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1. Introduction

Fractional calculus and its potential applications have grown in importance because fractional
calculus has evolved into a powerful tool with more accurate and successful results in modeling
various complex phenomena in a wide range of seemingly diverse and widespread fields of science
and engineering. This technology could be used in physics, signal processing, wave propagation,
robotics, and other fields [1-8] and there are research papers on the theory of fractional differential
equations [9-38].
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The evolution of a physical system in time is described by an initial and boundary value problem,
i.e., a differential equation (ordinary or partial) and an initial or boundary condition. In many cases, it
is better to have more information on the conditions. The local condition is replaced then by a
non-local condition, which gives a better effect than the local initial or boundary condition, since the
measurement given by a non-local condition is usually more precise than the only one measurement
given by a local condition. The study of initial value problems with non-local conditions is of
significance, since they have applications in problems in physics and other areas of applied
mathematics.

Hilfer [24] developed a new sort of fractional derivative that combines Riemann-Liouville (R-L)
and Caputo fractional derivative (FDs). Impulsive differential equaitions plays an important role in the
real life applications. Many authors have examined the applications of this, see [19,20,22,23]. Inspired
by this work, several scholars have recently expressed a strong interest in this area, and readers can
consult past investigations [25,29]. Various authors studied the outcomes of controllability results for
linear and nonlinear integer-order differential equations in [10, 11, 14-17,21,26,29-34].

Nonetheless, to the best of our knowledge, the topic of controllability addressed in this article

has not been studied, which provides an impetus for our research. The Hilfer fractional implusive
differential equation (H-FIDEs) have the following form:

Dg;"u(t) = Au(t) + 5, up) + Bv(t), te? =(,plt+1t, (1.1)
Aul—y, = Lu(ty)), k=1,2,...,m, (1.2)
L9 ut) = @) + 60,5 Yoo Vi 5 Vi) € P (1.3)

where Dg;” denotes the Hilfer FD of order £ and type 1. Also, 0 < ¢ < 1;1 < < 1land (U,]|-|))is a
Banach space and A denotes the infinitesimal generator of a strongly continuous functions of bounded
linear operators {7'(1)}i>o on U. A suitable function § : 9 X P, — U is connected with the phase space
up(t) with the mapping u; : (—o0,0] — U, ug(t) = u(t + 6),0 < 0. Here, v(-) is provided in L*(9, V), a
Banach space of admissible control functions; 0 <t} <t <t3 <---,<t, < p,g: P, = P, denotes
continuous functions.

The article is organized as follows: Section 2 introduces a few key notions and definitions related to
our research that will be used throughout the discussion of this article. Section 3 is flipped to discuss
the controllability results of the H-FIDEs. Finally, Section 4 provides an example to illustrate the
theory.

2. Preliminaries

Now we recall some definitions, concepts, and lemmas chosen to achieve the desired outcomes.
Let PC(9), U) be the Banach space of all continuous function spaces from ¥ — U. Assume that
Y = {+n—{n,Inourcase,(l -y) = (1-)(1-n). Now, define C,_,(D,U) = {u : tI=rz(t) € PC(Y, U)},
along || - ||, defined by [[ul|, = sup{t'|lud|l, t €9,y = (£ + n - {n)}. Clearly, Ci-,(9,U) is a Banach
space. We introduce & with norm, ||¥||xg g+, Whenever & € L#(2), R*) for some y with 1 <y < co.

We will now discuss some significant fractional calculus results (see Hilfer [24]).
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Definition 2.1. Let § : [p, +o0) — R and the integral

7 _ _ 1
1.5 = r()fg(e)a 6)"do, t>p,n>0

be called the left-sided R-L fractional integral of order n having a lower limit p of a continuous
function, where T'(-) denotes the gamma function provided that the right-hand side exists.

Definition 2.2. Let ¥ : [p, +00) — R and the integral

L (d) (&
C(k—m \dt) J, (- @y

®DpT () = dt, t>pk-1<n<k

be called the left-sided (R-L) fractional derivative of order n € [k — 1, k), where k € R.

Definition 2.3. Let & : [p, +o0) — R and the integral
e _ (760-m) (1=O)(1-m)
DI = (1D (1, 7F))
be called the left-sided Hilfer-fractional derivative of order 0 < { < 1 and 0 < n < 1 function of §(t) .

