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1. Introduction

There have been many literatures on continuous dependence and structural stability for the past few
years, including those of Aulisa et al. [1], Celebi et al. [2,3], Liu et al. [4–6], Chen et al. [7,8],Ames and
Payne [9, 10], Ames and Straughan [11],Ciarletta and Straughan [12], Franchi and Straughan [13–16],
Lin and Payne [17,18], Li et al. [19–21], Straughan et al. [22,23] and Zhou et al. [24,25]. Particularly,
most researches focus on the continuous dependence on the boundary data, domain geometry, initial
time geometry, and the model itself. Hirsch and Smale [26] pointed out the necessity of studying
the continuous dependence of solutions. They emphasized the physical significance of this type of
research. This means that changes in the coefficients of partial differential equations may be physically
reflected through changes in constitutive parameters. We trust that mathematical analysis of these
equations will help to disclose their applicability in physics. Since inevitable errors occur in both
numerical calculations and physical measurements of data, continuous correlation results are very
important. It is relevant to understand the extent to which such errors affect the solution.

Harfash [27] researched a system of equations to describe the double-diffusion convection in
Darcy flow with magnetic field effect. The author assumed the magnetic fields with only the vertical
component which was a specific magnetic field. By establishing a priori results, the author illustrates
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that the solution of the equations depends continuously on changes in the magnetic force and gravity
vector coefficients. Some authors have paid attentions to similar problems. By employing Payne’s [28]
highly innovative procedure for obtaining a priori estimates, Ames and Payne [9] have established a
similar result for the Navier-Stokes equations. But it is necessary to restrict the size of the interval or
the size of the initial data in their result. A similar result for a Brinkman porous material and for the
Darcy equations of flow in porous media has been derived by Franchi and Straughan [29] and Payne
and Straughan [30], respectively.

In this paper, we assume that the Darcy flow with magnetic field effect occupies a bounded region
Ω in R3 and that the boundary of the region is denoted by ∂Ω which is sufficient smooth to use the
divergence theorem. The variables vi, T , C and p are the fluid velocity vector, the temperature, the salt
concentration and the pressure, respectively. The governing equations for Darcy flow with magnetic
field effect may be written as

vi = −p,i + giT + hiC + σ[(v × B0) × B0]i, (1.1)
T,t + viT,i = ∆T, (1.2)
C,t + viC,i = ∆C + γ∆T, (1.3)
vi,i = 0, (1.4)

where gi and hi are gravity vector terms arising in the density equation of state, ∆ is Laplacian operator,
γ is the Soret coefficient, σ is magnetic coefficient, and B0 = (0, 0, B0) is a magnetic field with only the
vertical component and v = (v1, v2, v3). In (1.1), we take a particular magnetic field, as in [27, 31].

On the boundary, we impose

vini = 0,
∂T
∂n

+ kT = F(x, t),
∂C
∂n

+ τC = G(x, t), on ∂Ω × {t > 0}, (1.5)

where F and G are positive functions, ni is the unit outward normal to ∂Ω and k and τ are
positive constants. Equation (1.5) may be thought of as expressing Newton’s law of cooling with
inhomogeneous outside temperature or inhomogeneous outside salt concentration, i.e.

∂T
∂n

= −k(T − Ta),
∂C
∂n

= −κ(C −Ca),

where Ta and Ca are the ambient outside temperature and the ambient outside salt concentration,
respectively. The initial conditions are written as

T (x, 0) = T0(x); C(x, 0) = C0(x); in Ω, (1.6)

for prescribed functions T0 and C0.
In our work, we still consider the same particular equations as in [27]. But our boundary conditions

is Newton’s law of cooling type with inhomogeneous outside temperature. Thus, the Sobolev
inequalities which are used in [27] are not available in our paper. Compared with [9], we no longer
need to impose special restrictions on the region Ω. So their method fails to handle the system in this
paper. In this paper, we derive the upper bounds of

∫
Ω

T 4dx and
∫

Ω
C4dx which are difficulty to obtain.

By using the these priori results, we derive the continuous dependence on the magnetic coefficient and
the boundary parameter. Throughout this paper, the usual summation convention is employed with
repeated Latin subscripts summed from 1 to 3. The comma is used to indicate partial differentiation,
i.e. ui, j = ∂ui

∂x j
, ui, jui, j = Σ3

i, j=1
∂ui
∂x j

.
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2. A priori bounds

In this section, we want to derive bounds for various norms of vi, T and C in term of known data
which will be used in the next sections. Before we derive these bounds, we prove some lemmas firstly.

Lemma 2.1. Let functions fi, (i = 1, 2, 3), defined on ∂Ω, be some functions such that

fini ≥ f0 > 0 , on ∂Ω, (2.1)

and

| fi,i| ≤ m1, | fi| ≤ m2, (2.2)

where f0 > 0 is a constant and m1, m2 are both positive constants. Then,

f0

∫
∂Ω

ϕ2dA ≤ m3

∫
Ω

ϕ2dx + α

∫
Ω

ϕ,iϕ,idx, (2.3)

for a function ϕ which is defined on the closure of the domain Ω. In (2.3), α > 0 is an arbitrary constant
which may be very small and m3 = (m1 +

m2
2
α

).

Proof. We began with the identity

( fiϕ
2),i = fi,iϕ

2 + 2 fiϕϕ,i. (2.4)

Integrating (2.4) over Ω, using (2.1) and the divergence theorem, we have

f0

∫
∂Ω

ϕ2dA ≤
∫

Ω

( fiϕ
2),idx =

∫
Ω

fi,iϕ
2dx + 2

∫
Ω

fiϕϕ,idx. (2.5)

The Hölder inequality and (2.2) allow us to obtain

f0

∫
∂Ω

ϕ2dA ≤ m1

∫
Ω

ϕ2dx + 2m2

( ∫
Ω

ϕ2dx
) 1

2
( ∫

Ω

ϕ,iϕ,idx
) 1

2
, (2.6)

from which it follows that

f0

∫
∂Ω

ϕ2dA ≤
(
m1 +

m2
2

α

) ∫
Ω

ϕ2dx + α

∫
Ω

ϕ,iϕ,idx. (2.7)

Lemma 2.2. Let T, v ∈ H1(Ω), T0 ∈ L2P(Ω) and F ∈ L2P(∂Ω). Then, the solution for (1.2) satisfies

sup
Ω×[0,ς]

|T | ≤ Tm,

where Tm = max{|T0|, |F|}.
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Proof. We began with

d
dt

∫
Ω

T 2pdx = 2p
∫

Ω

T 2p−1T,tdx.

