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1. Introduction and main results

In this paper, we assume that the reader is familiar with the basic notions of Nevanlinna’s value
distribution theory, see [6,7, 18, 19]. In the following, a meromorphic function means meromorphic
in the whole complex plane. By S (7, f), we denote any quantity satisfying S(r, f) = o(T(r, f)) as
r — oo, possible outside of an exceptional set £ with finite logarithmic measure fE dr/r < co. And we
define the difference operators of f(z) as A.f(z) = f(z + ¢) — f(2), where c is a nonzero constant. For
convenience, let

1 i 1 i
= - JAy = + ;
2Vl+a 2Vl -« 2Vl+a 2Vl-a

where a is a constant satisfying o # 0, 1.

(1.1)

A

As is known to all, in 17th-century, French mathematician Fermat proposed the famous Fermat
conjecture: Let n > 3, the equation x" + y" = 7" has no positive integer solutions. Subsequently, it
attracted the interest of many scholars in the mathematics field. After more than three hundred years,
in 1995, British mathematician Andrew Wiles proved it with the knowledge of elliptical curves in
geometry. Then the conjecture was further extended and developed. Nowadays, people call general
equations x" +y" = 7" as Fermat type equations. Many scholars have studied this type of equation and
has achieved many results, see [1,2,8-10, 16,20].
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The classical results on the solutions of the Fermat type function equations

[f@Q+g'@=1 (1.2)

can be stated as follows: The Eq (1.2) has no transcendental meromorphic solutions when n > 4 [3],
and it has no transcendental entire solutions when n > 3 [15]. If n = 2, then the Eq (1.2) has the entire
solutions f(z) = sin(h(z)) and g(z) = cos(h(z)), where h(z) is any entire function, no other solutions
exists [4].

For the case that g(z) has a special relationship with f(z) in (1.2), Yang et al. [17] considered the
solutions of the following equation

f@*+ =1, (1.3)

and obtained that the transcendental meromorphic solutions of (1.3) must satisfy f(z) = %(PeﬂZ + %e‘”),
where P, A are nonzero constants.
In 2009, Liu [11] considered the entire solutions of the following equation

f@*+ fz+ o) =1, (1.4)

and obtained that the transcendental entire solutions with finite order of (1.4) must satisfy f(z) =
1(h(2) + a(2), where M55 = BEX) — —j and /iy (2)hy(z) = 1.

In 2012, Liu et al. [12] obtained that the nonconstant finite order entire solutions of (1.4) must have
order one.

In 2016, Liu et al. [13] studied the existence and the form of solutions of some quadratic trinomial

functional equations and obtained the following results.

Theorem A. Equation
f@? +2af@f @+ (2 =1 (1.5)

has no transcendental meromorphic solutions.

Theorem B. The finite order transcendental entire solutions of equation

f@? +2af@f@+e)+ fz+¢) = 1 (1.6)

must be of order equal to one.

In 2019, Han et al. [5] gave the description of meromorhic solutions for the functional Eq (1.2)
when g(z) = f(z) and 1 is replaced by ¢***#, where «, 8 € C, and obtained the following results.

Theorem C. Let f(z) be a meromorphic solution with finite order of the following differential equation
f@"+ f'(2)" = e (1.7)

Then f(z) must be an entire function and satisfy one of the following cases:
(1) For n = 1, the general solutions of (1.7) are f(z) = A ae”* fora # —1 and f(z) = ze P + ae™;

a+l
(2) For n = 2, either & = 0 and the general solutions of (1.7) are f(z) = e* sin(z+ b) or f(z) = de#;
(3) For n > 3, the general solutions of (1.7) are f(z) = de*?" .

Here, a,b,d € C with d"(1 + %) =1forn>1.
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They also proveq that all the trivial meromorphic solutions of f(z)" + f(z + ¢)" = e** are the
functions f(z) = de*>" with @"(1 + ¢*) = 1 forn > 1 [5].

