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Abstract: In this paper, we obtain the form of the solutions of the following rational systems of
difference equations

Yn-13n Zn-1Xn Xn-1Yn
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Zn £ Xp—2 Xn £ Yn—2 Yn £ Zn—2

with initial values are non-zero real numbers.
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1. Introduction

This paper is devoted to study the expressions forms of the solutions and periodic nature of the
following third-order rational systems of difference equations

with initial conditions are non-zero real numbers.
In the recent years, there has been great concern in studying the systems of difference equations.
One of the most important reasons for this is a exigency for some mechanization which can be used
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in discussing equations emerge in mathematical models characterizing real life situations in economic,
genetics, probability theory, psychology, population biology and so on.

Difference equations display naturally as discrete peer and as numerical solutions of differential
equations having more applications in ecology, biology, physics, economy, and so forth. For all that
the difference equations are quite simple in expressions, it is frequently difficult to realize completely
the dynamics of their solutions see [1-19] and the related references therein.

There are some papers dealed with the difference equations systems, for example, The periodic
nature of the solutions of the nonlinear difference equations system

1 B, 1

~ Bn = =5 > Cn = s
Cn “ An—an—l + An—l

An+1 =

has been studied by Cinar in [7].
Almatrafi [3] determined the analytical solutions of the following systems of rational recursive
equations

Xyl = Xn-1Yn-3 » Ymel = Yn—1Xn-3 _

Yu-1(£1 £ X1 Yn-3) X1 (2] + Y1 X-3)
In [20], Khalig and Shoaib studied the local and global asymptotic behavior of non-negative
equilibrium points of a three-dimensional system of two order rational difference equations

Xn—-1 Yn-1 Zn—1

Xn+l = > Yn+l = s Zntl = .
g+ Xn—1Yn-1Zn-1 g + Xn—1Yn-1Zn-1 n + Xn—1Yn-13Zn-1

In [9], Elabbasy et al. obtained the form of the solutions of some cases of the following system of
difference equations

X _ a; + axy, y _ blzn—l + bZZn
n+1 - ’ n+l — ’
a3Zy + AqaXp—12 b3xnyn + b4xnyn—l
C1Zp-1 T C2Z,
Zn+1

C3Xn1Yn-1 + CaXn1Yn + C5X Y
In [12], Elsayed et al. have got the solutions of the systems of rational higher order difference equations
1 A, B,
Ayt = ———, By = ——L,
A pB,-)p An—¢B,—,
and
1 An—pBn-pCnp An—gBn-qCng

A B Gy P T A B O M T AL B G

n-pPn-pLn-p n-gPn—q%“~n—q n—-rPn—rn-r
Kurbanli [25,26] investigated the behavior of the solutions of the following systems

An+1 =

Al’l—l Bn—] 1
An - 5 1 Bn = 5 1> Cn = s
* A B, -1 """ T B A -1 " T CB,
An—l Bn—l Cn—l
Ay = ————— B =5———, Coy1 = —717——.
+ A B,—1"""™ "B A -1 """ c_B, -1

In [32], Yalc¢inkaya has obtained the conditions for the global asymptotically stable of the system

B,A,_1 +a A,B,_1 +a
Ay = 2o 28 g BB 28
Bn + An—l An + Bn—l
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Zhang et al. [39] investigated the persistence, boundedness and the global asymptotically stable of the
solutions of the following system

R,=A+ , O,=A+ Q1
Qn—p Rn—rQn—s
Similar to difference equations and systems were studied see [21-24,27-38].
n— n n— 'x}’l -xn— n
2. The system: x,,; = y—lz’ Yn+1 = Z—l, Zn+1 = Ly
Zn + Xp—2 Xp + Yn—2 Yn + Zn-2

In this section, we obtain the expressions form of the solutions of the following three dimension
system of difference equations
Yn-1Zn Zn-1Xn Xn-1Yn

Xn+l = — 5 Yn+1l = T ln+l = ’ (1)
Zn + Xp—2 Xn t Yn—2 Yn + Zn-2

where n € Ny and the initial conditions are non-zero real numbers.

