ρ(E). Hence, Eα, 0 < α ≤ 1 be the fractional power which is
a closed linear operator and D(Eα) is a subspace, in such a way its simple to show that it is a Banach
space with supremum norm and is represented as (H1)α with (‖ · ‖α). We have
(H1)η ↪→ (H1)α, 0 < α < η so the embedding is continuous. Then, we define (H1)−α = ((H1)α)∗, α > 0,
dual space of (H1)α, is a Banach space equipped with ‖x‖−α = ‖E−αx‖, x ∈ (H1)−α.

Proposition 2.1. [38] Assume E of S(σ), σ ≥ 0, 0 ∈ ρ(E) is an infinitesimal generator. We get

(i) For σ > 0, α ≥ 0, S(σ) maps from H1 → D(Eα).
(ii) For each x ∈ D(Eα), S(σ)Eαx = EαS(σ)x.

(iii) Let
∥∥∥∥∥ d j

dσ jS(σ)
∥∥∥∥∥ ≤ N j, j = 1, 2, σ > 0, where N j is a positive constant.

(iv) A bounded operator EαS(σ), ‖EαS(σ)‖ ≤ Nασ
−αe−δσ, σ > 0.

(v) If x ∈ D(Eα), α ∈ (0, 1] implies ‖S(σ)x − x‖ ≤ Cασ
α‖Eαx‖.

Remark 2.1. [38] The boundedness of the linear operator E−α inH1 such that D(Eα) = Im(E−α). Let’s
denote (H1)α(T ) = C([0,T ], (H1)α) be Banach space of all (H1)α-valued continuous function equipped
with ‖x‖(H1)α(T ) = supσ∈[0,T ] ‖x(σ)‖α, such that x(σ) is continuous on σ , σi, left continuous at σ = σi

and right limit x(σ+
i ) exists for i = 1, 2, ..., q.

3. Existence of solutions

We inspect the existence of (1.1)–(1.3) as well as their uniqueness. The respective assumptions on
E,F , h, Ii(i = 1, 2, ..., q) is presented as:

(1) Let E be closed, positive definite and self adjoint linear operator : D(E) ⊂ H2 → H2. A pure point
spectrum E has

0 < λ0 ≤ λ1 ≤ λ2 ≤ ... ≤ λm ≤ ...,

with λm → ∞, m→ ∞ and complete orthonormal system {φ j},

Eφ j = λ jφ j and 〈φl, φ j〉 = δl j, (3.1)

where

δl j =

{
1, j = l
0, otherwise.
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(2) The continuous mapping F : [0,∞) × (H1)α × (H1)α → H2 and mR : [0,∞) → (0,∞) an
increasing function exists, on R > 0 such that

‖F (σ, z,w)‖ ≤mR(σ), (3.2)
‖F (σ1, z1,w1) − F (σ2, z2,w2)‖ ≤mR(σ)[|σ1 − σ2|

θ1 + ‖z1 − z2‖α], (3.3)

for all (σ, z,w), (σ1, z1,w1), (σ2, z2,w2) ∈ [0,∞) × BR((H1)α) × BR((H1)α) where BR(H1) = {z ∈
H1 : ‖z‖H1 ≤ R} and θ1 ∈ (0, 1).

(3) Let nonlinear function h : [0,T ]→ [0,T ] such that h(σ) ≤ σ, 0 ≤ σ ≤ T and ∃ constants Lh > 0
such that

|h(σ1) − h(σ2)| ≤ Lh|σ1 − σ2|, σ1, σ2 ∈ [0,T ]. (3.4)

(4) There exist χ ∈ C([0,T ], (H1)α) such that g(χ) = φ and χ(σ) is locally Lipschitz continuous.
(5) All the function Ii : H1 → H1 (i = 1, 2, ..., q) are continuous function such that

‖Ii(x)‖α ≤ Oi,∀ α ∈ (0, 1),
‖Ii(x1) − Ii(x2)‖α ≤ Ni‖x1 − x2‖α,∀ x1, x2 ∈ H1,

where Oi,Ni, i = 1, 2, ..., q are positive constants.

Definition 3.1. [39] Let x : [0,T ] → (H1)α be a continuous function , if x(0) = x0 and x(·) satisfies
the following integral equation

x(σ) =


Sβ(σ)[M]χ(0) +

q∑
i=1
Sβ(σ − σi)Ii(x(σi))

+
σ∫

0
(σ − s)β−1Tβ(σ − s)F (s, x(s), x(h(s)))ds, σ ∈ [0,T ],

(3.5)

is known as mild solution of (1.1)–(1.3), where

Sβ(σ) =

∞∫
0

M−1ζβ(ξ)S(σβξ)dξ,

Tβ(σ) =

∞∫
0

M−1βξζβ(ξ)S(σβξ)dξ,

ζβ(ξ) =
1
β
ξ−1− 1

βψβ(ξ−
1
β ) ≥ 0,

ψβ(ξ) =
1
π

∞∑
n=1

(−1)n−1ξ−nβ−1 Γ(nβ + 1)
n!

sin(nπβ), 0 < ξ < ∞,

and PDF ζβ(ξ). i.e., ζβ(ξ) ≥ 0,
∞∫
0
ζβ(ξ)dξ = 1.

