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Abstract: In this study, the curve theory, which occupies a very important and wide place in
differential geometry, has been studied. One of the most important known methods used to analyze a
curve in differential geometry is the Frenet frame, which is a moving frame that provides a coordinate
system at each point of the curve. However, the Frenet frame of any curve cannot be constructed at
some points. In such cases, it is useful to define an alternative frame. In this study, instead of the
Frenet frame that characterizes a regular curve in Euclidean space E°, we have defined a different
and new frame on the curve. Since this new frame is defined with the aid of the Darboux vector, it
is very compatible compared to many alternative frames in application. Therefore, we have named
this new frame the “modified adapted frame” denoted by {N*,C*, W*}. Then, we have given some
characterizations of this new frame. In addition to that, we have defined N*-slant helices and C*-slant
helices according to {N*,C*, W*}. Moreover, we have studied C*-partner curves using this modified
adapted frame. Consequently, by investigating applications, we have established the relationship
between C*-partner curves and helices, slant helices.

Keywords: Euclidean space; modified adapted frame; N*-slant helices; C*-slant helices; C*-partner
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1. Introduction

One of the most researched areas of differential geometry is curve theory, with studies presented
in different dimensions and spaces. Generally, the geometric location of the different positions taken
by a moving point in space during motion is a curve. In this motion, the parameter range of the
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curve represents the time elapsed through the motion. In addition, the parameter of the curve has an
important place to characterize the curve. For example, the parameter of any given curve has many
differences in terms of whether the curve is parameterized with respect to arc length. On the other
hand, the characterization of a regular curve is one of the most important problems in curve studies
in differential geometry, where curvature and torsion play a major role in solving the problem. The
definitions of some special curves can be made by using the curvature and torsion [3—11]. One of them
is the helices definition given by Lancret in 1806 [18]. Lancret defined the classical definition of helices
as “curves whose tangent vector makes a constant angle with a constant direction” [18]. Starting from
this definition, the helices drawn on a right circular cylinder were considered, and they were called a
circular helix. It is among the first characterizations indicating that curvature and torsion are constants
separately in these helices. Later, although these curvatures are not constant, curves with constant
ratios were found, which were called the general helices, and the proof of this theory was proved by
Venant in 1845 [11]. Helices have an impressive place both in nature and science. Fractal geometry,
the arrangement of molecules in the structure of DNA, and its applications in physics and civil and
mechanical engineering are some examples. In addition to that, [zumiya and Takeuchi named the
curves slant helices, where the angle between the principal normal vector field and a constant direction
is constant at every point of the curve, and they obtained that the necessary and sufficient condition
for curves to be slant helices is that the geodesic curvature of the principal normals indicator of the
given curves is a constant function [14]. Then, some studies about slant helices were conducted [2,24].
Ali and Lopez [1] studied slant helices in Lorenz space and investigated the tangent indicatrix on the
binormal indicatrix of a slant helix in Minkowski space. On the other hand, Kula and Yayli investigated
the tangential and binormal indicatrices of slant helices and showed that these spherical indicatrices
are spherical helices [17]. Later, Onder et al. introduced B2-slant helices in E* and determined the
properties of these curves [21]. In addition, Yayl and Ziplar examined the relationship between slant
helices and spherical helices in E” space [26]. Then, Gok et al. defined V,-slant helices in the space
E" [12], Kiziltug et al. [16] obtained the characterization of slant helices using a type-2 bishop frame
and Lucas and Ortega-Yagiies [20] investigated the relationship between helix surfaces and slant helices
in a sphere S3. Recently, Uzunoglu et al. [25] explained a recent alternative orthogonal frame as
{N,C = ”%”, W} and gave a characterization of C-slant helices. Moreover, they investigated curves of
C-constant precession according to an alternative frame [25]. After that, Kaya and Onder et al. [15]
defined C-partner curve with respect to the frame {N, C, W}. On the other hand, the modified orthogonal
frame has been defined by Sasai [23], and the helices and Bertrand curves for modified orthogonal
frames in E° have been given in [19].

