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1. Introduction

In this paper, we consider the following Chern-Simons-Schrödinger equations [1, 2]:

i∂tφ + (ε∇ + iA)2φ = A0φ − λ|φ|
2φ + i f (x, t)φ, (1.1)

∂tA − ∇A0 = Im(εφ∇⊥φ) + A⊥|φ|2, (1.2)

rot A = −
1
2
|φ|2 in R2 × (0,∞), (1.3)

φ(·, 0) = φ0(·) in R2, (1.4)

where φ is the complex scalar field, A0 and A :=
(

A1

A2

)
are the real gauge fields. λ > 0 is a coupling

constant representing the strength of interaction potential. ε ≥ 0 is the dispersion coefficient. i :=
√
−1,∇⊥ :=

(
−∂2

∂1

)
, A⊥ :=

(
−A2

A1

)
, rot φ :=

(
∂2φ

−∂1φ

)
= −∇⊥φ and rot A := ∂1A2 − ∂2A1. f is a

complex smooth function.
The system (1.1)–(1.3) was proposed in [1,2] to deal with the electromagnetic phenomena in planar

domains, such as the fractional quantum Hall effect or high-temperature superconductivity.
The system (1.1)–(1.3) is invariant under the following gauge transformations:

φ→ φeiχ, A0 → A0 − ∂tχ, A→ A − ∇χ, (1.5)
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where χ : R2+1 → R is a smooth function. In this work, we fix the Coulomb gauge:

div A = 0 in R2 × (0,∞). (1.6)

Taking div to (1.2), rot to (1.3), using rot 2A = −∆A + ∇div A and (1.6), we can reformulate (1.1)–
(1.3) as follows.

i∂tφ + ε2∆φ + 2iεA · ∇φ − |A|2φ = A0φ − λ|φ|
2φ + i fφ, (1.7)

−∆A0 = εIm(∂1φ∂2φ − ∂2φ∂1φ) − rot (|φ|2A), (1.8)

∆A =
1
2

rot |φ|2 in R2 × (0,∞), (1.9)

φ(·, 0) = φ0(·) in R2. (1.10)

Bergé-de Bouard-Saut [3] proved that the Cauchy problem is locally well-posed when φ0 ∈ H2.
Huh [4] improved it to the case φ0 ∈ H1. Lim [5] refined it to the case φ0 ∈ H s for s ≥ 1. In [3], the
authors also showed, by deriving a virial identity, that solutions blow up in finite time under certain
conditions. The existence of a standing wave solution has also been proved in [6, 7]. Liu-Smith-
Tataru [8] proved the local well-posedness of (1.1)–(1.3) for small data φ0 ∈ Hσ with any σ > 0 under
the Lorentz (heat) gauge:

A0 = div A. (1.11)

Please see [9–13] for other studies of the problem (1.1)–(1.3).
All the above results dealt with the case ε = 1. The aim of this paper is to prove the uniform

regularity estimates independent of ε and prove the global well-posedness of strong solutions to the
limit problem (ε = 0). We will prove

Theorem 1.1. Let φ0 ∈ H s with s > 1. Then there exists T0 > 0 such that the problem (1.7)–(1.10) has
a unique local strong solution (φ, A0, A) on [0,T0] satisfying

sup
ε∈[0,1]

sup
t∈[0,T0]

‖(φ,∇A0,∇A)(·, t)‖Hs ≤ C. (1.12)

Remark 1.1. Our approach is very much technically simpler than that in [5] when s > 1.

Remark 1.2. We are unable to prove a similar result for the Maxwell-Schrödinger system.

When ε = 0, the problem (1.7)–(1.10) reads as follows.

∂tφ = −iA0φ − i|A|2φ + λi|φ|2φ + fφ, (1.13)
∆A0 = rot (|φ|2A), (1.14)

∆A =
1
2

rot |φ|2, (1.15)

div A = 0 in R2 × (0,∞), (1.16)
φ(·, 0) = φ0(·) in R2. (1.17)

We have

Theorem 1.2. Let φ0 ∈ H s∩L∞ with s ≥ 1. Then the problem (1.13)–(1.17) has a unique global strong
solution (φ, A0, A) satisfying (1.12).
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Remark 1.3. For recent literature on the concept of “well-posedness,” we refer the reader to [14–16].
Regarding vanishing dispersion limit for related equations, see [17–19].

In the following proofs, we will use the bilinear commutator and product estimates due to Kato-
Ponce [20]:

‖Λs( f g) − f Λsg‖Lp ≤ C(‖∇ f ‖Lp1 ‖Λ
s−1g‖Lq1 + ‖g‖Lp2 ‖Λ

s f ‖Lq2 ), (1.18)
‖Λs( f g)‖Lp ≤ C(‖ f ‖Lp1 ‖Λ

sg‖Lq1 + ‖Λs f ‖Lp2 ‖g‖Lq2 ) (1.19)

with s > 0,Λ := (−∆)
1
2 and

1
p

=
1
p1

+
1
q1

=
1
p2

+
1
q2

.