Motivated by above question, in 2021, Luo et al. [14] considered the case that the right side of
Egs (1.5) and (1.6) were replaced by % in Theorems A and B, where g(z) is a nonconstant polynomial.
They proved:

Theorem D. Let g(z) be a nonconstant polynomial, and let f(z) be a transcendental entire solution
with finite order of the following difference equation

[+’ +2af@f(z+0) + f(2)* = e (1.8)

Then g(z) must be of the form g(z) = az + b, where a, b are constants, and f(z) must satisfy one of the
following cases:

-1
(1)f(z) = %(Am + A, Ne2 @) ywhere n(# 0) is a constant and €2 = %;

(2)f(2) = \/LE(Ale‘”Z”’1 + Are®@™2) where ai(# 0),bi(i = 1,2) are constants satisfying a, # a», 8(z) =

(a1 + ax)z+ by + by = az+ b, and e'¢ = fl—f,e“z" = ;“—;,e‘“‘ =

Theorem E. Let g(2) be a polynomial, and let f(2) be a transcendental entire solution with finite order
of the following differential equation

@ +2afQ)f (@) + [ () = &, (1.9)

then g(z) must be the form g(z) = az + b, where a, b are constants.
For the differential difference counterpart of Theorem E, they proved

Theorem F. Let g(z) be a nonconstant polynomial, and let f(z) be a transcendental entire solution with
finite order of the following differential difference equation

f@+e) +2afz+0f (@) + f(2)° = @ (1.10)

Then g(z) must be of the form g(z) = az + b, where a(# 0), b are constants, and f(z) must satisfy one of
the following cases:
-1
(1) f(z) = (Am +A n) 2@ ywhere n(# 0) is a constant and e2% = %;
(2) f(2) = (A2 eh1ith 4 Al "2“1’2) where a;(# 0), b;(i = 1,2) are constants satisfying a, # a, g(z) =

(a; +ay)z + b] +b,=az+ b, and e“¢ = fﬁal, et = %az, e’ = aia.
From Theorems D-F, it is naturally to pose the following question.

Question: [If considering the relationship between f(2), f'(2), A.f(2), does there similar conclusion
exist?

In this paper, we give a positive answer to this question, and prove the following results.

Theorem 1. Let g(z) be a nonconstant polynomial, and let f(z) be a transcendental entire solution
with finite order of the following difference equation

f@ +2af(AS (@) + Acf(2) = ©. (1.11)
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Then g(z) must be of the form g(z) = az + b, and f(z) = Ae%“z, where a(# 0), b, A(# 0) are constants
satisfying A2[e™ + 2(a — 1)e?™ — 2(a — 1)] = €.
Example 1.1. Let a = —%,A = l,a = 2,b = In7,c = I[n4, then f(z) = €°. Thus, f(z) is a solution
of (1.11) with g(z) = 2z + In7.

This example shows the existence of transcendental entire solutions with finite order of (1.11).

Theorem 2. Let g(z) be a nonconstant polynomial, and let f(z) be a transcendental entire solution
with finite order of the following difference equation

fz+¢)? +2af(z+ O)AS@) + Acf(z)* = €59, (1.12)

Then g(z) must be of the form g(z) = az + b, and f(z) = Ae%‘“, where a(# 0), b, A(# 0) are constants
satisfying A*[2(1 + a)e® — 2(1 + a)e%”"’ +1] = €.
Example 1.2. « = —%,A =1,a=2,b=1In3,c = In2, then f(z) = ¢°. Thus, f(z) is a solution of (1.12)
with g(z) = 2z + In3.

This example shows the existence of transcendental entire solutions with finite order of (1.12).

Obviously, Theorem 2 cannot be directly obtained by Theorem 1.

Theorem 3. Let g(z) be a nonconstant polynomial, and let f(z) be a transcendental entire solution
with finite order of the following differential difference equation

F'@% +2af AS(@) + Acf(2)* = . (1.13)

Then g(z) must be of the form g(z) = az + b, where a(# 0), b are constants, and f(z) must satisfy one of
the following cases:

(1) f(z) = Aer® +c1, where A(# 0), ¢ are constants satisfying A*[e“ +(aa— 2)6%“ + %az —aa+1] =é;
(2) f(z) = Biz+ Bye® + ¢y, where Bi(# 0,i = 1,2), c; are constants satisfying

a* +2aae™ - 1)+ (e“ -1 =0

14+2ac+c*=0

eb

+ aC_l + + ac_l :—;
a+ ale ) + aac + c(e ) 3B 5,

(3) £(2) = B1e"* + Bye' "% + ¢y, where a,(# 0), Bi(# 0,i = 1,2), ¢, are constants satisfying

a +2aa; (e - 1)+ (e - 1)* =0
(a—ay)* +2aa—a)(E W — 1)+ (™ - 1)> =0

b
e

" 2B/B,

a(a—ap)+ a,al(e(a—al)c - D+ala- al)(ealc ~ 1)+ (ealc _ 1)(e(a—a1)c ~1)

Example 1.3. Let @ = %,A =1,a=2,b=1In3,c =1In2,c; =0 then f(z) = €. Thus, f(z) is a solution
of (1.13) with g(z) = 2z + In3.
This example shows the existence of the conclusion (1) of Theorem 3.

