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Abstract: In this paper, we consider a predator—prey model given by a reaction—diffusion system. This
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We investigate the stabilization problem of the considered system using multiplicative controls. By
linearizing the system and using the maximum principle, we construct a multiplicative control that
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Banach fixed point. Applications and numerical simulations to Holling responses I, II, III, and IV are
presented.
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1. Introduction

The dynamics between prey and predator species in natural systems can be represented by a coupled
system of nonlinear reaction-diffusion equations. This type of system is usually represented by a
system of partial differential equations, rather than a system of ordinary differential equations, which
are often used to represent interactions between prey and predator populations without diffusion (see
for instance, [13] and [30] and references therein). We are concerned with the following mathematical
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model, which expresses the conservation of predator and prey densities:

ayl(ta x)

= Ay +yih () —yiyk (1), x€Q,t>0

ot
oy, (t,

W20 (1) €T = (0,00) X IO
ov ov _
yl(o’ X) = y(i)(X), )’2(0, X) = }’g(x), X € Q

(1.1)

where y; and y, represent the prey and predator population densities at time ¢ respectively. The
function y; 4 (y;) is the intrinsic growth rate of the prey y; and signifies its growth rate in the absence
of the predator. It can be linear if h(y,) = ry, logistic if h(y;) = ri (1 —y/«;), Gompertz if
h(y1) = holn(k;/y1) (ho, 1,1 > 0) etc. See [1,2] and the references therein. The predator’s functional
response to prey is y;k(y;), which represents the number of prey individuals consumed per unit area
and unit time per predator. It includes as particular cases of various classical functional responses:

yik(y1) = Byi (Holling type I), yik (1) = By1/ (1 +py) ) (Holling type D), yik () = By?/ (1 +py?
) (Holling type III; see [3]), yik(y) = Byi/ (7 + uy; +yf) (Holling type 1V; see [4]) etc. Here
B,y >0,u>0.

There is a large amount of literature related to the mathematical study of prey-predator systems
of the diffusion type. In [24], Morita and Tachibana showed the existence of an entire solution (i.e.,
a solution that exists for all (¢, x) € R?) of the predator-prey reaction-diffusion systems with Holling
type I. The proof is carried out by applying the comparison principle and an appropriate pair of a
subsolution and a supersolution. For Holling II functional response, Garvie and Trenchea proved the
existence of a solution by using semigroup theory and application of the invariant region method of
Smoller (see [15]). In [1], Apreutesei and Dimitriu studied the well-posedness of a predator-prey
reaction-diffusion system with Holling type III. They show the existence of the solutions provided that
the initial data are positive and satisfy a specific regularity. For more results on the well-posedness
of these systems, we refer, for instance, to [8—10] and the reference therein. Recently, Mi et al. [23]
considered a nonlocal predator—prey model with double mutation; they defined pair of upper and lower
solutions, and they designed a new comparison principle that ensures the existence of the solutions.

In our case, the situation is quite complicated due to the generalized nonlinearity considered, which
encompasses all Holling functional responses nonlinearities. Consequently, we use the Banach fixed
point and the stabilization of an associated system to obtain the global well-posedness. The existence
and stability results concerning the steady states of these systems have been extensively studied see, for
example, [2,5,7,21] and the references therein. The results show that the system exhibits very unusual
behavior for some parameter values, while some steady states are stable under system parameter
constraints. It would be interesting to investigate a method that allows driving the systems to these
equilibrium states without adding additional constraints on the system parameters that might contradict
the measures taken during the modelling. To this end we use multiplicative controls to stabilize the
system, this choice is determined by the real application. In fact, for the prey predator model, these
controls can be interpreted as harvesting efforts. A huge amount of literature has been devoted to
stabilizing uncoupled linear systems via multiplicative controls. For example, we mention the works
of [4,17,26] and the references therein. However, the choice of such control in the nonlinear cases
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generates new difficulties. Indeed, the first difficulty is that the stabilization of nonlinear parabolic
coupled systems by using multiplicative controls remains an open problem. Another difficulty of
the problem lies in the fact that these controls are nonlinear, which doubles the nonlinearity of
the system. Note also that the controllability of bilinear systems is an open problem see [3]. For
hyperbolic coupled systems we refer to [19], where the authors characterize the stabilization of a class
of coupled hyperbolic systems by using multiplicative controls. They showed the equivalence between
stabilization and the observability of the uncontrolled system. In this work, we hope to achieve the
stabilization result. More precisely, let

FOLY) =yih(y) —yiy2k (1)  and  g(yi,y2) = —ay> + by y:k(y1). (1.2)
We obtain from (1.1) the following system
oy (1,
% =Ay1 + fO1,y2), x€Qt>0
oy, (1,
% :6A)’2+g()’1’)’2)a erat>O (13)
0 )
N _ 2 (1.5 €T = (0, 00) X IQ
ov ov 0 0 _
y1(0, ) = y/(x), »2(0,x) =y,(x), x€Q

We say that (y{, y5) is an equilibrium state of (1.3) if and only if:
1- 05, ¥5) € H(Q) N Hy(Q).
2- (y{,y5) solves the following elliptic system

