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1. Introduction

By A, we denote an analytic (regular) function’s family and g defined in the following region:
D={eeCand |g| < 1}, (1.1)

with g (0) = 0 = g' (0) — 1. Thus, every function g of a family A is of the form:

g (&) :8+Zak8k eeD. (1.2)
k=2
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Moreover, let S indicates a subfamily of A, whose members are univalent in D. Let A, h, € A; we
state that the function 4, is subordinate to s, (written as i, < hy) if there exists a regular function u that
satisfies

lu(e) <lel and u(0) =0, (1.3)
such that iy () = hy (u(e)) for € € D. Moreover, if h, € S, then the above conditions imply the
follwoing:

hi <hy © h;(0) = hy(0) and h; (D) C hy, (D). (1.4)
In 1992, Ma and Minda [1] utilized the idea of subordination and initiated the family A*(Q2) as
follows:
eg'(€)

: @) <Q(s)}, (1.5)

where the image of Q under D is a star-shaped functions satisfying that (0) = 1 and Q’(0) > 0. Also,
they investigated various beautiful geometric results like growth, distortion and covering results. If
we pick Q(g) = (1+&)/(1—¢) categorically, then the family A*(€2) reduces to the family of functions
whose image domain is star-shaped. For the numerous choices of Q(g) on the right hand side of (1.5),
we get various subfamilies of S whose image domains have some beautiful geometrical interpretations.
Among them some are recorded as follows:

A*(Q) = {g A

1) If we take Q(e) = 1 + sing, then we obtain the family A}, = A" (1 + sing), which is described
by the functions bounded by the eight shaped region, and which was established and studied by
Cho et al. [2].

2) By considering a function Q(¢g) = 1 + & — %a
A* (1 +&— %33), introduced by Wani and Swaminathan [3]. The image of the function Q(g) =

3

, we get the recently investigated family A;,, =

l+e- %83 under an open unit disc is bounded by a nephroid shaped region.
3) The family A} = A" (VI +¢), with Q(e) = V1 + &, was established by Sokél et al. [4].
4) The family A}, = A* (1 + %‘a + %82) was recently investigated by Sharma et al. [5], and the image

of Q(e) = 1 + & + 37 is cardioid shape under an open unit disc.
5) By choosing Q(g) = e, we get the family AZXP = A" (e®), which was established in [6]. On the

other side, if we pick Q(e) = &+ V1 +&2, we get the family A,, = A" (e + V1+&2), which
maps D to a crescent shaped region and was given by Raina [7].

For more particular subfamilies of the family of starlike functions, see the articles [8—10].
Pommerenke [11,12] was the first to initiate the idea of a Hankel determinant H,,, (g) for a function
g € S of the form (1.2), where the parameters g,n € N = {1,2,3,-- -} are as follows:

ay ap+1 - Aptg-1
an+1 ap+2 - .. Aptg

Ha@=|. . . . (1.6)
Apig-1 Apig - ant2g-2

For particular values, e.g., ¢ = 2 and n = 1, we get the Hankel determinant

a a

|H21 (9)| = o a;
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= |a3 —a§|, Where a) = 1
And for g =2 and n = 2, in (1.6) we get the second order Hankel determinant

a as
as dg

H,,(g)

arayg — a%.

For the third order Hankel determinant we take g = 3 and n = 1, which yields the following form

1 a, aj
|Hs1(9)|=| a2 a3 au
as d4q ds

The functional
Hyi(9) = a3 - a;

is known as the Fekete-Szego functional. For numerous subfamilies of a regular function’s family
A, the best possible value of the upper bound for |H2,1 (g)| has been evaluated by various authors
(see [13—15]). Moreover, the second Hankel determinant and the extreme value has been studied
and investigated by several authors from many different directions and perspectives. For instance,
the readers may refer to see [16-21]. Furthermore, Babalola [22] described the Hankel determinant
H; ; (g) for several subfamilies of regular functions. For some recent works on the third-order Hankel
determinant, we refer the reader to [23—27] and the references therein.

Recently, Allah et al. [28] defined the family of starlike functions based on the trigonometric
hyperbolic tangent function as follows:

. £g'(e)
A = eA:
tanh {g g(g)

Motivated by the work mentioned above, we now introduce the subfamily of analytic functions:

< 1+ tanh (a)} (e e D).