Example 14. Let @ = -2 4 = ¢ = (In2)}, b = ln(—M),cl —0,B, = By = 1, then f(z) =
] 2(In2)2 (In2)2
z+ 272 Thus, f(z) is a solution of (1.13) with g(z) = (In2)2z + In (—M)
(In2)2

AIMS Mathematics Volume 7, Issue 7, 11597-11613.
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This example shows the existence of the conclusion (2) of Theorem 3.

2,
5 a, = 2,6‘ — n2 5 (a-2)

Example 1.5. Let o = —3, %2 then we have e — 1 = e — 1. So equation
(a—a))* +2a(a—a))(e“ ™" — 1) + (€™ - 1)* = 0 can be written as /(z)* + (3 — 22)h(z) + 2> - 32 = 0,
where h(z) = ¢ 72,

By the Nevanlinna’s second fundamental, we have

2T (r, h(2))

<T (r, h(z)* + (3 3 )h(z) +72— %Z) +S(r,h)

\S]

_ 1 — 1
<N|r, +N(r, < 2 )+S(”,h)
h(2)* + (3 - 32) h(2) h(z)? + (3 = 2h(z) + 22 — 3z
— 1
<T(r,h(z))+ N [r, ) + S(r, h).
h(z)* + (3 - 32)h(z) + 22 — 32
So we have T(r, h(z)) < N (r, e %Zl)h EyE. %Z) + S (r, h), which means that the equation (a —a;)* +

2a(a — a;) (e — 1) + ("¢ — 1)? = 0 must have infinitely many solutions. Then we can chose one
a satisfying this equation.

In addition, from a;(a — a;) + aa; (¢ — 1) + a(a — a;)(e“€ — 1) + (e“1€ — 1)(e! ) — 1) = zgisz’
we know that there must exist b, B;(# 0,i = 1, 2) satisfying this equation.

This example shows the existence of the conclusion (3) of Theorem 3.

2. Preliminary lemmas

For the proof of our results, we need the following lemmas.

Lemma 1. [18] Let fj(z)(j = 1,2, 3) be meromorphic functions, and let f(z) be a nonconstant function.

IfZ?:l fi=1land
3

1 3
Z N (r, 71) +2 ; N(r, ) < (A + o()T(r),

=1
where A < 1 and T (r) = max,<j<3 T(r, f}), then f5(z) = 1 or f3(z) = 1.

Lemma 2. [6,18,19] Let f(z) be a meromorphic function in the complex plane. If f # 0, oo, then there
exists an entire function a(z) such that f(z) = e*@.

Lemma 3. [6,18,19] Let f(z) be a nonconstant meromorphic function, and let a(z), b(z) be two distinct
small functions of f(z). Then

T(r, f) < N(r, f) +N(r, fia) +N(r, fib) +S(r, f).
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3. Proof of Theorem 1

Suppose that f(z) is a transcendental entire solution with finite order of Eq (1.11).
Let

uz) = %(f (@) + Acf(2), v(2) = %(f (2) = Acf(2).

Then we have

@)= %(u +v),Af(2) = %(u — V).

Thus, we know that Eq (1.11) can be written as
(1 +a)u* + (1 —ap? = 89, 3.1

It follows from (3.1) that

The above equation leads to

(V1+01u _Vl—av}(\/lﬁ-(m ,Vl—a/v)zl

@ +1 e -1

8(@) 8@@)
e 2 ez e ez

Since f is a finite order transcendental entire function and g is a polynomial, then by Lemma 2,
there exists a polynomial p(z) such that

V1+a/u Vl—av @)
=—e
g() 8@ ?
e 2
(3.2)
V1 +au Vl—av P
eg(z) eg(z) =€
Denote ( ) @
n@ =52+ p@.n@ = 5= - po. (3.3)
By combining with (3.2) and (3.3), we have
ri(z) + 2(2) r(z) _ ,r(2)
VI + au = % Vi—av = %
l
This leads to
1 (@ 4 rz(z) @ _ on@)
FQ) = ) = ( c ‘ )
V2 «/‘ 2Vl + 2V — ai
:$(A1e” © 1+ Aye®), (3.4)