Remark 3.1. [38] Let 0 ≤ v ≤ 1,
∞∫

0

ξvζβ (ξ)dξ =

∞∫
0

ξ−βvψβ(ξ)dξ =
Γ(1 + v)
Γ(1 + βv)

.
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Proposition 3.1. [26] Let S(σ) be a uniformly continuous semigroup and E be its infinitesimal
generator. Then, Sβ(σ) and Tβ(σ) are boundedness of the linear operator such that

(i) ‖Sβ(σ)x‖ ≤ W1N0‖x‖ and ‖Tβ(σ)x‖ ≤ W1N0
Γ(β) ‖x‖, x ∈ H1.

(ii) The strong continuity of {Tβ(σ), σ ≥ 0} and {Sβ(σ), σ ≥ 0} 0 ≤ τ1 < τ2 ≤ T, for x ∈ H1, we have
‖Tβ(τ2)x − Tβ(τ1)x‖ → 0 and ‖Sβ(τ2)x − Sβ(τ1)x‖ → 0 as τ2 → τ1.

(iii) Suppose S(σ), σ ≥ 0 is compact, then Sβ(σ) and Tβ(σ) are compact operators.
(iv) For each x ∈ H1, we have ETβ(σ)x = E1−ηTβE

ηx, σ ∈ [0,T ], η ∈ (0, 1). We have ‖EαTβ(σ)‖ ≤
βW1NαΓ(2−α)
Γ(1+β(1−α)) σ

−αβ, σ ∈ [0,T ], α ∈ (0, 1).
(v) For any x ∈ Xα and fixed σ ≥ 0, we have ‖Sβ(σ)x‖α ≤ W1N0‖x‖α and ‖Tβ(σ)x‖α ≤

W1N0
Γ(β) ‖x‖α.

Arbitrarily fixed point T0 > 0 such that 0 < T < T0 < ∞,

ψ =
W1NαΓ(2 − α)
Γ(1 + β(1 − α))

mR(T0)
T β(1−α)

(1 − α)
< 1. (3.6)

LetHn be finite dimensional subspace, spanned by {φ0, φ1, ..., φn} and a projection operator Pn : H1 →

Hn, n = 0, 1, .... Assume Fn : [0,T ] × (H1)α → H1 and Ii,n : H1 → H1, is defined by

Fn(σ, x(σ), x(h(σ))) = F (σ, Pnx(σ), Pnx(h(σ))), (3.7)
Ii,n(x) = Ii(Pnx),∀ x ∈ H1, n = 0, 1, 2, ..., i = 1, 2, ...q, (3.8)

and the operator Qn on B as follows

(Qnx)(σ) =


Sβ(σ)Mχ(0) +

q∑
i=1
Sβ(σ − σi)Ii,n(x(σi))

+
σ∫

0
(σ − s)β−1Tβ(σ − s)Fn(s, x(s), x(h(s)))ds, σ ∈ [0,T ].

(3.9)

Theorem 3.1. Assume (1)–(5) holds, then xn ∈ BR((H1)α(T )) be a unique fixed point of Qn exists i.e.,
Qnxn = xn for each n = 0, 1, 2, ... and xn fulfills the approximate integral equation,

xn(σ) =


Sβ(σ)Mχ(0) +

q∑
i=1
Sβ(σ − σi)Ii,n(xn(σi))

+
σ∫

0
(σ − s)β−1Tβ(σ − s)Fn(s, xn(s), x(h(s)))ds, σ ∈ [0,T ].

(3.10)

Proof. Let Qn : BR((H1)α(T ))→ BR((H1)α(T )) is defined by

(Qnx)(σ) =


Sβ(σ)Mχ(0) +

q∑
i=1
Sβ(σ − σi)Ii,n(x(σi))

+
σ∫

0
(σ − s)β−1Tβ(σ − s)Fn(s, x(s), x(h(s)))ds, σ ∈ [0,T ].

We will demonstrate that Qn is well defined. This is sufficient to demonstrate that the map σ 7−→

(Qnx)(σ) : [0,T ] into (H1)α w.r.t. α norm is continuous.
Let σ1, σ2 ∈ [0,T ] with σ2 > σ1, we get
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‖[Qnx(σ2) − Qnx(σ1)]‖α = ‖[Sβ(σ2) − Sβ(σ1)]Mχ(0)‖α