Rinh = {g € A: g () <1 +tanh(e)} (g€ D). (1.7)

In this paper, we evaluate first three initial sharp coefficient bounds, sharp Fekete-Szego functional,

the sharp second Hankel determinant, sharp third Hankel determinant and Krushkal inequality for

functions belonging to this family. Further, the sharp initial four logarithmic coefficient bounds and the
second Hankel determinant are investigated.

2. A collection of lemmas

We next indicate by  the family of all holomorphic functions p satisfying that Re(p(g)) > 0, € € D,
and that also has series representation:

p(8)=1+2pk8k eeD. 2.1)
k=1
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Lemma 2.1. [29] Suppose that p € P. Then, for x and 6 with |x| < land |0| < 1, it follows that

2p> = p; + x(4 - p), 2.2)
4ps = pi + 24 — pHpix — pi(4 — pHx* + 24 — pH(1 - [x[*)6. (2.3)

Lemma 2.2. [If p € P, then the following estimations hold

pel < 2, k>1, (2.4)
|Pken —prkpnl < 2, O<pu <1, (2.5)

2 2

P |p1l
- £ 2-— 2.6
P27 S > (2.6)

and for n € C, we have

|p2 = npi| < 2max (1,12 - 11}. 2.7

For the inequalities (2.4)—(2.6) see [30] and (2.7) is given in [31].
Lemma 2.3. [32] If p € P and it has the form (2.1), then

3
lapy — aap1p2 + azps| < 2|ay| + 2)a; — 2a4| + 2|ay — a2 + a3, (2.8)
where a;, a, and a3 are real numbers.

Lemma 2.4. [33] Let m,ny, l; and r, satisfy that my,r, € (0, 1) and

8ri (1 —ry) [(mlnl - 211)2 +(my (ry + my) — nl)z]
+my (1 —my)(ny — 271’711)2

<d4mi(1—=m)*r (1-r).

If 4 € £ and it is of the form (2.1), then

3
llpzlt + rlP% +2mp1p3 — —n1p%pz — ps| < 2.

2

3. Main results

Theorem 3.1. If g (&) € Runn and it has the form given by (1.2), then

1

laal < 5, (3.1
1

lasl < 3, (3.2)
1

las| < T (3.3)
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Equalities of these inequalities are obtained for functions as follows:

1
gi(e) = f(1+tanh(t))dt:g+§gz+...,
0
° 1
&) = fo(1+tanh(t))dt—s+§g e,
1
_ 3 _ 4
g = f(1+tanh(t))dt—8+zg +en,

respectively.

(3.4)

(3.5)

(3.6)

Proof. Let g (&) € Rinn then by the definitions of subordinations there exists a Schwarz function u (&)

with the properties given in (1.3), such that
g (€) =1 +tanh (u(g)).

Let p € P; then, it can be written in terms of Schwarz functions as

1+u(e)

1-u(e

p(e) = =1+ pie+pre +pi& +--.

Or

p)-1 PIE+ P28’ + p3& + -
p@E+1 2+ pie+pred+pd+---

1 1 1 , (1 1 1 3
= ohet|\gp2— ;P E H|\gP1—FPiP2t Sp3|E e

ule) =

2 2 4 8 2 2

Now, from (3.7) , we have
g/ (€) = 1 + 2a26 + 3a36” + 4ase’ + Sase* + -+ .

And

1 1 1 1 1

1
I +tanh(u(e)) = 1+ -pie+ (—p2 - —pf)gz + (Epf —=pip2 + —p3)g3

2 2 4 2 2

N 1 1 +l ) I, ‘g
2194 2P1P3 4P1P2 4P2 2 .

Comparing (3.9) and (3.10), we get

1
a, = Zpl,
1 1,
as = E(Pz—ipl),
I 5 1 1
ay, = EP1—§P1P2+§P3,
1 1 I, I,
as = EP4—EP1P3+2—OP1P2—%P2-

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Applying (2.4) to (3.11), we get

1
|Cl2| < E
From (3.12), and by using (2.6), we have
1 1,
las| = 612~ EP]‘
1 I
< —-|2-—|=H .
= 6( > (p1)

Clearly, H (p;) is a decreasing function with the maximum attained at p; = 0; hence,

las| < §
Applying Lemma 2.3 to (3.13), we get
1
las| < 1
O
Theorem 3.2. If g (&) € Runn and it has the form given by (1.2), then
1 314
|as — Aa3| < gmax{l,T}. (3.15)

Equalities of this inequality can be obtained for the function g, defined in (3.5) for || < % and for the
function g; defined by (3.4) for |1| > 1.

