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Abstract: First, we prove uniform-in-e regularity estimates of local strong solutions to the Chern-
Simons-Schrodinger equations in R2. Here € is the dispersion coeflicient. Then we prove the global
well-posedness of strong solutions to the limit problem (e = 0).
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1. Introduction

In this paper, we consider the following Chern-Simons-Schrédinger equations [1,2]:

i0,0 + (€V + iA)¢ = Agd — Al + if(x, D), (1.1)
9,A — VAo = Im(epV*9) + A*|g), (1.2)
rotA = —%|¢|2 in R? x (0, 00), (1.3)
¢(-,0) = ¢o(-) in R?, (1.4)

A,
Az
constant representing the strength of interaction potential. € > 0 is the dispersion coefficient. i :=

V-1,V+ = 0 JAL = —A2 ,rot¢ = 029 = —V+¢ and rotA = 01A, — 0,A;. fisa
81 A] _61¢

complex smooth function.

The system (1.1)—(1.3) was proposed in [1,2] to deal with the electromagnetic phenomena in planar
domains, such as the fractional quantum Hall effect or high-temperature superconductivity.

The system (1.1)—(1.3) is invariant under the following gauge transformations:

where ¢ is the complex scalar field, Ay and A := ( ) are the real gauge fields. 4 > 0 is a coupling

¢ — g, Ag — Ag—dx, A — A= Vy, (1.5)
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where y : R*?*! — R is a smooth function. In this work, we fix the Coulomb gauge:
divA =0 in R*X (0, o). (1.6)

Taking div to (1.2), rot to (1.3), using rot?’A = —AA + Vdiv A and (1.6), we can reformulate (1.1)—
(1.3) as follows.

0,0 + €A + 2ieA - Vo — |APp = Ao — ApI*d + if o, (1.7)
—AAq = €lm(3,¢0,¢ — 029019) — 1ot (I9°A), (1.8)
AA = %rot oI in R? X (0, c0), (1.9)
¢(-,0) = ¢o(-) in R, (1.10)

Bergé-de Bouard-Saut [3] proved that the Cauchy problem is locally well-posed when ¢, € H>.
Huh [4] improved it to the case ¢y € H'. Lim [5] refined it to the case ¢y € H* for s > 1. In [3], the
authors also showed, by deriving a virial identity, that solutions blow up in finite time under certain
conditions. The existence of a standing wave solution has also been proved in [6,7]. Liu-Smith-
Tataru [8] proved the local well-posedness of (1.1)—(1.3) for small data ¢, € H” with any o > 0 under
the Lorentz (heat) gauge:

Ap =divA. (1.11)

Please see [9—13] for other studies of the problem (1.1)—(1.3).

All the above results dealt with the case e = 1. The aim of this paper is to prove the uniform
regularity estimates independent of € and prove the global well-posedness of strong solutions to the
limit problem (e = 0). We will prove

Theorem 1.1. Let ¢g € H® with s > 1. Then there exists Ty > 0 such that the problem (1.7)—(1.10) has
a unique local strong solution (¢, Ay, A) on [0, Ty] satisfying

sup sup [[(¢, VAo, VA)(-, Dllus < C. (1.12)

e€[0,1] t€[0,Ty]
Remark 1.1. Our approach is very much technically simpler than that in [5] when s > 1.
Remark 1.2. We are unable to prove a similar result for the Maxwell-Schrodinger system.

When € = 0, the problem (1.7)—(1.10) reads as follows.

0ip = —iAod — AP G + Al ¢ + f¢, (1.13)
AAy = rot (|p]*A), (1.14)
AA = %rot|¢|2, (1.15)
divA =0 in R? X (0, 00), (1.16)
¢(-,0) = ¢o(-) in R, (1.17)

We have

Theorem 1.2. Let ¢o € H°N L™ with s > 1. Then the problem (1.13)—(1.17) has a unique global strong
solution (¢, Ay, A) satisfying (1.12).
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Remark 1.3. For recent literature on the concept of “well-posedness,” we refer the reader to [14-16].
Regarding vanishing dispersion limit for related equations, see [17—19].

In the following proofs, we will use the bilinear commutator and product estimates due to Kato-
Ponce [20]:

IA*(f8) = fA gl < CAV Allen 1A gl + lglle IA° flle), (1.18)
IA (O < CULf Nz IA gl + IA° fllze2lIglle) (1.19)
1 1 1 1 1
withs>0,A::(—A)% and—=—+ —=—+

P po@ P @

2. Proof of Theorem 1.1

Since the local well-posedness of smooth solution is well-known [5], we only need to show (1.12).
(1.7) can be written as

0,0 = i€’ Ap — 2€A -V — iAgp — i|APPd + idlgl o + fo. 2.1)

Testing (2.1) by ¢, taking the real parts and using (1.5), we have

1d
35 | 1o =Re [ flopax <l
2dt
which gives
ligll2 < C. (2.2)
Applying A to (2.1), testing by A*¢, taking the real parts, and using (1.5), (1.17) and (1.18), we get

%d% f |A*¢|*dx = —2€Re f (A°(A- V@) —A- VA P)A pdx
—Re i f A*(Agp)A*pdx — Re i f AS(APP) A pdx