2. Preliminaries

In this section, we give some basic definitions of curves in Euclidean 3-space. Leta : I C R — E°
be a regular-unit speed curve with the arc-length parameter s (||a@’(s)|| = 1). Therefore, the curve (@) is
called a Frenet curve if it has non-zero curvature (a”(s) # 0). Moreover, the derivative formulas of the
Frenet frame of a regular-unit speed curve can be given as

T’ =N, N =—«T +71B, B’ = —1N,
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where {T, N, B} constitutes the Frenet frame and « = ||@”|| = (T’, N); and, T = (N’, B) are the curvature
and torsion of the unit speed curve (@), respectively. In addition to the Frenet frame, Uzunoglu et
al. [25] explained a new alternative orthogonal frame such that {N, C, W}, where N is the principal

normal vector field, C = ”%—” W = % and W is the Darboux vector. Therefore, the derivative
formulae of this alternative frame {N, C, W} are provided by
N’ 0O f O N
C'|=|-f 0 g C |, 2.1
w’ 0 —-¢g O w
where
KT,
f=Ve+12=«V1+H, g=—5——),
K2+ 71k

k and 7 are the curvature and torsion of the curve (@), respectively, and H is the harmonic curvature.
Moreover, the relationship between the new alternative frame {N, C, W} and Frenet frame {7, N, B} are

given as follows:
—kC +1W B 7C + kW

Ve + 12 Ve + 12

where the vector field N is common [15].

T =

Now, for a regular-unit speed curve @ = a(s), we can say that, if the vector field 7 of the curve
(@) makes a constant angle with a fixed-unit vector field, @ = a(s) is called a general helix [11, 18].
Moreover, a helix curve is characterized by f = constant, where k and 7 are the curvature and torsion
of the curve (a), respectively [11]. Then, [zumiya and Takeuchi described a slant helix as “a curve «
whose principal normal vector make a constant angle with such a constant direction, that is

(N,U) = cos@

for every s € I and 6 # 77 [7]. At the same time, they also stated that (@) is a slant helix where the

necessary and sufficient condition is that its curvatures satisfy the equation
K2 TV
—3(—) = constant.

(K2 +12)2 K

After that, Uzunoglu et al. [25] gave the following definition of a slant helix according to the alternative
orthogonal frame {N, C, W}.

Definition 1. Let (@) be a unit speed curve in E* and {N, C, W} be the alternative frame of the curve
(@). In that case, () is called a C-slant helix according to the alternative frame if the vector field C
makes a constant angle with a constant direction V, that is, if

(C.V) = cosb, (6 # g)

for all s € I. Therefore, the ratio

]—C = constant 2.2)
8

for the adapted curvatures fand g [25].
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3. Main theorems and proofs

3.1. Modified adapted frame and N*-slant helix and C*-slant helix with modified adapted frame

In this section, we first define the modified adapted frame; later, we give the definitions of the N*-
slant helix and C*-slant helix and some of their characterizations using the modified adapted frame in
E’.

Let @ : I € R — E? be a unit speed curve that can be parameterized in terms of the arc length s.
Now, we define a new and different frame i.e., a modified adapted frame. The motivation for us to
define this new frame in this study is that the frame defined by Uzunoglu et al. [25] cannot be created
at every position of the curve. If the equation f(s) = |[N’(s)|| = 0 holds in the frame {N, C, W} defined
by them, then the vector field C = N7 = ﬁ cannot be defined. Therefore, the frame {N, C, W} cannot
be constructed for Vs € I. In this case, the alternative frame given by them [25] needs to be modified.
In this study, we modified this frame and named this new frame the “modified adapted frame”. As a

result, we defined this new frame {N*, C*, W*} such that

N* = «N,
c = fc 3.1)
We o= W,

where C*(sg) = W*(so) = 01if f(s9) = 0. Now, we give the derivative formulas of the modified adapted
frame {N*, C*, W*}. For this, if we use Eqs (2.1) and (3.1), then we get

cy |=| L+ £ ¢g|| c |, (32)
(W*y 0o —¢ L|lw

where (N*, N*) = k2, (C*,C*) = f*, (W*,W*) = f2, f = Vk?+ 12, k and 7 are the Frenet curvature
and torsion of the curve (@), respectively, and f and g are the modified adapted curvatures. Moreover,
the relationship between the modified adapted frame {N*, C*, W*} and Frenet frame {7, N, B} can be
written as

—kC* + TW* N* C* + kW*
7= TV Ny p T T
K% + 72 K K* + 72
Now, we give some characterizations of the N*-slant helices and C*-slant helices with the modified
adapted frame {N*, C*, W*}.

