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1. Introduction

In this paper, we consider the compressible full magneto-micropolar system [1]

0,0 + div (pu) =0,

0,(pu) + div (ou @ u) + V(o) — (u + u,)Au — (A + u — u,)Vdiv u
=2u,rotw + (E+uxb) X b,

0,(pw) + div (puw) — (¢, + ca)Aw — (co + ¢4 — ¢o)Vdivw + 4u,w = 2u,rot u,

8,(00) + div (pu) — kA8 + pAdiv u = %l(Vu +Vu') : (Vu+ Vu") + A(div u)?

2
+ co(divw)? + (cg + ¢)Vw : Vw

1ro‘[
—rotu —w
2

+4u,

+(cqg — c)Vw : VW + |E + u x b,
€0, E—rotb+ E+uxb=0,
0,b +rotE =0,divb =0,

(1.1)

(1.2)
(1.3)

(1.4)
(1.5)
(1.6)
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in Qr := QX (0,T) for any T > 0, with the initial and boundary conditions

(,0, u,w, 09 E’ b)(9 O) = (PO, Up, Wo, 903 EO, b()) in Q - R39 (17)
u=0,w=0,60=0,,Exn=0,b-n=0 on 0Qx(0,T). (1.8)

Here, p is the density of the fluid, u is the fluid velocity field, w is the micro-rotational velocity, 6 is
the temperature, E is the electric field, and b is the magnetic field. Q is a bounded domain in R?® with
smooth boundary 0, whose outward normal vector is denoted by n. The positive constant k is the
heat conductivity, the physical constants ¢ and A are the shear viscosity and bulk viscosity and satisfy
pu>0and A+ %y > 0. € > 0 is the dielectric constant. The positive constant u, represents the dynamic
microrotation viscosity. ¢y, ¢,, ¢4 are constants called coefficients of angular viscosities, which satisfy
A+u—pu,>0,c0+cg—c,>0.

When w = 0, the above system is symmetric hyperbolic-parabolic. Kawashima-Shizuta [2—4]
proved the local existence of smooth solutions for large data and global existence of smooth solutions
for small data and studied the limit as € — 0 when Q := R2. Jiang-Li [5, 6] studied the limit of € — 0
when Q := T°. Similar results have been obtained in [7—13]. Li-Mu [14] studied the low Mach number
limit of the problem (1.1)—(1.6) when Q := R?.

When € = 0 and the entropy is a constant, Wei-Guo-Li [15] and Wu-Wang [16] studied the long-
time behavior of smooth solutions. Zhang [17] showed the local well-posedness (without proof) and a
blow-up criterion.

The well-posedness of the problem has been studied in [18-21]. The numerical analysis of some
related problems has been considered in [22-29].

The aim of this paper is to prove the uniform-in-€ existence of unique local strong solutions to the
problem (1.1)—(1.8) when Q is a bounded domain.

Here, we impose the following regularity conditions on the initial data:

60>0,0<<<py<C, pyge W, divhy =0 in Q,

1.
onn:O, b()‘l’lZO on (99, E(),boEHz, I/t(),W(),G() EHéﬂHz. ( 9)

Theorem 1.1. Let (1.9) hold true and 0 < € < 1, and let k = 1. Then, there exist a small time

T > 0 independent of € > 0 and a unique strong solution (p, u, w, 0, E, b) to the initial boundary value
problem (1.1)—(1.8) such that

0>0, L<p<C peL>0,T; W), d,p € L0, T; L,

u,we L*0,T; H) N L*0,T; W*°), 8 € L*(0,T; H),

u, wi, 0, € L0, T; L*) N L>(0,T; H"), (1.10)
beL>0,T;H?),b, € L~0,T;H"),

EeL®0,T;HYNL*0,T;H%, E, € L*(0,T;H"),

with the corresponding norms that are uniformly bounded with respect to € > Q.

