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Abstract: We will focus on the existence of nontrivial, nonnegative solutions to the following
quasilinear Schrodinger equation
—diV( log iVu) - div(log iV(uz))u = g(x,u), x€B,
|x] |x]
u = 0, X € 0By,
where B; denotes the unit ball centered at the origin in R? and g behaves like exp(es4) as s tends
to infinity, the growth of the nonlinearity is motivated by a Trudinder-Moser inequality version, which

admits double exponential growth. The proof involves a change of variable (a dual approach) combined
with the mountain pass theorem.
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1. Introduction

This paper deals with the existence of a nontrivial, nonnegative solution for the following quasilinear
stationary Schrodinger equation

{ ~div(w(x)Vu) — diviw(x)V@?))u = g(x,u), x€ B, (L)

u = O, XeaBl,

where B, denotes the unit ball centered at the origin, w(x) = log(e/|x|) and the nonlinearity g possesses
maximal growth range. For the case w = 1 the problem (1.1) is reduced to

— Au— A(uP)u = g(x,u), x€ B, (1.2)
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whose solutions are related to the existence of solitary wave solutions (z, x) = e™“'u(x) for the time-

dependent nonlinear Schrodinger equation:

ia—l’/j = =AY + Wy = Ay — by (t,x) eER" X Q (1.3)

ot ’ ’ ’ ’

where ¢ : RxQ — C, 4 >0, W : Q — R is a continuous potential and for suitable function
h : R* — R. it was shown that the class of equations of the type (1.3) arise many applications.
Kurihara in [15] showed that the persistence of the solitonic behavior of superfluid films is modeled by
(1.3). Also, The authors in [6,24] used (1.3) to modeled the propagation of a short intense laser pulse
through an underdense or cold plasma. For examples of other applications see for instance [1,2,24,32].
Equation of the type (1.2) was treated by many authors using several strategies such as via constrained
minimization techniques [10,23], using a change of variable (a dual approach) [7,12,19], a perturbation
method [8, 9], and a Nehari method [13] among others.

The strategy of variational methods considers an Euler-Lagrange functional J : X — R for a suitable
space X, where its critical points result in weak solutions of a nonlinear equation. We say that u is a
weak solution of the problem (1.1) if

f w(x)VuVe dx + f w(x)V(u?)V(up) dx = f g(x,u)¢ dx,
B B B

for all ¢ € X (for some suitable space X to be determinate), which motivates to consider the following
Euler-Lagrange functional J : X - R

J(u):% f w(x)|Vu|* dx+i f w0V dx - f G(x,u) dx.
B B B

Observe that
f w(X)|V@)]> dx = 4 f w()|ul?|Vul? dx.
B B

Thus, we can rewrite J as
1
J(u) = 5 f w(x)(1 + 2Jul»)|Vul* dx - f G(x,u) dx. (1.4)
B B

Observe that the energy functional J requires that w(x)|u|*|Vu|> belongs to L'(B;). However, there
is no a suitable Sobolev space where the above energy functional is well-defined and belongs to the
C'-class. Following the ideas developed by Liu, Wang and Wang [12], we make a change of variable to
reformulate the quasilinear equation (1.1) to obtain a semilinear problem whose associated functional
is well-defined.

Nonlinearities of the form g(x, u) ~ |u|’~2u for p € (4,2 - 2*) where 2* denotes the critical Sobolev
exponent, this is, 2* = 2N/(N —2) if N > 3 and 2* = +oco if N = 2, were considered by several authors,
see [10,11,23]. It is important to mention that the presence of the term uA(u?) allow us to consider p in
a double range of values as in the standard case. In dimension N = 2, we notice that every polynomial
growth is admitted on g. However, the embedding Hé (Q) — L*(Q) does not hold. In this case,
another kind of maximal growth was obtained independently by Yudovich [31], Pohozaev [22], and
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Trudinger [25]. It was proved that et ¢ L'(Q) forall u € Hé(Q) and « > 0. Furthermore, Moser [18]
improved this result by finding the best exponent @. More precisely, it was showed that

2
sup f e dx,
ueHY(Q),[Vul,=1 JQ

is finite for @ < 4r and infinite if @ > 47. Above statements are well known as Trudinger-Moser
inequalities.