Using (1.2), the divergence theorem and the Young inequality, we are leaded to

d
dt

∫
Ω

T 2pdx ≤ 2p
∫
∂Ω

T 2p−1FdA − 2pk
∫
∂Ω

T 2pdA − 2p(2p − 1)
∫

Ω

T 2p−2T,iT,idx

≤
(2p − 1)2p−1

(2pk)2p−1

∫
∂Ω

F2pdA.

An integration of this inequality allows that( ∫
Ω

T 2pdx
) 1

2p
≤

(2p − 1
2pk

∫
∂Ω

F2pdA +

∫
Ω

T 2p
0 dx

) 1
2p
.

Allowing p→ ∞, we obtain

sup
Ω×[0,ς]

|T | ≤ Tm,

where Tm depends on the initial-boundary conditions of T .

Lemma 2.3. Let T, v ∈ H1(Ω) and C be the solutions for (1.2) and (1.3) and T0,C0 ∈ C2(Ω), F,G ∈
C2(∂Ω × {t > 0}). Then, ∫

Ω

T 2dx ≤ A1(t),
∫

Ω

C2dx ≤ A2(t), (2.8)

where A1(t) and A2(t) are positive functions which will be given later.

Proof. Using (1.2) and the divergence theorem, we compute

1
2

d
dt

∫
Ω

T 2dx =

∫
Ω

TT,tdx =

∫
Ω

T [∆T − viT,i]dx

=

∫
∂Ω

T FdA − k
∫
∂Ω

T 2dA −
∫

Ω

T,iT,idx.
(2.9)

By the Hölder inequality and the Young inequality, from (2.9) we have

1
2

d
dt

∫
Ω

T 2dx +

∫
Ω

T,iT,idx ≤
1
4k

∫
∂Ω

F2dA. (2.10)

Integrating (2.10) from 0 to t, we have∫
Ω

T 2dx + 2
∫ t

0

∫
Ω

T,iT,idxdη ≤
1
2k

∫ t

0

∫
∂Ω

F2dAdη +

∫
Ω

T 2
0 dx � A1(t). (2.11)

From the identity ∫
Ω

C(C,t + viC,i − ∆C − γ∆T )dx = 0,
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we get

1
2

d
dt

∫
Ω

C2dx +

∫
Ω

C,iC,idx

=

∫
∂Ω

GCdA − τ
∫
∂Ω

C2dA + γ

∫
∂Ω

FCdA − kγ
∫
∂Ω

TCdA − γ
∫

Ω

T,iC,idx.
(2.12)

Upon employing the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality, we
can get ∫

∂Ω

GCdA ≤
1
τ

∫
∂Ω

G2dA +
τ

4

∫
∂Ω

C2dA,

γ

∫
∂Ω

FCdA ≤
γ2

τ

∫
∂Ω

F2dA +
τ

4

∫
∂Ω

C2dA,

kγ
∫
∂Ω

TCdA ≤
1
2τ

k2γ2
∫
∂Ω

T 2dA +
τ

2

∫
∂Ω

C2dA,

γ

∫
Ω

T,iC,idx ≤
1
2
γ2

∫
Ω

T,iT,idx +
1
2

∫
Ω

C,iC,idx.

We use these inequalities together with (2.12) to arrive at

d
dt

∫
Ω

C2dx +

∫
Ω

C,iC,idx

≤
2
τ

∫
∂Ω

G2dA +
2γ2

τ

∫
∂Ω

F2dA +
k2γ2

τ

∫
∂Ω

T 2dA + γ2
∫

Ω

T,iT,idx.
(2.13)

Letting ϕ = T in Lemma 2.1 and using (2.11), we have

f0

∫
∂Ω

T 2dA ≤ m3

∫
Ω

T 2dx + α

∫
Ω

T,iT,idx ≤ m3A1(t) + α

∫
Ω

T,iT,idx. (2.14)

Thus, (2.13) can be rewritten as

d
dt

∫
Ω

C2dx +

∫
Ω

C,iC,idx ≤
2
τ

∫
∂Ω

G2dA +
2γ2

τ

∫
∂Ω

F2dA +
k2m3γ

2

f0τ
A1(t) + 2γ2

∫
Ω

T,iT,idx, (2.15)

with α =
f0τ
k2 . An integration of (2.15) leads to∫

Ω

C2dx +

∫ t

0

∫
Ω

C,iC,idxdη ≤
2
τ

∫ t

0

∫
∂Ω

G2dAdη +
2γ2

τ

∫ t

0

∫
∂Ω

F2dAdη

+
k2m3γ

2

f0τ

∫ t

0
A1(η)dη + 2γ2

∫ t

0

∫
Ω

T,iT,idxdη +

∫
Ω

C2
0dx.

(2.16)

In light of (2.11), we have∫
Ω

C2dx +

∫ t

0

∫
Ω

C,iC,idxdη ≤
2
τ

∫ t

0

∫
∂Ω

G2dAdη +
2γ2

τ

∫ t

0

∫
∂Ω

F2dAdη

+
k2m3γ

2

f0τ

∫ t

0
A1(η)dη + γ2A1(t) +

∫
Ω

C2
0dx � A2(t).

(2.17)
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Lemma 2.4. Let T and C be the solutions for (1.2) and (1.3), and T, v ∈ H1(Ω), T0,C0 ∈ C4(Ω),
F,G ∈ C4(∂Ω × {t > 0}). Then, ∫

Ω

T 4dx ≤ A3(t),
∫

Ω

C4dx ≤ A4(t), (2.18)

where A3(t) and A4(t) will be given later.

Proof. We first let H be a solution of the problem

H,t + viH,i = ∆H, in Ω × {t > 0},
∂H
∂n

+ τH = G(x, t), on ∂Ω × {t > 0},

H(x, 0) = C0(x), in Ω.

(2.19)

Using (2.19) and the divergence theorem, we find

1
4

d
dt

∫
Ω

H4dx =

∫
Ω

H3H,tdx =

∫
Ω

H3[∆H − viH,i]dx

=

∫
∂Ω

H3GdA − τ
∫
∂Ω

H4dA −
3
4

∫
Ω

(H2),i(H2),idx.
(2.20)

By the Hölder inequality, we have∫
Ω

H4dx + 3
∫ t

0

∫
Ω

(H2),i(H2),idxdη ≤
27

64τ3

∫
∂Ω

G4dA +

∫
Ω

C4
0dx. (2.21)

From (2.21), it is clear that
∫

Ω
H4dx can be bounded by known data. Now, we set

ψ(x, t) = C − H.