1 (erl(z) + 2@ @ _ erz(z))

1
ASf(@) = —(u—-v)=— -
/@ \Fz(u Y V2\ 2Vl +a 2V1 — ai

AIMS Mathematics Volume 7, Issue 7, 11597-11613.
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1
:_(Azerl(z) + Alerz(z)),
V2

where A;, A, are defined as (1.1).
It follows from (3.4) that

1
Acf(z) = % [(Alerl(z+c) + Azerz(z+c)) _ (Alerl(z) + Azerz(z))] )
Combing with (3.5) and (3.6), we have
A

1 1

Next we consider the following two cases.
Case 1. r(z) — ri(z + ¢) is a constant.

In the following, we consider the following two subcases.
Case 1.1. r((z) — r1(z + ¢) is a constant.

It follows that r»(z) — r1(z + ¢) and r{(z) — r1(z + ¢) are constants.
Combing with (3.3), we have

r(z) = rn(z) = 2p(2).

From (3.8), we know that p(z) is a constant.
Let n = e”. Substituting this into (3.4) and (3.5), we have

1 |
f@= @(AIU + Ao e,
1
V2

Af @) = —=(Agn + Ay He2s?,

From (3.9), we get

1 -
Af(@) = —= (A1 + Agyp (€255 — 380,
2

NG
Combing with (3.10) and (3.11), we obtain

(A1 + Agy 287380 —(A 1 + Ay ™") + (A + Ay ).

8(z+0)—g(2)

In view of @®> # 0,1 and e

(‘2 + 1)er1(z)—r1(z+6) + (% + 1) g2 nere) _ 12672(2‘*‘6)_’1(2‘”‘) =1.

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

have no zeros and poles, it follows that A;np + A,7' = 0 and

(Ain+ A + (An + Aip~!) = 0 cannot hold at the same time. Hence, we have A1+ A,n~' # 0 and

(A1 + A+ (A + A ! £0.

Since g(z) is a polynomial, then (3.12) implies that g(z+c¢)—g(z) is a constant. Otherwise, we obtain
a contradiction from the left of the above equation is transcendental but the right is not transcendental.

(A1+A) (7Y

So we get g(z) = az + b, where a, b are constants satisfying 2% = Aoy

AIMS Mathematics Volume 7, Issue 7, 11597-11613.
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Furthermore, we obtain
1
f@) = — (A + Ay e @),

V2

Since Eq (1.11) and f(z) are only related to a, b, c, @, then f(z) can be written as f(z) = Ae%“,
where A is a nonzero constant. Substituting it into Eq (1.11), we know that a, b, ¢, A, @ must satisfy
A2[e% + 2(a — 1)e2% = 2(a — 1)] = ¢,

Case 1.2. r((z) — ri(z + ¢) is not a constant.

If e+ jg a constant, we have e @71G*9) jg g constant, a contradiction. So we know that
"2+ jo not a constant.

Let
_ A+ A oD+ (3.13)
Ay
From (3.7), we get
Az _ . AZ ) — -
22 11| en@-nire) _ 22 gnaro-n(e) — ) 3 (3.14)
1 Ay

Next we consider the following two subcases.
Case1.2.1. 1 -£=0.
Combing with (3.13) and (3.14) we have

A+ Ay rone - ALt A
Ay Ay

e1@r—n@ —
which means that 7 (z + ¢) — r2(2), r2(z + ¢) — r1(z) are constants.
It follows from (3.3) that

(A + Ay)?
AlAy

1@ OIn(te)-r@)-n@ _ ,8Gto)-gk) —

Thus, we obtain g(z) = az + b, where a(# 0), b are constants satisfying e*°

Combing with ry(z) + r2(z) = az+ b and r,(z) — r1(z + ¢) is a constant, we get r) =aiz+ by, rn(z) =
a»7Z + by, where a;, b;(i = 1,2) are constants satisfying a; + a, = 0.

Substituting this into (3.4), we have

1
F@) = —= (A + A,
V2

Similarly, f(z) can be written as f(z) = Bje“* + B,e“"*), where B;(i = 1,2) are nonzero constants.
Substituting it into Eq (1.11), we get a contradiction.