Theorem 1. We assume that {x,, y,, z,} are solutions of system (1). Then

ak3n
Xon-2 = " s

]:[l(a + (6D)k)(a + (61 + 2)k)(a + (6i + 4)k)
i=0

b f3n

n—1 ’
g)(g +(6i + 1) f)(g + (6i + 3)f)(g + (6i + 5)f)

C3n+l

Xon-1 =

Xoen = _ s
1‘[1(d + (61 + 2)c)(d + (6i + 4)c)(d + (6i + 6)c)
i=0

e k3n+l
x6n+1 - ’

(a+k) rﬁ(a + (61 + 3)k)(a + (6i + S)k)(a + (6i + T)k)
i=0

f3n+2
n—1 ’
(8+2f) _1;[)(g + (60 + ) f)(g + (6i + 6)f)(g + (6i + 8)f)
hc3n+2

Xon+3 = s

(d+c)d+3c) nI:[l(a’ + (61 + 5)c)(d + (6i + T)c)(d + (6 + 9)c)
i=0

Xon+2 =

dc3n
y6ﬂ—2 = )

n—1

[1(d + (6i)c)(d + (6i + 2)c)(d + (6i + 4)c)
i=0
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Yon-1 =

Yon =

Yon+1 =

Yen+2 =

Yonez =

and

Z6n-2

Z6n-1

Z6n

Z6n+1

l6n+2 =

l6n+3 =

e k3n

b

nf_[l(a + (61 + Dk)(a + (6i + 3)k)(a + (6i + 5)k)
i=0

f3n+1
n—1 ’
g(g +(6i +2)f)(g + (6i + 4) /)(g + (6i + 6) )

h 6‘3"+1

b

d+ c)nI:[l(d + (61 + 3)c)(d + (6i + S)c)(d + (61 + T)c)
i=0

k3n+2

b

(a + 2k) nf[](a + (61 + d)k)(a + (6i + 6)k)(a + (6i + 8)k)
i=0
bf3n+2

n-1 ?
8+ NHg+3f) lj!)(g +(6i +5)/)(g + (6i + 1 f)(g + (6i +9)f)

ngn
n—1 ’
g(g +(60)f)(g + (6i +2)/)(g + (6i + D f)

hen

b

nf[](d + (61 + 1)c)(d + (6i + 3)c)(d + (6 + 5)c)
i=0
k3n+1

ri:[l(a + (61 + 2)k)(a + (6i + 1)k)(a + (61 + 6)k)
i=0
bf3n+1
n—1 ’
&+ 1) [!)(g +(6i + 3)f)(g + (60 +5)f)(g + (6i +T)f)

c3n+2

b

(d+2c) ri:[l(d + (61 + 4)c)(d + (6i + 6)c)(d + (6 + 8)c)
i=0

e k3n+2

9

(a + k)(a + 3k) nﬁl(a + (61 + 5)k)(a + (6i + Tk)(a + (6i + k)
i=0

where x o =a, x_1=b,xo=c,y=d,y1=e,y0=f,22=8,2.1 =hand 7y = k.

Proof. For n = 0 the result holds. Now assume that n > 1 and that our assumption holds for n — 1,

AIMS Mathematics
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that is,
ak3n—3
Xon-8 = 5 )
[T(a + (6D)k)(a + (6i + 2)k)(a + (6i + 4)k)
i=0
bf?m—3
Xon-71 = P ,
[!)(g + (60 + 1)f)(g + (6i + 3)f)(g + (6i + 5)f)
) c3n—2
Xon-6 = 5 )
[1(d + (6i +2)c)(d + (6i + 4)c)(d + (6i + 6)c)
i=0
ek3n—2
Xon-5 = 2 ,
(a+k)[](a+ (6i+3)k)a+ (6i + 5)k)(a+ (6i + 7)k)
i=0
f3n—l
Xon-4 = P s
(&+2f) Q)(g + (60 +4)f)(g + (6i + 6)f)(g + (6i + 8) f)
) hc3n—1
Xon-3 = 2 )
(d+c)d+3c) 1+ (6i+5)c)d+ (6i +7)c)d + (6i +9)c)
i=0
dc3n—3
Yon-8 = 2 >
[T(d + (6i)c)(d + (6i + 2)c)(d + (6i + 4)c)
i=0
ek3n—3
Yon-1 = 2 >
[T(a + (6i + 1)k)(a + (6i + 3)k)(a + (6i + 5)k)
i=0
f3n—2
Yon-6 = 2 >
g)(g + (60 +2)f)(g+ (6i +4)f)(g + (6i + 6)f)
hc3n—2
Yon-5 = 2 >
(d+c) ]+ (6i+3)c)d+ (6i+5)c)d+ (6i+ 7))
i=0
k3n—1
Yon-4 = 2 >
(a +2k) [[(a + (6i + d)k)(a + (6i + 6)k)(a + (6i + 8)k)
i=0
bf3n—1
Yon-3 = ) >
(&+Hg+3f) g)(g + (60 +5)f)(g + (6i + 7)) (g + (6i +9)[)
and