Then, ψ satisfies the initial-boundary condition problem

ψ,t + viψ,i = ∆ψ + γ∆T, in Ω × {t > 0},
∂ψ

∂n
+ τψ = 0, on ∂Ω × {t > 0},

ψ(x, 0) = 0, in Ω.

(2.22)

Next, we also define a new function

Φ(t) = δ1

∫
Ω

T 4dx + δ2

∫
Ω

T 2ψ2dx +

∫
Ω

ψ4dx, (2.23)

where δ1 and δ2 are positive constants to be determined later. Now, it is easy to see that

Φ′(t) =4δ1

∫
Ω

T 3(∆T − viT,i)dx + 2δ2

∫
Ω

Tψ2(∆T − viT,i)dx

+ 2δ2

∫
Ω

T 2ψ(∆ψ + γ∆T − viψ,i)dx + 4
∫

Ω

ψ3(∆ψ + γ∆T − viψ,i)dx,
(2.24)
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from which we may get that

Φ′(t) = − 3δ1

∫
Ω

(T 2),i(T 2),idx − 3
∫

Ω

(ψ2),i(ψ2),idx − 2δ2

∫
Ω

(ψT,i + ψ,iT )(ψT,i + ψ,iT )dx

− 4δ2

∫
Ω

Tψψ,iT,idx − 4δ2γ

∫
Ω

TψT,iT,idx − 2δ2γ

∫
Ω

T 2ψ,iT,idx − 12γ
∫

Ω

ψ2ψ,iT,idx

− 4δ1k
∫
∂Ω

T 4dA − 4τ
∫
∂Ω

ψ4dA + 4δ1

∫
∂Ω

T 3FdA + 2δ2

∫
∂Ω

ψ2T FdA

+ 2δ2γ

∫
∂Ω

ψT 2FdA − 2δ2(k + τ)
∫
∂Ω

ψ2T 2dA − 2δ2kγ
∫
∂Ω

ψT 3dA

+ 4γ
∫
∂Ω

ψ3FdA − 4kγ
∫
∂Ω

ψ3TdA

=

16∑
1

Ji.

(2.25)

Now using the arithmetic-geometric mean and the Schwarz inequalities, we find that

J4 ≤
1
2
δ2ε1

∫
Ω

(T 2),i(T 2),idx +
δ2

2ε1

∫
Ω

(ψ2),i(ψ2),idx, (2.26)

and

J5 + J6 = − 4δ2γ

∫
Ω

TT,i[Tψ,i + T,iψ]dx + 2δ2γ

∫
Ω

T 2ψ,iT,idx

≤δ2ε2

∫
Ω

(T 2),i(T 2),idx +
δ2γ

2

ε2

∫
Ω

[Tψ,i + T,iψ][Tψ,i + T,iψ]dx

+ 2δ2T 2
mγ

( ∫
Ω

|∇ψ|2dx
∫

Ω

|∇T |2dx
) 1

2
,

(2.27)

where Tm is defined in Lemma 2.2. Furthermore,

J7 = − 12γ
∫

Ω

ψψ,i[ψT,i + ψ,iT ]dx + 12γ
∫

Ω

Tψ|∇ψ|2dx

≤3ε3

∫
Ω

(ψ2),i(ψ2),idx +
3γ2

ε3

∫
Ω

[Tψ,i + T,iψ][Tψ,i + T,iψ]dx

+ 3γ2ε4T 2
m

∫
Ω

|∇ψ|2dx +
3
ε4

∫
Ω

(ψ2),i(ψ2),idx,

(2.28)

Inserting (2.26)–(2.28) into (2.25), and using the Hölder and the Young inequalities to the integrals on
the boundary, we have
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Φ′(t) ≤ − (3δ1 −
1
2
δ2ε1 − δ2ε2)

∫
Ω

(T 2),i(T 2),idx − (3 −
δ2

2ε1
− 3ε3 −

3
ε4

)
∫

Ω

(ψ2),i(ψ2),idx

− (2δ2 −
δ2γ

2

ε2
−

3γ2

ε3
)
∫

Ω

(ψT,i + ψ,iT )(ψT,i + ψ,iT )dx

+ 2δ2T 2
mγ(

∫
Ω

|∇ψ|2dx
∫

Ω

|∇T |2dx)
1
2 + 3γ2ε4T 2

m

∫
Ω

|∇ψ|2dx

− (4δ1γ − 3δ1ε5 −
δ2ε7

2ε6
− δ2ε8 −

δ2(κ + τ)
ε10

−
3
2
δ2kγε11 − γε

−3
13 )

∮
∂Ω

T 4dA

− (4κ − δ2ε6 −
δ2ε9

2ε8
− δ2(κ + τ)ε10 −

1
2
δ2kε−3

11 − 3γε12 − 3γε13)
∮
∂Ω

ψ4dA

+ (δ1ε
−3
5 +

δ2

2ε6ε7
+

δ2

2ε8ε9
+ γε−3

12 )
∮
∂Ω

F4dA,

(2.29)

where εi (i = 1, 2, · · · , 13) are positive constants to be determined. To ensure that the coefficients of
the first three terms and the sixth and seventh terms to be non-positive, we choose that

δ1 = max{5γ4,
27γ3(k + τ)2

k
+ (

9
2

)
4
3 kγ3 +

1
2

(
9
2

)3γ
3

k3 }, δ2 = 6γ2,

ε1 = 3γ2, ε2 = γ2, ε3 =
1
2
, ε4 = 6, ε5 =

γ

3
, ε6 =

k
9γ2 , ε7 =

kδ1

54γ3 , ε8 =
δ1

12γ
,

ε9 =
kδ1

108γ3 , ε10 =
k

9(κ + τ)γ2 , ε11 =
3

√
9
2
γ, ε12 = ε13 =

2k
9γ
.

We drop the non-positive terms in (2.29) to have

Φ′(t) ≤2δ2T 2
mγ(

∫
Ω

|∇ψ|2dx
∫

Ω

|∇T |2dx)
1
2 + 6γ2ε4T 2

m

∫
Ω

|∇ψ|2dx

+ (δ1ε
−3
5 +

δ2

2ε6ε7
+

δ2

2ε8ε9
+ γε−3

12 )
∮
∂Ω

F4dA.

