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1. Introduction and preliminaries

Let X be a Banach space with dual space X*. The duality pairing between X and X* will be denoted
by (-, -). We denote by B and B, the closed unit ball in X and X*, respectively. The normalized duality
mapping J : X=X" is defined by

J(0) = {j(x) € X" = (j(x), x) = [IxI* = lj(0lP),

where || - || stands for both norms on X and X*. Many properties of J are well known and we refer the
reader, for instance, to the book [17].
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Definition 1.1. For a fixed closed subset S of X, a fixed function f : S — R U {co}, and a fixed 1 > 0,
we define the following functional: GX = X*x§ — RU {oo}

1
G,‘{,f(x*, x) = f(x) + ﬁV(x*,x), Yx" e X, x€eS,

where V(x*,x) = ||x*||> — 2{x*, x) + ||x||*>. Using the functional GK » we define the generalized (f, )-
projection on S as follows:

m () = {x €S 1 G (x, x) = €] g f(x") := inf Gy (", 5)}, foranyx" € X".
g ’ KNS >

Remark 1.1.

o If f =0, then 71{’/l coincides with the generalized projection s introduced for closed convex sets
in [2, 3,13, 14] and for closed nonconvex sets in [6,7].

o I[fA= %, then ﬂ‘_’;’/l coincides with the f-generalized projection introduced for closed convex sets
in [19,20].

e [f X is a Hilbert space and f = 0, then 71'?/1 coincides with the well-known metric projection Pro js
in[l1].

o If X is a Hilbert space, the functional x* — e{s f(x") = 1S1€1Sf G/‘{’f(x*, s) coincides with the Moreau

envelope of f with index A > 0.

Motivated by the previous remarks, we are going to study the above concept of generalized
projection in smooth Banach spaces. Our results will extend many existing works in the literature.

2. (f, 1)-generalized projections on closed nonconvex sets

We commence by considering the following example, which serves to demonstrate that ﬂg’ﬁ(x*) may
be empty for nonconvex closed sets even for convex continuous functions f in uniformly convex and
uniformly smooth Banach spaces.

Example 2.1. Let X = tp(p=21)0x =(0,...,0,...) € (I,)", and let § := {e1,er,--- , ey, } with
ej=(0,--- ,0,%,0,---). Let A > 0and f : X — R be defined as f(x) = ||x|| — 1, then S is a closed
nonconvex subset in X with ﬂg’/l(()x*) =0.

Proof. Undoubtedly, the set S is a closed nonconvex set and the function f is convex continuous on X.

Let us show that the (f, 4)-generalized projection of Ox- is empty. Let x be any element of S, then for
somen > 1, x = e, and

1 1 L1, 1
f@) + V0 x) = f(x) + ﬁIIXII2 = flen) + (1 + ;)2 > 57

Then, for any x € S, we have f(x) + 5;V(0x.; x) > 5-; that is,

1
22

< liminf 2.1

n—oo

1 1 1
-+ —(1+-)
n 2/1( n)

| 1 . 1
55 < }clelsf S+ ﬁV(OX*, x| < hflriglf [f(en) + ﬁV(Ox*, e,)

24
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and so

1nf [f(x) + iV(OX ; x)] ¥

This ensures that frg’l(()x*) = (). Indeed, if ﬂ’{;’/l(ox*) # (, then there exists some X € ﬂ";’A(OX*), and so
X = ey, for some ny > 1, with

1 1
;Ieléf [f(x) + ﬁV(OX*;x)] = f(%) + ﬁv(ox*;x)-

Hence,
1 1 1 1 1 2 1
w) * 53 V(),n =—+—(+—)V=—+—(+—+—
= f(en,) (Ox:5€4) = o 2/1( l’lo) " 2/1( " ng)
and . . .
—+ —+ =0,
ng nod 2/ln3
which is not possible, and so ﬂg’A(OX*) = 0. |

