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Abstract: In this work, we propose and investigate a new predator-prey model with strong Allee effect
in prey and Holling type II functional response in predator. By performing a comprehensive dynamical
analysis, we first derive the existence and stability of all the possible equilibria of the system and the
system undergoes two transcritical bifurcations and one Hopf-bifurcation. Next, we have calculated the
first Lyapunov coefficient and find the Hopf-bifurcation in this model is supercritical and a stable limit
cycle is born. Then, by comparing the properties of the system with and without Allee effect, we show
that the strong Allee effect is of great importance to the dynamics. It can drive the system to instability.
Specifically, Allee effect can increase the extinction risk of populations and has the ability to switch
the system’s stability to limit cycle oscillation from stable node. Moreover, numerical simulations are
presented to prove the validity of our findings.
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1. Introduction

In the field of mathematical ecology, mathematical models are extensively used to explore and
describe the complex interactions among individuals and between individuals and their surroundings
by many scholars [1-5]. Especially, the predator-prey models have received great attention over the
last one hundred years. Since the classical two species Lotka-Volterra model was put forward [1], there
are a great many of experiments and papers investigating the interactions between predators and prey
from each aspect [6—10]. Such as, in [7] the authors studied the complex dynamics of a predator-prey
model with the nonlinear Michaelis-Menten type predator harvesting. Li et al. [8] proposed a Leslie-
Gower predator-prey model with simplified Holling-type IV functional response. In [10] S. Djilali and
S. Bentout proposed a delayed diffusive predator-prey model with prey social behavior and predator
harvesting, and analyzed the dynamics of the deterministic model and diffusive model.
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In recent years, it is widely recognized the Allee effect has important significance on the population
dynamical relation and may make the dynamics more richer. Specifically, Allee effect refers to a
positive correlation between population density and individual average fitness when the population
is small [11, 12]. From the view point of ecology, Allee effect on species can occur under some
mechanisms, such as the change of habitat, inbreeding depression, difficulties in finding a spouse,
avoiding predators, and the predation risk caused by environment conditions [13—15]. Moreover, the
Allee effect is mainly divided into two forms: Strong and weak [16]. The strong Allee effect denotes
the negative per capita growth rate when population density is below the so-called Allee threshold and
the growth rate becomes positive when the population density is above this threshold [17]. This means,
the population must surpass the threshold to grow. Contrarily, a population with a weak Allee effect
has no such above threshold and the weak Allee effect means that when the species density is low,
the per capita growth rate becomes small, but remains positive [18, 19]. This implies the Allee effect
may lead to much more complex dynamics and thereby affect the survival of the population. In fact
in [20], Hilker et al. have introduced the strong Allee effect in a simple epidemic model [21,22] and
shown that Allee effect can induce surprisingly rich dynamical behaviors, like periodic oscillations,
multiple alternative steady states and homoclinic loops with the extinction of host populations. The
complexity reveals, the introduction of the Allee effect in mathematical systems has important practical
significance to the study of long-term species morphology and the development of species. This could
have far-reaching implications in areas of biological protection.

On the other hand, there is another key objective that can also affect the dynamical behaviors of
the prey-predator models: Functional response [23]. It refers to the average number of prey killed by
each individual predator per unit of time and has two main types: Predator-dependent (as a function
of prey and predators densities) and prey-dependent (as a function of the prey density) [24]. Exactly,
functional response denotes the latter, like the famous Holling family [25], plays a predominant role in
species dynamics models. For instance, since 1965, Holling’s type II functional response has acted as
the basis for many literatures [26—30] on predator-prey theory.