Proof. From (3.11) and (3.12), we get

1 4-32
P B P ]
|a3 a2| 6 P2 3 P
Applying (2.7) to the above equation we get the required results. O

Corollary 3.3. If g (&) € Riann and it has the form given by (1.2), then

|as — a3] < % (3.16)

The equality of this inequality can be obtained for the function g, defined in (3.5).

Theorem 3.4. If g (¢) € Runn and it has the form given by (1.2), then

1
|a2a3 - (l4| < Z (317)

The equality of this inequality can be obtained for the function g; defined in (3.6).

AIMS Mathematics Volume 8, Issue 11, 27396-27413.
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Proof. From (3.11)—( 3.13), we get

| | ‘ 1 5 1 N 1

aaz —asl = |—=p; - = =

203 — ay 241?1 6P2P1 8P3

Applications of Lemma 2.3 lead us to the required results. O

Theorem 3.5. If g () € Runn and it has the form given by (1.2), then

1
|azas — a3 < 5 (3.18)

The equality of this inequality can be obtained for the function g, defined in (3.5).
Proof. From (3.11)—(3.13), we get

aray — a: = —L 4 ! ! - i 2
4 05 =~ Pl SegPiP2 PP 3P
Applying (2.2) and (2.3) to write p, and p; in terms of p; = p € [0, 2], we get
1 1 2
S L 2
aay — a; 384p 144(4 p)

s (=) 2+ (4= ) p (1 )0
Implementing the triangle inequality and using [6] < 1 and |x| = y < 1, we have

= 351;4” g (49 %81,2(4_1,2)),2
(8- p) (1) =G (o).

Now, differentiating partially with respect to y, we get

|(12(14 — a3|

LD~ (=) v+ gt (4= 2)y = 55p (4= )y

dy 12 64 32
Obviously, aR(" Y > 0is an increasing function, so it has a maximum at y = 1; thus
1 1 2 1
R < Y(p,1 pr+—(4-p° 4 -
(p.y) = Y(p.l)==zp 144( P’) + 237 ( p)
1 7 1

= 56" sl Ty

Now, differentiating with respect to p, we get

7

i vrie

Clearly, G (p,1) = 0 only has the root p = 0 € [0,2]. Hence, G" (p,1) < 0 at p = 0, so the
maximum value is attained, that is

’ 1
G (p,1) =
(p, 1) = T

2 1
aray — Cl3| < §

O
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Theorem 3.6. If g (&) € Runn and it has the form given by (1.2), then,

1
H <—
| 3,1 (g)| =16
The equality of this inequality can be obtained for the function given by (3.6).
Proof. We know that

_ 3 2 2
Hi 1 (g) = azaras — a5 + asaras — ay + asaz — asa;.

Setting the values of (3.11)—(3.14), and putting p; = p, we get

() = 1 =504p,ps + 144pp3 + 48p1p, — 448p, — 5763 (3.19)
Hs. 34560 —25p1 = 120p, ps + 576y ps + 864p, pap3 ' '
Now, supposing that py = pand r = (4 - p%) in (2.2), (2.3) and (3.19), we get
s = l[p2+xt] (3.20)
255 ) :
1
p=7 | P+ 2tpx = pra® + 21(1 = [x)s] (3.21)

L[ (4 + (22 = 3x + 3) p?) tx — 4m(1 - |xP)
P4 =73 2 4
8] -p(1-167)+x-1dop+ox+p

by putting the above values of p,, p; and p4 in (3.19), we get

—Bp0 —27p*x + 2ptex® + 12p*tx + 108p3(1 — |x)exd + 45p3(1 — |x*)t6
+108p*(1 — |x)txd> — 108(1 — |61)pp*(1 — [xI)t + 2 p*12x*
—81p22x% — 9p*2x* — 108p%tx®> — 9p(1 — |x[HPx%6 ,
+90p(1 — [x[)2x6 — 135(1 — [x]*)?126% — 144(1 — |x|)Px*6?
+144(1 — [6)p(1 — |x)Px — 568 X3 + 14482 %°

H5.1(D = 35560

where 1 = (4 - pz); then, we have

Hs.1(f) = 3755 [110- 0+ va(p. 206 +v3(p. 08" + ¢(p. x. 6)p)]
where
1 (4 - p?)x(100p%x - 9p2x2+36p +320x) )| 15 4
) = == p) [[ +(432p%x — 18p*x + 108p*a® — 48p*) )]_Tp’
vp.x) = =9p@ - p»)(1-1x)(4 - p») (¥ - 10x) - 5p* - 12p%x),
vi(p.x) = =94 = p)(1-1af) (4 - p) (15 + %) - 12p”x),
and