+ReAi f A’ (lp]*d)A*pdx + Re f AS(fP)A pdx
CIVAll-IA@I + C”V¢||LP||ASA”L[% 1A |2

IA

2
(p:: a3 if s<2 and p=4 if sZZ)

+CllAoll=IIABIIT, + Cligll=IA*Aoll 2 A Bl 2
+CIAIZIABIIZ, + Clill= Al A Al 2| A"l 2

+ClIBIE-NA BT, + CIAl=IABIT, + Clill=IA° Ul A @l 2. (2.3)
Noting
IVA[|~ + IIASAIIL;T:»2 +A*All < CIIVAll + CIIA™ Al
< Cligll7. + CIA (P2
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and

1A Aollr2

IANIA A

we obtain

Aol

due to (1.2), and

< Cliglizs + Cllpll=lIA@ll.2 < Il

ClIA*2div (Im(epV*¢) + A*|p*)II.2
CllglZs + CliglZIIAT All 2 + CllAllL=lll=IA* Bl 2
Cligllys + C,

CllAollzs + ClIA* Ayl

ClIVAll 4 + CIA* Aol

CligV*4ll, s + CIA ISPl 4 + CIIA Agllz2
CligllslIVellzz + ClHAIIz=lIBI” y + CIA Aol
Cligliy +C

INIAN N IA

IA

CllAll + CIA*All2
CIVAIl s + CIA™ All2

C||¢||§% + CIIN (P2
C||¢||§% + Cllgll =A@l
Clill%.

Al

IANIANIA A

IA

Inserting (2.4), (2.5), (2.6), and (2.7) into (2.3), we arrive at

which gives (1.12).
The proof is complete.

3. Proof of Theorem 1.2

First, we still have (2.2).
It is clear that

and thus

which yields

AIMS Mathematics

d
P fIAS¢|2dx < Cligllz: + C,

d _
Ew = (f + NIl < 2 Al=llgll7

!
IlI7 < llgollz + 2f I flle=ligll7dr,
0

¢l < C.

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

3.1)
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Applying V to (1.12), testing by V¢, taking the real parts and using (1.15), (2.2) and (3.1), we see

that
1d
_— Vol
2dtf| oPdx

—Rei f pVAVodx —Re i f PVIAP? - Vodx

+ARe i f #VpV|pl*dx + Re f V(f$)Vedx

Nl IVAoll2IVll2 + 21l Al VAl 4V 2

27 IIVBIT, + 1=Vl + Bl 1V fll 2Vl 2
CllIgPAll2IV4ll2 + ClIAI VANl I Vll2 + ClIVIZ. + C
CliglZslIAlL1Vll.2 + CIVAL 4 IIVAll IVl + CIIVEII, + C
CIVAIl 41IV8ll.2 + CIVAI 4 IVAIl+IV¢ll.2 + ClIVIIZ, + C
CllIgPll +IVllz + CligPll 4 1lgP 14V ell.2 + CUVIL, + C
ClIVeli7. + C,

IA

IAINIA A

IA

which implies

llpC, Dl < C. (3.2)
Here we have used the estimates
IVAIlLs < Clll¢lllze < C for 1< g < oo, (3.3)
and
IVAollz2 < ClIA @12 < ClIAllL < ClIVA[l 4 <C, (3.4)
On the other hand, noting that
lAollz= < CllAolls + CIIVAg||
< ClIVAll 4 + ClIVAllLs
< C|||¢|2A||Lg + CllIgI*All s
< (Al £C, 3.5
and
lA]l.= < CllA]ls + Cl[VA||+ < C. (3.6)

Then applying A*® to (1.12), testing by Asa, taking the real parts, using (1.18), (3.1), (3.5) and (3.6),
we obtain

%% f|Av¢|2dx = —Re lfAY(Aoqﬁ)ASadx —Re lfAS(|A|2¢)Ag5dx

+ARe i f A’(lp*d)A*pdx + Re f A(fo)A pdx

CllAollz=IA@IIZ, + Cligll=lIA* Aol A B2
+ClAIZ AT, + Cligll=IAlL=IA Al 2 A* Bl 2

IA
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+ClIPIZNA BT + Cllll=IABIT + Cllpll=IA° fll 2 1Al 2

ClIA I, + CIA Aol 2N Bl + CIUAAlllIA @l + C

CIIABIIT> + CIA* (PP AN G2 + CIA T (gl 1Al + C
CIIA @I, + CIAT ANl A Bl + CUA T Bl A Bl + C
ClIA’¢l. + C,

VAN VAN

IA

which leads to (1.12).
Here we have used the estimates

IAAllz < CIAT (g2
< CIN'¢ll2 < ClIA ¢l + C, (3.7)
and
IA*Aollz < CIA (9PA)lI.2
< CIN'¢li2 + CIAT Al 2
< C|IA°Pll;2 + C. 3.8)
The proof is complete. O

4. Conclusions

We have obtained the Sobolev estimates on local time interval uniformly in the dispersion coefficient
€ € (0,1]. Moreover, we have proved the existence and uniqueness of global solutions to the limit
problem € = 0.
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