Definition 2.4. Let § : [p, +o0) — R and the integral

k t
D0 = g | SOOC-0 T s pk= 1 <<k
p

I'(k — n) dtx
be called the left-sided Caputo’s derivative type of order n € (k — 1, k), where k € R.

Remark 2.5. (i) The Hilfer FD coincides with the standard (R-L) FD; if { = 0,0 <n < land p =0,
then

0B = dt I, =0 DY F();
(ii) The Hilfer FD coincides with the standard Caputo derivative; if { = 1,0 <n < 1 and p = 0, then

o F() = —%(f) =C D, &(®).

Let us characterize the abstract phase space $, and refer to [35] for more details. Consider that
g : (—00,0] — (0, +0c0) is continuous along j = f_om g(A)dA < +o0. For each k > 0,

P ={¢ :[-i,0] = U such that (1) is bounded and measurable},

along

¥ ll-ior = sup [l

5e[—i,0]
for all Y € P.
Now, we define

0
Py = {lﬂ : (=00,0] — U such that for any i > 0, /|- € P and f

—00

3O llis.0do < +00} ,
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provided that #, is endowed along

0
||¢||Pg:f 90l lli5.0d6

(o)

for all ¢ € Pg; therefore, (P,.|| - |lp,) is a Banach space.
Now, we discuss

P, ={u: (=00, p) = U suchthatuly € CY,U),up =y € Py,k=0,1,...,n},

where u; is a limitation of uto Y = (A, A1) fork =0,1,...,n.
Set || - ||, as semi-norm in ;" defined by

lull, = lIgllp, + sup luQOll - x € [0, pI}, u € ;.

Lemma 2.6. Assuming u € P,/; then, for A € D, u € P Moreover,

Ju(Ol < Mluallp, < llgllp, + j sup [u(d)ll,
0€[0,1]

where

0
Jj= f g()dA < +oo.

(%)

Lemma 2.7. A continuous function u : (—oo, p] — U is said to be an integral solution of H-FIDEs

(1.1)~(1.3) if

(i) u: [0, p] = U is continuous;
(ii) Ifj+u(t) € D(A) fort € [0, pl; and
(iii) For [0, p], the system u(t) satisfies

_ ¢O (¢-1)(1-n)
“O=rei-man

+ g(ytlayt27yt3’ et ,yt,,,)

1 t
t— -1 , d
+ () f(;( 0) &0, uy)do

1 t
— | t-0)"YBwo)dp,
+ o) fo( 0) v(0)do

+ ) Syt =)

O<t;<t

forte?).

Remark 2.8. We introduce the mild solution of the H-FIDEs by introducing the Wright function to
My). (1.1)—(1.3) as follows:

X (=)
M(‘/’)‘;(k—l)!r(l—kn)’ O<n<lyeC
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and it satisfies
I'(1+p)

‘MHdy = ———=2
fol// W)dy T + no)

fory > 0.
Lemma 2.9. Ifthe H-FIDEs (1.1)—(1.3) are satisfied, then 1§ : Y X P, = U; we get

t
u(t) = S{,ﬂ(t)[¢0 + g(yt]’ytyy’f_g’ U 7y’fm)] + f Pn(t)g’(t’ I/[Q)dQ
0

t
v [ PoBvoue ) Seott -ttt )
0 O<t;<t
where t € 9),

On(H) = L mMW)S "y)dy

and
P,(t) =t Q,(1); S ,(1) = L (O 0, (h).

Definition 2.10. A continuous function u : (—co, pl — U is defined as a mild solution of H-FIDEs

(1.1)-(1.3) if up = ¢(0) € P, on (—o0, 0] that satisfies

t
ut) = S c5(OIFO) + a0t Y Yo -+ 5 Y, )] + fo (t—0)"" 0t - 0)F(0, up)do

t
N fo (t — 0" 0, (t — 0)Bv(0)d(0)
+ Z S (= ) L(u(t))),

O<t;<t

wheret €9,

Sen) = fo XMy,
Oy =1 fo Y WMA")dy

are the characteristic solution operators and for € (0, 00),

1 1 1
X W) = Ew‘l‘fzwnwa) > 0,

I — r 1
wy(Y) = pu ;(—1)"_1¢_""_] % sin(nrn).