Motivated for the above results Eq (1.2) involving exponential growth was treated in [17,20,27,28]
among others. More precisely, the above papers considered the following condition on g: there exists
a constant @ > 0 such that

lim

so+o0  palsl

g(x, s) :{ +o00 for a < ay, (1.5)

0 for a > ay.

Similarly to the polynomial growth the expression e is replace by e due to the appearance
of the term A(lu/*)u. Trudinger-Moser inequalities were extended in many directions [3-5, 16, 26]
among others. Calanchi and Ruf in [4] established a Trudinger-Moser version which admits double
exponential growth using a Sobolev weighted space.

Let H&m .(B1,w) be the Sobolev weighted space defined as the subspace of the radially symmetric
functions in the closure of C’(B;) with respect to the norm

llul| := (f IVul*w(x) dx)%.

B

where w(x) = log < . The space H! (B, w) is a separable Banach space (see [14]). Moreover, we
|X| 0,rad

note that H(l),m ,(B,w) is a Hilbert space endowed with inner product

(u,v) := f w(x)VuVvdx, forall u, ve H,,, (B, w).
B1(0)

,ra

In what follows, we denote by E the space H(‘)’m ,(B,w) and by E” the dual space of E with the usual
norm. We start with the next embedding result.

Lemma 1.1. The space E is continuously embedded in LP(B;) for 1 < p < +oco, and compactly
embedded in LP(By) for 1 < p < +co.

Proof. From the radial lemma version on the space E (see [4]), we have

1 e
)] < —= log'" (1og (7))l

Let consider p > 2. Then,

P 1
fB Iu(x)lpdxs(zjlgt% fo rlog”/z(log(g))dx. (1.6)

AIMS Mathematics Volume 8, Issue 1, 1682—-1695.



1685

Observe that the function ®(r) = rlog?’? (log (E)) is continuous in (0, 1] and
r

log”? (log (%)) log”? (%) P2
lim ®(r) = e lim - r :e[lim—] -[lim
r—0* r—0* logp/2 (_) t—+00
r

S IR

Therefore, the integral of the right hand of (1.6) is finite. Then, there exists C > 0 such that [Ju||, <
Cllu|| for every p > 2. Using the fact that the domain B, is bounded, we get Hé’m JBi,w) — LP(By)
for every p > 1. In order to prove compactness, we consider a sequence (#,) C E such that u, — 0 in
E and u, — 0 almost everywhere in B;. Setting P(s) = |s|” and Q(s) = |s|P~¢ + |s|’*€ where p > 1 and
O<e<p-1.

We observe that P(s)/Q(s) — 0, as |s| = oo, and P(s)/Q(s) — 0, as |s| — 0. Using the continuous
embeddings £ — L7“(B,) and E < L7"°(B;), we obtain sup,, fBl |O(u,)| dx < +oco. Moreover,
P(u,) — 0 for almost everywhere in B;. Applying the Strauss compactness lemma (see [29]), we get
fBl P(u,) dx — 0, as n — +oo. Hence, u,, = 0in LP(B,) for p > 1. O

Next, we state the Trudinger-Moser version inequality which we will use throughout this paper.

Proposition 1.1. (See [4]) It holds

f exp(a/e”z) dx < +oo, forall ueE and a>0. (1.7)

B

Furthermore, if a < 2, there exists a positive constant C such that

sup f exp(ozez’”‘z) dx < C. (1.8)
B

uekE, ||ul|<1
Concerning to the nonlinearity g, we assume the following conditions.

(g1) g € C(B; xR) and g(x, s) = o(s) near the origin and g(x, s) = 0 for all x € B; and s < 0.
(g2) There exists a constant u > 2 such that

0 <2uG(x,s) < sg(x,s), forall xe B, and s> 0,

where G(x, s) = fos g(x, 1) dt.
(g3) There exist constants sy > 0 and M > 0 such that

0<G(x,s) < Mg(x,s), forall s> s.