We will prove Theorem 1.1. by the Banach fixed point theorem. We define the nonempty closed set
A= {(ﬁ7 W) € ﬂ’ ﬁ(’ O) = Uy, W(’ O) = Wo, ”(ﬁ, W)”.ﬂ < A}
with the norm

1, Wl = (G, W)l oo, 7:2) + 11 Wl 220,75w26) + 103Gt Wl 0,7512) + 10: @ Wl 20,7381 -
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Let it € A be given, and we consider the following linear problems:

0,0 + div (pir) = 0, (1.11)
p(,0) = po; (1.12)
€, E—rotb+ E+iixb=0, (1.13)
0:b + rotE = 0, (1.14)
divb =0, (1.15)
(E, b)(-,0) = (Eo, by), (1.16)
Exn=0,b-n=0 on dQx (0,7T); (1.17)
0,0 + pit - VO — AG + pOdiv it = g(va + Vi) : (Vi + Val) + Adiv in)?

+4u, %rotﬁ -W 2 + co(divw)? + (cqu + ¢)VW : Vb

+(cg — )V : V! + |E + it x b|?, (1.18)
(-, 0) = 6o, (1.19)
6=0 on 0Qx(0,T). (1.20)
PO+ pit - Vu + V(p0) — (u + p)Au — (A + p — p,)Vdivu

=2u,rotw+ (E+uxb)xb, (1.21)
u(+,0) = uo, (1.22)
u=0 on 0Qx(0,7T). (1.23)
POWw + pit - Vw — (¢, + c))Aw — (co + ¢4 — c,)Vdivw + du,w = 2u,rot u, (1.24)
w(-,0) = wo, (1.25)
w=0 on 0Qx (0,7). (1.26)

Let (u, w) be the unique strong solution to the above problem, and we define the fixed point map
F:@w)eA—- (u,w) € Awithit = w = 0 on 0Q X (0,7). We will prove that the map F maps
A into A for suitable constant A and small 7', and F is a contraction mapping on A, and thus F has a
unique fixed point in A. This proves Theorem 1.1.

2. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.

Lemma 2.1. Let (ii, w) € A be given. Then, the problem (1.11) and (1.12) has a unique solution p
satisfying
<p =G, lolles@rwis) < C, |lodl=@7;06) < CA

for some small0 < T < 1.

Here and later on, C will denote a constant independent of € and A.
Proof. Since Eq (1.11) is linear with regular i, the existence and uniqueness are well-known, and we
only need to establish a priori estimates.
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Let dx(X
X(dt’t) = u(x(X,1),1) and x(X,0) = X,

and we see that
dp(x(X,1),1) Lo
— 2 = —pdiv i1,

whence )
p(x, 1) = poexp (— f div ﬁds) . 2.1)
0

It follows from (2.1) that

T
plx, 1) < PeXP( f IIdivﬁlledt)
0

T
Po €Xp (f Cllﬁllwz,sdt)
0

<

< poexp(CAVT) < Cllogllz~
ifAVT < 1;

T
p(x,1) = poexp (— f |Idiv ﬁlledt)
0

> inf pgexp(—CA VT)

> Cinfp
ifAVT < 1; t t t

Vo = Vpy exp (— f div L”tds) — Po €Xp (—f div ﬁds)f Vdiv iids,
0 0 0
whence
T T
IVollz=@,r.6y < exp (f [Idiv ﬁlledt) (IIV,OollL6 + IIPollef [IVdiv ﬁllLﬁdt)
0 0
< Cexp(CAVNT)(1 + AVNT)
< C
if AVT < 1.
It follows from (1.11) that

p; = —itVp — pdiv i,

and
||,0t||L°°(o,T;L6) < ||17‘IIL°°(O,T;L°°)||Vp||L°°(0,T;L6) + |lollz=,7:2)/ldiv ﬁ||L°°(o,T;L6)
< CA

if ANVT < 1.

This completes the proof.
]
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Lemma 2.2. Let (i, w) € A be given. Then, the problem (1.13)—(1.17) has a unique solution (E, b)
satisfying (2.2), (2.4), (2.6), (2.8), (2.9), (2.10), (2.11) and (2.12) for some 0 < T < 1.