2.1

Here, x, is a probalility denisty function(pdf) defined on (0, ), that is, x,(¥) > 0,¥ € (0, c0) and

I xa@)dyr = 1.
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Remark 2.11. Forv € [0, 1], we have
a R— I'(l+v)
g dy = e dy = ———.
[ o= [ = 155
Lemma 2.12. The functions S ;, and Q, satisfy the following:
(i) Any fixedt > 0,S;,, and Q, are linear and bounded that is, for any u € U,

y—1

Mt M
1S £ (Dull < FCd—m+ n)llull and || Qyeull < ﬁn)llull,

where S ¢ ,(t) = I\ P,(t) and P,(t) = 7' Q,(1);
(ii) {S ;D=0 and {Q,(D)}is0 are strongly continuous functions.

Lemma 2.13. The H-FIDEs (1.1)—(1.3) are said to be controllable on ) for every ¢ € Py, u; € U;
there exists v € L*(9), V) such that the mild solution u(t) of (1.1)—(1.3) satisfies u(p) = u,.

Lemma 2.14. {Q,(1)}i>0 and {S ;,(D)}=0 are strongly continuous, that is, foranyu € U, 0 <t <t” < p,
)™ Q) = (7)™ @yt ull = 0
and ||S ;,,(u =S ;,(t"ul| = 0 ast” — .
We now present the basic result on measures of non-compactness (MNCs).

Definition 2.15. ([26]). Assume F* is the positive cone of ordered Banach space (F, <). The value of
F™ is said to be an MNC on U of D defined on the set of all bounded subsets of U iff D(coa) = D(«) for
all bounded subsets a € U, where co¢ is a closed convex hull of a. The measure of non-compactness
¢ is said to be the following:

(i) Monotone iff, for all bounded subsets a,a, @, of U we have (a) C ¢,) = (D(a1) < D(a»));
(ii) Non-singular iff D({c} U @) = D(«) for every c € U,a C U;
(iii) Regular iff D(a) = 0 iff « is relatively compact in U.
The MNC of the Hausdorff R is defined on each bounded subset a of U by

R(a) = inf {D > 0 : @ can be covered by a finite number of balls of radii smaller than D}

for all bounded subsets a, ay, @ of U;
(iv) R(a; + an) < R(ay) + R(ay), where a; + ap = {x1 + x 1 X1 € a1, X2 € A},
(v) R(a; + az) < max{R(a), R(az};
(vi) R(pa) < |p|R(@) for any p € R;
(vii) Let Z be a Banach space. If Q is Lipschitz continuous with the mapping Q : E(Q) C U — Z with
i >0, then Rz(Qa) < iR(a) for any bounded subset a C E(Q).

Lemma 2.16. If H c C(Y), U) is bounded and eqicontinuous, then t — R(H(t)) is continuous for any

tey,
R(H) = sup{R(H(1)), t € 9},

te)
where H(t) = {u(t) : u e H} C U.
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Theorem 2.17. {v,,},-1~ is a sequence of Bochner integrable functions from ) — U with the
estimation ||v,,®)|| < €@) for almost all t € Y and every m > 1, where € € L' (M, R); then,

a(t) = R({vu(t) : m > 1}) € L'(W, R) and satisfies R({ﬁ)t vim(0)do : m > 1}) <2 fot ¢(0)dpo.

Lemma 2.18. Suppose F is a closed convex subset of U and t € F, X : E — ) is continuous which
fulfills Monch’s cndition, i.e., P C F is countable, P C co(0) U G(P)) = P is compact. Then, X has a
fixed point in F.