+

q∑
i=1

∥∥∥[Sβ(σ2 − σi) − Sβ(σ1 − σi)]Ii,n(x(σi))
∥∥∥
α−1

+

∥∥∥∥∥
σ2∫

σ1

(σ2 − s)β−1Tβ(σ2 − s)Fn(s, x(s), x(h(s)))ds
∥∥∥∥∥
α

+

∥∥∥∥∥
σ1∫

0

(σ2 − s)β−1Tβ(σ2 − s)Fn(s, x(s), x(h(s)))ds

−

σ1∫
0

(σ1 − s)β−1Tβ(σ1 − s)Fn(s, x(s), x(h(s)))ds
∥∥∥∥∥
α

≤ ‖[Sβ(σ2) − Sβ(σ1)]Mχ(0)‖α

+

q∑
i=1

∥∥∥[Sβ(σ2 − σi) − Sβ(σ1 − σi)]Eα−1Ii,n(x(σi))
∥∥∥
α−1

+

σ2∫
σ1

(σ2 − s)β−1‖EαTβ(σ2 − s)‖ ‖Fn(s, x(s), x(h(s)))‖ds

+

σ1∫
0

(σ1 − s)β−1‖Eα[Tβ(σ1 − s) − Tβ(σ2 − s)]‖ ‖Fn(s, x(s), x(h(s)))‖ds

+

σ1∫
0

[(σ1 − s)β−1 − (σ2 − s)β−1]‖EαTβ(σ2 − s)‖ ‖Fn(s, x(s), x(h(s)))‖ds

≤ ‖[Sβ(σ2) − Sβ(σ1)]Mχ(0)‖α + W1Nα

q∑
i=1

Oi‖E
α‖(σ2 − σ1)

+
βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

mR(T0)
(σ2 − σ1)β(1−α)

β(1 − α)
+
βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

mR(T0)

×

σ1∫
0

(σ1 − s)β−1[(σ1 − s)−αβ − (σ2 − s)−αβ]ds +
βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

× mR(T0)

σ1∫
0

[(σ1 − s)β−1 − (σ1 − s)β−1](σ2 − s)−αβds. (3.11)

For x ∈ H1, we have,

[S(σβ
2ξ) − S(σβ

1ξ)]x =

σ2∫
σ1

d
dσ
S(σβξ)xdσ =

σ2∫
σ1

βξσβ−1ES(σβξ)dσ.
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Thus, we get

∞∫
0

M−1ζβ(ξ)‖S(σβ
2ξ) − S(σβ

1ξ)‖ ‖E
αMχ(0)‖dξ ≤

∞∫
0

M−1ζβ(ξ)
[ σ2∫
σ1

∥∥∥∥∥ d
ds
S(σβξ)

∥∥∥∥∥dσ
]
M

∥∥∥Eαχ(0)
∥∥∥dξ

≤

∞∫
0

M−1ζβ(ξ)[N1(σ2 − σ1)]‖M‖ ‖χ(0)‖αdξ

≤ R1(σ2 − σ1), (3.12)

where R1 = N1W1‖M‖ ‖χ(0)‖α.
From (3.11), we have

σ1∫
0

(σ1 − s)β−1[(σ1 − s)−αβ − (σ2 − s)−αβ]ds ≤ vdv−1
1 (1 − h)−p1(1−v)−1(σ2 − σ1)p1(1−v), (3.13)

where h = [1 − ( v
p1

)
1

vp1 ], p1 = 1 − βα, v =
(1−β)
1−βα and 0 < d1 ≤ 1.

σ1∫
0

[(σ1 − s)β−1 − (σ1 − s)β−1](σ2 − s)−αβds ≤
N1+α

α
bα−1

1 (1 − h1)−β(1−α)−1(σ2 − σ1)β(1−α), (3.14)

where h1 = (1 − (α
β
)

1
αβ ), 0 < b1 ≤ 1 and N1+α is some positive constant with ‖Eα+1S(σ)‖≤ N1+ασ

−1−α,
∀ σ > 0. Thus, from the inequalities (3.11)–(3.14), (2).

We conclude that σ 7−→ Fn(σ, x(σ)) map is uniformly Hölder′s continuous. We justify
Qn(BR((H1)α(T ))) ⊆ BR((H1)α(T )). Let x ∈ BR((H1)α(T )), 0 ≤ σ ≤ T . We get

‖(Qnx)(σ)‖α ≤ ‖Sβ(σ)Mχ(0)‖α +

q∑
i=1

‖Sβ(σ − σi)Ii,n(x(σi))‖α

+
∥∥∥ σ∫

0

(σ − s)β−1Tβ(σ − s)Fn(s, x(s), x(h(s)))ds
∥∥∥
α

≤ W1‖M‖N0‖χ(0)‖α + W1Nα

q∑
i=1

Oi +
βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

σ∫
0

(σ − s)β(1−α)−1mR(T0)ds

≤ W1‖M‖N0‖ χ(0)‖α + W1Nα

q∑
i=1

Oi +
W1NαΓ(2 − α)
Γ(1 + β(1 − α))

mR(T0)
T β(1−α)

(1 − α)
. (3.15)

We may now take R as a positive integer such that,

R = W1‖M‖N0‖χ(0)‖α + W1Nα

q∑
i=1

Oi +
W1NαΓ(2 − α)
Γ(1 + β(1 − α))

mR(T0)
T β(1−α)

(1 − α)
.
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Therefore, we deduce that Qn(BR((H1)α(T ))) ⊆ BR((H1)α(T )). Lastly, we demonstrate Qn is a strict
contraction map. For x1, x2 ∈ BR((H1)α(T )), 0 ≤ σ ≤ T .

