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1. Introduction

Mathematical epidemiology represents a vital and growing field of science in which analytical
concepts, advanced approaches, and dynamical systems are applied to a wide variety of issues in
ecological and real-life sciences [1]. Many epidemiological frameworks and processes are inherently
probabilistic because the environmental perturbations influence the expansion of the infection and
make it very complicated to prophesy the possible pandemic scenarios [2—4]. Thus, deterministic
explanations, although capable of making eminently useful predictions and speculations, are not
empirical and not sufficiently applicable [5-10]. There is, therefore, a pressing need to generate
and develop a refined framework that takes into account stochasticity interventions, mainly when
examining the attitude of a highly infectious disease such as Coronavirus and Monkeypox [11-16].

To correctly model a large amount of noise with some discontinuities, Poisson processes are used,
which are renowned for their ability to simulate the spread of infection in a small population size, in
the case of medical and financial crises, or when implementing certain drugs and non-pharmaceutical
interventions such as quarantine, vaccination and global immunization [17]. Recently, the authors
of [18] developed a new analytical framework to survey the long run of a SIR model driven by
independent jumps noises and a finite Lévy measure [19]. However, the Lévy noises associated with
finite measures are characterized by their slight tails which are not able to model intense phenomena.
The huge variations can produce an unforeseen increase in the density of individuals depending on
the illness characteristics [20-22]. In the present research, we expose an alternative scope that takes
into account a general Lévy measure (finite or infinite) and fully correlated Lévy noises [23]. For
the purpose of comparison, we keep the same epidemic model studied in [18], but this time with the
following representation:

dS () = {A -BS@)I(r) — DS ()}dt + S (z_)dA(7),
dI(t) = {BS(O)I(t) — (D + Dy + OI(1)}de + I(z_)dAy(2), (1.1)
dR,(t) = {€I(t) — DR,(1)}dr + R,(t-)dAs(1),

where the positive constants A, B, €, D and D, are respectively the flow into the susceptible class §, the
prevalence rate, the permanent cure ratio (the transfer from the contaminated class [ to the permanently
recovered compartment R,,), the demise rate and the disease-related mortality rate. Here and elsewhere,
S(t-), I(z-) and R,(z_) are respectively the left limits of the functions S (¢), I(¢) and R, (¢). The vector
A = (A, Ay, Az) indicates the three-dimensional Lévy process with its associated Lévy-Khintchine
formula:

. . ; t .
Efelfitriharit sl = exp {—§<a,7(a>+r f (e — iCa, e(u)) - 1)vLévy(du)},
H

where E is the mathematical expectation, k = (k;, k, k3) € R? and K = (%, )i<e,j<3 TEpresents a specific
positive definite matrix. The jumps amplitude e, : H € R> — R (¢ = 1,2, 3) are continuous functions.
Visvy 18 the general Lévy measure (finite or infinite) such that

f min {1, e, (1) }VLewy(du) < 00, (£ =1,2,3).
H
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In accordance with the theory exhibited in [20] and [24], the process A takes the following form:

Ag(t) = W) +f f e/ (u)C(ds,du), (£=1,23). (1.2)
0 JH

We consider a filtered probability space (Qp, &, {E;}150, P) such that {&,},5¢ is filtration that verifies these
hypotheses: right continuous, increasing and & includes all P-null sets. In (1.2), W' = (W}, W}, W})
is referring to a Gaussian process with its co-variance matrix K. Ny, is a Poisson measure which is
independent of W' (natural hypothesis). C is the compensator process and vy ¢y is its corresponding
Lévy measure , where C(r,du) = Ny, (f,du) — tvig,y(du). The co-variances of A are as follows:

Lévy

E{AdnA0)]) = fig +1 f e (e () Vi (du), €k =1,2,3.
H

In [24], Privault and Wang obtained sufficient criteria for the disease vanishing and its insistence in
the case of SIR model with the representation of (1.2). However, the existence of a unique stationary
distribution has not been investigated due to some technical difficulties. It must be mentioned that the
stationarity is an important statistical property for random processes. In this survey, we address this
issue using a novel procedure different from that exhibited in [18].