Specially, for insect pest management, in [28] Sun et al. considered a prey-predator system with
Holling type II functional response in the predator:

G =x(r—% - by
q K ’ 1.1
{d_):y(/lbx ~dy), (L.1)

dt 1+bhx

where x(#) and y(¢) denote the population densities of prey and predator at time ¢, respectively. r is
the growth rate of x(#), K is the environment capacity in the absence of predator. Jﬁu which is
assumed to be the typical Holling type II functional response form, gives a description of the per capita
conversion rate from prey to predator. Concretely, b and & represent the searching rate and handling
time of predator, A denotes the conversion efficiency. All the parameters are positive. By dynamical
analysis, Sun et al. [28] concluded if 0 < & < dil, system (1.1) has two saddles Py(0,0), P;(K,0), and a
globally asymptotically stable focus P; ( i ﬁ‘h L r(ﬁ’;ﬁ(—ﬁ}’_‘l}lg]l—)‘i” )

Thus, motivated by the above discussion, we naturally want to know: When an Allee effect is
subject to the first species of system (1.1), what will happen to the dynamical properties? Hence, we
construct the following ecological model with a strong Allee effect in prey

L = xX(r - )(x— A) - bxy,

{ dy =y( Abx —d1), (1.2)

dt 1+bhx
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where A is the strong Allee effect parameter and it satisfies 0 < A < K and other parameters are the
same as system (1.1). Let7 = Krt, X = xx and y = 2y, and drop the bars, we get

d wx (1.3)
d_i =Y 1+nx

{ ‘Zz—;‘ =x(1-x)(x—-a) - %xy,

whereo = 4, w =4

2 2, 0= %, n = bhK, and the strong Allee effect parameter « taken as 0 < @ < 1.

Our main purpose aims to see how the strong Allee effect affect the dynamics of the prey-predator
model with Holling type II functional response. The layout of this paper is as follows. First, the
positivity and boundedness of solution of system (1.3) are studied in Section 2. Then, in Section 3,
we give the analysis of equilibria of system (1.3), including the distribution of all the possible
equilibria and their stability. In Section 4, we verify the existence of transcritical bifurcation and
Hopf-bifurcation. Additionally, numerical simulations and computations are carried out to explore and
visualize the impact of the strong Allee effect in Section 5. Finally, this paper is concluded with a brief

summary in Section 6.
2. Preliminaries

Next, the positivity and boundedness of the solutions of system (1.3) will be shown in the region
R2 = {(x,y): x>0,y > 0}.

2.1. Positivity

Lemma 2.1. For all t > 0, every solution of system (1.3) with initial value is positive.
Proof. Solving system (1.3) with positive initial condition (x(0), y(0)), we get the result:

x(1) = x(0) [GXP f ((1 — x(8))(x(s) — @) — %y(S)) dS] >0,
0

_ ! wx(s) _
y(t)—y(O)[exP fo (—(an(s)) O')ds]>0.

Hence, any solution of system (1.3) starting from the interior of the first quadrant xy-plane still remains
in it for all future times.

2.2. Uniform boundedness

Lemma 2.2. Every solution of system (1.3) with positive initial value is uniformly bounded.
Proof. Let @ = Kwx + y and 6 = min{«a, o}, we have

dd 1
o +0® = Kw|x(1 —x)(x—a/)—Exy +%€ — o0y +0Kwx + dy
< —Kwx® + Kol + @)x* — Kw(a - 8)x — (o — o)y
4Kw(1 + @)

< —Kwx® + Ko(l + a)x* < 77 £ 0.
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Integrating the above inequality, we have @(r) < e '®(0) + §(1 — ¢ " and lim sup &(¢) < 067!, as
t — oo, independently of the initial conditions. Therefore, the solutions of system (1.3) are uniformly
bounded.
Remark 2.1. From the perspective of ecology, uniform boundedness of system (1.3) means that the
interacting two species are ecologically well behaved and none of them can grow exponentially for a
long period of time owing to limited food sources.

3. Equilibria and stability analysis

3.1. Existence of equilibria

Obviously, for all permissible parameters, system (1.3) always has three boundary equilibria
Ey(0,0) , E(1,0) and Ey(a,0). If system (1.3) admits the positive equilibrium, then x and y must
satisfy the equation as follows:

{ (Do -x=0 3.1
m —o0=0.
By some simple algebraic calculations, we obtain the system has a unique positive equilibrium

o Kw-@+tDho)o-a(w-on) wa W
E; (w—o-r]’ (w—om)? ) for I+na o< l+n°

3.2. Stability of equilibria

Theorem 3.1. The trivial equilibrium E is a hyperbolic stable node.
Proof. The Jacobian matrix at Ey(0, 0) is given by