Ay + fOLy) =0,  xeQ
0Ay; + g(y7,y5) =0, xeQ
dy] 0y
—=——=0, € 0Q
ov ov *
Translate (y{, y5) into zero via the following change of variable z; = y; — y{ et 7o = y, — 5. Obviously

(21, 22) solves the following system

6Z t,-x) e e (4 €
l(r =Az+ f(z+)Y 22 +35) - fO1.)), x€Q1>0
(92 l,X e e (4 €
Zét ) =0Az +g(z1 + ¥, 22+)5) — 801, )3, x€Qt>0 (1.4)
0 0
ﬂ:ﬁzo, (t,x) € T = (0, 00) X IQ
ov ov 0 0 0 0 0
2100, x) = z(x) == yj(x) =y, 22(0,x) = z;(x) 1= yy(x) =), x€Q

then stabilizing (1.3) towards (y{,y}) is reduced to the stability of the null solution to system (1.4).
By injecting a multiplicative control into the prey and predator equations, we obtain from (1.4) the
following system

0z:(t, x . . L
1(; ) _ Azy + f(z1 + Y20 +35) — FO5.Y5) +v(t)Bzy, x€Q,1>0

02>(¢, x . . o
z(;t ) _ 0Az + g (z1 +¥7, 22 +¥35) — 801, ) +v()Bzy, x€Q,t>0 0s)

0 0

ﬂ:ﬁzo, (Z,X)GE:(O,OO)X(?Q

ov ov o . ) ) ]

Zl(o, X) = Zl(x) = yl(x) —y‘i), ZZ(O, x) = Zz(x) = yz(x) _yg’ = Q
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where v(¢) is a feedback control to be determined. The control operator B is assumed to be bounded
from L*(Q) to L*(Q). The terms v(t)Bz; and v(f)Bz,(f) can be regarded as the effort applied to harvest
the prey and predator, respectively. System (1.5) represents the evolution of predator-prey densities
under the action of harvesting. In the following, we construct the the control feedback v(#), ensuring
the exponential stabilization of (1.5).

The rest of the paper is organized as follows. In section 2, we present the assumptions and main
results. We start with the stabilization of the linearized system and extend the result to the nonlinear
system, where we show the well-posedness and exponential stabilization using Banach fixed points. In
section 3, we illustrate the obtained results for different Holling responses.

2. Assumptions and main results

For a bounded open set Q ¢ R", we denote by H the Lebesgue space L*(Q2) endowed with the inner
product {.,.) and its corresponding norm ||.||, { the Cartesian product L*(Q) x L*(Q) with the norm
II.ll# and H = H'(Q) x H'(Q) with the norm ||.||s.

The following assumptions will be in effect everywhere in the following:

(H) (v5,)) € C(Q)
(H») f,g € C'(R x R) satisfy the growth condition

mo
F0, D +180 I < C ) (" + 1) forally,z€R, 2.1)
i=1

where my is a positive integer and r;, 1 < i < my, are such that
1 <1 <ry. <rm <my
(H3) yi(t,x) > 0 and y,(¢, x) > 0 provided that y?(x) > 0 and yg(x) > 0.

Assumptions (H;) and (H;) for Holling types I, II, III and IV, imply, in particular that:

50795, 017,55, 8007, ¥5), 8.0, ¥5) € L*(Q). Assumption (H3) is proved for Holling type I, 11, III
and IV; see, for instance, [1, 8].

Consider System (1.5),

0z (t, x) . . L
1@; =Azi + f(z + )y, 22 +33) — fO1. ) +v(O)Bz, x€Q,t>0

07 (1, x . . .
2;; i =0Az + g (21 +¥],22 +¥5) — 801, ¥5) +v()Bzo, x€Q,t>0 2.2)

0 0

ﬁ:ﬁ:o’ (Z,X)EZ:(O’OO)Xag

av  ov o . . ) )

210, x) = z)(x) ;== y](x) = y{,  22(0,x) = 25(x) := y5(x) =5, Xx€Q

The linearized system associated with (2.2) is given by

6Z t,x e e (N
L = Az + fy 0Lz + £01,) 2 +v(0)Bz, x€Q,1>0
aZ 1, Xx e _e e e
2((% ) 5z, + & 0Lz +8: 0100 2 +v(DBn, xe€Q,1>0 (2.3)
0 0
D _ 9 _ (t,x) € T = (0, 0) X 9Q
ov ov 0 0 0 0 0)
2100, x) = /(%) := y](x) =, 22(0,%) = z;(x) ;= y;(x) — )5, x€Q
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2.1. Exponential stabilization of the linearized system

In this section, we establish the exponential stabilization of the linearized system (2.3).