AIMS Mathematics Volume 7, Issue 8, 15532—-15549.
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Z6n-8

Z6n-17

26n-6

Z6n-5

Z6n—4

Z6n-3

g f3n—3

n-2 ’
I_—!)(g +(60)f)(g + (6i +2)f)(g + (6i +4)f)

hc3n—3

nf[z(d + (61 + 1)c)(d + (6i + 3)c)(d + (61 + 5)¢)
i=0

k3n—2

nflz(a + (61 + 2)k)(a + (6i + 4)k)(a + (61 + 6)k)
i=0

b

ben—Z
n-2 ’
&+1) g)(g +(6i +3)f)(g + (6i + 5)f)(g + (6i + 7))
C3n—l

(d+2c) ﬁ(d + (6i + 4)c)(d + (6i + 6)c)(d + (6i + 8)c)
i=0

e k3n—l

(a+k)(a+ 3k) nI:[z(a + (61 + 5)k)(a + (6i + T)k)(a + (61 + 9)k)
i=0

It follows from Eq (1) that

Xon-2 =

AIMS Mathematics

Yen-4Z6n-3
Z6n-3 + Xen-5

;3n—1 o311
—2 —2
(a+2k) n]_[ (a+(6i+4)k)(a+(6i+6)k)(a+(6i+8)k) || (a+k)(a+3k) nl_[ (a+(6i+5)k)(a+(6i+7)k)(a+(6i+9)k)
i=0 i=0

ek3n—1 " ek3n=2
—2 —2
(a+k)(a+3k) n]_[ (a+(6i+5)k)(a+(6i+7)k)(a+(6i+9)k) (a+k) nl_[ (a+(6i+3)k)(a+(6i+5)k)(a+(6i+7)k)
i=0 i=0

k3n
(a+2k) nI:[2(a+(6i+4)k)(a+(6i+6)k)(a+(6i+8)k)
i=0

(a+3K) T] (a+(6i+9)k) T+ 6i+3)k)
i=0 i=0

(a+30 Tl (a+ (6 + 90 k N |
i=0

k3n

(a+2k) nﬁz(a+(6i+4)k)(a+(6i+6)k)(a+(6i+8)k)
i=0

(a+3k) rll]:[z(a+(6i+9)k)
k+ —
T (a+(6i+3)k)
i=0

k3n

(a+2k) nr_lz(a+(6i+4)k)(a+(6i+6)k)(a+(6i+8)k)
i=0

[k + (a + (6n — 3)k)]

Volume 7, Issue 8, 15532—-15549.



15538

a k3n

a(a + 2k) (a + (6n — 2)k) nlz[z(a + (61 + 4)k)(a + (6i + 6)k)(a + (61 + )k)
i=0

Then we see that
k3n

Xon-2 =~ .

[1(a + (6D)k)(a + (6i + 2)k)(a + (6i + 4)k)
i=0

Also, we see from Eq (1) that

Z6n-4X6n—3
Xon-3 t Yen-5s

Yén-2

A3n-1 hedn—1
) -2
(d+2c) nﬂ (d+(6i+4)c)(d+(6i+6)c)(d+(6i+8)c) || (d+c)(d+3c) nH (d+(6i+5)c)(d+(6i+7)c)(d+(6i+9)c)
i i=0

i=0

he3n-1 he3n=2
n-2 * n-2
(d+c)(d+3c) 1 (d+(6i+5)c)(d+(6i+7)c)(d+(6i+9)c) (d+c) 1 (d+(6i+3)c)(d+(6i+5)c)(d+(6i+T)c)
i=0 i=0

c3n

(@420 TT (d+(6i+4)e)d+(6i+6)c)(d+(6i+8)c)
i=0

n—2
(d +3¢) [1(d + (6i + 9)c) - e
i=0 (d+3c) [1(d+(6i+9)c) [1(d+(6i+3)c)
i=0 i=0

03"

(d+2c) n[:[2(d+(6i+4)c)(d+(6i+6)c)(d+(6i+8)c)
i=0

[c+d+ (6n—3)c]

c3n

[d + (6n —2)c] (d + 2c¢) nlz[z(d + (6 + 4)c)(d + (6i + 6)c)(d + (61 + 8)c)
i=0

Then

dc?an

Yen-2 = = .