Proof. Since Eqgs (1.13)—(1.15) are linear with regular (p, it), the existence and uniqueness are well-
known, and we only need to establish the a priori estimates.
Testing (1.13) and (1.14) by E and b and summing up the result, we see that

1d 2, 12 2
Zdtf(EE +b)dx+fde

- f (ii X b)Edx

llall= Dl 21| Ellz2 < CAIDl| 2N ENl 2
1
< EIIElliz + CA?|bll;

IA

12°

T
f (€E? + b*)dx + f f E’dxdt < C (2.2)
0
if AT < 1.

Note that (1.13), (1.17) and (1.23) give the boundary condition

which gives

rotbxn =0 on 0Qx(0,T). (2.3)

Taking rot to (1.13) and (1.14), testing by rotE and rotb and using (2.3), summing up the result and
integrating by parts, we find that

1d
o f (€|rotE)? + |roth*)dx + f [rotE|*dx

= —frot(ﬁ X b) - rotEdx

< Cllillgellroth||2[[rot £l 2
1
< 3 f [rotE*dx + CA*|[roth|[2.,
which yields
T
f (€|rotE)? + |roth])dx + f f IrotE|*dxdt < C (2.4)
0
if AT < 1.

Here, we have used the Poincaré inequality
15]l,2 < Cllrotbl| ;. (2.5)

Taking 9, to (1.13) and (1.14), testing by d,E and d,b and summing up the result and using (2.4), we

infer that
1d f(elE |2+|6b|2)+f|E Pdx
2dt ! ! !
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(10:Dllz2Nl@ll o + 116|610yl )N Eq |2
1
3 flEzlzdx + CA?(10,bll7, + ClI0,l| 2| Vyll 2,

T
f(flEt|2 + |bt|2)d~x + f f|Et|2dth <C
0
if A’T < 1.

(1.14) and (2.3) give the boundary condition

IA

IA

which implies

rot?’Exn=0 on 0Qx (0,7).

(2.6)

2.7)

Taking rot to (1.13) and (1.14), testing by rot’E and rot*b and using (2.7) and summing up the

result, we derive
1d 2 12 2712 2 12
—— | (lerot”E|” + [rot“b|")dx + | |rot"E|°dx
2 dt
= frotz(b X irot>Edx
ClliilllIrot *b| 2 ||rot *E|| 2

1
3 f Irot 2E|>dx + CA?||rot *b||?

12

IA

IA

which implies
T
f (elrot 2E)? + |rot 2b[>)dx + f f Irot 2E|*dxdt < C
0

if A’T < 1.
Taking Vdiv to (1.13), testing by Vdiv E and using (2.8), we get

€ed 2 R
2dtf|Vd1VE| dx+f|Vd1VE| dx

= deiV (b xii)-Vdiv Edx

IA

Cll@l|2llrot *bll 2| Vdiv E|l 2
1
3 f Vdiv EPdx + CA%,

T
€ f \Vdiv E*dx + f f \Vdiv E*dxdt < C
0

IA

which leads to

if A’T < 1.

(2.8)

(2.9)

Taking 0;rot to (1.13) and (1.14), testing by d,rot E and 9;rot b and using (2.3) and (2.8), we obtain

1d
T f (elrot E,|* + |rot b,[})dx + f Irot E,|*dx
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frot (b; X it + b X ii)rot E,dx

IA

1 . .
3 flrot E/Pdx + CIblI7slIVall7; + Cliallz-lirot byll7,

2 1va R 2 015 112
+CIblI= IV, + Clirot bl g1l

1
< 3 f rot E|*dx + CA?[[rot b|[7, + ClIVit[2,,
which yields
T
f (elrot E,|* + |rot b,[})dx + f f Irot E,|*dxdt < CA? (2.10)
0
if A2T < 1.