From the previous example, we see that even in uniformly convex and uniformly smooth Banach
spaces, the (f, A)-generalized projection TF_/;"/I()C*) may be empty for closed nonconvex sets. Thus, it is
hopeless to get the conclusion of Theorem 2.1 in [19] and Theorem 3.1 in [20] saying that ng’ﬂ(x*) # 0,
Vx* € X* whenever S is a closed convex set in reflexive Banach spaces. However, we are going to
prove that for closed nonconvex sets, the set of points x* € X* for which ﬂf;’ﬁ(x*) # ( is dense in X*. We
are going to prove our main result in the following theorem. First, we need to recall that an extended
real-valued function f defined on X is said to be lower semicontinous (in short 1.s.c.) on its domain
provided that its epigraph epi f := {(x,r) € X X R : f(x) < r}isclosed in X X R.

Theorem 2.1. Assume that X is a reflexive Banach space with smooth dual norm, and let S be any
closed nonempty set of X and f : S — R U {oo} be any Ls.c. function. Then, the set of points in X*
admitting the unique (f, 1)-generalized projection on S are dense in X*; that is, for any x* € X*, there
exists X, — x* with nJSt’A(x;‘,) #0,Vn.

Proof. By definition of JT?/I(X*), we have

() = {x €S: el f(x) = f(X)+ %V(x*,x)}.
Observe that

. . 1 1
ersf@) = inf {—Z<z*;y> HL0)+ 57 [I71F + P+ ws (y)}

112 1 2
- Ll —su}g{ﬁ y) f(y)—M—ws(y)}
ye
%12
= ”ZM” — (@),
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2
with €7,(z%) = sup{ (&5 —fO) - M —Ys (y)} Clearly, the function £y, is convex on a reflexive
yeX

Banach space X*, and so there exists a dense set K in X* in which the Fréchet gradient exists; that is,
vie £a(x") exists for any x* € K. Now, we use the smoothness of the dual norm to get the existence
of VI - ||(x*) for any x* # 01in X*. Thus, for any x* € K, the Fréchet derivative V/e" e; ¢ f(x") exists
with VFel ¢ f(x*) = 5 LV P(x") = VFE,1(x"). Fix any € > 0. Now, we use the deﬁnltlon of Fréchet
differentiability to obtain some ¢ > 0 such that

(VEel s f(x)u —x) < el fu) — el f(x*) + ellu” — x| Vu' € x* + 6B..
Fix any ¢ € (0, 9) and any v* € B,, then
(VFeXSf(x*); 'y < e/‘isf(x* + ') — eXSf(x*) + €et.
By definition of the infimum in e}/’ ¢ f(x"), there exists for any n > 1 some point x, € S such that
ers f(xX") < flx) + ﬁV(x LX) < eh g f(x) + - (2.2)

Therefore,

(Viersfan®y < fla) + 5 V(x + 10", x,) — f(xn)—iV(X*,an%Ht

IA

Lorw o s * .
= [+ 1 = P = 20 )]+ = e

Hence,

F V * Xn | & -1 " w112 ‘2 1
(v ea,sf(x)+7n,v> < ot [le + 1| —||x||]+;+6,

21
Using the fact that V7| - |2(x*) = 2J*x* to write

I+ P = IR = )] < €

we find that
(VFeV o f(x) + %;m < % tet o Vn>1¥e> 0V € B,
which gives
V7 ey s f(x") R *|| < Ly e(i +1), Vn>1,VYe>0.
A n 24

By taking n — oo and € — 0, we obtain the convergence of the sequence (xp)n to X = J'x* -
AVF eXS f(x*). Taking n — oo in (2.2), we obtain e} ¢ f(x*) = f(X) + 5-V(x", %), which means that
X € 7TS (x ).

Let us prove that the set ﬂg’d(x*) reduces to the single limit X. Let y # X with y € ﬂf;’ﬂ(x*), SO
e/‘is f(x*)=f@)+ ﬁV(x*, ¥). Proceeding as before with the constant minimizing sequence y, := y, we
get

il | < 2 Ve>0

A

and, hence; y = J*x* — AVF d;’(x*), which means that y = x. That is, ﬂ?ﬂ(x*) = {X}, and so the proof is
complete. O

V-
IVFel s f(x") +
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3. Further properties of (f, 1)-generalized projections on closed nonconvex sets
After proving the density of the domain of the operator ﬂ?’l in the previous section, in this section
we continue with the study of various important properties of the operator Tl‘_/;’/l.