JE(,:(_O“ 0 ) 3.2)

-0

which, clearly, has two negative eigenvalues 4,(Ej;) = —a < 0 and A,(Ey) = —o0 < 0. Hence, the
extinction equilibrium Ej in the first quadrant is always a stable node.
Theorem 3.2. For the boundary equilibrium E:

(i) ifo < ﬁ], then E, is a hyperbolic saddle;

(ii) ifo = %}, then E; is a non-hyperbolic saddle node. It means S ((E) is divided into two parts by
two separatrices that tend to E| along the left and the right of E1, where S .(E,) is a neighborhood
of Ey with sufficient small radius €. One part consists of two hyperbolic sectors and another is a
parabolic sector which is on the upper half plane.

(iii) if o > ﬁ then E| is a stable node.

Proof. The corresponding Jacobian matrix at E1(1, 0) is calculated as follows:

a-1 -1
JE :( w K )7 (33)
! 0 m] -0
with two eigenvalues 41(E;) = @ — 1 < 0 and L,(E,) = ﬁ — 0. Thus E; is a hyperbolic saddle if
o < - and a stable node if o > - (see Fig.1(a) and (c)). For o = ﬁ namely, the eigenvalue

147 147
A2(Ey) = 0 and E; is non-hyperbolic, so we can not judge its type from the eigenvalues directly. Below

we will use Theorem 7.1 in Chapter 2 in [31] to discuss the stability properties of E;.
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By letting (x,¥) = (x — 1,y), we change system (1.3) into a standard form and then expand it to
{%":(a—1>x—%y—(2—a)f2—%@-f3’ (3.4)
G = LI + 0 FY + 8 + Qo(X, 7),s .

w?

o and Qo(X, 3) represents a power series with terms Xy

where ¢; =
i+j=5).

By the linear transformation

Cr = — C3 =

_w _wn
(1+m)?° (L+m)3°

(;):(tl) (1—_ix>1<)(5)’ (3.5)

then system (3.4) becomes

L = dyu+ dou* + dyuv + dyv? + dsi® + deu®v + dyu? + dgv® + Oy (u, v), (3.6)
L = cruv — cv? + v = 2cuv* + v + Oo(u, v), ’
where
di=a-1,dy=-2+a,dzy=-2a+3-c;,ds=-1-cy,
d5 =—1, d6:C2—3, d7 :—3—26'2, dg :Cz—l,
and Q(u,v) and Q,(u, v) represent power series with terms u'v/(i + j > 4).
Let 7 = d,t, then system (3.6) becomes
= ut Fu? + 4 Fuv + $v7 + d5u3 + d6u2v+ Tuv? + ds v+ Q‘('”) 2 u+ P(u,v), 3.7)
dv _ 2! 2 2 '3 (i) s .
d:—zlluv—clv +C2 dczuv +C2 +Q2“V Q(u V).

From the implicit function theorem and Z—Z = 0, we can obtain a unique function

dy 5 ddy—didy

uz(ﬁl("):—d—l d2 +oee,

which satisfies ¢1(0) = ¢{(0) = 0 and ¢(v) + P(¢1(v),v) = 0. Then substituting it into the second
equation of (3.7), we have that

dv C1 » C1d4 — Czdl 3 C1(d3d4 - d]dg) — 2C2d1d4 4
= +0 3.8
- a" 7 v 7 (vP). (3.8)

The coefficient of v? is —2—11 < 0. Thus, by using Theorem 7.1 in Chapter 2 in [31], we get E; is a
saddle node. This means that a neighborhood of S .(E/) is divided into two parts by two separatrices
that tend to E; along the left and the right of E; (see Figure 1()). One part consists of two hyperbolic
sectors and another is a parabolic sector which is on the upper half plane.
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Figure 1. The phase portraits of system (1.3).
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Theorem 3.3. For the boundary equilibrium E,:

(i) if o < 2=, then E, is an unstable node;

@) ifo = - +m then E, is a non-hyperbolic saddle node. This means S (E») is divided into two parts
by two separatrices that move away along the left and the right of E,. One part consists of two
hyperbolic sectors, and another is a parabolic sector which is on the upper half-plane;

(iii) if o > {2, then E; is a hyperbolic saddle.