Applying d,div to (1.13), testing by d,div E, and using (2.10) and (2.8), we have

d
gaf|divE,|2dx+f|diVEz|2dx

f (firot b; — b;rotii + it,rot b — brot ii,)0,div Edx

IA

(Nl [lrot bl + 11l slirot all s + Nl lgsllrot bll s + |Ibll=[rot | 2)l|div Ejl,»
2 ~ .
CA” + IV ll2)lidiv £l

I .. -
E||dw E/7, + CA* + C|\Vil;

IA

IA

L29
which gives
T
€ f (div E,)*dx + f f (div E,)*dxdt < CA? (2.11)
0

if AT < 1.
(2.6), (2.10) and (2.11) imply

d
- f (E? + (div E)* + |rot E[*)dx

2 f(E - E, + div Ediv E; + rot Erot E;)dx

1
2

( f (E* + (divE)* + |r0tE|2))2 ( f (E? + (divE,)* + (rotE,)z)dx) :

IA

whence

dy .
=7 < CUE Lz + |div Ellz2 + llrot Ellz2),
with !

y(t) = ( f (E? + (div E)* + (rot E)2)dx)2 .
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Integrating the above inequality, we have
y(0) <y(0)+ CAT < C (2.12)

if AT < 1.
This completes the proof.
]

Lemma 2.3. Let (it, w) € A be given. Then, the problem (1.18) and (1.19) has a unique solution 6
satisfying 6 > 0, (2.14), (2.15) and (2.16).

Proof. Since Eq (1.18) is linear with regular (p, it, w, E, b), the existence and uniqueness are well-
known, and we only need to establish a priori estimates.
Testing (1.18) by 8 and using (1.11) and Lemmas 2.1-2.2, we infer that

1d 2 2
-z \v/
tfp@ dx+f| 0|"dx

= - f pO*div iidx + f [g(va + Vi) s (Vi + Vi) + A(div ir)?
2

+4u, + co(divw)? + (¢, + cg) Vv : Vb

1rot~ v
—rotit — w
2

+(cy— c)VW : VT + |E + @i X b|2]9dx

IA

lldiv @l przdx + ClIVil| ol Vil 116l 2 + Clwllzs |l s 1601l 2

+CIIVWIs [Vl 311611.2 + CUENSEs 11612 + Clalizl1BIZ: 161l

IA

lIdiv | fpf)zdx + CA||6ll,> + Cli6ll.2,

T
f dx + f f IVOPPdxdt < C (2.13)
0
if A2T < 1.

Testing (1.18) by 6, and using Lemmas 2.1-2.2, we deduce that

1d
ST f VO] dx + f pdrdx

— f (00div i + it - VO)dydx

which yields

+ f [g(va + Vi) : (Vi + Vi©) + Adiv i)’
2

+4u, + co(divw)? + (¢, + cq) Vi : Vb

1 o
—rotiit —w
2

+(cg — )V : Vil + |E + it X b|2]9,dx
Idiv @l 261011 231l VeO:l 21l Vpllze + =1V Ollr2 1l Vb2l Vellrs

IA
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which gives

if A*T < 1.

~112 ~112 ~112 2 ~112 2
+C(IVallys + Wil + VWL + IENL + il DI ON6 2

1
< - f pBidx + CAX (|61, + IVOII7,) + CA* + C,

2
T
f IVO|*dx + f f 6’dxdt < C
0

Taking 0, to (1.18), testing by 6,, and using (1.11) and Lemmas 2.1-2.2, we have

which yields

IA

IA

IA

1d
3T f pbrdx + f VO, *dx

- f p02dx — f d,(pit) - VO - 6,dx — f 3,(0div it) - 0,dx
+C f \Vill| Vit ||6,|dx + C f W, ]16;1d x

+C f V|| Vv, ||6,]dx + C f |EE,0,|dx

+C

f (X b)(it, X b+ it X b,)bB,dx

el s 116:l 12211671 5 + Nloel |z llatl] = IV Ol 2116 ] 5
+Clzef| |3 IVOI 2110:ls + Cllollsl16l]zslldiv @lls[16] 2

+CII VPOV @l + ClIOIL V21161
+CIVEN V161 + CIIol1 1216
+CIVRIIVF 00 + CIEISIE 2116,
+Cllll BNl 16,12 + CHR 1Bl b2 16
CAIGIZIVOIL, + CA2GIZIVO,