‖(Qnx1)(σ) − (Qnx2)(σ)‖α ≤
∥∥∥ σ∫

0

(σ − s)β−1EαTβ(σ − s)ds
∥∥∥

× ‖Fn(s, x1(s), x1(h(s))) − Fn(s, x2(s), x2(h(s)))‖α

+

q∑
i=1

‖Sβ(σ − σi)‖ ‖Ii,n(x1(σi)) − Ii,n(x2(σi))‖α

≤
W1NαΓ(2 − α)
Γ(1 + β(1 − α))

mR(T0)
T β(1−α)

(1 − α)
‖x1 − x2‖(H1)α(T )

+ W1Nα

q∑
i=1

Ni‖x1 − x2‖T,α ≤ ∧‖x1 − x2‖(H1)α(T ). (3.16)

In Eq (3.16), ∧ =
W1NαΓ(2−α)
Γ(1+β(1−α)) mR(T0)T β(1−α)

(1−α) + W1Nα

∑q
i=1Ni < 1.

As a result, Qn is determined to be a contraction mapping. Thus, a unique xn ∈ BR((H1)α(T )) exists
such that Qnxn = xn. �

Lemma 3.1. Assume (1)–(5) holds.

(i) Let χ(0) ∈ D(Eα), α ∈ (0, 1) implies xn(σ) ∈ D(Eυ) ∀ 0 < σ ≤ T, υ ∈ [0, 1).
(ii) If χ(0) ∈ D(E), implies xn(σ) ∈ D(Eυ) ∀ 0 ≤ σ ≤ T, υ ∈ [0, 1).

Proof. We get a unique xn ∈ BR((H1)α(T )) that satisfies (3.10) by using the previous theorem. In [38],
for σ > 0, 0 ≤ υ < 1 we get S(σ) : H1 → D(Eυ), D(Mα) ⊆ D(Mυ). Also S(σ)x ∈ D(E). As a
outcome, of all these facts, D(E) ⊆ D(Eυ), 0 ≤ υ ≤ 1. �

Lemma 3.2. If (1)–(5) holds.

(i) Let χ(0) ∈ D(Eα), α ∈ (0, 1), 0 < σ0 ≤ T, then a constant S σ0 exist,

‖xn(σ)‖υ ≤ S σ0 , 0 ≤ υ < 1, σ ∈ [σ0,T ], independent of n.

(ii) Let χ(0) ∈ D(E), then a constant S 0 > 0 exists,

‖xn(σ)‖υ ≤ S 0, 0 ≤ υ < 1, σ ∈ [0,T ], independent of n. (3.17)

Proof. Let χ(0) ∈ D(Aα). In (3.10), we apply Eυ on both sides, we have

‖Eυxn(σ)‖ ≤ ‖EυMSβ(σ)χ(0)‖ +

q∑
i=1

‖Sβ(σ − σi)EυIi(x(σi))‖

+

σ∫
0

(σ − s)β−1‖EυTβ(σ − s)‖ ‖Fn(s, xn(s), x(h(s)))‖ds

≤ NυW1‖M‖σ
−υ
0 ‖χ(0)‖ + NυW1

q∑
i=1

Oi +
βNυW1Γ(2 − υ)
Γ(1 + β(1 − υ))

mR(T0)
T β(1−υ)

β(1 − υ)
≤ S σ0 . (3.18)
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Again, if χ(0) ∈ D(E)⇒ χ(0) ∈ D(Eυ), 0 ≤ υ ≤ 1 and we get

‖xn(σ)‖υ ≤ N0W1‖M‖ ‖χ(0)‖υ + NυW1

q∑
i=1

Oi +
βNυW1Γ(2 − υ)
Γ(1 + β(1 − υ))

mR(T0)
T β(1−υ)

β(1 − υ)

≤ S 0. (3.19)

�

4. Convergence of solutions

Now, to investigate the convergence of solution xn(σ) of the approximate integral Eq (3.10) to a
unique solution x(·) of the Eq (3.5).

Theorem 4.1. Suppose (1)–(5) holds, χ(0) ∈ D(Aα), α ∈ (0, 1). Then,

lim
m→∞

sup
{n≥m, σ∈[σ0,T ]}

‖xn(σ) − xm(σ)‖α = 0, for each 0 < σ0 ≤ T. (4.1)

Proof. Let n ≥ m, we have

‖Fn(σ, xn(σ), xn(h(s))) − Fm(σ, xm(σ), xm(h(s)))‖
≤‖Fn(σ, xn(σ), xn(h(s))) − Fn(σ, xm(σ), xm(h(s)))‖
+‖Fn(σ, xm(σ), xm(h(s))) − Fm(σ, xm(σ), xm(h(s)))‖
≤2mR(T0)‖xn(σ) − xm(σ)‖α + mR(T0)‖(Pn − Pm)xm(σ)‖α
+‖(Pn − Pm)xm(h(σ))‖α. (4.2)

For 0 < α < υ < 1, we get

‖Eα(Pn − Pm)xm(σ)‖ ≤ ‖Eα−υ(Pn − Pm)Eυxm(σ)‖

≤
1

λυ−αm
‖xm(σ)‖υ. (4.3)

Thus, from (4.2), (4.3) we obtain

‖Fn(σ, xn) − Fm(σ, xm)‖ ≤ 2mR(T0)[‖xn(σ) − xm(σ)‖α +
1

λυ−αm
‖xm(σ)‖υ].