Spectral proprieties

Let a = sup,q £, (70, 35 . b = sup,cq [, Y5 € = 5Up,eq 18,(¥ (), y5(0)| and d =
SUP,cq |gz(yi ()C), y;(x))l
Let A := A + al where D(A) = D(A) = H*(Q) N Hy(Q). It is clear that A is a self-adjoint operator
with a compact resolvent; hence, the spectrum of A reduces to its point spectrum. More precisely,
the eignvalues (4;);en- Oof A are reals. We suppose that there exists a finite positive integer N such that
{1, 20, Viel{l,..,N}} which is guaranteed thanks to the assumption f,(y],y5) € L*(Q).
Let us consider the following auxiliary linear system:

GZI(t, X)

=AZ + b7z, + V(l)BZ], xeQ >0

ot
07,(t,
28(1‘ X) = 5AZZ +cZ + coly + V([)Bzz, X € Q’t >0
0z, 0Z
—1:—2:0’ (Z’,_X)EZ:(0,00)XBQ
ov ov _
Z1(0,x) = Z0 := max,eo 22(x),  Z2(0,x) = Z) := max,e0 9(x), x€Q

(2.4)

where ¢y = sup,. [d — éal. We mention that a simple application of the maximum principle (see [29])
gives that 0 < z;(r) < Z(¢) and 0 < 25(¢) < Z,(¢) for

0<24(W <2} = maxzi(v) and 0 <H(x) < 2 := max H(x)
xe X€E|

Theorem 2.1. Let B be a bounded operator on H; suppose that assumptions (H,), (H,) and (H3) hold;
then, the feedback

. (IZi@IP + IZ0)IP) 0
vy ={ P v+ Baw. ey e # 00 (2.5)

0 else

where D = 241+ b + ¢ + 204+ 2¢y), A = maX <i<n(A;) and n > 0, ensures the exponential stabilization
of system (2.3).

Remark 2.1. In the case where B = 1;, the feedback control v(t) will be a constant, that is, v(t) = —D—n

Proof. On the one hand, from the first equation of (2.4), we have

10

Eﬁ_tllzl(t)llz =(AZ\(1), Z,(1)) + D{Z,(1), Z: (1)) + v(t){BZ (1), Z(1))
< AZiOIF + b(Zo(t), Zy () + v(E)XBZi(1), Z, (1)) A= lfg_g/(/li)
< AZiOIF + bIZOINZ ()] + v(E)XBZy (1), Z1 (1))

b b
< AZOIF + Ellzl(t)||2 + EIIZz(t)II2 +V((BZ(1), Z,(1))
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then
0
EIIZ1 OIF < QA+ DIZi @) + BIZo @) + 2v(t)XBZ (1), Z (1)).

On the other hand, from the second equation of (2.4), we have
10
Eallzz(t)ll2 < SANZOI + «(Z1(0), Zo() + colZa()I* + v()(BZx(1), Zo(1))
c c
< (624 o+ 5 ) IO + SIZ O + v(0) (BZo(0. Z2(0)

then
0
EIIZz(t)II2 < (204 + 2¢o + )N Z @I + cllZy DI + 2v(0) (BZx(1), Zo(1)) .

Combining (2.6) and (2.7), we obtain

0
gy I(Zy (), Z2O)lz; < DI(Zi(2), Za@)ll3, + 2V(t)( (BZ,(1), Z,(1)) + <BZz(t),Zz(t)>)

where D = A+ b + ¢ + 204 + 2¢y).
Using the expression of v(f), we obtain

0
Py I(Z1(0), Zo2(O)ig, < =27 (Zi(0), Zo@))ll3, -
Integrating over [k, k + 1] for k € N*, we obtain
I(Zi(k + 1), Zo(k + D)3, = I(Z1(k), Zo(o)IG, < —2011(Zi(k + 1), Za(k + D)II5, ,

then

1
IZy(k + 1), Zo(k + D)l < 5 I(Z1 (), ZaCk)l -

n+1

By the recurrence argument, one can obtain
1
Zy(k), Z ()l < —— (2, 2)|,,, -
1(Z1 (k). Zo())l R 2. 2|,

Since ||(Z;(k + 1), Z,(k + 1))|| decreases then for ¢ > k, we have
IZ @), Z2 )y < e |21, 2D, »
where m = In(1 + 2n) > 0. Recalling that 0 < z;(¥) < Z;(¢) and 0 < z,(¢) < Z,(¢) for
0<0x) <27 = max 2(x) and 0<H(x)<Z):= max 2(x)

hence,
- 0 0
11 (8), 2l < e (|20, Z9),»
and therefore, there exists a positive constant M3 such that

110, 22l < Mze™ || 29)]],, -

This completes the proof of Theorem 2.1.

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

O
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2.2. Nonlinear setting

In this section, we shall prove that if ||(z(1), Zg)H(}-( < € for € small enough, then the local solution of
(2.2) is global by using a Banach fixed point. Moreover, we show that this solution is exponentially
stabilizable.

Theorem 2.2. Well-posedness

Let B be a bounded operator on H, suppose that assumptions (Hy), (H,) and (H3), then, for (z(l), zg) eH
such that ||(z(1), zg)llﬂ < €, where € is sufficiently small, system (2.2) admits a global solution (z,,2,) €
L’(0, oo; H) for some r > 1.