1 1 c o~
+Clla]| LIV LIVl + CA* 61,2 + Clidiv @] fPGtzdx

1 1 1 1
+CA||Vit || 21101 LIV, + CAINVWAI2 101 LIV, + CHEN 2110023,

T
f 6%dx + f f V6, dxdt < C
0

if (A*+ A% + A>T < 1. Here, we bound

AIMS Mathematics

1 1
CAHVW;”]}||9,||22||V9t||22

1 1
CA”Vﬁt”B”@”Zz”vgt“zz

1 2 AR IIE
< EHV@lle + CA3||Vi ][, 161,

1 4 L4
1_6”V9t”iz + CA||Vitg||%, (1 + [16,17)

IA

IA

1 2 I RTE TP
EHV@lle + CA3|[Vwill L 116l

(2.14)

(2.15)
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1 2 4o 3 2
E”V@”Lz + CA3|[Vwil[ ), (1 + 116:l75),

1 1
ClIE 211615 CIEN 211611V,

IA

1 2 3 2
< EIIV@IIU + ClIE (1 + [16:172)-
It follows from (1.18), (2.15) and (2.14) that
16110, :12) < CA® + C. (2.16)

This completes the proof.
]

Lemma 2.4. Let (i1, w) € A be given. Then, the problem (1.21)—(1.23) has a unique solution u
satisfying
el o0, 7212y + Neall 20,7, w28) + el zoco.7:02) + Nkl 20,7201y < C (2.17)

for some small 0 < T < 1. Here, C; is a positive constant independent of € and A.

Proof. Since Eq (1.21) is linear with regular (p, it, w, 6, E, b), the existence and uniqueness are well-
known, and we only need to establish (2.17).
Testing (1.21) by u and using (1.11) and Lemmas 2.1-2.3, we see that

1d
2dt
fp@diV udx + 2u, furot wdx + f(E X b)udx

llollz= 10l 21ldiv w2 + Cllul 2 [[rot W] 2 + [ Ell o [ID]] 3 eell 2

Clldiv ull2 + Cllull2 + CAllul|2
% + U~ [y
2

plulPdx + f ((u + p)IVul* + (A + p — p,)(div w)»)dx + f lu % bl*dx

IA

IA

IA

. 2
lIdiv ully, + Cllull2 + C + CAllull.2,

T
f lul*dx + f f \Vul?dxdt < C (2.18)
0
if A2T < 1.

Testing (1.21) by u, and using Lemmas 2.1-2.3, we find that
1d
2dt

= - fpit -Vu - u,dx — fV(pH) “udx + 2u, fu,rotﬂ/dx + f[(E +u X b) X blu,dx

which gives

f[(.u +p)IVul + (A + p = p,)(div w)*Jdx + fplutlzdx

1 »

s 5 fpluzlzdx + Clally1VullZ, + Clipllz<IIVéll7. + ClIoIZ: Vol
+Cllrot wiI7, + CIIEIIZ|IBIZs + Cllullz-l1bII7,

<

1
3 f pluPdx + CA*||Vull}, + C + CA?,

AIMS Mathematics Volume 7, Issue 9, 16037-16053.
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T
f |Vul>dx + f f |lu,Pdxdt < C (2.19)
0
if AT < 1.

Applying 0, to (1.21), testing by u,, and using (1.11), Lemmas 2.1-2.3 and (2.19), we have

which implies

1d
2dt
= - f p,u,zdx— f (oit); - Vu - u,dx + f (00)div u,dx + 2u, f w,rot u,dx

pluPdx + f[(,u + Vil + (A + p = p)(div )’ ldx + fluz X bl’dx

+f(E,><b+E><b,)utdx+f[(uxbt)xb+(u><b)><b,]utdx

IA

lloellzslleedlls el 2 + Hoell o llEtl] o 1V ael |22 a5
Hlollz= Nzl [ Vall 2 llells + HloellollOll s [1div aeell 2
Hlolle= 10 2 lldiv il 2 + 21l 2 llrot iz + E 2 ll1b] oot 2
HIEllsl1blpslleedlzz + Null 1Dl 23 D] oo ot 2

Clludlrallueles + CAllagllzs + Cllill s llugllzs + Clidiv ugllz2
+CAllrotullr2 + ClE 2 llullz2 + Clibll s lul 2