$(p. x,6) = 36(4 — p?) (1 - |x*) (4x(4 — p*) = 3p%) (1 - 16P).
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Now, let |6] = y, |x| = x and |p| < 1. Then we have

2
(N < 7es (1@ 01+ Wa(p. 0Ly + Ws(p. 01 + I6(p. x.0)])
1
< — (H
< 37560 (H(p, x,y)),
where
H(p, x,y) = hi(p, x) + ha(p, X)y + h3(p, x)y* + ha(p, x)(1 = y?). (3.22)
Then,
1 (4 — p*)x(100p%x + 9p*x? + 36p* + 320x 15
hl(p,x) = _(4 - pz)x (2 4 4.0 4 ) + _p6a
4 +(432p%x + 18px + 108p*x> + 48p*) 4
ho(p.x) = 9p—p)(1-x")(@=p"(x*+10x) + 5p + 12p’x),

ha(p.x) = 94— pH(1-22) (- pH(15+x7) + 12p%x),
ha(p.x) = 36(4 - p?)(1 - 2%)(4x(4 - p?) + 3p?).

Now, we need to attain the maxima of H (p, x,y) in the interior of the closed cuboid A : [0,2] X
[0, 1] x [0, 1]. In order to do this, we have to maximize H (p, x, y) on all six internal faces and at the 12
edges of the cuboid A.

1) First, we will check for the maximum of the function H in the interior of A. Let (p, x,y) € (0,2) X
(0, 1) x (0, 1). Then differentiating (3.22) partially with rspect to y, we get

p((4 = p» (o + 10x) + 5p* + 12px)

OH (p, x,y) .
+2(@ = p») (15 +x2) + 12p%x) y = 8 (4x(4 - p?) + 3p?)y |’

TR 94 - p*) (1 - %)

OH(p,x.y)

= 0, we get

by setting

_ P((4 -pH (x2 + 10x) +p*(12x + 5))

2@- A G-n-12)a-n 0O

which is possible only if

p*(12x +5) + px(4 - p?) (x + 10) + 2 (4 = p*) (15 - x) (1 - x)

< 24p*(1 -x) (3.23)
and
,  4(15-x)
> — .
27 — x
Let g(x) = %; it follows that
0 (4(15-x) 48 )
—[——=|=-—————=<0in (0, 1).
6x( 27 —x ) (x_27)2< n (0. 1)
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This shows that g(x) is a decreasing function. Hence, p? > %; a simple calculation show that the

above inequality (3.23) does not hold true for the given values of x € (0, 1), so the function L is no
critical point in the interior of the cuboid.
2) We will check the maximum value on the six faces. First on p = 0, we have

H(0, x,y) = my(x,y) = 12802 + 144 (1 = x?) (15 + %)y + 2304x (1 - %) (1 - 7).

Now,
0 ,
w = 288y (x— 1) (¥ — 14x — 15) £ 0, (x,y € (0,1))
y
Hence, H(0, x, y) is no optimal point in (0, 1) X (0, 1).
Atp =2,
15
H2, x,y) = = (2)° = 240.
Atx =0,
15
H(p,0.y) = ma(p,y) = =p° +45p°(4 = p2)y + 135(4 = p*)’y’
+108p*(4 - p*) (1 - %)
and ma(p.y)
m\p,Y) _ o(.2 _ 3_ 2
B 9(p* - 4)(5p* - 54yp” + 120y),
by taking 6’"2%;”” = 0, we get that y = % =: yy. For the provided range of y, p > po =
1.490711984999.
Further,
9 9
% = 3p(5p" = 50py +216p%)? ~ 96p” + 120py - 672y + 192)..
p
Taking %";2 =0, we get
(5p* = 50py + 216p™y* = 96p” + 120py — 672y* + 192) = 0.
X 3
By putting y = (54;2+20), we get

135p% — 6232p° + 37584p* — 80640p* + 57600 = 0.

When solving for p € (0, 2), the solution is p = 1.2751; upon checking we conclude that there is no
optimal solution for H(p,0,y) = my(p,y) in (0,2) X (0, 1).
At x = 1, we have

7
H(p,1,y) = m3(p,y) = —§p6 — 144p* + 372p* + 1280,

and p
T _ _21p° — 576p° + T44p.
op
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Now, for the critical point put % = 0; we obtain the solution to be p = 1.1117, at which mj3 yields

the maximum value, which is
ms(p,y) < 1513.2.