(g4) There exists a constant @y > 0 such that

. g(x, s) {O, a > ap,
Iim ——— =

sotoo exp(e®’)  |+o0, @ < ay,

uniformly in x € By.
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(gs5) There exist constants p > 4 and C,, > 0 such that
g(x, s) > Cps”_l, forall xe B; and s >0,

where

-2 (r=2)/2
C, > max {30, p [(%))(9 18272 _ 18"/(1"2))] ,
i

The following theorem contains our main result.

Theorem 1.1. Suppose that (g,)—(gs) holds. Then, the quasilinear equation (1.1) possesses a nontrivial
nonnegative weak solution.

The main difference of our result with previous works is the assumption (g3) which says that g
has double exponential critical growth in the sense of Proposition 1.1, we consider the term exp(e‘”4)
instead of exp(e“sz) in analogy to (1.5). In order to prove the existence of solution of the Eq (1.1)
we make a change a variable to reformulate the energy functional (1.4) and apply the mountain pass
theorem in the new energy functional.

The paper is organized as follows: Section 2 contains some preliminaries results and we set up the
reformulate energy functional. In Section 3, we show that the reformulate energy functional possesses
the pass mountain geometry. In Section 4, we estimate the Palais-Smale sequences and minimax levels
of the new functional. Finally, in Sections 5, we present the proof of our main theorem.

2. Preliminaries

Following [7, 12], we make a change of variable v = f~'(u) where f is an invertible function
satisfying

1
’ = - d — = — .
== and )=~

Then, J is reformulate as follows

1
1) = J(f(v)) = Ef w(x)[VvI* dx —f G(x, f(v) dx,
B

B

for all v € E, and by standard arguments, one can verify that

1
I'(v)g = 3 L w(x)Vv -V dx - fB 8, fONf ()¢ dx,

for all v, ¢ € E. Moreover, I(v) is the energy functional associated to the semilinear equation

{ ~div(log =Vv) = glu fO)f W), x€ Bi(0), o

|x]|
v = 0, x € 9B;(0).

It was observed in [7], if v is a weak solution of the problem (2.1) then v = f~!(u) is a weak solution
of the problem (1.1).

The function f satisfies the following properties (see [7,21]).
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Lemma 2.1. The function f satisfies the following properties

(i) f € C'(R) is strictly increasing, in particular, it is invertible.
(ii) | f(O)| < |tland O < |f'(t)| < 1 forall t € R.
(iii) f(t)/t > 0ast > 0and 0 < f'(t) < 1 forallt € R.

(iv) ()Nt = 2Y* ast — +oo.

(v) f()/2 <tf'(t) < f(t) forallt > 0.

vi) 1f@1 < 2Y*44'2 for all t € R.

3. Geometry of the pass mountain theorem

This section is devoted to set the geometry of the linking theorem of the functional /.

Lemma 3.1. Letv € E, a > 0 and g > 1 with 2a||v|]* < &, then there exists C > 0 such that

f O Fexp(e@ ™) dx < CILFM.
B

Proof. Using the Cauchy-Schwarz inequality and Lemma 2.1-(vi), we have
ot 2 172
f |f(v)|qexp(e"|f(v)| )dx < ||f(v)||gq (f eXp(zlezlvl )dx)
B B

2 1/2
<O ( f exp(2¢2P(£) )dx)
1\ Js,
< Clfol’,
where we have used Proposition 1.1 and Lemma 1.1. O

Lemma 3.2. Suppose that (g,) and (g4) are hold. Then, there exist p > 0 and o > 0 satisfying
I(v) > 0, forallue E with ||| = p.
Proof. From (g;) and (g4), @ > 0 and ¢ > 2, we can find ¢ > 0 such that
IG(x, 5)| < €|s|* + clslqexp(e“|5'4) forall seR.

Then,

1 1 \
I(v) = EIIVII2 —f G(x, f(v)) dx > Ellvll2 —f (Elf(V)I2 + cl f(v)|9exp(e ) )dx.
B

B

Using Lemma 3.1, Lemma 2.1-(ii) and Lemma 1.1, we obtain
1 2 1 2
1) 2 (5 = €C)IP = CIFOIY 2 (5 = €C)IMIF = CollvI”.

provided that ||u|| < py for some py > 0 such that 2apg < . Now, taking 0 < € < 1/4C and p; > 0 such
that (1/2 — eC)pt — Cop? > p7/4. The result follows considering p = min{py, p;} and o = p? /4. i
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Lemma 3.3. Suppose that (g,), (g3) and (g4) are hold. Then, there exists e € E with ||e|| > p such that

I(e)<0<o < ”iﬁlf 1(v),
vli=p

where p is given by Lemma 3.2.