%fqutlzdx + Cllugll7, + CA* + Cllil| 21Vl 2 + C

IA

IA

+ClE2llurll 2 + Cllbell s leal |22,

T
f |u,|>dx + f f \Vu,|*dxdt < C, (2.20)
0

which gives

if A’T < 1.
Since t
i(x, 1) = up(x) + f 0,iids,
0
and ,
IVl 0.7:02) < C + f [IVO,iil|;2dt < C + Cc\VTA<C (2.21)
0
if A’T < 1.
Similarly, we have
VWl zoo0,7:2) < C (2.22)

if A’T < 1.
We rewrite (1.21) as

—uAu — (A + w)Vdivu = [ :=2u,rotw + (E + u X b) X b — pou — pii - Vu — V(p8).
By the H?-theory of the elliptic system, we get

lully: < ClIfll

AIMS Mathematics Volume 7, Issue 9, 16037-16053.
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IA

CIIVWllz2 + CIEllslIbll s + CllullslIbl7s + Cllodyull>
+Cllatl| s Vulls + ClioVOll2 + Cli6l s 1IVpllzs
C + C||Vulls,

IA

which yields
lleell zooc0,7:12) < Cy- (2.23)

Similarly, by the W?®-theory of the elliptic system, we have

llullwzs < CIIfllzs
< Clirotwlizs + ClIE||sl1ll + Cllullz1bl 1101l s
+Clluyllzs + Cllialls||Vull= + ClIVOls + Cl[Vpl|ze
< C+ C||Vullz» + CA? + Clluyl s
o3
< C+ClIVullllullio, + CA® + ClI Vil 2,
whence
lullwzs < C + CA* + Cl[Vuyl 2,
which yields
llull20,7:w2s) < Ci (2.24)
if A*T < 1.
This completes the proof.
O

Similarly to Lemma 2.4, we have the following.

Lemma 2.5. Let (ii, w) € A be given. Then, the problem (1.24)—(1.26) has a unique solution w
satisfying (2.17) with u := w.

Proof. Since the proof is very similar to that of Lemma 2.4, we omit the details here.
]
Due to the above Lemmas 2.1-2.5, we can take A := Cy, and thus F maps A into A. The following
lemma tells us that F' is a contraction mapping in the sense of weaker norm.

Lemma 2.6. There is a constant 0 < 6 < 1 such that for any i; (i = 1, 2),
|F(ity, wi) — F(ito, W)ll20,7:m1y < Ol — i, Wi — Wo)llr20.7:m1) (2.25)

for some small 0 < T < 1.

Proof.  Suppose (p;, u;,w;,0;, E;,b;) (i = 1,2) are the solutions to the problem (1.11)—(1.26)
corresponding to #; (i = 1,2). Define

Pi=p1— P2, U =U — U, W= W — Wy, 0:=6 — 0,

E = E1 —Ez,b = b1 —bz,ljl = 1711 - ﬁz,w = Wl —WQ.
Then, we have

o, + div (pity) = —div (o), (2.26)

AIMS Mathematics Volume 7, Issue 9, 16037-16053.



16049

€O, E—rotb+ E+iiXb +iiyxb=0,

0:b+r1otE =0,divb =0,

010,60 + prity - VO — A0 + p6,div ity — p20,div ity + p0,0, + (o111 — i) VO,
=01 -0,

P10 + prity - Vu+ V(0101 — p26h) — (0 + p)Au — (A + p— p,)Vdivu
+p0uy + (p1ity — i)V
= 2u,rotw + (Ey + uy X by) X by — (Ey + uy X by) X by,

with

2

1
0 = g(va,- + Va[) 2 (Vi + Vii]) + AV ) + 4, | 5Toth; — ) -+ co(div )”

+(Cq + cg)VW; 1 Vi + (cq — co) VW, : V! + |E; + it; X bi* (i=1,2)

P10wW + prity - Vw — (¢, + cg)Aw — (co + ¢4 — c,)Vdivw + 4u,w
= 2u,rotu — pow, — (p1ily — paity) - Vwy.