3. Controllability results

This section is mainly focusing on the mild solutions of H-FIDEs (1.1)-(1.3). Consider the
following assumptions for the discussion of H-FIDEs (1.1)—(1.3):

(Hy) For all bounded subsets F C U and u € F,
IT(t2"0)u — T(t"0)ull — 0,ast; — t;

for each fixed o € (0, 00).
(Hy) & : [0, p] x P, — U fulfiles the following:
(1) Let &(-, ¢) be a measurable function Y¢ € P, and F(t,-) be continuous for t € 9 and for u €
Py, G(-,+) 1 [0, T] — U is strongly measurable.
(ii)) ¢, € (0,m),n € (0,1)and [, € Lﬁ(U, R*) and @ : R* - R* 3 ||G(t, ¢)l| < Ly (| |¢||P,, for
all (t, ¢) € 9 X P, where O satisfies liminf,,_,. % =0.
(iii) 4¢g, € (0,p) and L, € Lﬁ@), R*) such that for any bounded subset G; C P,,

R(&(t,Gy)) < lz(’f)[ sup R(G(.D))]

—oo<a<0

for a.e. t € 9, where G(p) = {D(p) € E,} and R is the Hausdroff measure of non-compactness.
@iv) Let I; : F — F denote continuous functions and there exists a constant N > 0 such that, for all
t €9, we have ||[;(u;) — Li(up)ll < Nlluy — usl.
(H») The operator ‘W : L2(), V) — U which is bounded and defined by

P
Wy = f (p — 0" Q,(t - 0)Bv(0)do,
0

satisfies the following:
(i) The bounded linear operator ‘W having an inverseW~! takes value in L*(9), V)/Ker'W'; there

exist N, > Oand N,, > 0, such that ||B|| < N, and ||'W~!|| < N,,.
(ii) For g3 € (0,n) and for every bounded subset F € U,3 [, € L5 (J,RY) such that R(W™1)(1)) <

1

I;(H)R(F). Here, [; € L5 (J,R")and g; € (0,n), i = 1,2,3.
(H3) The function g : £" — P is continuous; there exists L;(g) > 0 such that

o1, va, =+ v0) = w1, wa, -+ wll < >~ Li@)v; = wille,,
i=1

for all v;, w; € P, and consider Ny = sup{|la(vi, va, -, va)ll : vi € Py}

AIMS Mathematics Volume 8, Issue 2, 4202-4219.
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Let us introduce

Ny = k1||ll||Lﬁ<‘1.),R+),N2 = k2||12||L%(‘D,R+)’
N3 = k3||ll||L%(‘D,R+)’

n-q; 1—11:‘
— |(1=gi i . _ -1
ki_[(n_qi)plql] 5l_15293$K_ l—q’

p(1+K)(1—q)
TSR

Theorem 3.1. Suppose (Hy)—(H,) are satisfied;then, the H-FIDEs (1.1)—(1.3) are controllable on
[0, p1 if

*

€ (0,nm).

2NN,p'~ 2NN,N- 1
¥ 2P [1 + P51 < lforsomei <n<l. (3.1

I'(m) L'(m)
Proof. By using (H,), we define the control v,(t) by

v(t) = W1

4
X ul—Sg,n[fﬁ(O)+g(ytl,ytz,yg,---,ytm)—ﬁ(p—@)"_lQn(p—Q)%(Q, Uo)do+ ZSg,n(t—ti)li(u(f,-_)) (.

O<t;<t

Leta : P, — P, be defined by

o), te(-00,0]
S £aDIBO) + 60 Yo Vs 5 Vi) + [t = 0)7 Oyt — 0)F(0, u)dlo
+ [t~ 0y 0yt — 0)Bv,(0)do

+ Doctyet Sealt = L), te.

au(t) = (3.2)

For ¢ € P, we define ¢ by

ScaHe(0), ted;

then ¢ € P,. Let u(t) = t"7[w(t) + a(t)], —o0 < t < p. It can be easily shown that u from (2.1) iff w
satisfied wy = 0 and

A 1), te(—00,0
¢(t):{¢(> € (~00,0]

t
W) = fo (t—0)"" 0yt — 0)F(0.0" 7w, + $,]do

t
N fo (t - 0)"" 0, (t — 0)Bv,(0)do
+ Z S eq(t =t (u(t;)),

O<t;<t

AIMS Mathematics Volume 8, Issue 2, 4202-4219.
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where

v
Vo) = Wy = S, (P)@0) + 8Oty Yios Vg + 5 V)] — fo (P-0""0,p-0)

X §(0,0' I Wy +Goldo+ D 8 ¢yt = ).