Aty = 0, we obtain

9 9 15
H(p,x,0) = my(p,x) = é—lp6x4 —2p%%° + §p6x2 —12p°%x + Zp6 —18p*x* — 156p*x°

—54p*x* + 192p*x — 108p* + 36p*x* + 912p°x°
+144p*x* — 1152p*x + 432p* — 1024x> + 2304x.

From the computation it is clear that the system of equations has no solution for (0,2) x (0, 1).
Aty =1,

9 9 15
H(p,x,1) = ms(p,x) = Zp6x4 —2p°%° + §p6x2 —12p°%x + Zpé -9p°x*

+18p°x* + 54p°x* — 18p°x — 45p° — 27p*x*
+96p* x> — 288p*x* — 60p*x + 135p* + 72p° x*
+288p°x* — 252p3x? — 288p x + 180p° + 108p%x*
—672p° x> + 1584p>x* + 432p*x — 1080p* — 144px*
—1440px° + 144px* + 1440px — 144x* + 1280x°
—2016x + 2160.

Computation indicates that the solution for the system of equations associated with % =0and % =0
in the region (0, 2) x (0, 1) does not exist.
3) Now, we will check the maximum of H(p, x, y) at the 12 edges of cuboid.

By putting x = 0 and y = 0, we have

15
H(p,0,0) = me(p) = Ipﬁ —108p* + 432p°.

... . P
For the critical points put 5%6 =

me(p) is

0; its critical point is p = 1.5059, at which the maximum value of

me(p) < 467.99.
By putting x =0andy = 1,

15
H(p,0,1) = ms(p) = Zp6 —45p° + 135p* + 180p°® — 1080p” + 2160.

For critical point
om; 45
% = P’ = 225p" + 540p° +540p ~ 2160p.
p

As 6{% < 0, for p € [0,2], a(% is a decreasing function that achieves its maximum value at p = 0,
which is

H(p,0,1) < 2160.
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For x = 0 and p = 0, we have
H(0,0,y) = ms(y) = 9(4) ((4) (15))* = 2160y”.
As mg(y) 1s an increasing function, its maximum occurs at y = 1, that is
H(0,0,y) < 2160.

Now, the equation
H(p,1,y) = m3(p,y) = —;p6 — 144p* + 372p* + 1280
is free from y. So,
H(p,1,0)=H(p,1,1) = —%pG — 144p* + 372p* + 1280.

Then, my(p) = —2p° —144p* +372p* + 1280 has its maximum value at p = 1.1117, which corresponds
to
mo(p) < 1513.2.

Forp=0and x =1,

1
H(O,1,y) = m(y) = 1(4) [((4) (320))] = 1280
For p = 2, all of the terms of H(p, x, y) are free from p, x and y. So,

7 7
HQ,0,y) = H2,1,y) = HQ2,x, 1) = HQ2,x,0) = =2p° = =3 (2)° = —224.

Atp=0andy =0,
HQ@, x,0) = m1(x) = 2304x — 1024x°.
6m|1

To find the critical point at which m;;(x) gives the maximum value, put = 0 which gives
xo = 1.5 at which the maximum value of m;;(x) is given by

H(O, X, 0) = ml()(X) <0.
Forp=0andy=1,
H(0, x, 1) = mpp(x) = —144x* + 1280x° — 2016x% + 2160.

As % = —576x> + 3840x% — 4032x < 0, for x € (0, 1) which shows that it is decreasing function then
its maximum occurs at x = 0, that is
mlz(X) < 2160.

Here from all of the calculations, we conclude that
L(p, x,y) < 2160.
For A : [0,2] x [0, 1] x [0, 1], it follows that

1
[Hs ()] < s (P 3) < 1

O
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4. Krushkal inequality

In this section for the particular choice of n = 4 and p = 1, we will give a direct proof of the
inequality
a’ — ag("_l) < 2Pl e

over the family R,,,. For the whole family of univalent functions Krushkal [34] introduced and proved
this inequality.