Testing (2.26) by p, we see that

d 2
2| a
dtfp o

IA

ClIVig || fpzdx + Clllo2lle=1IVallz2 + [l o lIVo2lls ol 2

IA

Cllit [lw2s fpzd)h“ ClIVill2lloll2

MVl + CQA + |l llweo)lloll;.

IA

forany 0 <nm; < 1.
Testing (2.27) and (2.28) by E and b and summing up the result, we find that

1d 2, 12 2
2dtf(EE +b)dx+fde
= f(blxﬁ+b><ﬁ2)de

1 - ~
< ZszdX+Cllblllimllulliz + Clll7- 116117,

1
< szdx + Cllaill2, + ClIBll3.

Testing (2.29) by 6 and using 9,0, + div (p,it;) = 0, we infer that

1d

—— Pdx + | |VOPd
2 dr pivax f| [“dx

A

.- .~ 2
< lloll2l01llz=ldiv &y || =110l 2 + lleallz=lldiv iy |11l

(2.27)
(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

f[p@ldlv )+ p29dlv 7 +p292diVljt +p6,92 + (pljt] + pzﬁ)VOQ]de + f(Q] - QZ)de
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Hlo2lz= 102l [1div @l 21161122 + [loll 210,62 1121611 s

Hloll 2l |l IV Ol sl161] s + lloallze 12l 21V Oalls]16]]

+C(IWillwrs + IWallwro)l[V Wl 21163

+C (Vi lles + IVl Vill2110lls + CAIE e + IE2 [zl Ell 21013
+C([[it || 11B1 [l + il o l1b2] )l 211012 + Nl = 1101 216N 22

L . . 1
< Clldiv i ll=(loliz: + 1617:) + mlIVallz, +mlIVwlz, + ClI6IE, + ﬁIIVQIIiz

+ClI36a113: lloll7: + Cliollg, +mllally, + mall ENZ + millbll (2.34)

for any O < iy, < 1.
Testing (2.30) by u and using d,0; + div (p;ii;) = 0, we deduce that

IA

IA

IA

forany 0 <

1d
2dt
- f[pa,uz + (pit; + pait) - Vuyludx + f(p191 — p20x)div udx + 2u, frotw - udx

pilultdx + f [+ VP + (A + g — p)(div ) Tdx + f (ux by Ydx

+ f[(El +u; X bl) X b1 — (E2 + u, X bz) X bz]udx

llollz2l10uallrsllullze + llollz2lli ]l + [lo2ll el 22N Vaeal o luell 5

+(lloll2l161]z + [lo2ll =10l 2)ldiv ull 2 + Cllrot wil 2|l |2

HIEl 21Dl llellz2 + 1Dl 21 E2 | o] lual 5

+(ll2ll =101 2101l + Neazllz= D2l o= 1611 2l .2

I%IIVMIIEZ + Clldanall7slloll7, + Cllpllz + l1all2)llull

+Cllpllz. + ClI6IZ. + CIE2lull> + Clibll2llulls + Clibl2llullz + Clirot w2 lull 2
%”V””iz + Clldanl1:lpl, + mllally, + Cllull;, + Clloll7

+Cl6I7, + CrallENlZ, + mlIbll7, + millrot w7, (2.35)

n,m <1

Testing (2.31) by w and using d,0; + div (p;i1;) = 0, we compute

IA

IA

1d
2dt
24, fwrot udx — f[p@,wz + (pity + poit) - Vw,ylwdx

piwldx + (cq + cq) f IVw|Pdx + (co + cq — ¢,) f (div w)*dx + 4y, f Iw|*dx

2 M 2
Cliwll;, + §|qu|le + llpll 20wl 3wl e
+(lloll2lli |z + o2l el )1V woll s lwll 3

2 M > CatCy 2 2 a2
Cliwll7, + §||VM||L2 + 2 Vw7, + Cllowall sllell;»

+Cllpl2, + mllall2.. (2.36)

Taking (2.32)+n;%(2.33)+(2.34)+(2.35)+(2.36), taking 17, << n; and using the Gronwall inequality,
we arrive at (2.25) forsmall 0 < T < 1.
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This completes the proof.

Proof of Theorem 1.1.

By Lemmas 2.1-2.6 and the Banach fixed point theorem, we finish the proof.
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