[1(d + (6i)c)(d + (6i +2)c)(d + (6i + 4)c)
i=0

Finally from Eq (1), we see that

X6n-4Y6n-3
Yén-3 + Z6n-5

Z6n-2

f3”_1 1;_f3"_l
n—2 n=2
(8+2/f) 'HO (8+(6i+4) )(g+(6i+6) )(g+(6i+8)f) || (g+/)(g+3f) 41_[0(g+(6i+5)f)(g+(6i+7)f)(g+(6i+9)f)
i= i=

pri3n—1 pfIn—2
n-2 L + n-2 .
(8+/)(g+3/f) 'HO (8+(6i+5) /) (g+(6i+7) /) (g+(6i+9) f) (&+f) 'HO (8+(6i+3) /)(g+(6i+5) /) (g+(6i+7)f)
i= i=l

AIMS Mathematics Volume 7, Issue 8, 15532—-15549.
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f3n
n-2
(8+2/) _l})(g+(6i+4)f)(g+(6i+6)f)(g+(6i+8)f)

n-2
(g+3f) [1(g+ (6i +9)f) — +| 2
i=0 (g+3/) _1_10 (g+(6i+9)f) _1_10 (g+(6i+3)f)

f3n
n-2
(8+2f) H)(g+(6i+4)f)(g+(6i+6)f)(g+(6i+8)f)

n=2
(g+3/) lj!)(g+(6i+9)f)

f + n=2
_I_To(g+(6i+3)f)

f3n
n=2
(8+2/) _I_TO(g+(6i+4)f)(g+(6i+6)f)(g+(6i+8)f)

[f + (g + (6n=3)/)]

f3n
n-2 ’
(g +(6n-2)f)(g+2f) _I_To(g +(6i+4)f)(g + (6i + 6)f)(g + (6i + 8)f)

Thus X
gf™

Bn-2 = 17 .

1})(8 +(60) f)(g + (61 +2)f)(g + (6i + 4) )

By similar way, one can show the other relations. This completes the proof.

Lemma 1. Let {x,, y,, z,} be a positive solution of system (1), then all solution of (1) is bounded and
approaching to zero.

Proof. 1t follows from Eq (1) that

_ Yn—12n _ Zn-1Xn

Xpy1 = ———— < Yn-1, Y1 = —————— < Zu-1,

Zn t Xp-2 Xp + Yn-2
Xn—1Yn

in+l = < Xp-ts

Yn + Zn-2
we see that
Xn+4 < Yn+25 Yn+2 < Zns Zn < Xn-25 = Xpa < Xp-2,

Yn+4 < Zn+2s  Zn+2 < Xns  Xn < Yn-2, = Yn+4 < Yn-2,

Zn+d < Xn+2s  Xn+2 < Yo Yn < Zn-25 = Zn+s < Zp-2,

Then all subsequences of {x,,y,,z,} (i.e., for {x,} are {x¢,—2}, {Xen-1}, {Xen}» {Xens1}» {Xens2},
{x¢nr3} are decreasing and at that time are bounded from above by K,L and M since K =
max{x_», X_1, Xo, X1, X2, X3}, L = max{y_», y_1, Y0, y1, y2, y3} and M = max{z_, z_1, 20, 21, 22, 23}-
Example 1. We assume an interesting numerical example for the system (1) with x_, = -.22, x_; =
-4, x0=12, y,=-.62,y1=4, yo=.3, 2., =4, 721 = .53 and 7y = 2. (See Figure 1).