To illustrate the importance of our work, we numerically treat an example of a general Lévy measure
using the tempered stable processes. This class of Lévy distributions is widely applied in the case of
an infinite Lévy measure [24]. According to [20], we consider the following tempered a-stable Lévy
measure:

Vievy(2) = f f o e 1 (ot (drdo, 0<a <2, (1.3)
(0,00) JH
where f,(-) is an infinite Lévy measure defined on H such that

f min {||A”, 17l fa(dr) < co.
H
Here, the measure f,(dr) can be decomposed as follows:

t,(dr) = gfn_é{ (dr) + g‘fmé{g }(dr),

—gl g7l g1} et

for all positive quantities n_,n,,s_,¢, > 0, where ¢, indicates the Dirac mass measure at d € R3.
From (1.3), the infinite measure vy 4,y can be expressed as follows:

Negative side

VLévy(Z) = f n—]lz(_o-g:l, _0'§:1, —0‘§:1)e_‘70'_a_1d0'
(0,00)

+ f nd.(o¢; os;,og e "o do, O<a<2. (1.4)
(0,00)

Positive side
The remaining of this study is structured as follows: in Section 2, we prove the ergodic characteristic
of the disturbed model (1.1) with the representation (1.2). In Section 3, we treat a numerical example
to belay and emphasize the proposed approach. Furthermore, we explore the effect of tempered a-
stable quadratic Lévy noises on the long run attitude of the infection. In Section 4, we present the main
conclusions of our article.
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2. Theoretical result: the existence of a unique stationary distribution

Before exhibiting the pivotal outcome of this work, we firstly present the hypothetical setting, some
useful lemmas and some conventions to lighten its statement. For simplicity, it will be practical to use
the following notations throughout the rest of the paper:

e N; = f e?(u)VLévy(du), t=1,2,3.
H

o N, = f (1n (eelw) + 1) View(dw), £ =1,2,3.
H

° N3 = f (eg(u) —1In (eg(u) + 1))VLévy(du)’ t=1,2,3.
H

e N, = max {e;(u), ex(u), e3(u)}.

e Ns = max {1,2%73)(2p* - p) f {Na? + Na?7 vy (du).
H

3
. 0.5Ns
* No = D-0.52p - max JZ; ===

According to some analytic and mathematical reasons, we presume that

e Al: e;(u) > —1 and the quantities Ny, N, and N3 are finite.
e A2: N¢ > 0 for some p > 1.

The next lemma emphasizes the mathematical well-posedness of system (1.1) with the
perturbation (1.2).

Lemma 2.1 (Well-posedness of the model, [25]). Under the assumption Al, the probabilistic
system (1.1) is well posed.

To proceed, we will establish some estimates of the total number of population N () = S(f) +
I(1) + R,(1).

Lemma 2.2 (Moments estimates of Ny (2)). Let assumptions A1 and A2 hold. Then for any p € (1, o)
such that Ng > 0, we have

2 2
1) B{(1+ N} € L2+ {1+ N} e,
1 (" 2
2) limsup ~ f E{(1 + Niai(5))™}ds < 3
t—o0 t 0 C

where ¢ € (0’ 2pN6) and g:) = Sup{z2[7—2( — (N6 — i)zz + (QI -D+ E)Z + A+ i)} + 1.
R, 2p p 2p

Proof. Set Niouaie(t, ) = €1 (1)S (f) + ex(u)1(t) + es(u)R,,(¢) for all u € H. Making use of It6’s lemma to
the function V(x) = (1 + x)*”, p > 1, we get

d(V{Ntotal(t)} (2 1 )
= 2p(1 + Niggar(£)™"*? (2 = DNy (1) = DA(D)dt + p2p = D1 + Nigua) (11157 (2)
+ 1ol (1) + BaRA() + 26128 (DI(1) + 28135 (DR (1) + 263 1(OR (1))t
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+2p(1 + Nigui(0) ™2 (S ()dW' () + I()dW(1) + R, ()dWS (1))