Theorem 3.1. Assume that X is a reflexive Banach space with smooth dual norm. Let S be a closed
subsetin X, 1 > 0, and f : X — R U {oo} be a l.s.c function, then the following conclusions hold:

(1) If f is bounded below on S, then the set ng’ﬂ(x*) is closed bounded in X, for any x* € dom 7T§’/1,'
(2) For any xi, x; € dom ﬂg’/l and any x| € ﬂg’i(x*;) and x, € 71“?/1()6) we have
(x] = X35 X1 — x2) 2 05

(3) For any x* € dom ﬂ?ﬁ, any X € ng’ﬂ(x*), and any t € [0, 1) we have ﬂg’ﬂ(J()'c) +t(x" = J(X))) = {x}.

Proof. (1) Let x* € dom n{;’ﬂ. Let @ € R be the lower bound of f on S. Thatis, f(x) > e forany x € §.
Then, for any x € ﬂJS[’/l(x*),

1 1
ersf(x) = flx) + 77700z e+ Il - [

which ensures that JT?/I(X*) is bounded. Now, we prove that ﬂJ;’A(x*) is closed. Let {x,}, be a sequence
in Jrg’ﬂ(x*) converging to a limit X. We have to prove that x € ﬂg’l(x*). By Ls.c. of f and the continuity
of V, we have

1
ersf(X) = fE)+ VD)

IA

. 1.
hmnlnf[f(xn) + ﬁV(x 3 X)) ]
= inf[f(s) + ﬁV(x ;9] = el o f(x).

Thus, % € 7" (x*).
(2) Let x € domn}* and x; € nf*(x}) for i = 1,2, then by definition of €} ¢ f(x}) we have

1 1
ey f(x}) = flx) + VO < flo)+ SV n),

IA

, 1o, 1
ers f(x3) = fx) + 57V %) flen) + 57 Vg3 x).
Adding these two inequalities yields
V(xisx1) + V(X 1) < V(xj;x0) + V(X x)
and, hence, by decomposition and rearrangement, we obtain

(x5 = x73x—x1) 20,
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and the proof of (2) is complete.
(3) First, we prove that for any X € ﬂg’ﬂ(x*) and any ¢ € [0, 1), we have

xenl Uz +1x" - JD).

Letx € ﬂg’ﬂ(x*), then
1 1
- *, = < *,
J(x)+ _2/1V(x ;0 < f(y) + _2/1V(x 3y, VyeS
and

1
21 [V %) - V] < f) - f(B), VYyeSs.

First, observe that
Ux+t(x"=Jx)—-Jx;y—X) =Kx" = JX;y — X).

We distinguish two cases:
Case 1. If (x* — Jx;y — X) < AL f(y) — f(X)], then we have

VX +1(x" —J3), %) - VX +t(x* = JX);y) = 24x" —Jxy — %) — V(JT;y)
< 2U[f(y) - fO] -V y)
< 2UA[f(y) - f(D)].

Case 2. If (x* — Jx;y — X) > A[f(y) — f(X)], and since ¢ € [0, 1), we have

26x" = JXyy — %) = 264 f () - f(D)] < 2(x" = Jx;y — X) = 240 () - f(D)],

and so
2" = Jxy—X) = 26x" = Jxy - %) = 20 f(y) - f(O] + 2eA[f () — f()]

< 2 = Jxy =X = 24f() - fO] + 24 f () = f(D)]
< (P = 265 &) + IEP) + 240 = D) = f(B)]
+ 205y = 1P = P + AP = 2¢T %5 y) + 171
< V(L0 -V, y) + VU y) + 240 - D) - f(D)]
< 24 = fO] + VX, y) + 24 = DL () = f(X)]
< VUXy) + 200 f(y) = f(D)].