Using the arithmetic-geometric mean inequality and integrating the above formula from 0 to t, we
obtain

Φ(t) ≤ m̃1

∫ t

0

∫
Ω

|∇ψ|2dxdη + m̃2

∫ t

0

∫
Ω

|∇T |2dxdη + m̃3

∫ t

0

∮
∂Ω

F4dAdη, (2.30)

where m̃1 = δ2T 2
mγ + 6γ2ε4T 2

m, m̃2 = δ2T 2
mγ and m̃3 = (δ1ε

−3
5 + δ2

2ε6ε7
+ δ2

2ε8ε9
+ γε−3

12 ).
Next, we multiply (2.22)1 with ψ, integrate in Ω and use Cauchy-Schwarz’s inequality to obtain

d
dt
||ψ||2 = −2

∫
Ω

ψ,iψ,idx − 2τ
∫
∂Ω

ψ2dA − 2γ
∫

Ω

T,iψ,idx − 2γ
∫
∂Ω

FψdA − 2kγ
∫
∂Ω

TψdA

≤ −

∫
Ω

ψ,iψ,idx + γ2
∫

Ω

T,iT,idx +
γ2

τ

∫
∂Ω

F2dA +
k2γ2

τ

∫
∂Ω

T 2dA.
(2.31)
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In light of (2.14), (2.31) yields that

d
dt

∫
Ω

ψ2dx ≤ −
∫

Ω

ψ,iψ,idx +
(k2γ2α

f0τ
+ γ2

) ∫
Ω

T,iT,idx +
γ2

τ

∫
∂Ω

F2dA +
k2m3γ

2

f0τ
A1(t). (2.32)

Integrating (2.32) from 0 to t, we have∫
Ω

ψ2dx +

∫ t

0

∫
Ω

ψ,iψ,idxdη

≤
(k2γ2α

f0τ
+ γ2

) ∫ t

0

∫
Ω

T,iT,idxdη +
γ2

τ

∫ t

0

∫
∂Ω

F2dAdη +
k2m3γ

2

f0τ

∫ t

0
A1(η)dη.

(2.33)

With the aid of (2.11), inequality (2.33) can be rewritten as∫
Ω

ψ2dx +

∫ t

0

∫
Ω

ψ,iψ,idxdη

≤
1
2

(k2γ2α

f0τ
+ γ2

)
A1(t) +

γ2

τ

∫ t

0

∫
∂Ω

F2dAdη +
k2m3γ

2

f0τ

∫ t

0
A1(η)dη.

(2.34)

Inserting (2.34) into (2.30) and using (2.11) again, we have

Φ(t) ≤ m(t), (2.35)

where

m(t) =
1
2

m̃1

(k2γ2α

f0τ
+ γ2

)
A1(t) +

m̃1γ
2

τ

∫ t

0

∫
∂Ω

F2dAdη

+
m̃1k2m3γ

2

f0τ

∫ t

0
A1(η)dη +

m2

2
A1(t) + m̃3

∫ t

0

∫
∂Ω

F4dAdη.

Recalling the definition of Φ(t) in (2.23), we may get∫
Ω

|T |4dx ≤
1
δ1

m(t) � A3(t),
∫

Ω

|ψ|4dx ≤ m(t). (2.36)

By the triangle inequality, we have( ∫
Ω

C4dx
) 1

4
≤

( ∫
Ω

ψ4dx
) 1

4
+

( ∫
Ω

H4dx
) 1

4
.

Combining (2.21) and (2.36), we have ∫
Ω

C4dx ≤ A4(t), (2.37)

where

A4(t) =
{
m

1
4 (t) +

[ 27
64τ3

∫
∂Ω

G4dA +

∫
Ω

C4
0dx

] 1
4
}4
.

Next, we pay our attention to seek the bound for L2 norm of vi as well as∇v. We obtain the following
lemma which will be used in the continuous dependence proof.
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Lemma 2.5. Let vi, T and C are the solutions of (1.1)–(1.3) with the initial-boundary conditions (1.5)
and (1.6), and T0,C0 ∈ C4(Ω), F,G ∈ C4(∂Ω × {t > 0}). Then,∫

Ω

vividx ≤ A5(t),
∫ t

0

∫
Ω

vi, jvi, jdxdη ≤ A6(t), (2.38)

where A5(t) and A6(t) are positive functions which will be derived later.

Proof. We start with the identity∫
Ω

vividx =

∫
Ω

vi

{
− p,i + giT + hiC + σ[(v × B0) × B0]i

}
dx.

Since B0 = (0, 0, B0), it is clear that [(v × B0) × B0]i = B2
0(kiv3 − vi), where k = (k1, k2, k3) = (0, 0, 1).

Obviously,

[(v × B0) × B0]v = B2
0(kiv3 − vi)vi = −B2

0[v2
1 + v2

2] ≤ 0, (2.39)

so by the Hölder inequality and the arithmetic-geometric mean inequality, we have∫
Ω

vividx ≤ 2g2
∫

Ω

T 2dx + 2h2
∫

Ω

C2dx.

Combining (2.8) and Lemma 2.3, we obtain∫
Ω

vividx ≤ 2g2A1(t) + 2h2A2(t) � A5(t). (2.40)

We commence bounding the L2 norm for the velocity gradient. To do this, we split the velocity into
symmetric and skew parts. We write∫

Ω

vi, jvi, jdx =

∫
Ω

vi, j(vi, j − v j,i)dx +

∫
Ω

vi, jv j,idx. (2.41)

To bound the first term of (2.41), we use the Eq (1.1) to have∫
Ω

vi, j(vi, j − v j,i)dx =

∫
Ω

{−p,i j + giT, j + hiC, j + σB2
0(kiv3 − vi), j}vi, jdx

−

∫
Ω

{−p,i j + g jT,i + h jC,i + σB2
0(k jv3 − v j),i}vi, jdx

=

∫
Ω

(giT, j − g jT,i)vi, jdx +

∫
Ω

(hiC, j − h jC,i)vi, jdx

+ σB2
0

∫
Ω

(kiv3, j − k jv3,i)vi, jdx − σB2
0

∫
Ω

(vi, j − v j,i)vi, jdx.