AIMS Mathematics Volume 7, Issue 8, 15532—-15549.
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plotof X =Y . ZIZ +X .Y SZ X IX Y Z =X Y.JY

n-2° n+1 n1 non n+2 n+1 n1 non 2;
4

1] 2 4 E a ‘1ID 1I2 ‘1I4 'IIS ’Ilﬁ 20

n
Figure 1. This figure shows the behavior of the solutions of the system (1) with the initial
conditions X_p = —.22, X_1 = —.4, X0 = 12, Yoo = —.62, Yy = 4, Yo = .3, o = .4, -1 =
.53 and zp = —2. (We see from this figure that all solutions converges to zero).

Yn-1Zn Zn-1Xn Xn—1Yn
3. The system: x,,} = ———, Vo1 = ————, Zny1 = ————
Zn + Xp—2 Xp + Yn—2 Yn — Zn-2

In this section, we get the solution’s form of the following system of difference equations

Yn—13n Zn-1Xn Xn-1Yn (2)

Xnel = =5 Y+l = T n+l = »
Zn + Xp—2 Xn t Yn—2 Yn — Zn—2

where n € Ny and the initial values are non-zero real numbers with x_, # +z9,# —220, 2.2 # Yo, #
2y0, # 3yp and y_, # 2x0, # £Xo.

Theorem 2. Assume that {x,,y,, z,} are solutions of (2). Then forn =0,1,2, ...,

[ G Gl 0 A G0
T @ a2k T T (f- G —g T dQe—d)
ek3n+1 (_ 1)nf3n+2 (_ l)nhc3n+2
Xén+1 Xon+2 = Xon+3 =

(a _ k)”(a + k)2n+l ’ gn(Zf _ g)2n+1 ’ (C _ d)z’”l(c + d)n+1 ’

B (_1)nc3n _ ek3n B (_1)nf3n+l
Yon-2 = —dZ"‘1(2c —a Yon-1 = @—kya+ ke’ Yon = —g”(2f —o
(_1)nhc3n+l (_1)nk3n+2 _ (_l)nbf3n+2

Yon+1 = c—d>(c+dy Yon+2 = W, Yon+3 = (=g (3f — gyl
and

(_1)nf3n _ (_1)nhc3n . (_1)nk3n+1
YT e—d e+ dy T T a(a+ 2k

6n-2 = T A s o, Jbn-
g 2f g

AIMS Mathematics Volume 7, Issue 8, 15532—-15549.
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(_l)nbf3n+1 B (_1)n+lc3n+2 B _ek3n+2
(f _ g)2n+1(3f _ g)n’ Zon+2 = d2"+1(26 _ d)n’ Zon+3 = (a— k) (a+ k)2n+2’

where x_y =a, x.1=b,xo=c,y,=d,y_.1=e,yo=f,22=8,2.1 =hand zp = k.

Z6n+1

Proof. The result is true for n = 0. Now suppose that n > 0 and that our claim verified for n — 1.
That is,

. _ (_ 1 )n—l k3n—3 N _ (_ 1 )n—l bf3n—3 . _ (_ 1 )n—l CBn—Q
6n-8 a3 (a + 2k)n—l > Aon=T (f _ g)zn—2(3f _ g)n—l > on=6 d2n—2(2C _ d)n—l ’
. ek3n—2 N _ (_1)n—1f3n—] N _ (_1)n—lhc3n—l
6n-5 (a— k)"‘l(a + k)2n—l > Aon—4 gn—l(zf _ g)Zn—l > Aon=3 (c — d)Zn—l(c + d)n >
B (_ 1 )n—l C3n—3 _ ek3n—3 _ (_ 1)n—1f3n—2
y6n—8 - dzn_:),(zc _ d)n_l ) y6n—7 - (a _ k)n_l(a + k)zn_z B y6l’l—6 - gn_l(zf _ g)zn_z )
B (_l)n—l hc3n—2 B (_l)n—l k3n—1 B (_1)n—1 bf3n—l
and
B (_ 1)n—1f3n—3 B (_ 1)n—1hc3n—3 B (_ 1)n—lk3n—2
Zon-8 = g”‘z Qf - g)Q”‘z > Zon-1 = (c — " 2(c + dy™! > L6n—-6 = a2 2(a + 2k >
. B (_l)n—lben—Z (_l)nCSn—l _ekSn—l
6n-5 —

(f - @ 13f - g)*! » Lon—-4 = d-1(2¢ — dy-V Zon-3 = (a—kyYa+ k2
Now from Eq (2), it follows that