Thus,

2x" = IX;y =% - VUxy) < 2tAf(y) - f(X)]

AIMS Mathematics Volume 8, Issue 12, 29555-29568.
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and, hence,
VU +t(x" = JX); %) - VUX+t(x" = JX);y) < 2[f(y) — f(D)].
Therefore, in both Case 1 and 2, we have
VU +t(x" = JX); X) — VX + t(x" = JX);y) <2tA[f(y) — f(D)],Vy € S,Vt € [0, 1),
which is equivalent to
VUX+t(x" = JX); X) + 2tAf(X) < V(IX + t(x" — JX);y) + 2tAf(y),Vy € §,Vr € [0, 1).

Hence,
_ 1 i} . ren o 1 _ . e
f(x) + EV(JX +t(x" - JX); %) < f(y)+ EV(J)C +t(x" — JX);y),Vy e §,Vt € (0, 1);

that is, X € 7" (JX + t(x* — JX)), for any 1 € (0, 1).

Uniqueness. Now, let us prove the uniqueness. That is, for any ¢ € (0, 1) and for any x, € 7r§’M(J)'c +
t(x* — JX)), we have to prove that x, = X. To do that, fix 7 € (0, 1) and let u, := J*(Jx + t(x* — JX)). Let
x; # x with x, € Jrg”l(]ut), then

1 . 1 N 1 .
[+ EV(JM“X) = 1yr€1§ f(s) + EV(-’M:, )| = flx) + EV(JM“X:),

and so
V(Jus; X) = V(Jug; x) = 2tALf(x,) — f(0)].

A direct decomposition of the left hand side of this equality yields to

V(Jus; X) — V(Jug; x;) & = [xl* = 2¢Jug; % = x,)

(IR = 2405 % = 20) = [l + (1= DIIEIP = 2¢J%; & = %) = [lxl’]

= V(%) - VX5 x)] = = HVIX; x)

and, hence,
V(x5 %) = V(x5 x)] = (A =)V X x) = 2t f(x,) — f(X)].
Thus,
%V(ﬁ; x) = [f(X) + %V(x*;fc)] = [fCx) + %[V(X*;Xt)]. 3.1)

On the other hand, we use the fact that x, € S and x € nj;’d(x*) to write f(x) + Z—IAV(x*;)"c) <
f(x,) + %V(x*; x;), which, together with the previous equality (3.1), ensures that V(Jx; x;) < 0 and
V(JX; x;) = 0. This equality ensures that x, = X, thus ending the proof of the uniqueness and the proof
of property (3) is achieved. O
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4. Applications to nonconvex variational problems

In this section, we assume that X is a p-uniformly convex and g-uniformly smooth Banach space.
That is, there exists a constant ¢ > 0 such that

Ox(€) = ce? (respectively px(?) < ct?),

where 0y is the moduli of convexity of X, and py is the moduli of smoothness of X, given respectively
by
) X+y
ox(€) = lnf{l ~ ==l il = [yl = 1 and [lx =yl = 6},0 <e<2

and |
px(1) = SUP{E(IIX+yII +llx =yl =1 :[xll = 1Lyl = t},t > 0.

For more details and properties of p-uniformly convex and g-uniformly smooth Banach space, we refer
the reader to books [1, 17].

Let F : X=X" be a set-valued mapping, f : X — R U {oo} be a L.s.c. function (not necessarily
convex), and let § C X be a nonempty closed set not necessarily convex. First, we define the following
set:

NJA(x) == {x* € X" : such that x € [ (J(x) + Ax")}.