O<t;<t
Let P} ={we P, :wy =0 € P,}. Forany w € P,
Iwll, = llwollp, + supillw(@)ll} : 0 <0 < p}
= sup{lw(o)ll : 0 < o < p}.

Hence, (P,”,l.l,) is a Banach space. Now, ¢ > 0; choose G, = {w € ;" : |wll, < g}; then, G, C P,”
is uniformly bounded, and for w € G, in view of Lemma 2.6,

M|¢|
r¢a-m+mn

) +ligllp, = ¢'. (3.3)

we +llellp, < lwidlp, + llgdlp, < jlq +

Let us introduce an operator @ : P, — P, defined by

0,t € (—00,0],

ot =01 0t — 0)F (0, 0" [w, + Gy Do
+ [t -0 0yt — 0)Bv,(0)do+

2o<t<t S et =t i(u(t))), t € 9.

dw(t) = (3.4)

Next, to prove that @ has a fixed point, our proof contains the subsequent four steps.

Step 1. Let us prove that there exists a ¢ > 0 such that @(Gq) C G,. If not, then Iw? € G,. But
d(w9) ¢ G, that is [|(dw)(1)|| > g for all t € 9.

Choose g > 0, and let {G, = u € C : |lull, < g}. Obviously, G, is a closed, bounded and convex set
of C. Therefore,

1Dl = sup{t' D@D, t €Y = IO > g).
By using Holder’s-inequality, Lemma 2.12, (H;) and (H,), we get

g < sup t' | D(w)(H)]

ted
t

<p' fo (-0 0t - 0)F(0,0' "W, + ael)dQH
t

4+ pl fo (t—0)"'Q,t - Q)Bqu(Q)dQ”

P ) IS eI

O<tp<t

<

Np™ || -1 1- =
F(n) L‘ (t - Q)TI %(Q’Q V[Q)Qq + ¢g])dQ
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. NF’Zl) t(t - @>"-lewq<g>d@H
r(?gﬁ £ > i > O;t Mt
< r() f(t—g)" '1LD(q')do
2 F(n) L (t = o) NIBW ' ()[u(p) = S . (DIAO0) + G(ty> Viys Vis» * * > V1,)]
_ fp(p —9)’7‘1Qn(p — 0&(0. 0" W + §,Ddoll(0)do + r?;(\; _lf:yn)”””
= r() br(wgpl yf(t 0" fluyl
+F(g(ivfy,7)l+n)”¢(0)” ) f (d - )", ®(q")doldo + rgl(\; ’f _,17?:;)”“”
< M oty e o
+ o+ L )1 (g + r(g(l,__;)p:;)llullte‘l). (3.5)

Divide (3.5) by q, and letting ¢ — oo, we have

- NN p'™ NN,N,,
) L'(m)
and then by (H,)(ii), (3.6) is a contradiction. Hence, d~>(Gq) c G,

O(q)(1 + N').te. (3.6)

Step 2. ® is continuous on G,. Forany ", w € G,(9), m=0,1,2,--- with lim,,., " = w, then
we have lim,,_,., ™ = w(t) and
lim t' 7w () =t w().

Let u(t) = t'"[w(t) + (]Ab(t)]; then, {w™ + &} C G, with ™ + q?) - w+ <?> in G, as m — oco. Then, we have

F(t, un () = Ft, 17" (1) + SO —
F(t, 17 Iwt) + O] = F(t, u(t)), as,m — oo,

where F(t, t' 7 [w™(t) + d(H)]) = G,(0) and F(t, t' 7 [w(t) + d(1)]) = G(o). Then, by using the hypotheses
(H;) and Lebesgue’s dominated convergence theorem, we have

t
f(f ~0)"IG (@) = G(o)lldo — 0 as m — co,t €Y. (3.7
0

NOWa by (H1)9

AIMS Mathematics Volume 8, Issue 2, 4202-4219.