Proof. The Jacobian matrix Jg, of Ex(a,0) is

a(l-a) —-La

-]Ez = ( wa K ) . (39)
0 m -0

Then the eigenvalues /ll(Ez) = a(l - a) > 0 and A,(E;) = % — 0. Clearly, Ez is an unstable node if

T pos , the eigenvalue

/lz(Ez) = 0 which indicates E, is non-hyperbolic. In order to deduce its stability, we translate E, to the

origin via the translation (X, ¥) = (x — @, y) and then expand system (1.3) to

di _ - as 2 1o =3
{ fg‘_§ —(1_—_04)ax_2—_fy+(1_—_2&)x — <Xy -7, (3.10)
= =[xV + XY + Mo(%, 9),
where fi = 7ios. o = —%, and M (%, y) represents a power series in (X, y) with terms X'3/(i +
j= 4).
Let

o
T:(o K(l—a))

be an invertible matrix. We use the following linear transformation

()

then system (3.10) turns into

W = o\u+ et + e3uv + egV* + esu® + eV’ + equ’v + esuv® + My (u, v), (3.12)
% = fiuv + f1V2 + fzuzv + 2fzuv2 + fzv3 + My (u,v), .
wheree; = (1 —@)a, e = 1 -2a,e3=1-3a~fi,es =-a—-fi,es=-l,es = for—1,e7=f, -3
and eg = 2f, — 3. M (u,v) and M,(u, v) represent power series with terms u'v/(i + j > 4).
Set T = e t, we attain
o=t 2l + Suy+ 2+ Dy oy 4 D2y Sy 4 D 2y (), (3.13)
j:—f‘uv+f‘v +f2uv+ fuv +f2v +M2(“V)“N(u V). '

du

From o

= 0, we obtain the implicit function

€4 - €166 — €364 3
l/t:gol(V):——V——ZV +oee,
€ el
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which satisfies ¢1(0) = ¢1(0) = 0 and ¢(v) + U(g(v),v) = 0. Then substituting it into the second
equation of (3.13), we have

ﬂzﬁ fies — f213

dr e

+ O(v[H. (3.14)

1

Hence, according to the Theorem 7.1 in Chapter 2 in [31], we have m = 2 and a,, = m > 0,
so E, is a saddle node. That indicates a neighborhood of S .(E,) is divided into two parts by two
separatrices that move away along the left and the right of E,. One part consists of two hyperbolic
sectors and another is a parabolic sector which is on the upper half plane (see Figure 1(e)).

Theorem 3.4. For the positive equilibrium E5:

(i) if 22 < 5 < 2 then Ej is locally asymptotically stable;

24+n(1+a) 1+r]
PN _ w(l+a) . .
(i) ifo = S on(Lra)’ then E5 is a center or weak focus,
w(l+a)

(iii) if = 1+nr <O < 3oy then E5 is unstable.

Proof. The Jacobian matrix Jg, of E3(x*,y") is

(1 -2x"+a@) —+ix*
Js, :( o X ) (3.15)
(1+nx7)?
From x*(1 — x*)(x* — @) — zx"y* = 0, we can derive
X" (1+a)(w-on)—-20 _%x*
Jeg, = gy:vn . (3.16)
(1+nx*)? 0

So the determinant and the trace of Jacobian matrix Jg, are calculated by

sk % 1 + — —
_Lry and Tr[Jg,] = x*( @)W = om)
K(1 + nx*)? w-on

Det[JE3] =

(x)(l

[JE,] is positive, but the sign of Tr[Jg,] cannot be obtained directly. If

1+’