Case 1.2.2. 1 - ¢ # 0.
By Lemma 3 and (3.14), we have

e @-ri(z+c)

. (r’ - (z>—r1<z+0>) <N (r, erl(z)—rl(z+c‘)) +N (r, ;)

AIMS Mathematics Volume 7, Issue 7, 11597-11613.
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— 1
+N|r, : 7
e @-ri(z+e) — A_l(] - &)

1+A2
=S(r,e" (@)=r1 (Z+C))

+ S(r eru(z)—rl(z+c))

a contradiction.
Case 2. r,(z) — ri(z + ¢) is not a constant.

Since 7(z), r2(z) are polynomials and 297719 g not a constant, by Lemma 1 and (3.7), we deduce
that either (% + 1) e @+ = 1 or — %e”(“")"' (@) = 1,
1 1
If —§2en 0716+ = 1 Tt follows from (3.7) that

(é + 1)er1(z)—r1(1+6) + (% + 1) erz(z)—rl(z+6) =0,
1

which means that —e' @2 = 1,
From (3.3), we have —e**® = 1. Combing with —%e”(z*")"'(z* <)

—%e‘zl’(z“) = 1. So we get AT = A3. This is a contradiction with o* # 0, 1.

1, we have —e?“*9 = 1 and

1
If (fﬁ + l)e”@‘”(“c) = 1. It follows that ri(z) = a,z + by, where a;, b, are constants satisfying

ajc _ A1t+A;
e = _Al .

From (3.7), we have
Al + A2 erz(z)—rz(z+c) — 1
Ay
This means that 5(z) = a,z + b, where a», b, are constants satisfying e®¢ = AIA;ZAz. Since e™@"1(z*e)
is not a constant, it follows that a; # a.
So we have g(z) = (a; + ax)z+ by + b, = az + b and ¢““ =
Substituting this into (3.4), we have

(A1+A2)?
A1Ay

1
f(Z) — _(Alea12+b1 + A2€a2Z+b2).

V2

Similarly, we can get a contradiction, which means that the above format of f(z) does not exist.
Therefore, this completes the proof of Theorem 1. O

4. Proof of Theorem 2

Suppose that f(z) is a transcendental entire solution with finite order of Eq (1.12). By using the
same argument as the proof of Theorem 1, we have

1
f@z+c¢) :—\/E(Ale”@ + Are”9), (4.1)
1
A f(2) Y (Are"@ + Aye"9), (4.2)

where A, A, are defined as (1.1).

AIMS Mathematics Volume 7, Issue 7, 11597-11613.



11606

It follows from (4.1) that
1 1
Af@) = —(A1"@ + Aye™ @) — —— (A" 1 A, ),
V2 V2

Then combing with (4.2), we have

Ar e2@0n@ 4 Al

erz(z)—rl(z) +
Al — A Al —-A

eI = 1, (4.3)

Next we consider the following two cases.
Case 1. r,(z) — r(2) is a constant.

Combing with (3.3), we know that p(z) is a constant.
Let n = e”. Substituting this into (4.1) and (4.2), we have

flz+o) = %(Am + Agy e, (44)
AfQ) = %(Azﬂ + A e, (4.5)

From (4.4), we know that

Acf@) =fz+0) = f(2)

1 . 1 1
:—(Aln + Aznfl)eig(z) _ _(Aln + Azn—l)eég(zfc)
V2 V2
1 . 1
:_(Aln +A2n—1)(e§g(l) _ ejg(Z—C)).
V2

Combing with above equation and (4.5), we have
(A + Agyp )e? 89D = (A + Ay ") — (A + Ay ). (4.6)

It follows from o # 1 that A;p + Aon~' = 0 and (A5 + Ayp!) — (A + Ap~') = 0 cannot hold at
the same time. Hence, we have A; + A,n~' # 0 and (A + A, — (A + Aip™') # 0.
By (4.6), we know that g(z — ¢) — g(z) is a constant. Since g(z) is a polynomial, it follows that
g(z) = az + b, where a, b are constants satisfying €29 = %.
By (4.4), we have
1
fe+o=—sAm+ A e,

\/_

From above equation, we obtain

1
f@=—Am+ Azn—l)e%[a(z—c)ﬂv].
2

\/_

Since Eq (1.12) and f(z) are only related to a, b, c, @, then f(z) can be written as f(z) = Ae%‘“,
where a, A are nonzero constants. Substituting it into Eq (1.12), we know that a, b, c, A, @ must satisfy
A2(1 + @)e® — 2(1 + @)er™ + 1] = €’

AIMS Mathematics Volume 7, Issue 7, 11597-11613.
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Case 2. r,(z) — ri(2) is not a constant.