2. Proof of Theorem 1.1

Since the local well-posedness of smooth solution is well-known [5], we only need to show (1.12).
(1.7) can be written as

∂tφ = iε2∆φ − 2εA · ∇φ − iA0φ − i|A|2φ + iλ|φ|2φ + fφ. (2.1)

Testing (2.1) by φ, taking the real parts and using (1.5), we have

1
2

d
dt

∫
|φ|2dx = Re

∫
f |φ|2dx ≤ ‖ f ‖L∞‖φ‖2L2 ,

which gives
‖φ‖L2 ≤ C. (2.2)

Applying Λs to (2.1), testing by Λsφ, taking the real parts, and using (1.5), (1.17) and (1.18), we get

1
2

d
dt

∫
|Λsφ|2dx = −2εRe

∫
(Λs(A · ∇φ) − A · ∇Λsφ)Λsφdx

−Re i
∫

Λs(A0φ)Λsφdx − Re i
∫

Λs(|A|2φ)Λsφdx

+Reλi
∫

Λs(|φ|2φ)Λsφdx + Re
∫

Λs( fφ)Λsφdx

≤ C‖∇A‖L∞‖Λsφ‖2L2 + C‖∇φ‖Lp‖ΛsA‖
L

2p
p−2
‖Λsφ‖L2(

p :=
2

(2 − s)+
if s < 2 and p = 4 if s ≥ 2

)
+C‖A0‖L∞‖Λ

sφ‖2L2 + C‖φ‖L∞‖ΛsA0‖L2‖Λsφ‖L2

+C‖A‖2L∞‖Λ
sφ‖2L2 + C‖φ‖L∞‖A‖L∞‖ΛsA‖L2‖Λsφ‖L2

+C‖φ‖2L∞‖Λ
sφ‖2L2 + C‖ f ‖L∞‖Λsφ‖2L2 + C‖φ‖L∞‖Λs f ‖L2‖Λsφ‖L2 . (2.3)

Noting

‖∇A‖L∞ + ‖ΛsA‖
L

2p
p−2

+ ‖ΛsA‖L2 ≤ C‖∇A‖L2 + C‖Λs+1A‖L2

≤ C‖φ‖2L4 + C‖Λs(|φ|2)‖L2
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≤ C‖φ‖2L4 + C‖φ‖L∞‖Λsφ‖L2 ≤ ‖φ‖2Hs (2.4)

and

‖ΛsA0‖L2 ≤ C‖Λs−2div (Im(εφ∇⊥φ) + A⊥|φ|2)‖L2

≤ C‖φ‖2Hs + C‖φ‖2L∞‖Λ
s−1A‖L2 + C‖A‖L∞‖φ‖L∞‖Λs−1φ‖L2

≤ C‖φ‖4Hs + C, (2.5)

we obtain

‖A0‖L∞ ≤ C‖A0‖L4 + C‖ΛsA0‖L2

≤ C‖∇A0‖L
4
3

+ C‖ΛsA0‖L2

≤ C‖φ∇⊥φ‖
L

4
3

+ C‖A⊥|φ|2‖
L

4
3

+ C‖ΛsA0‖L2

≤ C‖φ‖L4‖∇φ‖L2 + C‖A‖L∞‖φ‖2
L

8
3

+ C‖ΛsA0‖L2

≤ C‖φ‖4Hs + C (2.6)

due to (1.2), and

‖A‖L∞ ≤ C‖A‖L4 + C‖Λs+1A‖L2

≤ C‖∇A‖
L

4
3

+ C‖Λs+1A‖L2

≤ C‖φ‖2
L

8
3

+ C‖Λs(|φ|2)‖L2

≤ C‖φ‖2
L

8
3

+ C‖φ‖L∞‖Λsφ‖L2

≤ C‖φ‖2Hs . (2.7)

Inserting (2.4), (2.5), (2.6), and (2.7) into (2.3), we arrive at

d
dt

∫
|Λsφ|2dx ≤ C‖φ‖6Hs + C, (2.8)

which gives (1.12).
The proof is complete. �

3. Proof of Theorem 1.2

First, we still have (2.2).
It is clear that

d
dt
|φ|2 = ( f + f )|φ|2 ≤ 2‖ f ‖L∞‖φ‖2L∞ ,

and thus

‖φ‖2L∞ ≤ ‖φ0‖
2
L∞ + 2

∫ t

0
‖ f ‖L∞‖φ‖2L∞dτ,

which yields
‖φ‖L∞ ≤ C. (3.1)
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Applying ∇ to (1.12), testing by ∇φ, taking the real parts and using (1.15), (2.2) and (3.1), we see
that