(2.42)

Using Hölder inequality and arithmetic-geometric inequality again in (2.42), we arrive at∫
Ω

(giT, j − g jT,i)vi, jdx ≤
∫

Ω

(giT, j − g jT,i)(giT, j − g jT,i)dx +
1
4

∫
Ω

vi, jvi, jdx

= 2
∫

Ω

(g2T,iT,i − giT,ig jT, j)dx +
1
4

∫
Ω

vi, jvi, jdx

≤ 2
∫

Ω

(g2T,iT,i +
1
2

gigiT,iT,i +
1
2

g jg jT, jT, j)dx +
1
4

∫
Ω

vi, jvi, jdx

≤ 4g2
∫

Ω

T,iT,idx +
1
4

∫
Ω

vi, jvi, jdx.

(2.43)
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Similarly, we also have∫
Ω

(hiC, j − h jC,i)vi, jdx ≤ 4h2
∫

Ω

C,iC,idx +
1
4

∫
Ω

vi, jvi, jdx. (2.44)

In view of k = (0, 0, 1), the third term of (2.42) yields

σB2
0

∫
Ω

(kiv3, j − k jv3,i)vi, jdx =
1
2
σB2

0

∫
Ω

(kiv3, j − k jv3,i)(vi, j − v j,i)dx

=σB2
0

∫
Ω

kiv3, j(vi, j − v j,i)dx

=σB2
0

∫
Ω

v3, j(v3, j − v j,3)dx ≤ σB2
0

∫
Ω

(vi, j − v j,i)vi, jdx.

(2.45)

Inserting (2.43)–(2.45) into (2.42), we have∫
Ω

vi, j(vi, j − v j,i)dx ≤ 4g2
∫

Ω

T,iT,idx + 4h2
∫

Ω

C,iC,idx +
1
2

∫
Ω

vi, jvi, jdx. (2.46)

To handle the second term of (2.41), we use the divergence theorem and integrate by parts to obtain∫
Ω

vi, jv j,idx =

∫
∂Ω

vi, jv jnidA =

∫
∂Ω

(vini), jv jdA −
∫
∂Ω

viv jni, jdA. (2.47)

The first term of (2.47) is zero, since vini = 0 on ∂Ω. If the region Ω is convex, Lin and Payne [18]
state

∫
∂Ω

viv jni, jdA ≥ 0 which leads to ∫
Ω

vi, jv j,idx ≤ 0.

For non-convex Ω, ∫
Ω

vi, jv j,idx ≤ k0

∫
∂Ω

vividA.

Using Lemma 2.1 with ϕ = vi, we conclude that∫
Ω

vi, jv j,idx ≤
k0m3

f0

∫
Ω

vividx +
k0

f0
α

∫
Ω

vi, jvi, jdx. (2.48)

Choosing α =
f0

4k0
and then inserting (2.46) and (2.48) into (2.41), we have∫

Ω

vi, jvi, jdx ≤ 4g2
∫

Ω

T,iT,idx + 4h2
∫

Ω

C,iC,idx +
k0m3

f0

∫
Ω

vividx +
3
4

∫
Ω

vi, jvi, jdx,

from which it follows that∫
Ω

vi, jvi, jdx ≤ 16g2
∫

Ω

T,iT,idx + 16h2
∫

Ω

C,iC,idx +
4k0m3

f0

∫
Ω

vividx.

By (2.11), (2.19) and (2.48), we have∫ t

0

∫
Ω

vi, jvi, jdxdη ≤ 8g2A1(t) + 16h2A2(t) +
4k0m3

f0

∫ t

0
A5(η)dη � A6(t),

where we have used (2.11), (2.17) and (2.40).
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3. Continuous dependence on the coefficient σ

Let (vi, p,T,C) and (v∗i , p∗,T ∗,C∗) be the solutions to the problem (1.1)–(1.6) for the same initial-
boundary data, but for different magnetic coefficients σ1 and σ2, respectively. Differential variables wi,
π, θ, Σ and σ are defined by

wi = vi − v∗i , θ = T − T ∗, Σ = C −C∗, π = p − p∗, σ = σ1 − σ2.

Then,

wi = −π,i + giθ + hiΣ + σ[(v∗ × B0) × B0]i + σ1[(w × B0) × B0]i, (3.1)
θ,t + v∗i θ,i + wiT,i = ∆θ, (3.2)
Σ,t + v∗i Σ,i + wiC,i = ∆Σ + γ∆θ, (3.3)
wi,i = 0, (3.4)

with the initial-boundary conditions

wini = 0,
∂θ

∂n
= −kθ,

∂Σ

∂n
= −τΣ, on ∂Ω × {t > 0}, (3.5)

θ(x, 0) = Σ(x, 0) = 0, x ∈ Ω. (3.6)

We have the following theorem.

Theorem 3.1. If T0,C0 ∈ L∞(Ω), F,G ∈ C4(∂Ω × {t > 0}), then the solutions of (1.1)–(1.6) depend
continuously on the magnetic coefficient σ, as shown explicit in inequalities (3.26) and (3.27) which
derives a relation of the form

β

∫
Ω

θ2dx +

∫
Ω

Σ2dx ≤ L1σ
2,

and ∫
Ω

wiwidx ≤ L2σ
2,

where L1 and L2 are priori constants and β > 0 is a computable constant.

Proof. Multiplying (3.16) with wi and integrating over Ω, then using Cauchy-Schwarz’s inequality and
the arithmetic-geometric mean inequality, we obtain∫

Ω

wiwidx ≤g
( ∫

Ω

θ2dx
) 1

2
( ∫

Ω

wiwidx
) 1

2
+ h

( ∫
Ω

Σ2dx
) 1

2
( ∫

Ω

wiwidx
) 1

2

+ σB2
0

∫
Ω

(kiv∗3 − v∗i )widx + σ1B2
0

∫
Ω

(kiw3 − wi)widx,
(3.7)

where g = max{
√

gigi}, h = max{
√

hihi}. Since k = (0, 0, 1), it is easy to find

σ1B2
0

∫
Ω

(kiw3 − wi)widx ≤ 0 (3.8)
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as in (2.39). By the Cauchy-Schwarz inequality, we have