Our aim is to use the main result in the previous section to study the following nonconvex variational
problem: _
Find % € S such that NJ*'(¥) N [-F(3)] # 0. (4.1)

This variational problem can be seen as a variant of the following nonconvex variational problem
Find x € S such that N (X) N [-F(X)] # 0, (4.2)

where Ng (%) is the proximal normal cone associated with S at x. This problem, denoted as (4.2), has
been introduced and studied in [8] for prox-regular sets in the Hilbert space setting. When f = 0, it
is easy to check that any solution of (4.2) is also a solution of (4.1) for some A > 0. Conversely, for
any A > 0, any solution of (4.1) is a solution of (4.2). If, in addition, S is assumed to be convex, then
both variational problems (4.2) and (4.1) coincide. Since the work in [8], numerous other works have
explored and extended, in various ways, the existence of solutions for (4.2) (see [5,9, 10, 15, 18] and
the references therein). Furthermore, the variational problem (4.2) can be viewed as a reformulation of
the well-known generalized equilibrium problem:

Find x € S such that 0 € F(X) + Ng (%), 4.3)

which is an extension of the equilibrium problems involving set-valued mappings overs closed sets
(see, for instance, [4,12,16]). Consequently, our proposed variational problem (4.1) can be considered
an appropriate extension of both (4.2) and (4.3).

First, we show that in the convex case, the variational problem (4.1) coincides with the usual
variational inequality:

Find x € S and y* € F(X) such that (y*,y —X) + f(y) — f(X) =0, VyeS. 4.4)

The variational inequality (4.4) is well studied in the convex case in [2,3,13, 14].

AIMS Mathematics Volume 8, Issue 12, 29555-29568.
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Proposition 4.1. Whenever S is a closed convex set and f is a Ls.c. convex function, we have (4.1)
—(4.4).

Proof. 1t is enough to prove that the set Ng’ﬂ()'c) can be characterized in the convex case as
NJA(®) = (x* € X" such that (x*,x — %) + f(¥) - f(x) <0, VxeS)}

First, we prove that the set Ng’l()'c) is a subset of the righthand side of the above equality. Let x* €
NJ(%), then by definition of N/ (%), we have % € x[(J(X) + Ax*). That is,

ey s (X + Ax") = G} (J(X) + Ax", %),

then
f(x) + %V(J()‘c) + AX", %) < f(y) + %V(J()‘c) + Ax",y), VyeSs.

Hence,

fX) - f)

IA

% [VUJ(X) + Ax", y) = VJ(X) + Ax", )]
1
< 57 [2¢Ax"; % = y) + V(I (%), y)]

1
< (XhE-y)+ ﬁV(J(fc),y), VyeSs.

Letany x € § and any ¢ € (0, 1), then by convexity of S, we have that the point y := X +#(x — X) belongs
to S. Thus,

xHHx—%) < fGE+H(x—X) - f(X)+ %V(J()_c), X+ tx—X).

Using the convexity of f on S to write

A

1
(xrx—x) < (1—l)f(i)+ff(X)—f(5C)+ﬁV(J(fC),J?+t(X—5€))

IA

1
) = fO1+ VU (), X + t(x = X)),
and by dividing by ¢ and taking the limit when ¢ | 0, we obtain
(xx=-x) < f(x) - f(x)+ % ltiLI(I)l T VI(E), X+ t(x — X)) — V(J(%), X))].

Using the differentiability of V with respect to the second variable and V,V(z*, x) = 2(J(x) — z%), we
obtain

ltifgl VIR, %+ t(x — X)) — V(J(F), X)] = (V.VU(F), X); x — %) = QJE) — J(X); x — %) = 0.
Therefore, we get
(X x—-%) < f(x) - f(X), VYxeS.

AIMS Mathematics Volume 8, Issue 12, 29555-29568.
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Conversely, let x* € X* satisfy the last inequality, then
J®-f) < xx-x)

L i -
< ({xNx x)+2/1V(J(x),x)

IA

1 - * _ T
3 [VU(X), x) — 2{Ax"; x — X)]

IA

% [VUJ(X) + Ax", x) = V(X)) + X", X)], VYxes.