Proof. System (2.2) can be written as

0
Ey (z1(), 22(2)) = A(z1, 22) + Ap(z1, 22) + P(21,22) +V(D)B(21,22), >0,

o _0n_, (£, %) € T = (0, 00) X HQ (2.14)

Fary
(21(0), 22(0)) = (20, 29) = (30 = .73 - 3%).
where
ﬂ:(A 0 ) a :(fy(yi(x),yg(x))ld fz(yi(x),yz(x))ld) B:(B)
0 aA ) 70T\ 0. 50N g5 (), Y5y ) B
and

D(z1,20) = (@' (21, 22), P(21, 22))

=(f(z1+y22+5) = FO1.05). 8 (@1 + ¥, 22 +¥5) — g (07, %))
— Ao(z1, 22)-

According to assumptions (H;) and (H;), we deduce that

D21, 22l < CZ Nz + llz2ll"),
i=1

<2C >l )l
i=1

for some positive integer m, where r; are such that 1 <r; <--- <r, <m.
Let us consider
(X € 170,00, H);  IXllrio.o < p} = S (0, p),

where 1 < r < m. We note by (I'(¢, 5))o<s<, the evolution system generated by (z;,z2) :— A(z1,22) +
Ao(z1,20) + v()B(z1, 22) (see Definition 5.3 p 126 [25]). Let the map

(A(z1,22))(t) = T(2,0)(z], 29) + f L', $)@(z1(s), z2(5))dss. (2.15)
0
From (2.13), we conclude that I'(z, .)(z;, z2) € L(0, oo; H), that is

f (2, 5)(z1, 2)llgds < o0, Y(z1,20) € H, (2.16)
0
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(see p 299 [12]). Moreover, using the superposition property of the evolution system (I'(¢, 5))o<s<;, W€

deduce from (2.13) and (2.16) that there exists a positive constant M, such that

f (2, )21, 22)llgds < Mall(z1, 22)llg.-
0

e We start by showing the invariance of A. We define

(N (z1,22))(1) 1= f I'(z, 5)®(z1(s), 22(5))ds
0

By duality arguments as in [31] page 197, we obtain

NN (21, 2) DL ©0.00m) < My Z o,

r=1

for all (z1,22) € S(0, p).

Then

1-p"
l-p

NG, 2Dl < Ma ) 0" = My
r=1

Substituting in (2.15), we obtain

!
1A G 225 0eizry < 27 ITCE OXE, 2oy + 27| f L(t, )O(1(8), 22(Ns[},
; oo

1-p"
l-p

<27'MENGEY, DI, + 27! (M4 ) , (using (2.20))

and hence

r r— r r r— 1 _pm '
”A(ZI,ZZ)”U(O,W;H) <2 1M3||(Z(1)’ Zg)”r]-( +2 1(M4 1 —p ) .

Let us consider p > 0, which is chosen to satisfy the following constraints

r—=1azsrns.0 O\ 1 r r—1 l_pm+1 ' 1 r
27 MiI(zy, 2p)llgy < 5P 2"\ My -, < P P #1
and hence
IA(z1, Z2)||Zr(o,oo;H) < pr-
Therefore

A(z1,22) € §(0,p).

e Now we show that A is a contraction map on S (0, p).
Let us consider (yy, z1), (2, 22) € S (0, r), then there exists a constant C such that:

@G, 20) = D2, 2, < C( D Iyt =yl + llzs = "),

m
i=1

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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< Clys = yall Y Iy = yall ™ + Cllzs = 22l Y ey = I,
i=1 i=1
< o =y @ = ) D Iy =yl
i=1

+ C“(}’l —y2),(z1 = zz)”?{ Z lz) — Zz||ri_l,

<C||()’1,Zl) ()’2,Z2)||7{ Zﬂyl Yol +Z||Z1—Zz||r’ ) (2.22)

i=

<2C||v1.21) - @2,Z2>||ﬂ(2(||<y1,zl>||+||(y1,z1>||)" ). (2.23)

i=

where the following argument is used

1 = yall < il + lly2ll < N 2Dl + 12, 22)l e,

lz1 = zall < llzill + llz2ll < N1s 2Dl + 12, 22,

In the other hand, similar to (2.19), one can show as well that

|AG1.21) = AG2. 22)

Lo < 2C[01,20) = 02 oy Y 20)

r=1
(2p)"
SZCl—pH(yl,zl) (2, 2l (0,00

Then A is a contraction on S (0, p) for p chosen such that

1 - (2p)" 1

2C <1, p* = (2.24)
1-2p

2

then according to the Banach fixed point, system (2.2) has for (z‘l),zg) sufficiently small, a unique
solution
(21,22) € L'(0, 00; H).

O

Now we characterize the exponential stabilization of (2.2). Theorem 2.3 below is the main result of
this paper.

Theorem 2.3. Let B be a bounded operator on H, suppose that assumptions (H,), (H,) and (H3) hold,
then the following feedback

(=D =) (IZi DI + 11Z(D)]?)
V(1) = 4 (BZ,(1), Z, (1)) + (BZx(t), Zx(1))
0 else

if (Z1,2,) #(0,0) (2.25)

where D =21+ b + ¢ + 201 + 2¢p, A = max,<j<y(4;), exponentially stabilizes (2.2).
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Proof. We start by showing that the solution (z;, z,) of (2.2) obeys the following estimate:

r—1

0 . 0
1> <2 0,001 2 f o 9) ;,[7
I(z15 22N 0,00y < II(Z D, = ClIE, D)

where | .
Cpu = 27C5( 1__’; ).