1
2

d
dt

∫
|∇φ|2dx = −Re i

∫
φ∇A0∇φdx − Re i

∫
φ∇|A|2 · ∇φdx

+λRe i
∫

φ∇φ∇|φ|2dx + Re
∫
∇( fφ)∇φdx

≤ ‖φ‖L∞‖∇A0‖L2‖∇φ‖L2 + 2‖φ‖L∞‖A‖L4‖∇A‖L4‖∇φ‖L2

+2λ‖φ‖2L∞‖∇φ‖
2
L2 + ‖ f ‖L∞‖∇φ‖2L2 + ‖φ‖L∞‖∇ f ‖L2‖∇φ‖L2

≤ C‖|φ|2A‖L2‖∇φ‖L2 + C‖A‖L4‖∇A‖L4‖∇φ‖L2 + C‖∇φ‖2L2 + C

≤ C‖φ‖2L8‖A‖L4‖∇φ‖L2 + C‖∇A‖
L

4
3
‖∇A‖L4‖∇φ‖L2 + C‖∇φ‖2L2 + C

≤ C‖∇A‖
L

4
3
‖∇φ‖L2 + C‖∇A‖

L
4
3
‖∇A‖L4‖∇φ‖L2 + C‖∇φ‖2L2 + C

≤ C‖|φ|2‖
L

4
3
‖∇φ‖L2 + C‖|φ|2‖

L
4
3
‖|φ|2‖L4‖∇φ‖L2 + C‖∇φ‖2L2 + C

≤ C‖∇φ‖2L2 + C,

which implies
‖φ(·, t)‖H1 ≤ C. (3.2)

Here we have used the estimates

‖∇A‖Lq ≤ C‖|φ|2‖Lq ≤ C for 1 < q < ∞, (3.3)

and
‖∇A0‖L2 ≤ C‖A⊥|φ|2‖L2 ≤ C‖A‖L4 ≤ C‖∇A‖

L
4
3
≤ C, (3.4)

On the other hand, noting that

‖A0‖L∞ ≤ C‖A0‖L4 + C‖∇A0‖L4

≤ C‖∇A0‖L
4
3

+ C‖∇A0‖L4

≤ C‖|φ|2A‖
L

4
3

+ C‖|φ|2A‖L4

≤ C‖A‖L4 ≤ C, (3.5)

and
‖A‖L∞ ≤ C‖A‖L4 + C‖∇A‖L4 ≤ C. (3.6)

Then applying Λs to (1.12), testing by Λsφ, taking the real parts, using (1.18), (3.1), (3.5) and (3.6),
we obtain

1
2

d
dt

∫
|Λsφ|2dx = −Re i

∫
Λs(A0φ)Λsφdx − Re i

∫
Λs(|A|2φ)Λsφdx

+λRe i
∫

Λs(|φ|2φ)Λsφdx + Re
∫

Λs( fφ)Λsφdx

≤ C‖A0‖L∞‖Λ
sφ‖2L2 + C‖φ‖L∞‖ΛsA0‖L2‖Λsφ‖L2

+C‖A‖2L∞‖Λ
sφ‖2L2 + C‖φ‖L∞‖A‖L∞‖ΛsA‖L2‖Λsφ‖L2
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+C‖φ‖2L∞‖Λ
sφ‖2L2 + C‖ f ‖L∞‖Λsφ‖2L2 + C‖φ‖L∞‖Λs f ‖L2‖Λsφ‖L2

≤ C‖Λsφ‖2L2 + C‖ΛsA0‖L2‖Λsφ‖L2 + C‖ΛsA‖L2‖Λsφ‖L2 + C

≤ C‖Λsφ‖2L2 + C‖Λs−1(|φ|2A)‖L2‖Λsφ‖L2 + C‖Λs−1(|φ|2)‖L2‖Λsφ‖L2 + C

≤ C‖Λsφ‖2L2 + C‖Λs−1A‖L2‖Λsφ‖L2 + C‖Λs−1φ‖L2‖Λsφ‖L2 + C

≤ C‖Λsφ‖2L2 + C,

which leads to (1.12).
Here we have used the estimates

‖ΛsA‖L2 ≤ C‖Λs−1(|φ|2)‖L2

≤ C‖Λs−1φ‖L2 ≤ C‖Λsφ‖L2 + C, (3.7)

and

‖ΛsA0‖L2 ≤ C‖Λs−1(|φ|2A)‖L2

≤ C‖Λs−1φ‖L2 + C‖Λs−1A‖L2

≤ C‖Λsφ‖L2 + C. (3.8)

The proof is complete. �

4. Conclusions

We have obtained the Sobolev estimates on local time interval uniformly in the dispersion coefficient
ε ∈ (0, 1]. Moreover, we have proved the existence and uniqueness of global solutions to the limit
problem ε = 0.
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15. S. Treanţă, S. Jha, On well-posedness associated with a class of controlled variational inequalities,
Math. Model. Nat. Phenom., 16 (2021), 52. https://doi.org/10.1051/mmnp/2021046
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