Theorem 1. Let (a) be a unit speed curve with the modified adapted apparatus {N*,C*, W*, f, g} in E°.
In that case, if the unit speed curve (@) is an N*-slant helix according to the modified adapted frame,
then the axis of the N*-slant helix (@) is the constant unit vector X, which can be written as

f2
X = kcos{N* + — cos (W™,
8

where k is the Frenet curvature of (@), f = V&? + 12 and ( is the angle between the vector fields N*
and X.
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Proof. Suppose that (@) is an N*-slant helix with respect to the modified adapted frame {N*, C*, W*} in
E?. Then, for the vector fields N* and X, we get

(N*,X) = kcos{, 3.3)

where ( is the constant angle between the vector fields N* and X. In that case, differentiating (3.3)
according to s with the aid of Eq (3.2), we obtain

(C*,X)=0. (3.4)

Thus, we can write the constant unit vector X as
X = kcos{N* + AW*, 3.5)
where A is a differentiable function. If we apply the differentiation process again to Eq (3.4), we have

2 /
——(N*", X) + L(C*,X) +g(W",X)=0
K f

and
2

(W, X) = %cos L. (3.6)
Finally, considering (3.5) and (3.6), we obtain
f2
X = kcos{N* + — cos{W".
8

O

Theorem 2. Consider that (a) is a unit speed curve with the modified adapted apparatus
(N*,C*, W*, f, g} in E>; then, (@) is a C*-slant helix such that the constant unit vector Y characterizing
this C*-slant helix is given by

Y=ucosnN*+ fcosnC* + dcosn W,
where f = V&> + 12, i1 is the angle between the vector fields C* and Y, u = % and 6 = %.
Proof. Suppose that (@) is a C*-slant helix with respect to the modified adapted frame {N*, C*, W*}. In
that case, with aid of Definition 1, we have

(C*,Y) = fcosn (3.7)

such that 7 is the constant angle between the vector fields C* and Y. Now, we take successive derivatives
of Eq (3.7) with respect to the arc-length parameter s of («); thus, we obtain

Lo L vyrgw vy = g

K > f H g H _f 00577,
2 /4 4

2 vy - (P @i + (g + LY vy = o,
« f
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and, as a result,

2, 52
(N*,Y) gK,(f ‘,g ) cos ,
§f-r
20£2 4 o2
(W Y) = i +e) ,(f (/g )cosn,
gr-re
respectively. Consequently, considering y = % and 0 = %, we can easily get

Y =ucosnN* + fcosnC* + dcosnW™.

3.2. C*-partner curves with modified adapted frame

In this section, we define the C*-partner curves considering the modified adapted frame {N*, C*, W*}
and we give some characterizations of these curves.

Leta: I CR— E*and B : J C R — E® be considered as two different unit speed curves with
arc-length parameters s € [ and s; € J, respectively. Moreover, we consider that the Frenet frames and
curvatures of the curves (@) and (8) are {T, N, B, x, 7} and {T|, Ny, By, k1, T1}, respectively. In that case,
the following definitions and theorems can be given.

Definition 2. Consider that « : I — E° and B : J — E* are two regular curves and the modified
adapted frames and curvature of the curves (a) and (8) are {N*,C*, W*, f, g} and {N7,C], W}, fi, &1},
respectively. In that case, if the vector fields C* and C7 are linear-dependent at the corresponding
noncoincident points of these curves, then (a) and (B) are called C*-partner curves.

Theorem 3. Suppose that (a) and (B) are C*-partner curves in E>. In that case, the distance between
the corresponding noncoincident points of («) and (B) is not constant.