Ye6n—4Z6n-3
Xen-2 = ——————
Z6n-3 t Xen—5
(_1)n—1k3n—1 _ek3n—l
B (azn‘z(a + 2k)”) ((a —k)y(a + k)2")
- —ek3n-1 .\ ek32
(a —k)y—1a+ k)> (a —k)ya + k)1
(_ 1)nk3n
a2n—2(a + Zk)n (_l)nk3n
(~k+a+k)  aa+2k"
( (—1)"C3n_1 )( (_l)n—lhc3n—l )
y _ Zon-4X6n-3 _ d?=1Qc—d)"=1 ) \ (c=d)*~(c+d)"
6n-2 — - , , , -
Xeo 2+ a (—1)” lhc3” 1 (—1)" lhc3” 2
o3 HYons (o) * (o)
(_l)ncSn
_ (FE) e
c+c—d d>-12c — dy”’
( (_1)n—1f3n—1 )( (_l)n—lben—l )
Zons = Xon-4Yon-3 glef-9 " J\(f-9'Gf-g)"
n— - - n—1 3n—1 n—1 3n-2
613 — Z6n_s (lbf _(_ulef
Yor " ((f—g)z"‘l(3f—g)”) ((f—g)z”‘1(3f—g)”“ )

(Fomr) _ o
(f=3f+g g 'Qf-g9*

Also, we see from Eq (2) that

AIMS Mathematics Volume 7, Issue 8, 15532—-15549.
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Y6n—326n-2
Xon-1 = ————————
Zon-2 t Xen—4
(_l)n—lben—l (_ 1>nf3n
_ ((f—g)z""(3f—g)") (g"‘] (2f—g)2")
- (1) f3n (=11 f3n-1
(g”‘l Qf-g* ) + (g”‘l 2f-gy*! )
(_l)nbf3n 3
_ (i) __ =D
(—f+2f-g (f-9*@Bf-g"
() (52)
Yol = Ton-3X6n-2 _ \(a—kya+k)? ) \ a1 (a+2k)"
n— - - — —
Xe + _ (,l)nkSn (,l)n 1k3r1 1
6n=2 T Von—4 (az"’l(a+2k)") + (az"’z(a+2k)")
€k3n
_ ((a—k)"*'<a+k)2") _ ek
—k+a (a —k)ya+ k)’
( ( l)n ll’lC3n 1 )( ( l)n 3n )
z _ Xen-3Yen-2 _ \(c-d)*"N(c+dy' ) \d?"~'(2c—d)"
6n-1 — - —
_ (_1)nc3n (—1)”63" 1
Yon-2 Zon—4 (dz"_l(Zc—d)") - (dZn—l(zc_d)n—l)
(—1)" lhc3n
(o ea)  lrhe

c—Qc—d)  (c—d(c+dn

Also, we can prove the other relations.

Example 2. See below Figure 2 for system (2) with the initial conditions x_, = 11, x_; = 5, xo =
13, y,=6,y.1=7,y9=3,2z,=14,2., =9and zp =2

plotof X =Y . ZIZ +X .Y =L XX -Y Z =X Y[ -Z

n1 non n+2 n+1 n1 non n2;
1500

1000

500

pf —— —————

=500

>(l'l’s'lln’zn

-1000

-1500 |

-2000 |

2500 ' : : ' '
1] 5 10 15 20 25 30
n
Figure 2. This figure shows the behavior of solutions of the systems of rational recursive
Yn-13n n-1%n Xn-1Yn e
sequence X,.| = ——, Yu4u1 = —, Zus1 = ————, when we take the initial
. Zn + Xp—2 Xn + Yn-2 Yn — Zn— 2
conditions: x , = 11, x.; =5, xo =13, yo, =6,y =7, y0=3, 2z, =14,2, =9

and 7y = 2. (See the figure we can conclude that all the solutions unboundedness solutions).
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Yn-13n Zn-1Xn Xn—1Yn
4. The system: x,,| = ———, Vyu1 = —————, Zps1 = ————
n + Xp—2 Xn = Yn-2 Y+ Zn—2

Here, we obtain the form of solutions of the system

Yn—12n Zn—1Xn Xn-1Yn (3)

Xn+l = s Yn+l = s Zn+l = ’
Zn + Xp—2 Xn = Yn-2 Yn + Zn—2

where n € Ny and the initial values are non-zero real numbers with x_, # £z, # 220, 2.2 # Y0, # —2Y0
and y_, # Xo, # 2x0, # 3Xo.