4212

t
[P - Dwllc < p'7 f (t =)' Oyt — 0)[F(0. 0' W)y + G,]) — Fo.0' " [w, + ¢ Dol
0

t
+P1_7||B||||f(;(t—Q)”_lQn(t—Q)B[vwm(Q)—vw(Q)]dQII
+p' IS £ (Dl Z iCum(t;)) = L))

O<t;<t
Npl_y ' n—1 l—yp, m 7 1—y It
<L | [ -0 1501w} + Bl - Flo, 0" Iw, + P)lde
NORN

NN,p'~™
+ bP

t
[ f (= 0" vur(©) ~ vl@)ldell
NNtﬁ Ipt~y
T m e

_ anm G
‘r()f( 0)"[G (o) — G(o)]do

NPNNop! f( o
r(n)?
' B—-1 1—y

_ NN 'p
— 0" HIG(0) — G(0)ldo)d, n(0) — (3.8
(><)(f0 (P —0)" )IGu(0) — G(o))do)do + i —n)+n)”u (@ — u)ll. (3.8)

Observing (3.7) and (3.8), we have |Pw" —Dw||c — 0, m — oo, Therefore, d € ®(G,) is continuous
on G,.
Step 3. (i)(Gq) is equi-continuous on ). for all @ € (T)(Gq) such that ||a(t;) — a(t))]] = O ast, — t;.

[l () — u(tOII

t
a®) = Sp®ldo+ 90V vis- - 2y )] + fo (t - 0 0, (t — 0)G(0)do

t
« [ a-0r 0 - oriode
+ > Seyt = thu),

O<tr<t

Let0<e<tand 0 <t; <t, < p. Then, CT)(Gq) is equicontinuous on %).

to
laty) — el = i, ; (tr —0)"' Q)(t2 — 0)[G(0) + Bvu(0)lde

t)
-, (- o)1 0, (t1 — 0)[G(0) + Bv,(0)ldoll

+ Z 1S 2(ty) = S eI ety

0<ti<t2—t1

to
<t | (-0 0t — 0)[Glo) + Bru(o)ldoll

ty
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t)

H [ 57 -0)"'0,

t1—€

X(t, = 0) — O,(t1 — 0)1[G(0) + Bv,(0)]dol|
t)
H| -0 =7t - 0"

t]—E

X0yt —0)[G(0) + Bv,(0)]doll

t —€
+l f 7 (1 — 0)" [0yt — 0) — Oy(t — 0)]
0
t—€

x[G(0) + Bv,(0)]doll + || fo [t (-0 — 1,

x(t = 0" 0,1 ~ @IG(@) + Bro(@dal + + 1 mN ]f? 7 =l

|la(ty) — a(t))|| becomes zero as t, —t; — 0 by using absolute continuity of the Lebesgue dominance
theorem. Hence, (f)(Gq) is equicontinuous on ).

Step 4. Let us verify Monch’s condition.

Let w'(t) + ¢(t) = 'S ., (t)do for all t € Y and w™*! + $(t) = B[W" + ¢(t)],n = 0,1,2,3,--- and ®
be relatively compact.

Assume H C P, is countable and H C conv{0} U W(H). Our aim here is to show that R(H) = 0,
where R is the Hausdroff measure of non compactness. Suppose H = {w" + {¢}>"|}. Now we have to
show that ®(H)(1) is relatively compact in 9), for all t € 9. From Theorem 2.17

RAE®) = REW" +d)D}2y)
= RAW’ + @)D} U{W" + $)DZ))
= R{wW'®) + o(D)},2 ),
and
R({gw, (D)) = Rt f t—o0)y!
XQ,(t — 0)[G,(0) + Bv,n(0)1do},~))
= 11 + 12,
where
2Nd'-r [t
I, = t— o) 'RUG,(0)},)d
| ) fo( o) R({G,(0)},~,)do
2Np1—7 t - - n 2 o
< ) fo (t— o) "R({F(0, 0" 7w + d Dy do
2Np'=r ! » yr. — w0
< f (t-0)""h(o) sup R({F( 7[w"(0+ @)+ ¢lo+ @)D};))do
F(’]) 0 —00<f<0
2Np'=r !
< 2P f (t— 0/ L(o) sup R(HW))do,
L Jo 0<y=o
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2NN,
L = F(bI; f (t = 0)" "R({v, (@)} )do

2NNbp f( )’71
RG] F( )

X f (P — 0" 'RU{F (0,0 )Wl + ()} }doldo

_ANNyp'
< f(t—g)” :(0)

f (t - 0" 'L(o) sup R(HW))doldo.