This gives
G{ AJE) + AT, %) = ehs fUJ(X) + AxY),

which means that x € né’f (J(X¥)+Ax") and, hence, by definition of the set Ng’/l()‘c), we obtain x* € Ng’/l()'c),
and the proof is complete. O

Remark 4.1. When the set-valued mapping F is defined as F(x) = Ax — & with A : X — X* and
& € X7, the proposed variational problem in the convex case (4.4) corresponds to the following well
known and well studied convex variational inequality (see, for instance, [2, 13, 14] and the references
therein):

Find x € § such that (Ax - &,y —X)+ f(y) — f(x) >0, VyeS. 4.5)

We suggest the following algorithm to solve the proposed nonconvex variational problem (4.1)
under some natural and appropriate assumptions on S, f, and F.
Algorithm 1. Let 9, | 0 with ¢, be too small.

e Select xy € S, y; € F(xo) and A > 0;
e Forn > 0,

— Compute z,.; 1= J*(J(x,) — Ay});

— Choose t,;1 € J*(J(zps1) + 6,B.) with 7L (J(,11)) # 0;
— Choose x,.1 := w5 (J(ups1)) and y; | € F(xp41).
Since § and f are not necessarily convex, the (f,A)-generalized projection Tl‘_/;’/l does not exist
necessarily for any x* € X*\ J(§) (see Example 2.1). However, our previous algorithm is well defined,
as we will prove in the following proposition.

Proposition 4.2. Assume that X is uniformly convex and uniformly smooth Banach space. The above
algorithm is well defined.

Proof. Letn > 0 and x, € S with y; € F(x,). The point z,,, is well defined since J and J* are
well defined and one-to-one, because the space X is assumed to be uniformly convex and uniformly
smooth. Now, since the (f, 1)-generalized projection of J(z,+;) is not ensured, we use our main result
in Theorem 2.1 to choose some point J(u,,;) € X too close to J(z,+1) so that ||J(z,+1) — J(up)|| < 0,

and ﬂ'?/l(.] (u,+1)) 1s singleton. So, we take x,.; := JT?/I(J (4,41)), and then we are done. O
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After proving the well definedness of the algorithm without any additional assumptions on 4, S, f,
and F, we add some natural assumptions on the data to prove the convergence of the sequence {x,}, to
a solution of (4.1).

In our analysis, we need the following assumptions on S, f, and F*

Assumptions A:

(1) The set S is compact;

(2) F is bounded on S by some constant L > 0;

(3) F has a closed graph on §. That is, for any convergent sequence {(x,,y;)}, in gph F the graph of
F with x,, € §, we have the limit (X, y*) := lim,(x,, y;) stays in gph F’;

(4) There exists some constant u > 0 and & > 0 such that

||fr§”l(u"{) - ﬂJ;’A(u;)II < élluj — w3ll, for all uj,u; € J(S) + uB.;

(5) The constants u, ¢y, and A satisfy:

-0
O<6O<,uand/l<'uL 0

Theorem 4.1. Let {x,}, be a sequence generated by Algorithm 1. Assume that the assumptions ‘A are
satisfied, then there exists a subsequence of {x,}, converging to a solution of (4.1).

Proof. By compactness of the set S and the construction of the sequence (x,),, there exists a
subsequence (x,, ) converging to some point X € S. We have to prove that X is a solution of (4.1). That
is, —F(¥)NN/(X) # 0, meaning there exists y* € F(X) such that —y* € Ng’ﬂ()?), ie.,X€ ﬂ?ﬂ(]()'c)—/l)‘)*).
Set z := J*(J(X) — 4y"). By construction, we have x,, ,; = 7T§’/l(](btnk+1)). By closedness of the graph
of F in (4), we obtain easily that the sequence {y, }; is convergent to some limit y* belonging to F(X).
Also, the continuity of J and J* ensure that the subsequence (z,, )r converges to zZ := J*(J(X) — Ay").
Also, by construction we have

1 @ty 1) = J @] 1 t1) = T @ DIl + [ @) = J (@]

<
< Ot + IV @) = SN = 0,

which ensures that the subsequence (J(u,,));r converges to J(Z). Now, we have to prove that (J(u,)),
and X belong to J(S) + uB. Using the choice of A and the assumptions on the constants L, 6y and u, we
can write

dys)(J(un)) < dyis)(J(zn)) + 1T () = J@)I < Ally,_yll + 0pt < AL+ 6p <

and
dys)(J(2) = dys)(J(X) = AY") < Al < AL < i,

which ensure that J(u,) and J(Z) belong to J(S') + uB.. Using the Lipschitz continuity of the (f, A)-
generalized projection on J(S) + uB, we can write