Similarly , we estimate

‖Ii,n(xn(σi)) − Ii,m(xm(σi))‖ ≤ Ni[‖xn(σi) − xm(σi)‖α +
1

λυ−αm
‖Eυxm(σi)‖υ].

We choose σ′0 such that 0 < σ′0 < σ0 < T ,
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‖xn(σ) − xm(σ)‖α ≤
( σ′0∫

0

+

σ∫
σ′0

)
(σ − s)β−1ds‖EαTβ(σ − s)‖

×
[
‖Fn(s, xn(s), xn(h(s))) − Fm(s, xm(s), xm(h(s)))‖

]
+

q∑
i=0

‖Sβ(σ − σi)‖ ‖Ii,n(xn(σi)) − Ii,m(xm(σi))‖α. (4.4)

1st integral of inequality (4.4),

σ′0∫
0

(σ − s)β−1‖EαTβ(σ − s)‖ × ‖Fn(s, xn(s), xn(h(s))) − Fm(s, xm(s), xm(h(s)))‖ds

≤
2βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

2mR(T0)[(T − σ′0)β(1−α)−1σ′0]. (4.5)

2nd integral of (4.4) is evaluated as

σ∫
σ′0

(σ − s)β−1‖EαTβ(σ − s)‖ ‖Fn(s, xn(s), xn(h(s))) − Fm(s, xm(s), xm(h(s)))‖ds

≤
βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

2mR(T0)
[ Uσ′0

T β(1−α)

β(1 − α)λυ−αm
+

σ∫
σ′0

(σ − s)β(1−α)−1‖xn − xm‖(H1)α(s)ds
]
. (4.6)

Thus, from (4.4)–(4.6) we conclude

‖xn(σ) − xm(σ)‖ ≤ D1σ
′
0 +

D2

λυ−αm
+ D3‖xn(σ) − xm(σ)‖α + D4

σ∫
σ′0

(σ − s)β(1−α)−1‖xn − xm‖(H1)α(s)ds,

where

D1 =
2βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

2mR(T0)(T − σ′0)β(1−α)−1,

D2 =
βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

2mR(T0)
Uσ′0

T β(1−α)

β(1 − α)
+ W1Nα

q∑
i=1

Ni,

D3 = W1Nα

q∑
i=1

Ni,

D4 =
βW1NαΓ(2 − α)
Γ(1 + β(1 − α))

2mR(T0).
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Since 1 −W1Nα

∑q
i=1Ni > 0, we have

‖xn(σ) − xm(σ)‖α ≤
1

1 − D3

[
D1σ

′
0 +

D2

λυ−αm
+ D4

σ∫
σ′0

(σ − s)β(1−α)−1‖xn − xm‖(H1)α(s)ds
]
.

By lemma 5.6.7 in [38], we have that there exist a constant K such that

‖xn(σ) − xm(σ)‖α ≤
1

1 − D3

[
D1σ

′
0 +

D2

λυ−αm

]
K .

Taking supremum over [σ0,T ] and let m→ ∞, we obtain

lim
m→∞

sup
{n≥m,σ0≤σ≤T }

‖xn(σ) − xm(σ)‖α ≤
D1

(1 − D3)
σ′0K .

Because σ′0 is arbitrary, the right side of the expression could be made as tiny as required simply
reducing σ′0. �

Proposition 4.1. Assume χ(0) ∈ D(E). Then

lim
m→∞, σ∈[0,T ]

sup ‖xn(σ) − xm(σ)‖α = 0.

Theorem 4.2. Assume (1)–(5) holds, χ(0) ∈ D(Eα). Then, ∃ xn(σ) ∈ (H1)α(T ) a unique function
satisfying,

xn(σ) =


Sβ(σ)Mχ(0) +

σ∫
0

(σ − s)β−1Tβ(σ − s)Fn(s, xn(s), xn(h(s)))ds

+
q∑

i=1
Sβ(σ − σi)Ii,n(xn(σi)), σ ∈ [0,T ],

(4.7)

and x ∈ (H1)α(T ) satisfying

x(σ) =


Sβ(σ)Mχ(0) +

σ∫
0

(σ − s)β−1Tβ(σ − s)F (s, x(s), x(h(s)))ds

+
q∑

i=1
Sβ(σ − σi)Ii(x(σi)), σ ∈ [0,T ].

(4.8)

such that xn converges to x in (H1)α(T ) i.e., xn → x as n→ ∞.

Proof. Suppose χ(0) ∈ D(E). From previous preposition, there is a x ∈ (H1)α(T ) such that
limn→∞ xn(σ) = x(σ). Since xn ∈ BR((H1)α(T )) ∀ n, we get x ∈ BR((H1)α(T )) ∀ σ0 ∈ (0,T ],

‖Fn(σ, xn(σ), xn(h(s))) − F (σ, x(σ), x(h(s)))‖ = ‖F (σ, Pnxn(σ), xn(h(s))) − F (σ, x(σ), x(h(s)))‖
≤ 2mR(T0)[‖xn(σ) − x(σ)‖α + ‖(Pn − I)x(σ)‖α].