σB2
0

∫
Ω

(kiv∗3 − v∗i )widx ≤ σB2
0

( ∫
Ω

(v∗3)2dx
) 1

2
( ∫

Ω

wiwidx
) 1

2
+ σB2

0

( ∫
Ω

v∗i v∗i dx
) 1

2
( ∫

Ω

wiwidx
) 1

2

≤ 2σB2
0

( ∫
Ω

v∗i v∗i dx
) 1

2
( ∫

Ω

wiwidx
) 1

2
. (3.9)

Inserting (3.8) and (3.9) into (3.7) and applying the arithmetic-geometric mean inequality, we have∫
Ω

wiwidx ≤ 4g2
∫

Ω

θ2dx + 4h2
∫

Ω

Σ2dx + 8σ2B4
0

∫
Ω

v∗i v∗i dx. (3.10)

In view of (2.38) in Lemma 2.5, from (3.10) we have∫
Ω

wiwidx ≤ 4g2
∫

Ω

θ2dx + 4h2
∫

Ω

Σ2dx + 8σ2B4
0A5(t). (3.11)

Next, we compute

d
dt

(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)

=2β
∫

Ω

θθ,tdx + 2
∫

Ω

ΣΣ,tdx

=2β
∫

Ω

θ[∆θ − v∗i θ,i − wiT,i]dx + 2
∫

Ω

Σ[∆Σ + γ∆θ − v∗i Σ,i − wiC,i]dx

= − 2β
∫

Ω

θ,iθ,idx − 2
∫

Ω

Σ,iΣ,idx − 2βk
∫
∂Ω

θ2dA − 2τ
∫
∂Ω

Σ2dA

+ 2β
∫

Ω

θ,iwiTdx + 2
∫

Ω

Σ,iwiCdx − 2γ
∫

Ω

θ,iΣ,idx − 2kγ
∫
∂Ω

θΣdA.

(3.12)

Using Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality and Lemma 2.4,
we have

2β
∫

Ω

θ,iwiTdx ≤ 2β
( ∫

Ω

θ,iθ,idx
) 1

2
( ∫

Ω

(wiwi)2dx
) 1

4
( ∫

Ω

T 4dx
) 1

4

≤ β

∫
Ω

θ,iθ,idx + β
( ∫

Ω

(wiwi)2dx
) 1

2 A
1
2
3 (t),

(3.13)

and

2
∫

Ω

Σ,iwiCdx ≤
∫

Ω

Σ,iΣ,idx +
( ∫

Ω

(wiwi)2dx
) 1

2 A
1
2
4 (t). (3.14)

Inserting these two inequalities into (3.12) and using the Cauchy-Schwarz inequality in the last two
terms on the right of (3.12), we have

d
dt

(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)
≤ −

(
β −

γ

β1

) ∫
Ω

θ,iθ,idx − (1 − γβ1)
∫

Ω

Σ,iΣ,idx

− k(2β −
γ

β2
)
∫
∂Ω

θ2dA − (2τ − kγβ2)
∫
∂Ω

Σ2dA

+
( ∫

Ω

(wiwi)2dx
) 1

2
[
βA

1
2
3 (t) + A

1
2
4 (t)

]
,

(3.15)
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for some arbitrary positive constants β1 and β2.
Now, we use the bound for L4 norm of wi which has been derived in [18] (see (B.17)). We write

here as the form ( ∫
Ω

(wiwi)2dx
) 1

2
≤ M

{
(1 +

δ

4
)
∫

Ω

wiwidx +
3
4
δ−

1
3

∫
Ω

wi, jwi, jdx
}
, (3.16)

where M is a positive computable constant and δ > 0 is an arbitrary constant. To get the bound for∫
Ω

wi, jwi, jdx, we use a similar methods which were used in (2.41) and (2.48) with α =
f0

2k0
to have∫

Ω

wi, jwi, jdx ≤ 2
∫

Ω

wi, j(wi, j − w j,i)dx +
2k0m3

f0

∫
Ω

wiwidx. (3.17)

To handle the first term of (3.17), we compute∫
Ω

(wi, j − w j,i)(wi, j − w j,i)dx

=2
∫

Ω

wi, j(wi, j − w j,i)dx

=2
∫

Ω

wi, j[−π,i j + giθ, j + hiΣ, j + σB2
0(kiv∗3, j − v∗i, j) + σ1B2

0(kiw3, j − wi, j)]dx

− 2
∫

Ω

wi, j[−π,i j + g jθ,i + h jΣ,i + σB2
0(k jv∗3,i − v∗j,i) + σ1B2

0(k jw3, j − w j,i)]dx

=2
∫

Ω

[giθ, j − g jθ,i]wi, jdx + 2
∫

Ω

[g jΣ,i − giΣ, j]wi, jdx

+ 2σB2
0

∫
Ω

[kiv∗3, j − k jv∗3,i]wi, jdx − 2σB2
0

∫
Ω

[v∗i, j − v∗j,i]wi, jdx

+ 2σ1B2
0

∫
Ω

[kiw3, j − k jw3,i]wi, jdx − 2σ1B2
0

∫
Ω

[wi, j − w j,i]wi, jdx.

(3.18)

Using the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality, we have

2
∫

Ω

[giθ, j − g jθ,i]wi, jdx =

∫
Ω

[giθ, j − g jθ,i][wi, j − w j,i]dx = 2
∫

Ω

giθ, j[wi, j − w j,i]dx

≤ 8g2
∫

Ω

θ, jθ, jdx +
1
8

∫
Ω

(wi, j − w j,i)(wi, j − w j,i)dx

≤ 8g2
∫

Ω

θ, jθ, jdx +
1
4

∫
Ω

(wi, j − w j,i)wi, jdx,

(3.19)

and

2
∫

Ω

[hiΣ, j − h jΣ,i]wi, jdx ≤ 8h2
∫

Ω

Σ, jΣ, jdx +
1
4

∫
Ω

(wi, j − w j,i)wi, jdx. (3.20)

Using the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality, we have

2σB2
0

∫
Ω

[kiv∗3, j − k jv∗3,i]wi, jdx − 2σB2
0

∫
Ω

[v∗i, j − v∗j,i]wi, jdx

=2σB2
0

∫
Ω

kiv∗3, j[wi, j − w j,i]dx − 2σB2
0

∫
Ω

v∗i, j[wi, j − w j,i]dx

≤8σ2B4
0

∫
Ω

v∗3, jv
∗
3, jdx + 8σ2B4

0

∫
Ω

v∗i, jv
∗
i, jdx +

1
2

∫
Ω

(wi, j − w j,i)wi, jdx.