+ f {(1+ Niga(t) + Noggare(t, )™ = (1 + Nigua (1) = 2p(1 + Niguar (1)~ Nogua (1, 1) Vv, (du)dt
H

+ fﬂ {(1 + Nigar(t-) + Niguare(t, 1)) = (1 + Nigua (1)) }C(d, d)
= LVNow(®)dt + 2p(1 + N ()2 (S ()W} (1) + I(O)dW(1) + R,()dW} (1))

¥ f (1 + N (1) + Nigare(tr ) = (1 + Nigwn(120)*? |Cdr, ), 22)
H

where LV (N is defined as follows:

LYV Nioa(1))
= 2p(1 + Niggat(£))™ (% = DNigar(1) = DA(1)) + p2p = D1 + Nigua)2(11157(1)
+ Bl (1) + B3 3RA(0) + 281 ,8 (DI(1) + 2813 (DR (1) + 26,3 1(DR, (1))

+ f {(1 + Ntotal(t) + Ntotal,e(ta u))Zp - (1 + Ntotal(t))Zp - 2p(1 + Ntotal(t))_1+2pNtotal,e(t7 u)}VLévy(du)-
H

For simplicity, we define
O = (1 + Ntotal(t) + Ntotal,e(t’ u))Zp - (1 + Ntotal(t))zp - 219(1 + Ntotal(t))71+2pNt0tal,e(t’ Lt)
For all u € H and ¢ > 0, there is 0 < &€ < 1 such that

O = (1 + N ())*” + 2p(1 + Nigar ()™ Niogar.e (1, 1)
+ p2p = D(1 + N (7) + Noogar o1, ) N2, (1, 1)
— (1 + Nigur () = 2p(1 + Niga ()™ Niguaret, 1)
= p2p = (1 + Nigw (1) + eNiogare(t, 1)) N2 1 (2, 1)

< p(2p = ymax (227, 1)((1 + Nigu(£) 7 + eN 2 (1, 10) NG o (1 10)

total,e
< 1 N 2p—2N2 NZP
= C2]7( + total(t)) total,e(t’ I/l) + (2[7 (t, u)

total,e

< (1 + Nigat(£) N3, (O(Na* (@) + Ny (),
where ¢, = max (1,2%7)(2p* — p). Then, we get
LV N (1)) < 2p(1 + Niggar (1)) _2((1 + Niotal (1)) — DNiorar (1)) — Do(1 + Nigar ()] (f))

+ p2p = (1 + Nigua () 2(£1.15%(1)
+ Bl (f) + B33 Ro(0) + 26158 (DI(1) + 28138 (DR, (1) + 26,31(DR, (1))

+ cap(1 + Nigua () Niy 1 (1) fH (Na?(10) + NaP(10) Vv ()

< 2p(1 + Nioai(1))*( — DN

total

(£) + (U = D)Niar(?) + A)
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2p2p - 1) .
+ 2P 1+ Nogra (01N, (1)
2pc _
N : pzp (1 + N (0) N2, (1) f <N42(u)+N42P(M)>VLévy(du)
H

< 2p(1 + Niogat(1) (= NoNoyyy (1) + (U = DNy (1) + ),

where N is positive due to A,. Now, we choose any ¢ € (0,2pNg), then
(1 + Niow(1)* = (1 + Nio(0))* + fo t 6”(6(1 + Niow(5))* + L‘V(Ntotal(t)))ds
+2p fo e+ Nuowa ()™ 27(S ()W} () + I()dWS(s) + R, ()dW}(s))
" \fOt ¢ L ((1 + Noowai(52) + Niotare(s- ) = (1 + Ntotal(S—))ZP)C(dS’ du).
Then, by taking the integration and the mathematical expectation of (2.2), we have

eaE{(l + Ntotal(t))zp}

= (1 + Nw(0)” + B f ¢ (c(1 + Niogar() + L(v<le(t)>)ds]
0

< (1 + Ntotal(o))Qp

+E f (1 + Nigua ()™ + 2p(1 + Niggar(£)7 (= NoNoyyy (1) + (U = D)Nygrat(1) + %t))ds]
0

t 2pe c c c
= (1 + Nuow(0)% + 2pE [ f Nt 2(s)( - (Ng - 5)N§0tal(s) +(A-D+ ]—))Ntotal(s) + U + g)ds]
0

t
< (1 + N (0) + 2p f ds
0

2
< (1 + Now(0))” + %g’e

Therefore, we get

E{(1 + Nigu (1)} < (1 + N (0))e ™" + @

Obviously, we obtain

1 [ 1 [ 2 2
lim sup — f E{(1 + Now ()" }ds < (1 + Negt(0))*"lim sup ~ f eoods + 22D _ 2P
t—o0 t 0 f—o0 t 0 C C
This completes the proof. O