Proof. Using (g3), we can find constants positives C; and C, such that G(x, s) > C|s|* — C, for all
x € Byand s > 0. Let 0 # ¢ € CJ(By) such that 0 < ¢(x) < 1. Then,

2 2
1G19) = %||¢||2— f G(x, f(tv)) dx < %||¢||2— f (Cilfap)l* - Cy) dx.
B B

By Lemma 2.1-(v) the function f(¢)/t is non-increasing for ¢+ > 0. Since, 0 < ¢(|x[)t < t, we get
f(od(x])) = f(H)¢(|x]) for all > 0 and x € By. Then,

LFoP

t2

? 2
I(tv) < 5|I¢||2 + Cy|By| - C, f |f(0)1# ¢ dx = E(||<15||2 -2C, ||¢|I§ﬁ) + Cy|By|.
B

By Lemma 2.1-(iv) and the fact that u > 2, we obtain

I D\2
lim 'f(z)l = lim (f—( )) "#72 = 4o
t—+00 14 t—+00 \/;
. 2 If(t)lz'u 2u .
Thus, there exists 7 > 0 such that ||¢]|© — 2C, e ||¢||2# < —1fort > T. Therefore, taking oy > T
sufficiently large we can get e = ty¢, satisfying I(e) < 0 and |le]| > p. m]

4. On Palais-Smale sequences

Lemma 4.1. Suppose that (g,), (g2) and (g4) are hold. Let (v,) be a Palais-Smale sequence of I at level
d, that is, I(v,) = d and ||I'(v,)|lg- = 0 as n — +oo. Then, ||u,|| < c for all n € N and some ¢ > 0.

Proof. Observe that

1 1 1

5~ —)Ilull2 - f G(x, f(va) dx + —f g, fF) ' (Va)vy dx.
lJ Bl /’l Bl

By Lemma 2.1-(v), we have f(¢)/2 < tf’(t). Then,

1) = ST v, = (
i)

100 = 0w, > (5 = = 5-( [ (2uGG f00) = 8. 0w d.

Using (g2), we get
1 I 1
I(Vn) - _I/(Vn)vn 2\ - = ||Vn||2
H (2 u)

On the other hand, using the fact that I(v,) — d and ||I’(v,)||g+ — 0 as n — +oco. We may assume
that |I(v,)| < d + 1 and ||[I(v,)||g- < u for all n € N. Hence,

11
(_ _ —)||vn||2 <d+1+]v,|, forall neN,
2

which implies the assertion of the lemma. O
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Lemma 4.2. Supposed that (g1)—(g4) are hold. Let v, be a Palais-Smale sequence for the functional 1.
Then, there exists a subsequence (not renamed) of (v,) such that

fg(x,f(vn))f'(vn)¢dx—>fg(x,f(V))f'(V)qﬁdx,
B B

forall € C3(By), as n — +oo, where v is the weak limit of (v,) in E.

Proof. From Lemma 4.1, we have that (v,) is bounded. Thus, we can assume that v, converge weakly
tov € E. According to Lemma 1.1, we can assume that v, — v in L?(B)) for all p > 1, using
Lemma 2.1-(i1) and Dominated convergence theorem we have f(v,) — f(v) in L?(B;) for all p > 1.
Combining Proposition 1.1 with the inequality |f’(z)] < 1 for all r € R given by Lemma 2.1-(ii), we
obtain g(x, f(v))f’(v) € L'(B). On the other hand, using the boundedness of the sequence (v,) in E,
we have

P

I'vy)v, = > f g, fOoNf v, dx > 0 as n — +oo.
B

where we have used that (v,) is a Palais-Smale sequence. Thus, there exists some positive constant C
such that

f gx, foNf (v dx < C foralln > 1. 4.1)

B

Given € > 0 there exists ¢ > 0 such that for any measurable subset A C B,

flf(v)l dx <e and fg(x, foNfvvdx <e if |A] <6.
A A

Using the fact that f(v) € L'(B)) there exists M, > 0 satisfying
[{x € By 1 |f(v(x))] = Mo}| < 6. (4.2)