(3.21)
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Since k = (0, 0, 1), we have

2σ1B2
0

∫
Ω

[kiw3, j − k jw3,i]wi, jdx

= 2σ1B2
0

∫
Ω

kiw3, j(wi, j − w j,i)dx

= 2σ1B2
0

∫
Ω

w3, j(w3, j − w j,3)dx

≤ 2σ1B2
0

∫
Ω

wi, j(wi, j − w j,i)dx.

(3.22)

Inserting (3.19)–(3.21) and (3.22) into (3.18), we obtain∫
Ω

wi, j(wi, j − w j,i)dx ≤ 8g2
∫

Ω

θ, jθ, jdx + 8h2
∫

Ω

Σ, jΣ, jdx + 8σ2B4
0

∫
Ω

v∗3, jv
∗
3, jdx + 8σ2B4

0

∫
Ω

v∗i, jv
∗
i, jdx.

It follows from (3.17) that∫
Ω

wi, jwi, jdx ≤16g2
∫

Ω

θ, jθ, jdx + 16h2
∫

Ω

Σ, jΣ, jdx

+ 16σ2B4
0

∫
Ω

v∗3, jv
∗
3, jdx + 16σ2B4

0

∫
Ω

v∗i, jv
∗
i, jdx +

2k0m3

f0

∫
Ω

wiwidx.
(3.23)

Combining (3.15), (3.16) and (3.23), we conclude

d
dt

(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)
≤ − M1

∫
Ω

θ,iθ,idx − M2

∫
Ω

Σ,iΣ,idx − M3

∫
∂Ω

θ2dA

− M4

∫
∂Ω

Σ2dA + M5

∫
Ω

wiwidx[βA
1
2
3 (t) + A

1
2
4 (t)]

+ M6σ
2
[ ∫

Ω

v∗3, jv
∗
3, jdx +

∫
Ω

v∗i, jv
∗
i, jdx

][
βA

1
2
3 (t) + A

1
2
4 (t)

]
,

(3.24)

where

M1 = β −
γ

β1
− 12g2Mδ−

1
3 [βA

1
2
3 (t) + A

1
2
4 (t)],

M2 = 1 − γβ1 − 12h2Mδ−
1
3 [βA

1
2
3 (t) + A

1
2
4 (t)],

M3 = k(2β −
γ

β2
), M4 = 2τ − kγβ2,

M5 = M(1 +
1
4
δ +

3
4
δ−

1
3 ), M6 = 12Mδ−

1
3 B4

0.

Choosing β1 = 1
2γ , β2 = 2τ

kγ and β = max{ kγ
2

4τ , 2γ
2}, we note that M3 > 0, M4 = 0, β − γ

β1
> 0 and

1 − γβ1 > 0. Since the constant δ is at our disposal then provided A3(t) and A4(t) are bounded, we
may choose δ so large that M1 ≥ 0 and M2 ≥ 0. Dropping the non-positive terms in (3.24) and using
Lemma 2.5 and (3.11), we have

d
dt

(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)
≤ F1(t)

(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)

+ σ2F2(t), (3.25)
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where

F1(t) = 4M5(βA
1
2
3 (t) + A

1
2
4 (t)) max{

g2

β
, h2},

F2(t) = 8M5(βA
1
2
3 (t) + A

1
2
4 (t))B4

0A5(t) + 2M6(βA
1
2
3 (t) + A

1
2
4 (t))B4

0A6(t).

From (3.25), we have

d
dt

{(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)

exp
(
−

∫ t

0
F1(η)dη

)}
≤ σ2F2(t) exp

(
−

∫ t

0
F1(η)dη

)
,

which follows that

β

∫
Ω

θ2dx +

∫
Ω

Σ2dx ≤ σ2
∫ t

0
F2(t) exp

(
−

∫ t

η

F1(ζ)dζ
)
dη. (3.26)

This is the continuous dependence result we want to prove. By (3.11), we may obtain the continuous
dependence for v, ∫

Ω

wiwidx ≤ σ2
[ ∫ t

0
F2(t) exp

(
−

∫ t

η

F1(ζ)dζ
)
dη + 8B4

0A5(t)
]
. (3.27)

4. Continuous dependence on the cooling coefficients

In this section, we derive the continuous dependence on the cooling coefficients and we let
(ui, p,T,C) and (u∗i , p∗,T ∗,C∗) be the solutions to the problem (1.1)–(1.3) for the same initial-boundary
data and the same F and G, but for different the cooling coefficients k1, k2, τ1 and τ2, respectively. As
in Section 3, we still set

wi = vi − v∗i , θ = T − T ∗, Σ = C −C∗, π = p − p∗, k = k1 − k2, τ = τ1 − τ2.

Then (wi, θ,Σ, π) satisfy

wi = −π,i + giθ + hiΣ + σ[(w × B0) × B0]i, (4.1)
θ,t + v∗i θ,i + wiT,i = ∆θ, (4.2)
Σ,t + v∗i Σ,i + wiC,i = ∆Σ + γ∆θ, (4.3)
wi,i = 0, (4.4)

with the initial-boundary conditions

wini = 0,
∂θ

∂n
+ k1θ = −kT ∗,

∂Σ

∂n
+ τ1Σ = −τC∗, on ∂Ω × {t > 0}, (4.5)

θ(x, 0) = Σ(x, 0) = 0, x ∈ Ω. (4.6)

We now prove the following theorem.
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Theorem 4.1. If T0,C0 ∈ L∞(Ω), F,G ∈ C4(∂Ω × {t > 0}), then the solution of Eq (1.1)–(1.3) with
initial-boundary conditions (1.5) and (1.6) depends continuously on the boundary parameters k and τ
in the sense that

β

∫
Ω

θ2dx +

∫
Ω

Σ2dx ≤ L3k2 + L4τ
2.

Further, v depends continuously on k and τ in the manner∫
Ω

wiwidx ≤ L5k2 + L6τ
2,

where L3–L6 are a priori constants.