Il @) -3 = WL I@) = 7 T W) + Xoar —

A

< N I@) = 7L W) + 1yt =
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< &) = JOIN + llx,,, — X — 0.
This ensures that x = ﬂ‘g’/l(.] ) = ﬂf;"ﬁ(J (x) — Ay*), which ensures by definition of the set Ngﬂ()’c) that
—5" € NJ(D).
Thus,
NI® N [-F(®)] # 0;
that is, X is a solution of (4.1), thus completing the proof. O

Example 4.1. Assume that X is p-uniformly smooth and 2-uniformly convex space (for instance, X =
L? with p € (1,2]), and consider the following nonconvex variational inequality: Find x € S and
v* € F(X) such that

O X=0+ fO) - f() = -1 VU(R),y), YyeS, (4.6)

where S is given by S := A, U (Ay + xg) and | = Yo with A := Ay U (A + xo). Assume that A, and A,
are two closed convex sets with A; N A, = B (i.e., their intersection is the unit ball), and assume that
Xo is very far from both sets Ay and A, so that A, N (A; + xo) = 0 and A; N (A + xo) = 0. We assume,
for instance, that ||xo|| > 2diam(A; U A;). Assume that the set A, is compact, then by Theorem 4.1,
the noncovex variational inequality (4.6) admits a solution as a limit of a subsequence of the sequence
generated by Algorithm 1.

Proof. To do that, we have to prove that all the assumptions of Theorem 4.1 are fulfilled. First, we
need to check the two following equalities:

ANS =BU®B + x),
T () = mans (x), V' € X

The first equality follows directly from our assumption on x, and some simple computations. To prove
the second equality, we take x* € X* and any A > 0 and let X € ﬂ‘?/l(x*). Then, X € § with

1 1
@+ VORI < fO)+ - V(Ly), Vyes.

This inequality ensures that X has to be in A and, hence, x € AN S with

1 1 .
ﬁV(x*;fc) <f)+ ﬁV(x*,y), Yy €eSs.

Since A > 0, we deduce that
V(x; %) < V(x',y), VyeANnS.

This ensures by definition that x € m45(x"). In a similar way, we prove the converse direction.
Now, we recall two results from [7].

(1) Example 4.10 in [7]. The set B U (B + x() with ||xo|| > 3 is a closed nonempty nonconvex set that
is uniformly generalized prox-regular for some positive constant r > O in the sense of [7].
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(2) Theorem 4.4 in [7]. If X is g-uniformly convex and K is a bounded set, which is uniformly
generalized prox-regular for some positive constant r > 0, then there exists some ' € (0, r) and
v > 0 such that

* * * * 1 * * ’
Ik (x*) = O < Al =y ll7T, Vo', y" € UK(r).
Here, Uy(r') == {x* € X* : inEV(x*,y) <r?).
ye
Since the space X* is 2-uniformly smooth, there exists some @ > 0 such that V(x*,y) < aflx* -

JWI?, Vy € S. Here,  depends only on S and the space X*. Choose u € (0, f/—'a), then for any
x* € J(S) + uB, we have

inf V(x*, s) < ainf ||x* — J(s)II* < ap® < r'%;
seS seS

thatis, x* € U ;’ (r"). Combining now the above results (1) and (2), we have ANS =B U (B + xp) is
bounded uniformly generalized prox-regular for some r > 0, and so there exists ' € (0, r) such that
Tans 18 Lispchitz continuous on Uan ("), and in particular on J(S) + uB, for some u > 0. Therefore,
all the assumptions of Theorem 4.1 are satisfied, and so the sequence generated by Algorithm 1 admits
a subsequence converging to a solution of the nonconvex variational inequality (4.6). O

Remark 4.2. It is very important to mention that the existence of solution of (4.6) cannot be obtained
by any other existence results due to the nonconvexity of all the data of the considered problem, the set
S and the function f.
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