Theorem 4.1. Let g € A belong to Rnn. Then,

1

|a4 - a;| < -

4
The equality associated with this inequality can be obtained for the function defined by (3.4).

Proof. From Egs (3.11) and (3.13), we get

I

—_— —_— +_
192171 8P2p1 8193

s -] = |

By applying Lemma 2.3 to the above equation, we get the required result. m|
5. Logarithmic coefficients for the family Ri,.,

The logarithmic coefficients of g € S denoted by y, = v, (g), are defined by the following series
expansion:
g\
log=—— =2 W€
e 2 S

n=1

For the functions g given by (1.2), the logarithmic coeflicients are as follows

Y1 = 5612, (5.1)
1 1
Y2 = 5 (613 - Eai), (5:2)
1 1
Y3 = 5 (614 —arasz + §a%) s (53)
1 1 1
Ya=3 (as — tpay + dya3 — Ea_% - Zag) ’ -4
1 ) 3 1 s
Vs = 5 |de ~ dads — asdy T araz + ayas — aas + 5%) (5-5)

Theorem 5.1. If g (¢) € Runn and it has the form given by (1.2), then

Iyl <

9

B
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1
|72| S 85
1
|73| S ga
lyal < :
ST

The equality associated with these inequalities can be obtained for the function

gn(e) = fs(l +tanh (")) dt = e +
0

n+

Proof. Now from (5.1) to (5.5) and (3.11) to (3.14), we get

Y =

Y2 =

Y3 =

Y4 =

Applying (2.4) to (5.7), we get

From (5.8) and by using (2.5), we get

Applying Lemma 2.3 to (5.9), we get

Also, applying Lemma 2.4 to (5.10), we get

Proof of sharpness. Since

AIMS Mathematics

1
8171,
1 1,
12 \P2 7 16P1)
30, 1 L
128171 12P2P1 16P3,
137, 19 , 21
1843201 7 360 172 T 30 P3P
1
|)’1|Sz-
1
|)’2|Sg-
1
|7’3|S§-
lyal !
Y4 =T

log 81 () = ZZy(gl)s" = —c+
n=2
26 .~ 0
log = 2> y(g)e' =36
€ n=2
g N _
log = 2> y(ge' = 1o
€ n=2
g(e) .~ 0
log = 227(82)8 = -&
€ n=2

n+1
& +
1

---forn=1,2,3,4. (56)
(5.7
(5.8)
(5.9

23, 1
mpz + %p4 (5.10)
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it follows that these inequalities are obtained for the functions g, (¢) forn = 1,2, 3,4 as defined in (5.6).
O

Theorem 5.2. If g (¢) € Runn and it has the form given by (1.2), then
1
36°
The equality in this inequality can be obtained for the function g; in (5.6).

yivs -7 <

Proof. From (5.7)—(5.9), we have

3, 1 1 1,
3686471 T 11527172 T 18P T TP

Y173 —7’% ==

Applying (2.2) and (2.3) to write p, and p; in terms of p; = p € [0, 2], we get

7 1 1 .
12288p4_576(4 Py 5127 P (4-17) 2 1t 2567 p(4-p7)(1-1xF)e.

By the triangle inequality, and by using [0] < 1 and |x] =y < 1, we get

YIY3—v; = —

s 576(4_”) Vo spt (4= p)y + seer(4-07)(1-5). G

Now, differentiating Eq (5.11) partially with respect to y, we have

dG (p,y) _ 1
ady 2304

Y1Y3 — 7’2

y(p =27 (=p* + 14p +32).

It is easy to observe that %f,’y) > 0 in the interval [0, 1], so the maximum is attained at y = 1; thus
7 1 2 1
G(p,y) < G(p,1)= 4 4-p*) +—p*(4-p*
(h.y) < G(p1) = Faep*+ g (4= 1) + 537 (4= 1)
13 7 2, 1
368647 11527 T 36°

Now, differentiating with respect to p, we get

L]
G (p.1)= 92167 " 576"

Clearly, G (p,1) = 0, has three roots namely 0, +4, and the only root that lies in the interval [0, 2] is O,

N
1

1
G (p1)= —p*— —
P, 1) = 35757 ~ 57¢°

Thus, G~ (0, 1) < 0, so the function has its maximum at p = 0, that is

1
|7173 - 7§| < 36

O
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6. Conclusions

Recently, the investigations of the Hankel determinant have attracted the attention of many
researchers due to their applications in many diverse areas of mathematics and other sciences. In this
paper, we have defined a new subfamily of analytic functions connected with the hyperbolic tangent
function with bounded boundary rotation. We have also investigated the upper bound of the third
Hankel determinant for this newly defined family of functions. On the other hand, we have obtained the
Krushkal inequality and investigated the first four initial sharp bounds of the logarithmic coefficients
and the sharp second Hankel determinant of the logarithmic coefficients for this defined family of
functions.

Here, we want to remark on the fact that one can extend the suggested results investigated in this
article to some other subclasses of analytic functions, and also that those interested scholars can use
the D, derivative operator and generalize the work presented here.
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