Proof. Employing a similar methods of the last section, we have∫
Ω

wiwidx ≤ 4g2
∫

Ω

θ2dx + 4h2
∫

Ω

Σ2dx, (4.7)

and ∫
Ω

wi, jwi, jdx ≤ 16g2
∫

Ω

θ, jθ, jdx + 16h2
∫

Ω

Σ, jΣ, jdx +
8k0m3

f0

(
g2

∫
Ω

θ2dx + h2
∫

Ω

Σ2dx
)
. (4.8)

By using (4.2), (4.3) and the divergence theorem, as the calculation in (3.12), we get

d
dt

(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)

= − 2β
∫

Ω

θ,iθ,idx − 2
∫

Ω

Σ,iΣ,idx − 2βk1

∫
∂Ω

θ2dA

− 2βk
∫
∂Ω

θT ∗dA − 2τ1

∫
∂Ω

Σ2dA − 2τ
∫
∂Ω

ΣC∗dA + 2β
∫

Ω

θ,iwiTdx

+ 2
∫

Ω

Σ,iwiCdx − 2γ
∫

Ω

θ,iΣ,idx − 2k1γ

∫
∂Ω

θΣdA − 2kγ
∫
∂Ω

T ∗ΣdA.

(4.9)

We note that (3.13) and (3.14) are still valid in this section. We inserting them into (4.9) and use
Cauchy-Schwarz inequality in the other terms on the right of (4.9) to have

d
dt

(β
∫

Ω

θ2dx +

∫
Ω

Σ2dx)

≤ − (β −
γ

β1
)
∫

Ω

θ,iθ,idx − (1 − γβ1)
∫

Ω

Σ,iΣ,idx

− (2βk1 − ββ3 −
k1γ

β2
)
∫
∂Ω

θ2dA − (2τ1 − β4 − k1γβ2 − γβ5)
∫
∂Ω

Σ2dA

+
( ∫

Ω

(wiwi)2dx
) 1

2 [βA
1
2
3 (t) + A

1
2
4 (t)] + k2(

β

β3
+
γ

β5
)
∫
∂Ω

(T ∗)2dA +
τ2

β4

∫
∂Ω

(C∗)2dA.

(4.10)

We use the inequality (3.16) again and use (4.8) to have∫
Ω

(wiwi)2dx ≤ M
{ ∫

Ω

wiwidx + δ−
1
3
[ ∫

Ω

θ,iθ,idx +

∫
Ω

Σ,iΣ,idx
]}
, (4.11)
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where M is a positive computable constant. Inserting (4.11) into (4.10) and letting

β1 =
1
γ
, β2 =

τ1

2k1γ
, β3 = k1, β4 = τ1, β5 =

τ1

2γ
,

and then choosing β and δ large enough such that the coefficients of the first four terms of (4.10) are
non-positive, we have

d
dt

(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)

≤M
∫

Ω

wiwidx
[
βA

1
2
3 (t) + A

1
2
4 (t)

]
+ k2

( β
β3

+
γ

β5

) ∫
∂Ω

(T ∗)2dA +
τ2

β4

∫
∂Ω

(C∗)2dA,
(4.12)

where we have dropped the non-positive terms. Now, we derive bounds for the integrals on ∂Ω. Using
Lemma 2.1, we find ∫

∂Ω

(T ∗)2dA ≤
m3

f0

∫
Ω

(T ∗)2dx +

∫
Ω

T ∗,iT
∗
,idx, (4.13)

and ∫
∂Ω

(C∗)2dA ≤
m3

f0

∫
Ω

(C∗)2dx +

∫
Ω

C∗,iC
∗
,idx, (4.14)

where we have chosen α = 1. Inserting (4.13) and (4.14) into (4.12) and recalling (2.8) and (4.7),
we have

d
dt

(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)
≤F̃1(t)

[
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
]

+ k2
( β
β3

+
γ

β5

)m3

f0
A1(t)

+ k2
( β
β3

+
γ

β5

) ∫
Ω

T ∗,iT
∗
,idx +

τ2m3

f0β4
A2(t) +

τ2

β4

∫
Ω

C∗,iC
∗
,idx,

(4.15)

where

F̃1(t) = 4M max{
g2

β
, h2}

[
βA

1
2
3 (t) + A

1
2
4 (t)

]
.

It is obvious that (4.15) yields that

d
dt

[(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)
· exp

(
−

∫ t

0
F̃1(η)dη

)]
≤
{
k2

( β
β3

+
γ

β5

)m3

f0
A1(t) + k2

( β
β3

+
γ

β5

) ∫
Ω

T ∗,iT
∗
,idx

+
τ2m3

f0β4
A2(t) +

τ2

β4

∫
Ω

C∗,iC
∗
,idx} · exp

(
−

∫ t

0
F̃1(η)d

)
≤k2

( β
β3

+
γ

β5

)m3

f0
A1(t) + k2

( β
β3

+
γ

β5

) ∫
Ω

T ∗,iT
∗
,idx +

τ2m3

f0β4
A2(t) +

τ2

β4

∫
Ω

C∗,iC
∗
,idx,

(4.16)

where we have used the fact exp
(
−

∫ t

0
F̃1(η)dη

)
≤ 1 for t > 0.
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Integrating (4.16) from 0 to t leads to(
β

∫
Ω

θ2dx +

∫
Ω

Σ2dx
)
· exp

(
−

∫ t

0
F̃1(η)dη

)
≤k2

( β
β3

+
γ

β5

)m3

f0

∫ t

0
A1(η)dη + k2

( β
β3

+
γ

β5

) ∫ t

0

∫
Ω

T ∗,iT
∗
,idxdη

+
τ2m3

f0β4

∫ t

0
A2(η)dη +

τ2

β4

∫ t

0

∫
Ω

C∗,iC
∗
,idxdη.

(4.17)

Using (2.11) and (2.17) in (4.17) and setting

F̃2(t) =
( β
β3

+
γ

β5

)[m3

f0

∫ t

0
A1(η)dη +

1
2

A1(t)
]
, F̃3(t) =

1
β4

[ m3

f0A2(t)
+

∫ t

0
A2(η)dη

]
, (4.18)

we obtain

β

∫
Ω

θ2dx +

∫
Ω

Σ2dx ≤ k2F̃2(t) · exp
( ∫ t

0
F̃1(η)dη

)
+ τ2F̃3(t) · exp

( ∫ t

0
F̃1(η)dη

)
. (4.19)

This is the continuous dependence result for T and C. The continuous dependence for vi follows
directly from (4.7).

5. Conclusions

In this paper, the continuous dependence of the solution is obtained by using the methods of
energy estimate and a priori estimates. The main innovation is to deal with the influence of boundary
conditions and magnetic field. The structural stability of boundary parameters and magnetic field
coefficients is proved.
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