Taking supremum over [0,T ], we have

sup
σ∈[0,T ]

‖Fn(σ, xn(σ)) − F (σ, x(σ))‖ ≤ 2mR(T0)[‖xn − x‖(H1)α(T ) + ‖(Pn − I)x‖(H1)α(T )]→ 0, as n→ ∞.
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Thus, we get

x(σ) =


Sβ(σ)Mx0 +

σ∫
0

(σ − s)β−1Tβ(σ − s)F (s, x(s), x(h(s)))ds

+
q∑

i=1
Sβ(σ − σi)Ii(x(σi)), σ ∈ [0,T ].

Now, let χ(0) ∈ D(Eα). Since Eαxn(σ) converges to Eαx(σ) for eachσ ∈ (0,T ] and xn(0) = x(0) = χ(0).
Then, Eαxn(σ) converges to Eαx(σ) in H1. Furthermore, we have that xn ∈ BR((H1)α(T )) for each n.
Also x ∈ BR((H1)α(T )). From previous theorem, we get

lim
n→∞

sup
σ∈[σ0,T ]

‖xn(σ) − x(σ)‖α = 0.

Also, we have

sup
σ∈[0,T ]

‖Fn(σ, xn(σ), xn(h(s))) − F (σ, x(σ), x(h(s)))‖

≤2mR(T0)[‖xn − x‖(H1)α(T ) + ‖(Pn − I)x‖(H1)α(T )]→ 0 as n→ ∞.

Therefore, 0 < σ0 < σ, Eq (3.10) can be reframed as

xn(σ) =


Sβ(σ)Mχ(0) +

( σ0∫
0

+
σ∫

σ0

)
(σ − s)β−1Tβ(σ − s)Fn(s, xn(s), xn(h(s)))ds

+
q∑

i=1
Sβ(σ − σi)Ii,n(xn(σi)), σ ∈ [0,T ].

(4.9)

we estimate the 1st integral of (4.9) as

∥∥∥∥ σ0∫
0

(σ − s)β−1Tβ(σ − s)Fn(s, xn(s), xn(h(s)))ds
∥∥∥∥ ≤ N0W1

Γ(β)
2mR(T0)

σ
β
0

β
.

Thus, we deduce that

‖xn(σ) − Sβ(σ)Mχ(0) −
q∑

i=1

Sβ(σ − σi)Ii,n(xn(σi)) −

σ∫
σ0

(σ − s)β−1Tβ(σ − s)Fn(s, xn(s), xn(h(s)))ds‖

≤
N0W1

Γ(β)
2mR(T0)

σ
β
0

β
.

Letting n→ ∞ and getting

‖x(σ) − Sβ(σ)Mχ(0) −
q∑

i=1

Sβ(σ − σi)Ii(x(σi)) −

σ∫
σ0

(σ − s)β−1Tβ(σ − s)F (s, x(s), x(h(s)))ds‖

≤
N0W1

Γ(β)
2mR(T0)

σ
β
0

β
.
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Since, σ0 is arbitrary, we deduce x(σ) satisfies the integral Eq (3.5). Now, we shall show the
uniqueness. Let x1 and x2 be the two solutions of integral Eq (3.5). Thus, we have

‖x1(σ) − x2(σ)‖α ≤

σ∫
0

(σ − s)β−1‖EαTβ(σ − s)‖ ‖F (s, x1(s), x1(h(s)))

− F (s, x2(s), x2(h(s)))‖ds +

q∑
i=1

‖Sβ(σ − σi)‖ ‖Ii(x1(σi)) − Ii(x2(σi))‖

≤
βNαW1Γ(2 − α)
Γ(1 + β(1 − α))

σ∫
0

(σ − s)β(1−α)−12mR(T0)‖x1 − x2‖(H1)α(s)ds

+ NαW1

q∑
i=1

Ni‖x1 − x2‖(H1)α(s).

Taking supremum on [0, σ] and obtaining

‖x1 − x2‖(H1)α(T ) ≤
βNαW1Γ(2 − α)
Γ(1 + β(1 − α))

σ∫
0

(σ − s)β(1−α)−12mR(T0)‖x1 − x2‖(H1)α(s)ds

+ NαW1

q∑
i=1

Ni‖x1 − x2‖(H1)α(s).

From Gronwall’s inequality and the fact that

‖x1(σ) − x2(σ)‖ ≤
1
λα0
‖x1 − x2‖(H1)α(T ).

We deduce that x1 = x2 on [0,T ]. �

5. Faedo-Galerkin approximation

Additionally, the convergence findings were accomplished using the Faedo-Galerkin approximation
technique.

There is a unique x ∈ (H1)α(T ), T ∈ (0,T0), that fulfils the integral equation,

x(σ) =


Sβ(σ)Mχ(0) +

σ∫
0

(σ − s)β−1Tβ(σ − s)F (s, x(s), x(h(s)))ds

+
q∑

i=1
Sβ(σ − σi)Ii(x(σi)), σ ∈ [0,T ].

(5.1)

An approximate integral equation has an unique solution xn ∈ (H1)α(T ),

xn(σ) =


Sβ(σ)Mχ(0) +

σ∫
0

(σ − s)β−1Tβ(σ − s)Fn(s, xn(s), xn(h(s)))ds

+
q∑

i=1
Sβ(σ − σi)Ii,n(xn(σi)), σ ∈ [0,T ].