Proof. Suppose that () and () are C*-partner curves in E*. {N*,C*, W*} and {N},C7, W]} are the
modified adapted frames of the curves (@) and (8), respectively. In that case, the relationship between
the C*-partner curves at the corresponding noncoincident points can be written as

B(s) = a(s) + D(s)C*(s), (3.8)

where D = D(s) is the distance function and the arc-length parameter of the curve (@) is s € 1. If we
take the derivative of Eq (3.8) with respect to the parameter s € I, we get

d
Tl =T +D'C +D(CY,
ds
where the tangent vectors of the C*-partner curves (@) and (8) are, respectively, T and T, and the arc-
length parameter of the curve (B) is s,. Now, we use the relationships between the Frenet and modified

adapted frames of the C*-partner curves. Therefore, we have
d §1 Df’

D 2
T,— =T+ (D + )C* f

— ——N"+ DgW*
ds f K §
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and
ki dsy ,, Tidsy_ . K Df’ Df? T

Aoy DBy E vy e - 2N (S Dgwr,
flzds ! flzds ! ) ( 8)

o f k f
where {«, 7} and {«;, 71} are the Frenet curvatures of C*-partner curves (@) and (8), respectively. By
considering the linear-dependent pair {C*, C7}, the equation

_ dsy

K 175 ’
— & (D
7 (Df)

holds. Consequently, we see that the distance function D = D(s) is not constant. O

Now, we assume that the vector fields C* and C7 satisfy the equation C* = Cj. In this case, for
the adapted curvatures f and f; of the C*-partner curves, the equation f* = f7 holds. As a result, the
following theorem can be given:

Theorem 4. Suppose that (@) and (B) are C*-partner curves. In that case, if the angle between N* and
N7 is o, then the relationships between the modified adapted frames {N*,C*, W*} and {N7, C}, W{} of
the curves () and (B), respectively, are

N* K—chosg 0 j%l sin o N;
c* | = 0 1 0 Cr |, (3.9
w —% sino 0 cospo Wi

where k,ky and f, fi are the Frenet curvatures and adapted curvatures of the C*-partner curves (a, ),
respectively.

Proof. Consider that (@, ) are C*-partner curves and C* = Cj. In that case, if we consider that the
angle between the vector fields N* and N7 is o, we can write

(N*,N}) = Kk cosp,
(W*,Wi) = fficoso,
(N*, W) = «kfising,
(W*,N}) = -k fsinp.

Consequently, considering the basic arrangements in differential geometry, we obtain

N* = -~ CcosoNy + ]%1 sin oWy,
W = —Kil sin oN7 + cos oW7.
Alternatively, we can write
Ny = "LcosoN" - ’% sinoW*,
(3.10)
Wi = < sinoN* + cos oW,
where f = fi. O
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Theorem 5. Consider that (a) and (B) are C*-partner curves in E*. Therefore, the angle between N*
and Ny of these curves is constant.

Proof. We know that (@) and (8) are C*-partner curves, and that there is the relationship
Ni = cosoN* - K—]j sin oW* (3.11)
K

from (3.10), where {N*, C*, W*, f, g} and {N}, C}, W7, fi, g1} are the modified adapted frames and « and
ki are the Frenet curvatures of the C*-partner curves (a, ), respectively. In that case, by differentiating
(3.11) with respect to s, we obtain

K1 Sin o

f

K1 COSQ K1 sino

f

dN; d
1i _ (Kl COS o (W*)/’

e )N+ Ny~ ( yw -

K

and by considering Eqgs (3.2) and (3.11), we can write

ds K. ds K, cos o — k10’ sin
—ICT -1 st—IW’k = ( ! o~ fe Q)N*

ds
L cos Qd—lN* + K

K1 s ds f ds K
g . . (Kisinp+ k0 cosp\
+{k1 cosp + k= sinp|C™ — w=.
(1coso + 1 sing)e - (1m0 <080)
As a result, we get
d
(k1 cos ) = K| cos Qi (3.12)
ds
and J
(k1 sino) = K| sinp—t. (3.13)
ds
Moreover, we obtain from Eqs (3.12) and (3.13) the equations
(kycosp) (ki sing)
coso  sinp
and
ko' =0.
Consequently, for x; # 0, we have ¢’ = 0, and it is easy to see that the angle o is constant. m|

Theorem 6. Let the curves (@) and (B) be considered C*-partner curves and D = D(s) be the distance
function between corresponding noncoincident points of these curves. Therefore, the distance D is a
constant necessary and sufficient condition, i.e.,

(5) 7
(%)e

where T and f and g are the Frenet torsion and adapted curvatures of the curve (@), respectively, and
0 is the angle between the vector fields N* and Nj.