Theorem 3. If {x,,y,, 2.} are solutions of system (3) where x_, =a, x_.y = b, xo=c,y_, =d,y_| = e,
yo=f,202=8 2.1 =handzy=k. Then forn=0,1,2,...,

o K [ Gt 2 N Gl Vil
6n-2 azn_l(a — Zk)n s Ab6n—1 (f _ g)n(f N g)zn s Ab6n dn(d _ 2C)Zn 5
N _ (_1)nek3n+1 . _ (_1)nf3n+2 _ (_1)nhc3n+2
6n+1 (a — k)*(a + kyr! > Aon+2 g2n(2f + g)n+1 > on+3 (c — d)1 (3¢ — d)r*! ’
B (—1)yc3 (= D)ek (=D
Yon—2 = _d”_l(d _ 2C)2n’ Yon-1 = (Cl _ k)z”(a + k)n’ Yon = gzn(zf + g)na
B (_ l)nhc3n+1 B _k3n+2 B (_ 1)nbf3n+2
Yol T S Be—dy T T @ @ -2k T T (F— gr(f + 97
and
S o ) N G VY S
T g 1f gy N T (=) Be—d)y "™ T a?(a -2k
. o e (=1)*lek™
n+1 n+s T

(f _ g)n(f + g)2n+1 ’ d”(ZC _ d)2n+1 > Zon+3 = (a _ k)2n+l(a + k)n+1 :

Proof. As the proof of Theorem 2 and so will be left to the reader.

Example 3. We put the initials x , = 8, x; = 15 x = 13, y, = 6, y; = 17,
Yo =3, z.» =14, z_; = 19 and zy = 2, for the system (3), see Figure 3.
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Figure 3. This figure shows the unstable of the solutions of the difference equations
system (3) with the initial values x_, = 8, x.; = 15, xp = 13, y», =6, y_; = 7,

Yo=3,2z2=14, 221 =19 and 7o = 2.

The following systems can be treated similarly.

Yn-1Zn

b
Zn = Xp-2

Xn-1Yn
Yn + Zn-2

Zn-1Xn

Xp + Yn-2

’ Zn+l -

5. The system: x,,; = ]

In this section, we deal with the solutions of the following system
Yn—12n

b

Xn-2

Zn—1Xn
Xp + Yn-2

Xn-1Yn
Yn + Zn-2

Xn+l =

)

Yn+1 > n+l

n

where n € Ny and the initial values are non-zero real with x_, # zo, # 2z0, # 320, 22 # %Yo, # 2y and
Yoo # £X9, # —2Xg.

Theorem 4. The solutions of system (4) are given by

(_l)nkSn (_1)nbf3n (_1)nc3n+1

T a2 T T (g (g T dd 20"
—ek3"+1 (_1)n+1f3n+2 (_1)n+1hc3n+2
Xon+l = (@ — k> (a -3k’ Xon+2 = W, Xon+3 = (c —d)y'(c + dy?2’
B (_1)nc3n B €k3n _ (_1)nf3n+l

Yen-2 m, Yon-1 = (@ -k (a -3k on = m,

(_ l)nhc3n+1 _k3n+2 (_ l)nbf3n+2
Yen+1 c+d) (c—dy Yen+2 = W, Yon+3 = (f =g (f + gy

and

(_l)nf3n (_l)nhc3n (_l)nk3n+l

2 T g g O T erdpc—dy T aa - 2k
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(_1)nbf3n+1 B (_1)nc3n+2 B ek3n+2
(f _ g)Zn(f + g)n+1 > Zon+2 = 12 fon+3 = (a— k)2”+1(a _ 3k)n+1 >

d*(2c + d"+
where x o =a, x.1 =b,xo=c¢,y2=d,y.1=¢,y0=f,22=8, 2.1 =hand 7o = k.

Z6n+1

Example 4. Figure 4 shows the behavior of the solution of system (4) with x_, = 18, x_; = —15, xy =
3, Yo = 6, Yo = .7, Yo = —3, I = 4, -1 = -9 and 20 = 5.