O<y<o

2NN2pl_7 4N2NbN2N3p1_7

L+hL = | () + T ]OS<L0}£Q R(HY))
< ZNszl_y[l + 2NN3th1—7]
T L)
x sup RCH()).
O<y<po

From Lemma 2.16, R(®(H)) < C*R(H), where C* is defined in 3.1. Then, from Ménch’s condition,

R(E) < (conv(0} _)(®@))
= R(D)
< C'R(H),

R(H) = 0 and then H is relatively compact. From Lemma 2.18, ® has a fixed point w in G,. Therefore,
u = w + ¢ is a mild solution of the H-FIDEs (1.1-1.3) satisfying u(p) = u;. Hence, the systems
(1.1-1.3) is controllable on %), and the proof is completed. O
4. Example

Now, analyze the following problem:

M(t M) = 82 M(t 1) + Wyt 1) + 98, ft (o — Hu(o, wdo), 4.1)

Auli=y, = L(u(t;)),i=1,2,---n, “4.2)

105 u(t, w)llmo = uo(u), 1 € [0, 7], (4.3)

u(t,0) =ut,m)=0,t >0, 4.4)

uO,p) = ¢p(t, 1), 0 <pu <. 4.5)

From previous equations, D ¥ denotes the Hilfer FD of order n = 2, and type £, 117953 is the (R-

L) integral of order (1 — {)% 3> ¢ € Prand ¥ : J X [0,1] is contmuous. To change this frame-work
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into the abstract structure (1.1) and (1.2), let U = L?*[0,n] be endowed with the norm || - ||;> and
A :D(A) c U — U be given by AE = E” along with

D(A) = {E,E” €9 : E,E"are absolutely continous, E” € 9), +E(0) = E(r) = 0}. (4.6)

Here, A is an infinitesimal generator of a semigroup {7'(t),t > 0} in where %) and it is given by
THw(o) = w(t + 0); for w € U, T(1) is not compact on U and R(T'(1)H) < R(H), where R is the
Hausdorff MNC, and there exists N > 1 such that sup,., [T (1)|| < N. Furthermore, t — w3 + o)u is
equicontinuous fort > 0 and u € (0, 0). Let & : [0,71] X U — U by

t

&t () = 9, f (o = Hu(o, wydo),

—00

and
93

DR (k) = ——utt, 0. ut)k) = ut.po)

Ou
Let B : V — V be defined by (Bv)(t)(1) = Wy(t,u),0 < u < 1. By assuming the suitable choices of
A,B and &, the H-FIDEs (4.1)-(4.4) can be rewritten as

DiTu(t) = Au(t) + F(t, ) + Bv(t),t € R = (0, p], 4.7)
Aulicy, = Lu(t;)),i=1,2,---n, (4.8)
17" ub)leo = (1), t € (=00, 0]. (4.9)

For € (0, ), ‘W is given by

1
Wy = fo (1 -7 Q,(1 - HFO(t, pydt,

where

2 (7 2
0;=3 f e W + du
0

and
2 3 —1-3 _ =3
X3 (W) = FH 2wa(u?),

F(§n+1) (2nn
n! '

= 1 N n—14-2n-1
w%(y) = - n;(—l) 173 sin 3
In the above, X2 is defined on (0, o), that is,

x2() 2 0,1 € (0,00) and [~ 2 (u)dy = 1.

We take d(t, f_t (o =tu(o, wydo) = Cysin(y(0)), where Cy is a constant. Then, § and W satisfy the
hypotheses (H;)—(H3). This completes the example.
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5. Conclusions

In our study, we used non-compactness measures to investigate the controllability of Hilfer
fractional impulsive differential systems with infinite delay. We started with the Hilfer fractional
impulsive differential systems with controllability and applied Monch’s fixed point theorem for
indefinite delay; then, extended our results to the concept of non-local conditions. Finally, an example
case was provided to demonstrate the significance of our major findings. In the future, we will use the
MNC to investigate the existence and controllability of Sobolov-type Hilfer fractional implusive
differential systems with indefinite delay. In addition to this, we can extend our results with integro or
implicit terms and we can use integral boundary conditions which has real life applications. Also we
can provide some numerical approximations for this considered system.
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