Setting M = max{M,, C/e} where C and M, are given by (4.1) and (4.2) respectively. Note that, we
can write

< Il,n + 12,n + IS,n’

f g, S/ ()] dx — f g, FON S ) dx
B By

where
I, = f 16, FOf ()] dx,
{xeB: f(v(x))>M}
Iy = f 195, FOf ()] dx — f g, FONF 0] il
{xeB1:f(vu(x))<M} {x€B1: f(v(x))<M}
and

Iy = f lo(x, FON /)] d.
{xeB1:f(v(x))>M}

As in [28] we can show that [, ,,, I, and I3, go to 0, as n — +oo. Therefore,
8(x, fv) [ (va) = g(x, f(W)f'(v), in L'(By).
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Now, taking ¢ € C;'(B). Then,

f |8Cx, FONF Va)d = g(x, W) ()] dx < [IllellgC, fFONS (i) = g(x, FONS Wl = O,
B

as n — +oo, and the assertion of the lemma follows. O

Lemma 4.3. Supposed that (g,)—(g4) are hold. Let (v,) be a Palais-Smale sequence for the functional
1. Then, there exists a subsequence (not renamed) of (v,) such that

f G, f(vi)dx — | G(x, f(v))dx, as n— +oo,
Bl Bl
where v is the weak limit of (v,) in E.

Proof. From Lemma 4.1, we have that (v,) is bounded. Thus, we can assume that v, converge weakly
tov € E. According to Lemma 1.1, we can assume that v, — vin LP(By) forall p > 1 and v, — v
almost everywhere in B;. Using (g,)—(g3) there exists M > 0 such that

IG(x, f(vy))| < Mg(x, f(v,)) forall x e By. 4.3)

As in Lemma 4.2, we can get

f g(x, f(vy)) dx — f g(x, f(v)) dx.
B B

Since g(x, f(v,)) — g(x, f(v)) almost everywhere in B;. By (4.3) and the generalized dominated
convergence theorem, we obtain

f G(x, f(vy) dx — f G(x, f(v)) dx.

B B

Let ¢ be a function in C7’, ,,(B) satistying

(1) ¢=1in B;;p(0)and ¢ = 0 in B:'/\/j(O).
(1) 0 < ¢(x) < 1 for all x € By.
(iii) 0 < |Ve(x)| < 1 for all x € B;.

Lemmas 3.2 and 3.3 with ¢ satisfying (i)—(iii), it follows that / satisfies the mountain pass theorem
(see [30]). Therefore, there exists a Palais-Smale sequence (v,) C E such that

Iv,)) =0 and |[I'W)|s = 0, as n— +oo, 4.4)
where d can be characterized as
d = inf max J(y(1)), 4.5)
yel te[0,1]

and
I'={yeC(0,1],E) : y(0) = 0,¥(1) = e}.

Moreover, by Lemma 3.2, we have thar d > o > 0.
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Lemma 4.4. Supposed that (g,)—(gs) are hold. Then, the minimax level d given by (4.5) satisfies

d<ﬂ-2’u
200 -2

Proof. Let ¢ be a function in Coraa(B1) satisfying (i)—(iii). Then,

2

maxl(tqb)st— f w(x)|Ve|* dx + ¢* f w(X)|ol*|Vo|* dx — f G(x, t¢) dx
20 2 B B By

2

s% f WOIVGP dx + 1 f WEIVeP d

Bl Bl

p
P . Cpt?
<= w(x)dx +t w(x)dx — 1dx
2 B B p B2

2 4 C,t’ C
< S L E(Stz + 6 — —”t").
4 2 4p 4 p

From the intermediate value theorem, the function
2 4 CP
O(r) = 3"+ 61 — —1” for t >0,
4
attained its maximum in 7y € (0, 1) provided C,, > 30. Therefore,

C C
max &(7) < max &() < max (97 = =L7) = (97 — L") .
1€[0,1] 1€[0,1] P P (18p/C,)/(P-D)