= —tanp = constant,
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Proof. If (o) and (B) are C*-partner curves, then we know that the relationship between these curves is

B(s) = a(s) + D(s)C"(s).
In that case, considering the derivative of the last equation with respect to s, we get

K1 dS] T dS] * sz Df’

K T
-———0C+——W =—"-N+(-—=+D +——)C"+|— + Dg)W".
flzds 1 flzds 1 K ( 12 f) (fz g)
If we make necessary arrangements using (3.9), then we have
kidsy . Tidsy . Df? T . Dgf . . K , Df"\ ..
_f_lzg ]+J712£W] = (—K—lcosg—f—Klst— 0 smg)N1 +(—]72+D +T)C
Df? . T
+( — ——sinp + — cos o + Dg cos o|W7.

The vector field C* and C7 are linear-dependent; therefore, the equation
Df*coso + Dgf*sinp + tsinp =0

is satisfied. In that case, we obtain
—Tsino

D =
f2(f cosp + gsinp)

and —7'sino(f%gsino + f> cosp) + tsino((2f f'g + f2g’)sino + 3f%f’ cos 0)

f4(f cos o + g sinp)? ’
Now, we assume that the distance function D(s) is a constant necessary and sufficient condition, where
D’'(s) = 0. As aresult, we get

D' =

7' sinpfg + 7' cosof> —2trsinpf'g — sinofg’ —37ff coso =0

from the last equation. Consequently, we obtain
(7)r
(7

where o is constant. O

= —tanp = constant,

Let (@) and (B) be considered C*-partner curves. Now, we give some applications to show the
character of the C*-partner curve, where any given curve (@) or () is helix or slant helix. For this, the
following theorems can be given.

Theorem 7. Let (a,B) be C*-partner curves in E°. In that case, the modified adapted curvatures
{f1, &1} of the curve (B) in terms of { f, g} of the curve (@) is given by

g _ .
g 7coso—sing
g

S — 3.14
N ?sing+cosg (3.14)

where o is the constant angle between N* and N7.
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Proof. Suppose that (@) and (8) are C*-partner curves. Therefore, if we differentiate W} in (3.10) with
respect to s € I of (@), we obtain

d d /4 T 4
_ gliC* fids —wr = f TON + (f sino — gcos0)C* + S cose 2w, (3.15)
fi ds f
where, by using the derivative formulas given by Eqs (3.2) and (3.10) in (3.15), the equation
d / d ’ d ! !
—glﬂC* U sinQﬂN* + U cosgiW* _ L sinoN* + (f sinp — gcos)C* + I cos oW*
ds K ds fi ds K f
holds. We know that C* = C7; therefore, we obtain
ds; .
—g1—— = fsinp — gcosp;
ds

consequently, we get
g1 _ gcosp — fsinp
fi  gsinp+ fcosp’

The following corollaries can be given as consequences of Theorem 7.

Corollary 1. Consider that («,) are C*-partner curves in E3. In addition, let (t,7,) be the Frenet
torsions of the C*-partner curves (a,) and {f, g} and {fi, g1} be the modified adapted curvatures
of the curves (a, ), respectively. Therefore, the torsions (t,7T|) can be written by modified adapted

curvatures such that
7, COso-— smg
—_— (3.16)
T  cosp+ 7 sinp
Corollary 2. Let the curves (a,f8) be C*-partner curves. If the curve (@) is a slant helix, then the
necessary and sufficient condition is that (B) is a slant helix.

Proof. Consider that (@, 8) are C*-partner curves and the curve (@) is a slant helix. In that case, we
know that fc = constant from (2.2). If we consider Eq (3.14), we have f = constant. As aresult, (8) is
a slant helix. Similarly, if the curve (B) is a slant helix, then £ = constant. Therefore, from Eq (3.14),

f
we obtain o '
—&lcosp —sinp
8- . (3.17)
f % sing —cos o
Consequently, we have £ = constant and the curve (@) is a slant helix. O

f
Corollary 3. Suppose that the curves (a,8) are C*-partner curves. If () is a helix, then (B) is a slant
helix. If (B) is a helix, then (@) is a slant helix.