% <o < ﬁ then Tr[Jg,] < O, that is Ej3 is locally asymptotically stable (see Figure 2(a)). If

o= z‘jr’ff(ff()y), then Tr[Jg,] = 0, that implies Jg, has a pair of purely imaginary eigenvalues. It confirms

that the equilibrium E5 may be a center, a weak focus or a center focus. We also can easily show that
F(x,y) = -x*+ (1 +a)x* - —xy and G(x,y) = ==, which are the nonlinear parts of system (1.3), are
analytic functions. Thus, from the corollary of Theorem 2.1 in Chapter 4 in [31], we obtain that E; is
a center (see Figure 2(b),(c)) or weak focus. If “’;’ <0< 2‘:7(7153), then Tr[Jg,] > 0, it means Ej is
unstable (see Figure 2(d),(e)). Thus, this completes the proof.
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x'=x(1-%) (x-02)-xy1.3 x'=x(1-%)(x-02)-xy1.3
Y =y(1x(1+06%)-05) y' =y (1%(1+06x) - 0441176)

(a) (b)

X'=x(1-%) (X~ 0.2) - x y/1. X'=x(1-%) (x-02)-xy/13
y'=y (1x(1+06x) - 0441176) y' =y (1%(1+0.6x) - 044106)
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x

(c) (d)

X'=x(1-x) (x-0.2) ~xy/1.3
y'=y(1x/(1+06x) - 0.44106)

(O]
Figure 2. The phase portraits of system (1.3): (a) When o = 0.5 > oy, E3(x",y%) is
locally asymptotically stable; (b) When o = oy, unstable periodic orbits bifurcate through
Hopf-bifurcation around E;(x*, y*); (c) Local amplification of () for (x,y) € [0.595, 0.605] X
[0.206,0.21]; (d) When o = 0.44106 < oy = 0.441176, a stable limit cycle appears around
E5(x*,y"); (e) Local amplification of (d) for (x,y) € [0.54,0.66] x [0.17,0.25].
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4. Bifurcation analysis
In this part, we mainly put the focus on the various bifurcation behaviors of system (1.3).

4.1. Transcritical bifurcation

Theorem 4.1. For transcritical bifurcation, the following statements are true.

(1) When the parameters satisfy o = or¢, = ﬁ] system (1.3) undergoes a transcritical bifurcation
referred as TCy at E;

(2) When the parameters satisfy o = orc, =
bifurcation referred as TC, at E,.

wa
1+na’

system (1.3) undergoes another transcritical

Proof. (1) Now we verify the transversality condition for transcritical bifurcation by using Sotomayor’s
theorem [32,33]. If o = o7¢, = 75 vt then Det[Jg,] = 0, which means one eigenvalue of the Jacobian
matrix Jg, is zero. Let V and W represent the two eigenvectors corresponding to the zero eigenvalue
of Jg, and it’s transpose J Tl , respectively, and they are given by

V=(ii)=(K<al_1>)andW:($lH?)-

0 0
FJ(E1§UTC1):( _ ) :(O ), (4.1)
Y (E1sorcy)

' {0 0 1 ~ 0
proeire=(o 5 ko), easn ) e

Furthermore, we have

o2 F> 2 o2 Fz 6 Fz 2
a2V 2 V1V2 + (T+)2

) aaxzv1+2‘r’)F‘vlvz+aF1 V3 -2
D°F(Ey;orc)(V,V) = =1 2&kwe-1 |
(E1:orcy)

Also
WTFO'(EI;O-Tcl) =0
W' [DF(Ei;07¢)V] = K(@—1) 0,
2Kw(a - 1)
(1 +m)?
Consequently, system (1.3) undergoes a transcritical bifurcation at o = or¢,.
(2) Now we also apply Sotomayor’s theorem to prove the transversality condition for another

transcritical bifurcation at o = or¢, = Similar to the process of the former, the transversality
condition is derived.

wT [DZF(EI;O-TCI)(V, V)] —

1+na

WTF(r(Ez; O_TCQ) =0
W' [DF,(Es; 07¢,)V] = —Ka(l —a) # 0,

AIMS Mathematics Volume 7, Issue 9, 16296-16314.
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and
—2Kwa(l — a)

(1 +n)?

V=00 )= (ko= J =0 )= (1)

are the two eigenvectors corresponding to the zero eigenvalue of the Jacobian matrix Jg, and it’s
transpose J Tz, respectively. Hence, we complete the proof.