Hence, by assumption on C,, we have

_ 20-2  m 2u
1(t6) < (9 . 182172 _ 1gr1-2)( L . _
max 1(:6) 4( )(cp) S 20y n-2

Setting y, € I', defined by y(¢) = tty¢ = te, where ¢, is given by Lemma 3.3. Thus,

2
d< max I(yp(1)) < max I(t9) < L i
1€[0, 200 -2

5. Proof of the main theorem

First, we show the existence of a nontrivial, nonnegative critical point of the functional /. Let (v,)
be the Palais-Smale sequence given by (4.4). From Lemma 4.1 the sequence (v,) is bounded in E.
Then, we can find a subsequence (not renamed) and v € E such that v, converges weakly to v in E. In
particular,

hm w(x)Vv, Vo dx = f w()VvVo dx, forall ¢ € Cj,4(B1).

n—+ B B
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From Lemma 4.2, we have

ggLAMMWWMM=LAwmwwwm for all ¢ € C5',(B1)-

Since, ||[I'(v,)||lgx — 0 as n — 400, we have I'(v)¢ = 0 for all ¢ € Cg‘jmd(Bl). Using the density of

Cgfm ,(B1) in E, we obtain I'(v)¢ = 0, for all ¢ € E. Hence, v € E is a critical point of /. Now, we prove
that v is nontrivial. Suppose that v, — 0 in E. By Lemma 1.1, we have that
v, =0, in LP(B;) forall p>1. .1

Since (v,) is a Palais-Smale sequence as in Lemma 4.1, we get
1 1 1
(5 = =)l < 10) = =T’ @)va
2 p U
From (4.5), the boundedness of (v,,) in E and Lemma 4.4, we can assume that

Wl < == —26 forall n>1,
2(1’()

for some 6 > 0. Moreover, we can take @ > «a, such that
alvlP <5 -6 forall n> 1. (5.2)
Using (g1)—(g4) and the fact that |f’(#)| < 1, we can find € > 0 and C > 0 such that
10 SO Wil < el f@aIval + Cexp(eV Iy, ), forall n 2 1.
From Lemma 2.1-(ii) and (vi), we obtain
180X, FONF Wa)val < €lval? + Cexp(e2)v,),  forall n > 1.

Applying the Cauchy-Schwarz inequality

1/2
fmmmwmmuw&wmqfwwﬂﬁw),mmnm.
B B

Then,

2 12
f 180X, FONF Wa)val dx < €llvl3 + Clivalla ( f exP(zez@uv,,uz(m) )dx) _
By B

1

Using Proposition 1.1, (5.1) and (5.2), we have

f lg(x, fFONf vl dx — 0, as n — +oo, (5.3)
B

Note that |
d+o,(1) =1(v,) = Ef w(x)|Vv,[* dx—f G(x, f(vy) dx
1 B

B
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and

0n(1) = I'(vy)vy = f w()[Vv,* dx — f 8(x, fUf' (V)va dx.

B B
From Lemmas 4.3 and 5.3, we obtain d = 0 which represents a contradiction. Therefore, v is a

nontrivial critical point. Taking v~ = max{0, —v}, in particular, we have that —v~ € E. Hence,
I'(v)(—=v™) = 0, since g is nonnegative and f’(s) > O for all s € R, we obtain

Vvl = —f gx, fONf (v~ dx < 0.
B

Then, v- = 0, which implies that v > 0. Finally, # = f(v) result a nontrivial nonnegative weak
solution of the problem (1.1).

6. Conclusions

In this paper, a dual approach has been applied in order to reformulate the proposed quasilinear
equation into a semilinear equation that is suitable for using variational methods. Next, we used a
Trudinger-Moser inequality to prove that the geometry of the pass mountain theorem is satisfied. Thus,
we obtain a nontrivial, nonnegative weak solutions for the new energy functional. Finally, we recover
the solution to our problem through the change of the variable used. To the best of our knowledge,
this is the first result to demonstrate the existence of solutions for a quasiliner Schrédinger equation
involving double exponential growth in the literature. Observe that we required a nonnegative weight.
According to our definition of logarithm weight, we restricted the domain to the unit ball. It is of
interest to further our results to find standing waves for quasilinear Schrédinger equations involving
double exponential growth on the whole space R? and considering a potential function.
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