(5.2)
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The Faedo-Galerkin Approximation is produced by applying the projection on (5.2) as
vn(σ) = Pnxn(σ),

Pnxn(σ) = vn(σ) =


Sβ(σ)MPnχ(0) +

σ∫
0

(σ − s)β−1Tβ(σ − s)PnF (s, Pnxn(s), Pnxn(h(s)))ds

+
q∑

i=1
Sβ(σ − σi)PnIi,n(xn(σi))

vn(σ) =


Sβ(σ)MPnχ(0) +

σ∫
0

(σ − s)β−1Tβ(σ − s)PnF (s, vn(s), vn(h(s)))ds

+
q∑

i=1
Sβ(σ − σi)PnIi,n(vn(σi)), σ ∈ [0,T ].

(5.3)

Let solution x(·) of (5.1) and vn(·) of (5.3) have the following representation:

x(σ) =

∞∑
i=0

αi(σ)φi, αi(σ) = (x(σ), φi), i = 0, 1, 2, ..., (5.4)

vn(σ) =

n∑
i=0

αn
i (σ)φi, α

n
i (σ) = (vn(σ), φi), i = 0, 1, 2, .... (5.5)

Using (5.5) in (5.3) and taking inner product with φi, we obtain a system of fractional order integro-
differential equation of the form.

dβ

dσβ
αn

i (σ) + λiα
n
i (σ) = F n

i (σ, αn
0(σ), αn

1(σ), ..., αn
n(σ)),

∆αn
i (σk) = In

i (αn
i (σk)), k = 1, 2, ...q,

αn
i (0) = Zi, (*)

Where,

F n
i (σ, αn

0(σ), αn
1(σ), ..., αn

n(σ)) =

(
M−1F

(
σ,

n∑
i=0

αn
i (σ)φi,

n∑
i=0

αn
i (σ)φi

)
, φi

)
,

In
i =

(
Ik

( q∑
k=1

n∑
i=1

αn
i (σk)φi

)
, φi

)
,

Zi = (χ(0), φi), i = 1, 2, ..., n.

We also have the following convergence theorem.

Theorem 5.1. If the hypothesis (1)–(5) holds. The results follows:
(i) If x0 ∈ D(Eα), then for any σ0 ∈ (0,T ]

lim
m→∞

sup
{n≥m,σ∈[σ0,T ]}

‖Eα[vn(σ) − vm(σ)]‖ = 0. (5.6)

(ii) If x0 ∈ D(E), then

lim
m→∞

sup
{n≥m,σ∈[0,T ]}

‖Eα[vn(σ) − vm(σ)]‖ = 0. (5.7)
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Proof. If n ≥ m, 0 ≤ α < υ. Then, we have

‖vn(σ) − vm(σ)‖α = ‖Pnxn(σ) − Pmxm(σ)‖α
≤ ‖Pn[xn(σ) − xm(σ)]‖α + ‖(Pn − Pm)xm‖α

≤ ‖xn(σ) − xm(σ)‖α +
1
λv−α

m
‖xm(σ)‖υ.

By the Theorem 4.1 and Proposition 4.1, we have that xn → xm and λm → ∞ as m→ ∞. �

Theorem 5.2. Suppose (1)–(5) is fulfilled, x0 ∈ D(Eα), unique function vn ∈ (H1)α(T ) exists, satisfying
the following equation:

vn(σ) =


Sβ(σ)MPnx0 +

σ∫
0

(σ − s)β−1Tβ(σ − s)PnF (s, vn(s))ds

+
q∑

i=1
Sβ(σ − σi)PnIi,n(vn(σi)), σ ∈ [0,T ].

(5.8)

Proof. For x0 ∈ D(Eα) and σ ∈ [0,T ]. We have

‖vn(σ) − x(σ)‖α = ‖Pnxn(σ) − Pnx(σ) + Pnx(σ) − x(σ)‖α
≤ ‖Pn(xn(σ) − x(σ))‖α + ‖(Pn − I)x(σ)‖α.

We have vn → x as n → ∞ according to the Theorem 4.2. As a result, the Theorem 4.2 leads to the
conclusion. The preceding theorem can be used to show αn

i to αi’s convergence. �

Theorem 5.3. Suppose (1)–(5) holds. Then,
(i) If x0 ∈ D(Eα), then for any 0 < σ0 ≤ T

lim
n→∞

sup
σ∈[σ0,T ]

[ n∑
i=0

λ2α
i (αi(σ) − αn

i (σ))2] = 0. (5.9)

(ii) If x0 ∈ D(E), then

lim
n→∞

sup
σ∈[0,T ]

[ n∑
i=0

λ2α
i (αi(σ) − αn

i (σ))2] = 0. (5.10)

Proof. The system (*) determines the αn
i ’s. It can be easily investigated that

Eα[x(σ) − v(σ)] = Eα
[ ∞∑

i=0

(αi(σ) − αn
i (σ))φi

]
=

∞∑
i=0

λαi (αi(σ) − αn
i (σ))φi.