In particular, from Figure 1(a), we can see that for o < or¢,, there are two equilibria £, and E;.
And E| is unstable and Ej is stable. For o = o7, (see Figure 1(b)), these two equilibria coalesce. For
o > orc,(see Figure 1(c)), E; is stable and Ej3 is unstable. In this case, E3 is a negative equilibrium.
Biologically, we consider the positive equilibria, so we ignore it in the corresponding phase portrait.
Thus, an exchange of stability has occurred at o = o7¢,, that is to say, the transcritical bifurcation
at o = or¢, occurs by the Sotomayor’s theorem. Moreover, the occurrence of another transcritical
bifurcation at o = or¢, is similarly illustrated in Figurel(d), (e), (f).

# 0,

wT [DZF(EQ; ore,)V, V)] _

where

4.2. Hopf-bifurcation and the existence of limit cycle

In this subsection, the possible occurrence of Hopf-bifurcation around the interior equilibrium E3
about the bifurcation parameter o is explored. In a two dimensional system, it is concluded Hopf-
bifurcation occurs as the stability of the interior equilibrium changes (from stable to unstable or vice-
versa) and a periodic solution appears (or disappears). Next, we will give the proof of the existence for
Hopf-bifurcation of system (1.3).

4.2.1. Hopf-bifurcation

Theorem 4.2. The conditions for occurrence of Hopf-bifurcation at the critical value o = oy =
1 .. crep . v

2‘;’,(7(;'3) around the positive equilibrium E;(x*,y*) are l‘j:;"a <0< ﬁ and %Tr[J&] #0ato =oy.

Proof. From the Jacobian matrix Jg, calculated at E5(x",y*), we consider o as a bifurcation parameter.

For occurrence of Hopf-bifurcation, the characteristic equation of Jg, must have a pair of purely

imaginary roots. At o = oy, Tr[Jg,] = 0, then the characteristic equation of Jg, becomes

A% + Det[Jg,] = 0. (4.3)

When l‘i’f]‘a <0< ﬁ], Det[Jg,] > 0, namely the above characteristic equation has a pair of conjugated

imaginary eigenvalues A, , = +if, where 0 = /Det[Jg,].
Now we check the transversality condition % {Re(D)} |r=s, # 0 which confirms the eigenvalues
cross the imaginary axis transversely with non-zero speed. Let o~ be any point in the neighbourhood of

TrJ
—r[2E3] and

o, the eigenvalues of the Jacobian matrix Jg, at o are 4,5, = (o) + i6(0), where y(o) =

Tr2[JE]

0(o) = \/Det[JE3] — — . Then

d _d _d _ 3 5
2 ReWh ooy = Z=X(ONo=oy = 5Tl Ello=0y = oI+ )2+ A +a)n)” £0. (34)

Thus the transversality condition is verified and a Hopf-bifurcation of system (1.3) occurs at oo = op.
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4.2.2. Direction of Hopf-bifurcation

In order to determine the direction of Hopf-bifurcation and the stability of the periodic solution
which originates from the positive equilibrium via Hopf bifurcation, the first Lyapunov coeflicient [33]
needs to be computed.

Firstly, set z; = x — x* and z, = y — y*, then system (1.3) can be written as

: 2 2 2 2
21 = Moy + Mo122 + MoeZy + M12122 + MpZ; + m3oZ% + Mo122 + Mp212; + mo3z§, 4.5)
2 = nyez1 + o122 + ’1202% +nnizo + nong + n3OZ? + nz1Zsz + ”12Z1Z% + ”0323 + 01(z1,22), ’
where
mp=1-=-2x"+a)x", myy = —=x", my=1-3x"+a, my; =—-——, mp =0,
K K
m3o = —1, my; =mp; =mp3 =0 l’llo_w—y* noy =0 nzo_—Ly*
’ ’ (1 +nx*)*’ ’ (1 +nx)¥
w 0 wn*y* wn 0
ny=-——"7"5>Ne=Y N30=—"""—" 7, M1 = ————— 3, Mz =np3 = V.
(1 +nx)? (1 +nx*)* (1 +nx)?
By ignoring the higher order terms of degree 4 and above, then system (4.5) becomes
Z=JpZ +A2Z), (4.6)

where

2 2 3
MmopZy + M112122 + Me2Z; + M3p%;