Proof. We assume that the curve (@) is a helix. The Frenet curvature ratio £ = constant and g = 0,
therefore, considering Eq (3.14) we obtain

81 _ _ tano (o = constant),

h

and the curve (B) is a slant helix. Similarly, if we take that the curve (8) is a helix, then g; = O.
Consequently, from Eq (3.17), we see that ? = tan o = constant and the curve (@) is a slant helix. O
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Corollary 4. Consider that the curves (a,3) are the C*-partner curves. In that case, if the curve ()
(or (B)) is a slant helix, then %‘ = constant where (7, Ty) are the Frenet torsions of the C*-partner curves
(@) and (B), respectively.

Proof. Let the curve (@) (or(B)) be a slant helix from the C*-partner curves (a,8). Therefore, we
know that (@) is a slant helix necessary and sufficient condition whereby the curve (B) is a slant helix
from Corollary 2. As a result, the ratio J% = constant with the necessary and sufficient condition of

% = constant. Consequently, consider Eq (3.16); we obtain 2 = constant. O

Example 1. Consider a circular helix w given by the parameterization

w(p) = %( — cos p, sinp, p). (3.18)

Then, let the C*-partner curves of the curve w be Y, y** for the distance function D(s);
i) for D(p) = \3p, the C*-partner curve * of w is obtained as

w*(s):(_cosp_ \/§psinp’sinp+ ﬁpcosp,e). (3.19)
V2 2 V2 2 2
Figure 1 shows the graph of the curve w and the C*-partner curve y*.
Figure 1. Curves w (red) and C*-partner curve ¢*.
ii) for D(p) = \3p, the C*-partner curve y** of w is obtained as
v = - cosp (V2 +p?) sinp’ sinp . (V2 +p?) cosp’ /_)). (3.20)
V2 6 \2 6 2

Figure 2 shows the graph of the curve w and the C*-partner curve ™.
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Figure 2. Curves w (red) and C*-partner curve **.

Example 2. Consider a circular helix w given by the parameterization

1 1 1 1 2V2
w(p) = (E cos4dp + I cos 2p, T sin4p + T sin 2p, T\/_)

Then, let the C*-partner curves of the curve w be y*, y** for the distance function D(s);
i) for D(p) = %p, the C*-partner curve Y* of w is obtained as ¥*(s) = w(s) + D(s)C*(s)

(3.21)

1 1 1 1 2V2
Ui (s) = (E cos4dp + T cos 2p + 2psin 3p, T sindp + T sin2p — 2p cos 3p, T\/_) (3.22)

Figure 3 shows the graph of the curve w and the C*-partner curve y*.

Figure 3. Curves w (red) and C*-partner curve y*.
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ii) for D(p) = Sf\gzp, the C*-partner curve y** of w is obtained as

1 1 8 V2 + p? 1 1
U(s) = (ﬁ cos4dp + T3 608 20 + % sin 3p, T sindp + T sin 2p 523
8V2 + p? 22 '
_TCOS3’O’T .

Figure 4 shows the graph of the curve w and the C*-partner curve y**.

5

Figure 4. Curves w (red) and C*-partner curve **.

4. Conclusions

The fundamental theorem of regular curves is that there is a unit speed curve with curvature and
torsion « and 7, respectively, where k > 0 and 7 are differentiable functions. In addition, the principal
normal and binormal vector fields of the curve are not continuous at the zero points of the curvature.
In this case, at a point where the curvature of a generally considered space curve disappears, the Frenet
frame for this curve causes uncertainty. To solve this problem, Hord [13] and Sasai [22, 23] found
a simple but useful way and introduced a new orthogonal frame i.e., a the modified frame. On the
other hand, another frame, as an alternative to the Frenet frame i.e., an adapted frame, was defined
by Uzunoglu et. al [25] with the help of the Darbuox vector and Frenet normal vector of a regular
curve. However, if the equation f = 0 holds in the adapted frame {N, C, W} defined by them, then the
vector field C cannot be defined. Therefore, the frame {N, C, W} cannot be constructed for all points
on the curve. In that case, the alternative frame given by them [25] needs to be modified. So, the
purpose of our study was to define a new modified adapted frame that removes all singular points in a
curve. Moreover, with this new frame we have defined in this study, we believe that the curve theory,
which will be studied with this frame in future studies, will be open to many innovations by bringing
a different perspective to the curve theory in differential geometry. In addition, with this new frame,
curve theory will gain a different perspective in many fields such as engineering and physics. Our
theoretical and practical studies on this new frame continue.
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