Theorem 2.1. Assume that A1 and A2 hold. If

Tow = (@ - lfz,z - f (- In(1+exw) + ez(u))VLéVy(du)) D+ D+ 67> 1,
D2 a

then, a unique stationary distribution exists for the probabilistic model (1.1).

AIMS Mathematics Volume 8, Issue 1, 1329-1344.
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Proof. Consider the following initial value problem with the presentation (1.2):
d2(r) = (U - DE())dr + E(r-)dA (1), Z0)=S5(0) eR,. (2.3)

Let f(r) = —%( —S() +E(@)) + InI(t) and X(r) = S (s)I(s). The application of 1t6’s lemma implies that

df() = (235(;) —(D+Dy+C)—0.55, — fH (- In(1+exw) + ez(u))VLévy(du))dt

2
—~ %xmdz +dW(f) - %( — S (&) + Z(1)dW' (1) + f In (1 + ex(u))C(dt, du)
H

_3 f er(u)( = S () + E(1.))C(dt, du). (2.4)
® Ju
An integration of (2.4) gives
OB
= f BE(s)ds — (D + Dy + €) — 0.5t — f (= In(1 + ex(w) + ex(10))vLery(du)
0 H
%2 !

— %(s)ds+wg(z)—§ f (B(s) = S(s)dW' (s) + f f In (1 + ey(u))C(ds, du)
D 0 3 0 0 JH

_§ffel(u)(—S(s_)+E(s_))C(ds,du).
D Jo Ju

According to Lemma 2.2 of [24] and A1, we obtain

[—00

!
liminf% f Bx(s)ds
0
D1 |
zg(hmmf; f %:(s)ds—((b+bd+cz)+o.5f2,2+ f (—ln(l+ez(u))+e2(u))VLévy(du)))
0 H

D1 [
_ %(lim . fo BE(s)ds ((fe £ D+ 6) + 050, + L (=In(1 +exw) + ez(u))vLéVy(du)))

D
=g+ D+ O =1 >0 as.

Now, we consider E; = {(f,w) € Ry X Qp| S(t,w) > x, and, I(t,w) > x}, E» = {(t,w) € R, X
Qp| S(t,w) < x}, and E;3 = {(t, w) € R, X Qp| I(t, w) < x}, where y > 0 will be chosen later. Then

—o0

1 !
liminf — f E|B(s)Lg, |ds
t Jo
!

1 (" 1 (" 1
> —lim sup — f E[%%(s)]lEQ]ds—limsup; f E[%i(s)]lE3]ds+liminf; f E[BX(s)]ds
0 0 1—00

—o0 —o0 0

1 (7 1 [ D
> —Bylim sup - f E[I(s)]ds — Bylim sup - f E[S (s)]ds + %(D + D+ ) (Tos—1)
0 0

>0 >0

2UABy

D
> 3 + %(D +Dy+ O)(Tos—1).