Z A +my1 232 + M122125 + M3
7 = and A = = 5 2 3
n20Zy +N112122 + N2, + N3075
+n21Z%Z2 + n12Z1Z§ + noﬂ%

. - 1 /| 1 V m
The eigenvector v of Jg, for the eigenvalue i@ at o = oy isv = ( i 01;1 )
— My

Now we define

0 = (Re(9), —Im(v»:( mor 0 )

—mio -0

LetZ = QU, where U = ( ‘lf ) Under this transformation, system (4.6) becomes

U = (05, 0U +AQU).

u _ 0 -6 [u SI(M,V;O'ZO'H)
(V)_(Q 0 )_(V)+(Sz(u,v;0':a-H) ’ 4.7)

where S! and S? are non-linear in u and v given by

Thus

1
S*(u,v;o = o) = ———(mpA; + mgA,)

1 . _
S (u,v;o=o0p) = ,
moiA; Omy,
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with
_ 2 2\, 2 S
Ay =(moomg; — myymoymyg + moymy)u” + 0(2moamyg — mymo)uv + 6"meyv

2 3 3 2 3
+ (mypmo1my, — MmNy, + M3y, — Mo Mgy MU

2 2 2
+ 62mymygmo; — momy; — 3]’11037’/110)1/! 1%

2 2 3 3
+ 67 (myomoy — 3mozmy)uv” — Fmezv°,

_ 2 242 I

Ay =(nyomg; — nyymoymyg + npmigu” + 0(2ngmig — nymopuy + 8 neyv
2 3 3 2 3

+ (n12mo1myy — nozmy + N3ty — N Mg M) U

2 2 2
+ 9(2”127”1101’”01 — Ny My — 3n03m10)u \%

+ 92(1’11277101 - 31’[031’)’110)1/{\/2 - 931’103\/3.

Regarding the normal form (4.7), we calculate the first Lyapunov coefficient and obtain

_ 1 1 1 2
ll - E(Suuu-l_suvv-f_svvv)
1
+— (St +81y—8§2 (52 +52)-S!§2 +8!§2
160( MV( uu VV) MV( uyv VV) uu uu vV VV)

1 1 2 4
= — (6]7130"131 + 2n21m(2)1) + 1_69 (—2wm20m01 + én“nzomgl + énzomzomgl)

16
1 *2( 1 x*? )
== XN+
4 K?  K3(1 + nx*)

Evidently, /; < 0, so that a stable Hopf-bifurcating limit cycle appears and the Hopf-bifurcation is
supercritical, which indicates the stable periodic solution overlaps an unstable interior equilibrium.
From view of ecology, this phenomenon means that both predators and prey reach an oscillatory
coexistence state. And, in the next section, we are going to explore this phenomenon a step further
with the help of numerical simulations.

5. Numerical simulation and discussion

To verify the validity of the obtained analytical results, in this part, some numerical simulations and
computations are carried out. Firstly, the phase portraits corresponding to the scenario of no positive
equilibrium and one positive equilibrium are plotted in Figures 1 and 2 by varying the key parameter
value o and keeping other fixed parameters values @« = 0.2, K = 1.3, w = 1 and n = 0.6. Further,
using this set of parameter values and different values of o, we also give some time series diagrams
of system (1.3) for a better visualization of how the strong Allee effect influence the dynamics of the
model, with special attention to the stability and cyclical behavior.

Case 5.1. For 0=0.5, the high mortality of natural enemy predator, prey and the natural enemy
populations reach a stable coexistence state because of the reduced predation pressure on prey and
Allee effect ( Figures 2(a) and 3).

Case 5.2. For gradually decreasing the value of o, the positive equilibrium E; of model (1.3)
loses stability via a Hopf bifurcation at 0y=0.441176 ( Figure 2(b), (¢)) and the Hopf bifurcation is
supercritical as the first Lyapunov coefficient /; = —0.072449680827 < 0. Meanwhile, as shown
in Figure 4, both the total populations begin to oscillate. From Figure 2(d), (e), it is found when
o < oy slightly, a stable limit cycle from Ej5 is bifurcated. Prey and predator populations reach an
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oscillation coexistence state (Figure 5). The amplitude of the oscillation is initially small, but then
increases rapidly with decreasing o-, which is illustrated with a three-dimensional bifurcation diagram
in Figure 6. Biologically, the populations fluctuate a lot, which corresponds to the sudden increase of
prey.