P|§; of xn +1 =‘I"n-1zn'r’zn-xn -Z’Yn+1 =Zn -1 xn';xn +Yn-2;zn+1 =xn-1 YnNn +Zn -2;

40 r

NE 20
>;I:
XI: “ID o /\ 4
0r ‘\/*"’_ \\_?-_/\\_/‘_"_/\\._:—d e ]
1071 1
20 : ; ; ' : ' :
] 5 10 15 20 25 30 35 40
n
. . . Yn-1Zn
Figure 4. This figure shows the behavior of the system x,,; = ———, Y1 =
n — Xn=2
Zn-1X, Xn—1 . e ..
Lzl = InoWVn ith the initial conditions:- X = 18, x.; = =15, xy = 3,
Xy + Yn-2 Yn + Zn—2

Yoo = 6, Yy = .7, Yo = —3, I-p = 4, -1 = -9 and 20 = 5. - 06, X_1 = 02, Xo = -5. (From
the figure, we see that all solutions goes to zero).

Yn—12n Zn—1Xn Xn—1Yn
6. The system: x,, = ———, Y41 = ———, Zy41 = ————

Zn — Xn-2 Xn = Yn-2 Yn — Zn-2
In this section, we obtain the solutions of the difference system

_ Yn—-13n _ Zn-1Xn _ Xn—1Yn
Xn+l = — 5 Yn+l = T Zptl T T (5)
n — Xp-2 Xn = Yn-2 Yn — Zn-2

where the initials are arbitrary non-zero real numbers with x_, # 2, zZ_» # yo and y_, # Xo.

Theorem S. If {x,,y,,z,} are solutions of system (5) where x_, = a, x_.y = b, xo=c,y, =d,y_| =e,
yo=/f,2-2=8,2-1 =hand zy = k. Then

kSn b f3n C3n+1
Xeon—2 » Xen-1 = > Xen = s
-1 3
a3n (f _ g)3n a3
ek3n+l 3n+2 hc3n+2
Xén+1

(k — a3+’ Xon+2 = P Xon+3 = (c — d)»+2’
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C3n ek3n f3n+1
Yon-2 = P Yon-1 = m, Yon = ===
hc3n+1 k3n+2 bf3n+2
Yon+1 = W’ Yon+2 = prrEE Yon+3 = W,
and
f3n hc3n k3n+1
len—2 = W’ Zen-1 = (c——d)3”’ Zen = W’
bf3n+1 c3n+2 ek3n+2
Zen+l = (f - g)3"+1’ Zen+2 = o’ Z6n+3 = m-
Example 5. Figure 5 shows the dynamics of the solution of system (5) with x_, = 18, x_; = =15, xy =
3,)/_2 = 6,y_1 = .7,y0 = —3,2_2 = 4, -1 = -9 and 20 = 5.
plotof X =Y ZJZ X Y . =Z X IX Y 2 =X YN Z
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Figure 5. This figure shows the behavior of the system of nonlinear difference equations (5)
with the initial conditions considered as follows:- x_, = 18, x_; = —-15, xo = 3, y, = 6,
ya=.7y=-3,22=4,z.1=-9and zp = 5.

7. Conclusions

This paper discussed the expression’s form and boundedness of some systems of rational third
order difference equations. In Section 2, we studied the qualitative behavior of system x,,; =

_ _1X X
y"—lzn, Vpel = ﬂ, Znl = Lyn, first we have got the form of the solutions of this system,
Zn t Xp-2 Xp + Yn-2 Yn + Zn-2

studied the boundedness and gave numerical example and drew it by using Matlab. In Section 3, we

) _ _1X Xy
have got the solution’s of the system x,,; = yn—lzn, el = St el = -l , and take a
Zn + Xp—2 Xn + Yn-2 yn_zn—Z
numerical example. In Sections 4-6, we obtained the solution of the following systems respectively,
Yn-13n n-1Xn Xn-1Yn Yn-12n Zn-1Xn
Xptl = = Yul = = Zntl = T Xpyl = T Yp+l = s Zntl =
Zn + Xp—2 Xn = Yn-2 Yn + Zn-2 in — Xn-2 Xy + Yn-2
Xn—1Yn Yn—-12n Zn-1Xn Xn—1Yn .

————,and X4 = ———, Yu4u1 = —————, Zus1 = ———. Also, in each case we take a
Yn + Zn-2 n — Xn=2 Xn = Yn-2 Yn — Zn—2

numerical example to illustrates the results.
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