AIMS Mathematics Volume 8, Issue 1, 1329-1344.
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2

482

We can choose y < (D+ Dy + C)(T,, — 1), therefore

1 [ D
liminf — f E[BX(s)Lg, |ds > 75D+ D+ O(T—1)>0. (2.5)

t—o0 t 0

Let p € (1, o) such that Ng > 0 and g is given by é =1- i By using Young inequality, we obtain

1 1 [
lim inf ;f E[BX(s)1g, |ds < liminf 7[ E[(p—l(g%%(s))l’ + q—lév—q]lEl]ds
0 t—o00 0

t—00

t—00

1 t
< liminf ;f E[g'¢ g, ]ds
0

+ p ' (¢B)Plim sup % f E[(S (s) + I(5))*"]ds,
0

t—0o0

where ¢ > 0 verifies P < %;H)(Q + Dy + €) (T, — 1). From (2.5) and Remark 2.2, we have
2677%BP
C

1 [ D
liminf " f E[lg,|ds > q{q(—(b +D,+ ) (T, - 1) -
0

qg (D D+ O(To = 1)> 0. (2.6)

Consider
E; ={(t,w) e R, X Qp| S(t,w) > v, or, I(t,w) = v},
={(t,w) e R, X Qp| ¥ < S(t,w) <v, and, y < I(t,w) < v},

where v > y > 0 will be defined in the next. Now, by employing Markov’s inequality, we get

f 1g, (2, w)dP(Qp) < P(S(f,w) 2v) + PU(t,w) > v) < %E[S (t,w) + I(t, w)].
Qp

1 Dqe .
We choose — < B (D + Dy + €) (T, — 1), then we obtain

V

L[ q{‘f
lim sup " f E[lg,]ds < D+Dy+O)(Tos—1).
0

t—o0

Via (2.6), we conclude that

1 [ 1 (" 1 ("
lim inf ;f E[lp]ds > —lim sup ;f E[1g,]ds + liminf ;f E[1g, |ds
0 0 I=e0 0

[—o0 t—00

qéq

(D+Dd+¢)(7'os—l)>0

In conclusion, we found the compact subset Dc R3 that verifies

q(

1 !
liminf " f P(s, x0,D)ds > —=—(D + D, + ) (T.,—1) >0, 2.7)
0

—0o0

where xo = (5(0),1(0),R,(0)). Identical to the demonstration of (Lemma 3.2., [26]), we establish
that the unique solution of the model (1.1) has the Feller property. According to the mutually
limited possibilities lemma [27], a unique ergodic stable distribution exists for (1.1) with the
representation (1.2). O

AIMS Mathematics Volume 8, Issue 1, 1329-1344.
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3. Numerical application: SIR system with tempered Lévy noise and infinite measure

This part of the manuscript is dedicated to the presentation of numerical examples and to the
verification of the results of Theorem 2.1. Using computer simulations, we exhibit some plots for
the paths and their corresponding histograms, from which the complex dynamic behaviors of the
probabilistic system (1.1) can be easily explored. Additionally, we select some simulated parameter
values to support our theoretical framework. Henceforth, the units adopted for time and number of
individuals are one day and one million population.

In accordance with the study presented in [20], we consider a compensated tempered Poisson
process of the following form:

Y(t):ff u C(ds, du), 3.1
0 JR\{0}

with the well defined infinite Lévy measure (1.4). We suppose that the vector W' is given as follows:
Wfl = f],l(Waa sz = fZ,IWu + fz’z(Wb, Wg = f3,1(Wa + f3’2(Wb + f3’3(WC, where (Wu, (Wb and Wc are
three independent Brownian motions.

For simplicity, we choose e/(u) = e,u (¢ = 1,2,3), where ¢, > 0, and we deal with the following
probabilistic model:

dS(t) = (A -DS(@) - BS®I(2))dt + S (t)del (1) + 1S (t2)dY(z),
dI(t) = (BS(OI({) — (D + Dy + O)I(r))dr + I(t)dez(t) + e [(t)dY (1),
dR,(t) = (CI() — DR,(1))dt + R,(t)dWS(?) + e3R,(t-)dY (¢),
S(0)=1.6,1(0) = 0.4,R,(0) = 0.04.

(3.2)

Remark 3.1. Indeed, we mention that the assumption Al is naturally verified and the quantity NS is
finite when p > a.

By applying the algorithm proposed in [20], we will exhibit some numerical illustrations in the case
of the unique-sided tempered process Y(¢) with n_ = 0. So, we selecta = 0.7, n, =2.8,¢. = ¢, = 1.2,
f171 = 02, fz,] = 016, f3’1 = 015, f272 = 012, f3,2 = 012, f3,3 = 01, e = 02, e = 0.8 and ez = 0.5.