Case 5.3. For small value 0=0.3, the low mortality of natural enemy predator, we observe that the
limit cycle disappears and both prey and predator approach the extinction state for the higher predation
pressure on prey and the Allee effect (Figures 1(f) and 7).

prev x predator v
1.0 K‘ 1ot
e

05k n&-
&0 100 180 200 50 100 150 200
fimne £ fime £

04k osk

(a) (b)

Figure 3. The time series diagram of system (1.3) for 0=0.5 with the initial condition
[x(0), y(0)]=[1, 0.1].

prey x predator y

1.0 10
\ ™,

[y - 04

TN N TN N L S

0 100 150 200 50 100 150 200
iime £ fimme £

(R3S sk
(a) (b)
Figure 4. The time series diagram of system (1.3) for 0y=0.441176 with the initial condition
[x(0), y(0)]=[1, 0.1]
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pray x predaior v

05 05

50 100 150 200 50 100 150 200
iimne £ fimpe £

(a) (b)
Figure 5. The time series diagram of system (1.3) for 00=0.44106 with the initial condition
[x(0), y(0)]=[1, 0.1].

0.15

0.1

0.42

0.4
- 0.45 X

Figure 6. The three-dimensional space bifurcation diagram with o € [0.42,0.45], where the
black curve represents unstable equilibria, the red curve represents the stable equilibria and
the blue surface denotes the stable limit cycle.

pray x predatar ¥
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Figure 7. The time series diagram of system (1.3) for 0=0.3 with the initial condition
[x(0), y(0)]=[1, 0.1].
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Remark 5.1. One can see that the model is sensitive to the initial condition. The strong Allee
effect causes more complex dynamics, with total population density tending to either the extinction
state Ey(0, 0) or coexistence state E3(x*,y") depending on the selection of the initial condition. In the
real world, for biological protection, our purpose is generally to maintain the sustainable survival of
species rather than eradicating the species completely. Accordingly, in the above cases, we choose the
initial condition [x(0), y(0)]=[1, 0.1].

6. Conclusions

In this article, a predator-prey model with strong Allee effect in prey was proposed. We investigated
the classification and stability of each equilibrium of system (1.3) and fulfilled a comprehensive
bifurcation analysis. Qualitative analysis shows that the model’s dynamics grow more complicated
when Allee effect is incorporated into the first species. More specifically, with the comparison to
system (1.1) [28] in absence of Allee effect, we find some new dynamical properties of model (1.3).

(1) System (1.3) possesses more types of equilibria due to the strong Allee effect. The extinction
equilibrium is always an attractor, whereas the stability of other two boundary equilibria and the unique
interior equilibrium changes with different parameter conditions. For the system with no Allee effect,
both boundary equilibria are saddles and the interior equilibrium is always globally asymptotically
stable.

(2) System (1.3) exhibits more bifurcation behaviors for the existence of multiple types of equilibria.
Only one transcritical bifurcation occurs for system (1.1), whereas system (1.3) undergoes two
transcritical bifurcations and one Hopf-bifurcation. Also a stable limit cycle around unstable positive
equilibrium E5 corresponding to system (1.3) appears.

It can be clearly seen that the strong Allee effect can lead to potential changes in system dynamics.
It also has a significant role in ecology. Allee effect, such as, can destabilize the coexistence steady
state. From stable coexistence to oscillating coexistence, and then from oscillating coexistence to
overall populations extinction state, the prey and predator populations go through multiple stability
switches. Moreover, in all cases, the possibility of total species extinction in the model is caused
by Allee effect. This suggests that if prey or predators are subject to Allee effect, the measures we
adopt for nature preservation should take this into consideration, which is important for analyzing the
long-term survival of all populations.

We just consider the impact of Allee effect in prey on the dynamical behaviors of the predator-prey
system in this paper. It will be an interesting theme to study the dynamics of the model with Allee
effects in both populations. We will leave this as future work.
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