In fact, according to the variation of constants formula, we have

(Az1,22))® =T (1,02}, 29) + f L, $)D(z1(5), z2(5))ds,
0
then

|AG,22)

ZV(O’DO;H) :L ”A(Zl(t)’ZZ(l))”IrHIdl‘
00 !
< 27'MENED, I, + 27 f I f I'(t, $)D(z,(5), zZ(s))ds||I’HIdt.
0 0

Using (2.19) in (2.28), we deduce that there exists a positive constant C3 := C M, such that

.
121, 220,00 = [|AG1 22|} 0y

m

-1 0 .0 r

< 2 M, D)l + 27C3( D e 2o »
r=0

< 27 MY, )l

m
1 r
+ 2G5l M0 e D 121 22 otn) »

r=1
-1 0 .0
< 27 M, D)l
n r
—1
+2°C3li@ )Mo D27
r=1

-1 0 .0
<2 Mili(zy, )l

£ 20 (Y e gy
then o
121 22y < ||<z1, Dl = CIE D
where .
o - < =)

Now, we prove the following lemma to achieve the proof of Theorem 2.3.

(2.26)

(2.27)

(2.28)

(2.29)
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Lemma 2.1. There exist a time T > 0 and a constant 0 <y < 1 such that

11 (D), 22Tl < Y], 2Dl

(2.30)

Proof. According to the variation of constants formula (2.15), there exists a positive constant K :=

sup 0.7y I0(% 9|l £y such that we have

T
11 (D), 22Tl < M3 e 1120, 29l + Kf 1D(z1 (), 22())ll s,
0

< M |I(2}, )l +Kf [D(z1(5), 22()lleds,

0
-AT 0 .0 N r

< My eI Dl + 2KC D N11(5), 220 oty
r=1

<M -AT 0 .0 N 0 _O\r .

< My eI Dl + Ms I, Dl (using (2.29))
r=1

m

—AT 11,0 0 0 .0 0 _0yjr-1

< My TN Dl + Ml Dl DN, Dl
r=1

m r—1
_ P .
< My e 1122, Dllge + Ms|I(22, 2y Z (2_1\43) ., (using (2.21))

— (L m
-AT 1,0 0 2M; 0 0
< Mse ™ |I(z), @)l + Ms————|I(z}, 2Dl
- 5
— (L—ym
-AT 2M: 0 .0
< (Mse +M51—;||)(21,22)”(H
- 5
then
AT B (ZLXQ " 0 0
z1(T), 22(T)llw < (M3 € +M51—p||)(Z1,Zz)||W,
- 5
< (Mse™ +ap" I, )l (for some @ > 0)

< (M3 ™" +h(p))I, Dl

where h(p) = ap™; we have
h©0) =0, H(p)>O0.

We can take p = R > 0O sufficiently small and 7 sufficiently large so that
y = CMse™ +h(R) < 1;
then, (2.30) yields.

We reiterate the argument obtaining

121 (1), 220Dl < Yz (1 = DT), 22((2 = D)l < YIS D, n= 1,2,
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Let us consider t; = nT, then for all ¢ > #; we conclude that

1G22 (0), 22Ol < Y'Y, 2l

hence, there exist two positives constants N and a; such that

Iz1(0), 22Nl < N e~ Iz, 29l

3. Applications and numerical simulations

In this section, we apply the exponential stabilization result for the different Holling response
functions 1, II, IIT and IV. We present numerical simulations for each example in two-dimensional
space.

In the following, we consider the two-dimensional closed rectangular habitat Q := {(x,y)/ 0 < x <
a, 0 <y < b}. The eigenvalues and eigenfunctions respectively of the Laplacian operator A with the
Neumann boundary in Q are given by (see [16])

Ay = -7 |(M?/d?) + (N*/B?)]: M.N =0,1,2,... 3.1)

and
Yun(x,y) = cos(Mnx/a) cos(Nmy/b). (3.2)

3.1. Holling type I

Let consider the following prey-predator-diffusion with a Holling type I functional response.

oy (¢, x,

Wt x,y) _ Ay + fOL,y2), () eQt>0

Oy (2, x,

W =0Ay, + g0y, y2), (%)) € Q>0 (3.3)
%:%:O, (t,x,y) € £ = (0, 00) X 0Q

ov ov 0 0

Y10, x,9) =y2(x,y),  ¥2(0,x) =(x,)),  (x,)) €Q

where f(y1,y2) = riyi(1 = yi/«1) = Byiy2 and g(y1,y2) = —ray2 + bBy1y».
Steady state solutions analysis:

System (3.3) has the following constant steady states

0,0, (k1,0), (",2") (3.4)

where (y*, z) is the solution of the following system

{rly*(l -y /k) = Byz =0, (3.5)

-7+ by'z" = 0.