Thus,

‖Eα[x(σ) − v(σ)]‖2 ≥
n∑

i=0

λ2α
i [αi(σ) − αn

i (σ)]2.

As a result, the Theorems 5.1 and 5.2 lead to the conclusion. �
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6. Applications

Let the fractional impulsive differential system of sobolev type is of the form:

cDβ
σ[w(σ, x) − wxx(σ, x)] +

∂2w(σ, x)
∂x2 = f (σ,w(σ, x)), x ∈ S, σ ∈ [0,T ], (6.1)

∆w(σi, x) =
2w(σi, x)

2 + w(σi, x)
, i = 1, 2, ..., q, x ∈ (0, π), (6.2)

w(0, x) = w0(x), (6.3)
w(σ, 0) = w(σ, π) = 0, 0 ≤ σ ≤ T, 0 < T < ∞. (6.4)

Where cDβ
σ is Caputo derivative, β ∈ (0, 1). Suppose w(σ)(x) = w(σ, x) and f (σ, ·) = F (σ, ·). Let

∆w(σi, x) = w(σ+
i , x) − w(σ−i , x), where w(σ+

i , x) and w(σ−i , x) are respectively the right and the left
hand limit of w at (σ, x) = (σi, x).

Now, we take H1 = H2 = L2(0, π) and consider the operator L,M on domains and ranges contained
in L2(0, π) defined by

My =y − y′′

Ly = − y′′

An infinitesimal generator of an analytic semigroup is denoted by E = LM−1, such that

Ey = − y′′,

with the domain

D(E) = {y ∈ H1 : y, y′are absolutely continuous y′′ ∈ H1, y(0) = y(π) = 0}

If we take β = 1
2 , then D(E

1
2 ) which is denoted by β 1

2
is the Banach space endowed with the norm,

‖x‖ 1
2

= ‖E
1
2 x‖, x ∈ D(E

1
2 ).

Also, for σ ∈ [0,T ]. we define D
1
2
σ = {y : y is a map from [0,T ] into β 1

2
3 x(σ) is continuous at σ , σi

left continuous at σ = σi and right limit x(σ+
i ) exists for i = 1, 2, ..., q}.

The spectrum of E is given by Ey = −y′′ = αy. The general solution y of Ey = αy is

y(x) = C cos(
√
αx) + D sin(

√
αx).

Using the boundary conditions y(0) = y(π) = 0. we obtain C = 0, α = αn = n2, n ∈ N. Thus for each
n ∈ N, the solution is given by yn(x) = D sin nx. If we take D =

√
2
√
π
, then < yn, ym >= 0, n , m and

< yn, ym >= 1, n = m. Thus E has pure point spectrum and eigenvalues yn are orthonormal.
Suppose, Ii(w(σi, x)) =

2w(σi,x)
2+w(σi,x) . Let us define y(σ)(x) = w(σ, x) and Ii(w(σi, x)) = Ii(x(σi))(y) then

Ii(y(σi)) =
2y(σi)

2+y(σi)
. For y1, y2 ∈ D(A

1
2 ), we have

‖Ii(y1) − Ii(y2)‖ 1
2
≤ ‖y1 − y2‖ 1

2
,
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Ii(y1)‖ 1
2
≤ ‖y1‖ 1

2
.

Now, we define

f (σ, x(σ)) = F (σ,w(σ, x)),
Ii(w(σi, x)) = Ii(x(σi))(y),

φ(σ)(x) = g(σ, x),

then problem (6.1)–(6.4) reduces to

cDβ
σ[Mx(σ)] = Lx(σ) + F (σ, x(σ), x(h(σ))), σ ∈ [0,T ],

∆x(σi) = Ii(x(σi)), i = 1, 2, ..., q, q ∈ N,

g(x) = φ.

It is easy to see that the operator E fulfils (1). Also, by Hölder continuity of h, fulfils (3). Then, from
the definitions, it can be easily shown that χ and Ii are satisfies (4) and (5).

Now we prove that F satisfies the condition (2):

‖F (σ1, z1,w1) − F (σ2, z2,w2)‖L2

≤L
[ π∫

0

|F (σ1(x, σ), z1(x, σ),w1(x, σ)) − F (σ2(x, σ), z2(x, σ),w2(x, σ))|2dx
] 1

2

≤L
[ π∫

0

{
|(σ1(x, σ) − σ2(x, σ))| + ‖(z1(x, σ) − z2(x, σ))‖2

}
dx

] 1
2

≤2L[|σ1 − σ2| + ‖z1 − z2‖L2].

Hence (2) holds.
Thus, all the assumptions of Theorem 5.2 are satisfied. So, Theorem 5.2 guarantees the existence

of Faedo-Galerkin approximations and their convergence to the unique solution of (6.1)–(6.4).

7. Conclusions

The Faedo-Galerkin approximation outcomes for Caputo fractional impulsive derivative of Sobolev
type with nonlocal condition are the main subject of this paper. The major ideas were developed by
utilising the analytic semigroup and the Banach fixed point theorem. Finally, we give examples to
back up our abstract conclusion. In future, it might be used to find the generalization in fractional
differential equations.
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