For the stochastic system (3.2), the biological parameters are taken as follows: A = 8, B =
5.1, =53 ©;,=0.5, € =0.7. Then, A2 holds and 7, ; = 1.0948 > 1. In line with Theorem 2.1,
we infer the existence of a unique stationary distribution for each class which is exactly illustrated in
Figure 1. In the same Figure, we show the permanence of all trajectories. For a complete overview of
the marginal densities of the solution, we plot the two-dimensional empirical distribution in Figure 2.

Now, we select W =8, B=48, D=53 D,;=0.5, € =0.7. Based on the results demonstrated
in [24], we conclude that the illness will almost certainly go away because we have 7, ; = 0.9799 < 1.
To probe the effect of Lévy jumps in this case, we compare the solution of (3.2) with deterministic
solutions and free jumps. From Figure 3, we observe that the noise of the jumps leads to the extinction
of the infection whereas the non-stochastic solution and the paths without leaps both persist. This
means that jumps have a positive effect on the pandemic situation, and noise with infinite measure can
change the long-term behavior of the dynamical system.

AIMS Mathematics Volume 8, Issue 1, 1329-1344.



1338

Density

Density

Density

AIMS Mathematics

1600 T 1.6 . . . : : : : : :
S
1400 - E 145
1200 - E PREL
<
=
=]
1000 E SRR
s}
£
800 F - 5 08
=
=]
600 [ E 206
O
w
=
400 [ 1 A 04t
200 - E 02f
ol . _ o . . . . . . . . .
0 02 1.4 0 100 200 300 400 500 600 700 800 900 1000
Time (days)
1800 . . 2 : : : : : : : : :
—I(t)
1600 - 18k
1400 E
00 16+
2
1200 - E]
£ 14
L i 2
1000 =
£ 12
800 E g
g
S 1
600 E =]
E|
400 F E o8
200 E 06
0 L 1 1 _— 04 1 1 1 1 1 1 1 1 1
02 04 : 2 0 100 200 300 400 500 600 700 800 900 1000
1(1000) Time (days)
1400 045
—R()
04t
1200 F E
035
1000 . -
=}
3
800 F E 2
B oz
600 ] -g 02
g 0.15
400 F E o
041 F
200 - E
005 -
ol ) ) L I — o . . . . . . . . .
0 005 01 015 02 025 03 035 04 045 0 100 200 300 400 500 600 700 800 900 1000
R(1000) Time (days)

Figure 1. First column presents the frequency histogram fitting curves at time ¢ = 1000 and
the associated density functions, respectively. Second column presents the trajectories of the
stochastic solution.
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Figure 2. The 3D graph of the joint two-dimensional densities.
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Figure 3. Computer simulation of the trajectories of system (3.2), the deterministic solution
and the stochastic trajectories with only white noise.
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4. Conclusions

By considering correlated noise items and an infinite Lévy measure, in this research, we have
exhibited an analytical and numerical framework to explore the dynamics of our perturbed epidemic
model. Explicitly, we have studied the ergodic property by employing the lemma of mutually limited
possibilities and some analytical tools. Ergodicity indicates that the epidemic will prevail and persist in
long-term evolution. In the numerical simulations part, we have ensured the accuracy of our threshold.
Further, we explored the impact of noises and heavy tails on the infection dynamics. In particular, we
proved that jumps have a negative influence on the long-term behavior of the illness in the sense that
they lead to complete extinction.

Generally, we pointed out that this research upgrades many previous papers to the case of general
Lévy tails. In addition, it presents new insights into understanding illness spread with complex real-
world hypotheses. In other words, the method described in this paper opens up many possibilities for
future research.

Some fascinating topics deserve more attention. For example, we can consider our model
with fractal-fractional differentiation [28-31]. This framework is an attractive branch of applied
mathematics that deals with derivatives and integrals of non-integer order. Due to its amazing features,
it is preferred for describing and simulating real-world problems in various fields such as biological
mechanisms, material science, hydrological modeling, and economic phenomena [32-36]. We will
address this idea in our future work.
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