and (y(x), z(x)), where (y(x), z(x)) is a non-constant positive function when it exists. The asymptotic
behavior of these steady states has been studied extensively; see, e.g., [6, 11]. Furthermore, Kishimoto
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and Weinberger [18] showed that (3.3) has no stable positive steady-state solution when the domain Q
is convex, while, according to Theorem 2.3, these equilibrium states can be reached; more precisely,
let z; = y; — y{ and z, = y, — y5; then, we have the following system:

az (t’x’ ) e e € (4
BELDY) Az + f@ + 50 +38) = FO5,99) + VDB, (%) € Q1> 0
(9Z t, )C, e e (4 €
Z(Ty) = 0Az + 8(z1 +y1, 22 +¥3) — 801, ¥2) + v()Bza,  (x,y) € Q,1>0 (3.6)
0 0
TL_oZ2_0, (,xy) €X = (0,00) x 6Q
ov ov o X 0 o
Zl(()’-x9y) :Zl(x’)’) = Zl(x’)’)_y‘i, ZZ(O’X) :ZZ(X’Y) = Zz(x’y)_yg’ (X’Y) € Q
2
where BY = ————V, VY € L*(Q) and u € L®(Q) such that u(x,y) > 1, ¥(x,y) € Q, is
1+ u(x,y)

exponentially stabilizable for all equilibrium states (y{, y5).

Let us verify the conditions of Theorem 2.3:

-Following [20], system (3.3) has a unique smooth non-negative solution for y(l)(x) > 0 and yg(x) > 0.
- By simple calculus, there exist positive constants C;, C;, C3, Cy4, Cs5 and Cg such that

|F 12, ), ya(t, X)) < Cilyi (8, )| + Calyi (8, X)I* + Csly2(t, x)I*

and
lg1(t, %), ya2(t, X)) < Calya(t, X)| + Cslyi (£, X)I* + Cely2(t, ©)I;

then (H,) holds forr; = 1, r, = 2, mg = 2 and C = max{C;, C,, C3,C4, Cs, Cg}.

Numerical simulations:

Let Q =[0,300] x [0,300], B=1;,ry =1,k =1,e=25,=04,0=1,r, =0.6 and b = 5. The
choice of parameters for numerical simulation was inspired from [22]. We illustrate numerically the
exponential stabilization of (3.6) towards (y{,y5) = (0,0). To this end we start by the explicitation of
the feedback control v(7). On the one hand, by simple calculus we have:

a=1,b=0,c=0,d =0.6and ¢y = 0.4. (3.7)
On the other hand, the eigenvalues of A := A + al are:
Ay = 1 = 7*[M?/300% + N?/3007]; M,N =0,1,2...

It is clear that A has a finite number of positive eigenvalues, the largest one being Apo := 1. Then
following Theorem 2.3, we obtain v(¢) = —5. Let

. T . T
Wx,y) =01+ sm(mw Sln(%y), Y(x,y) €,Q
and

0 _ o T S
vy (x,y) =0.1+ sm(400x) + sm(400y), V(x,y) € Q.

Using the 2D finite difference (see [14]), we obtain Figure 1, which shows the densities of the
uncontrolled system, and Figure 2, which shows the densities of the controlled system.
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Figure 1. Uncontrolled prey and predator densities at 7 = 0 and 7 = 100 with Holling type

I functional response.
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Figure 2. Controlled prey and predator densities at 7 = 50 and 7" = 100 with Holling type I

functional response.

3.2. Holling type 11

Let us consider the following prey-predator- diffusion with a Holling type II functional response.

oyi(t, x,y)

=Ay+ fO,y2),  (5y) €Q,1>0
o (t, x,y)
% :5A)’2+g()’1,)’2), (X,Y)EQJ>0 (38)
0 0
L2220, (fxy) €5 = (0,00) X 9Q
ov  Ov 0 0
10, x,y) =y{(x,y),  »0,x,y) =y,(x,y), (xy) €Q
b,
where f(y1,y2) = riyi(1 —yi/xk1) — By and g(y1,y2) = —ray2 + Py .
1+ ey, 1 +ey
Steady state solutions analysis:
System (3.8) has the following constant steady states
(O’ 0)’ (Kl ) 0)9 (y*’ Z*) (39)
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where (y*, z) is the positive solution of the system

% * * *Z*
y -y - 5,
bpy 2 Y (3.10)
—r2z* + =
1 +ey*

and (y(x), z(x)) where (y(x), z(x)) is a non-constant positive function when it exists. Camara and Aziz-
Alaoui (see [8] and [7]) show that for suitable conditions on ry,5 and e, system (3.8) has at least one
positive solution. They have shown that (0,0) and (k;, 0) are unstable, while, according to Theorem
2.3, these equilibrium states can be reached; more precisely, let z; = y; —y{, z2 = y» —5; then, we have
the following system

8Z (t’x’ ) (4 € € €
guhhy) Azy + f(zi + Y1, 22 +y3) — fO1,5) +v(O)Bzi,  (x,y) € Q,t>0
8Z (t’xa ) e e 4 (4
: ot Y 0Azy + g(z1 + Y1, 22 +¥5) — 801, )5) + v()Bzz, (x,y) € Q,1>0 (3.1
0 0
o1 _ 9% =0, (tx,5)€X=1(0,00)xQ
ov ov 0 0 0 0
210, x,y) = 2)(x,y) == 2} (x,») = ¥,  20,%) = (x,y) :== 5(x,y) —y5, (x,y) €Q

where BY = u(x,y)Y, VY € L*(Q) and u € L¥(Q) such that u(x,y) > 1, Y(x,y) € Q, is exponentially
stabilizable for all equilibrium states (y{, y5). Let us verify the conditions of Theorem 2.3:

-Following Lemma 14.20 [27], system (3.8) has a non-negative solution for y?(x) > 0 and yg(x) > 0.
-By simple calculus, there exist positive constants C;, C,, C3 and Cy4 such that

[f 12, %), y2(t, )] < Cilyi (£, )] + Calyi (8, X)PP + C3lya(t, %))

and
|g(y1(t’ X), )’Z(t, X))l < C4|)’2(t, X)l,

then (H,) holds for r; = 1, r, = 2, my = 2 and C = max{Cy, C,, C3, C4}.
Numerical simulations:
Let Q =10,500] x [0,500], B=1;,r1 =1,k =1,e=25,=04,0=1,r, =0.6, b = 5. Let explicit
the feedback control that stabilizes the solution of (3.11) towards (y{, y5) = (0,0). The eigenvalues of
A = A+al are:

Ayy = 1 = 7*[M?/500% + N?/5007]; M,N=0,1,2...

It is clear that A has a finite number of positive eigenvalues, the largest one being Ay := 1. By simple
calculations we obtain
v(t) = =5. (3.12)

Let
y(l)(x,y) =6/35-2x107(x = 0.1y —=225) (x = 0.1y = 675), V(x,y) € Q,

and
yo(x,y) = 116/245 = 3 x 107 (x — 450) = 1.2 x 107* (y — 150),  VY(x,y) € Q.

Using the 2D finite difference (see [14]), we obtain Figure 3, which shows the densities of the
uncontrolled system, and Figure 4, which shows the densities of the controlled system.
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Figure 3. Uncontrolled prey and predator densities at 7 = 0 and 7 = 150 with Holling type
II functional response.
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Figure 4. Controlled prey and predator densities at 7 = 50 and 7" = 150 with Holling type II

functional response.

3.3. Holling type 111

Let us consider the following prey-predator- diffusion with a Holling type III functional response:

M. x.y) = Ay + fO1,21),

= 0Ay, + g(y1,21),

(x,y)€Q,t>0
a)’z(t,x’)’)
ot
WP () €3 = (0,00) X 00

ov ov o o
10, x,y) = yi(x,y),  y2(0,x,y) = y5(x,),

(x,y) € Q,t>0 (3.13)

(x,y) € Q

Byiy2 bByiy
where f(y1,y2) = riyi(1 = yi1/x1) = === and g(y1,y2) = —ray + ——.
I +ey; 1 +ey;

Steady state solutions analysis:
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System (3.13) has the following constant steady states
0,0, (k1,0), ©".2) (3.14)

where (y*, z) is the solution of the following system

*\2 %
(1= Jk) - % -0,
N bB(Y*)*z" _ (3.15)
2 1+ e(y*)?

Tian and Weng in [28] showed that (y*, z*) exists and is positive for appropriate assumptions on 3, e, b
and r,, and they discussed the stability of this stationary solution. However, we have seen that, by using
Theorem 2.3, these equilibrium states can be reached; more precisely, let z; = y; — y{, 22 = y2 — )5;
then, we have then the following system

aZ t, X, e e (4 €

dalt.xy) _ Azy + f(z1 + Y, 22 +35) — fOL. ) +v(OBz,  (x,y) € Q,t>0

02:(, x,y) e e e e

20—2‘)) =0Az, + g(Zl +Y1,22 +y2) - g(yl,yz) + v(t)Bz,, (X,y) €Q,t>0 (316)
0 0

ZL_oZ2_0, (hxy) €X = (0,00)xQ

ov ov 0 0 0 0

2100, x,) = z)(x,y) := 2)(x,y) = ¥],  22(0,%) = z5(x,y) = z5(x,y) —¥5,  (x,y) €Q

where BY = (u(x,y) — D(u(x,y) + 1)Y, VY € L*(Q) and u € L¥(Q) such that u(x,y) > 1, Y(x,y) € Q,
is exponentially stabilizable for all equilibrium states (y!,y?). Now, let us verify the conditions of
Theorem 2.3:

-Following Lemma 14.20 [27], system (3.13) has a non-negative solution for y?(x) > 0 and yJ(x) > 0.
-By simple calculus, there exist positive constants C;, C,, C3 and Cy4 such that

it x), y2(t, X)) < Cilyi(t, 0)| + Cayi(t, x) + Cslya(t, x)|

and
|g()’1(f, X), )’Z(I, X))' < C4|)’2(f, X)l,

then (H,) holds for r; = 1, r, = 2, my = 2 and C = max{Cy, C,, C3,C4,Cs, Cs}.
Numerical simulations:
Let Q =10,350] % [0,350], B=1;,ri =1,k =1,e=25,=04,0=1,r, =0.6, b = 5. Let explicit
the feedback control that stabilizes the solution of (3.16) towards (y{,y5) = (0,0). The eigenvalues of
A = A+al are:

Ayy = 1 = 2*[M?/350% + N?/350°]; M,N=0,1,2...

It is clear that A has a finite number of positive eigenvalues, the largest one being Ay := 1. By simple

calculations we obtain
v(t) = =3. (3.17)

Let

0 =1=0.1si T T Q
»xy) = 1 0.1 sin( gz cos(zz5y).  Ylxy) €
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and

T

0 - i
Y (x,y) =05+ 0.1s1n(200x) + 0.01 cos(

Using the 2D finite difference (see [14]), we obtain Figure 5, which shows the densities of the
uncontrolled system, and Figure 6, which shows the densities of the controlled system.
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Figure 5. Uncontrolled prey and predator densities at 7 = 0 and 7 = 100 with Holling type
[T functional response.
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Figure 6. Controlled prey and predator densities at 7 = 50 and 7 = 100 with Holling type
III functional response.

3.4. Holling type IV

Let us consider the following prey-predator- diffusion with a Holling type IV functional response:

oy (1, x,

MY Ay L fnz), (y) €Qur> 0

oy (1, x,

W =6Ay2+g(y1,Z1), (X,)’)EQJ>O (318)

0 0

B0, (fxy) €T = (0,00 X 0Q

ov ov o o

y1(0,x,y) = y7(x,¥),  »(0,x,y) =y;(x,¥), (x,y) €Q

Byiy2 bBy1y>
where f(y1,y2) = riyi(1 —yi/k1) - —12, g, y2) = —rys + —12
e tey + ey e tey + ey

Steady state solutions analysis:
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System (3.18) has the following constant steady states

0,0), (k1,0), "2, (3.19)
where (y*, z*) is the solution of the following system

. . *)ZZ*
(1 =y i) - —PIVE g
?12"' ey* + ex(y*) (3.20)
) bp(y*)z" _0o
-1z + - ~ - U
er + ey + ex(y*)

We refer to [9] for discussions on the existence and stability of these equilibrium states. However,
we have seen that, by using Theorem 2.3, these equilibrium states can be reached; more precisely, let
21 = Y1 — ¥, 22 = ¥» — 5, then the following system

aZ t’ x7 ) e e e €
QXY _ A fla 952+ 90 — FOE 00 + W(DBz,  (5,y) € Q> 0
aZ t, X, e e (4 €
2(0t Y _ Az + gl + Y22 +Y2) = 801:52) +v(Bz,  (x,y) € Q1> 0 (3.21)
0 0
FL_Z2 0 (4x,y) €2 = (0,0) X IO
ov ov 0 0 0 0
ZI(O,X,y):Zl(x,)’) = Zl(x,)’)_yﬁf’ ZZ(O’X):ZZ(x’y) = ZZ(x’y)_y;’ (x’y)EQ

where BY = (1 — u(x))Y, VY € L*(Q) and u € L™(Q), is exponentially stabilizable for all equilibrium

states (!, y2).
Now, let us verify the conditions of Theorem 2.3:

-Following Lemma 14.20 [27], system (3.18) has a non-negative solution for y(l)(x) > 0 and yg(x) > 0.
-By simple calculus, there exist positive constants Cy, C,, C3 and Cy4 such that

|fi(t, %), y1(t, x)| < Cilyi(t, 0)| + Cayi(t, x) + Cslya(t, x)|

and

l8§(y1 (2, %), y1(2, )| < Cyly2(2, X)1;
then (H,) holds for r; = 1, r, = 2, my = 2 and C = max{Cy, C,, C3, C4}.
Numerical simulation:
Let Q = [0,400] x [0,400], B =1;,ry = 1,k =1,e =0.7;¢; =05,e; =25,=04,6 =1,
r, = 0.6 and b = 5. Let explicit the feedback control that stabilizes the solution of (3.21) towards
(],¥35) = (0,0). The eigenvalues of A := A + al are

Ay = 1 — 7*[M? /4007 + N?/4007]; M,N=0,1,2...

It is clear that A has a finite number of positive eigenvalues, the largest one being Ay := 1. By simple
calculations we obtain
v(t) = =2.85. (3.22)

Let

0 =1—gi T asin Q
yl(xa y) Sln(400X) SIH( 500)’)9 V(.x, )’) € ’
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and

Yxy) = 1+e %

+e

~0.009y
b

Y(x,y) € Q.

Using the 2D finite difference (see [14]), we obtain Figure 7, which shows the densities of the
uncontrolled system, and Figure 8, which shows the densities of the controlled system.

v, at t=0

400

0o
350

0.8

07

250 06

200 05

04
150

0.3
100
0z

0.1

0 50 100 150 200 250 300 350

y, at t=100
400
0.9989
350

0.9988

300
09857

250 0.9986

200 09955

0.9984
150

09953

100
0.9982

50 0.9981

0 0.998

o 50 100 150 200 250 300 350 400

400

350

250

200

50

0

400

350

250

200

50

0

,at t=0
3
28
26

250 300

,at t=100

m

250 300

Figure 7. Uncontrolled prey and predator densities at 7 = 0 and 7 = 100 with Holling type

IV functional response.
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Figure 8. Controlled prey and predator densities at 7 = 50 and 7 = 100 with Holling type
IV functional response.

4. Conclusions

The problem of exponential stabilization of reaction-diffusion systems simulating predatory prey
systems has been investigated. We constructed a multiplicative control that exponentially stabilizes the
solution of the system to its equilibrium state. The designed controller has the advantage of reaching
all equilibrium states. Numerical simulations show the efficiency of the used control.
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