Since r,(z), 2(z) are polynomials and 2@~ is not a constant, by Lemma 1 and (4.3), we deduce
i Ay ,r(=0-n(@) = Al (t=0)-r1(2) —
that either A]—Azer2 =01k =1 or A]-Azerl =0)-n@) = 1.
Ay Ln(z-0)-n@) =
Case 2.1. 2?9 = 1.

From (4.3), we get

Ay — A erz(Z)—rl (z—c)

= 1.
Ay

Combing with ﬁe”(z“')‘” @ =1 and (3.3), we obtain

£2PE0+2p(@) = _‘2

Ay’

which imply that p(z) is a constant. So we have r,(z) — r;(z) is a constant. This is a contradiction with
r>(z) — r1(z) is not a constant.

AL Lri(z=0)-11(2) =
Case 2.2. 5¢" 1@ =1,

Then it follows that r1(z) = a2 + by, where ay, by are constants satisfying e”'“ = - IA_IAZ.
Moreover, it follows from (4.3) that

2@ 4 Az e2@0n@ —

A — Ay
So we have
) 2O n@ = 1
Ay — Ay
This means r,(z) = a,z + by, where a,, b, are constants satisfying e®¢ = ﬁ.
Since 2971 is not a constant, it follows that a; # a,. Thus, we have g(z) = (a; + a2)z + b, + b, =
ac _ _ _AiA
az + b and e* = AAy

Substituting this into (4.1), we have

1
fz+c) = —=(A1“ 4 Aye®stt2),

V2

So we obtain

f(Z) = L(Aleal(z—cﬂbl + Az€a2(z_c>+b2).
2

\/_

Similarly, f(z) can be written as f(z) = B1e“* + B,e"“"*), where B;(i = 1,2) are nonzero constants.
Substituting it into Eq (1.12), we get a contradiction, which means that the above format of f(z) does
not exist.

Therefore, this completes the proof of Theorem 2. O
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5. Proof of Theorem 3

Suppose that f(z) is a transcendental entire solution with finite order of Eq (1.13). By using the
same argument as the proof of Theorem 1, we have

1
f(z) = $(A1e”(2) + Aye@), (5.1)

1
Af(z) = $(Azer' © 4 A, (5.2)

where A;, A, are defined as (1.1).
Thus, it follows from (5.1) and (5.2) that

Acf@) =f'@+0) - f(2)

:L[(Alerl (@+o) 4 A26r2(1+c)) _ (Alerl(z) + Aze’2(Z))]

V2
— L @ + A3,
V2
Then we have
A2 ’ r1(2)—ri(z+c A2 ’ r2(2)—r1(z+c A2 ra(z+c)—ri(z+c
(A_lrl(z) + l)e 1@-ri(z+e) | (A_l + rz(z))e 2(2)—ri(z+ )_A_le 2(z+e)-nte) — 1. (5.3)

Next, we discuss the following two cases.
Case 1. r,(z + ¢) — ri(z + ¢) is a constant.

From (3.3), we know that r|(z + ¢) — r2(z + ¢) = 2p(z + ¢). So p(z) is a constant.
Let n = e”. Substituting this into (5.1) and (5.2), it follows that

1

@)= \/E(Am + Ay )es@, (5.4)
AFG) = %(Azﬂ + A ek, 5.5)

Thus, we can deduce from (5.4) and (5.5) that

Af@) =f(z+0) - (@)

1 i 1 i

=— (A + Agyp et — — (A + Ay )e2*?
V2 V2
1 1 1,

=54+ Aim Het - 2¢(2).

So we have
- 1 N -1y, 3 (8(z+0)-g(2))
(Aim+ A ) + 5(A2n+A1n )8 (2) = (Ain + Ao e : (5.6)

AIMS Mathematics Volume 7, Issue 7, 11597-11613.



11609

Next we consider the following two subcases.
Case 1.1. deg(g) > 2.

It follows that g’(z) # 0 and g(z + ¢) — g(z) is not a constant. Eq (5.6) implies that A,n + A;77! =0
and Ajnp+ Ay ! =0.
Otherwise, if Ajp + A,n~! # 0, we have

1, Am+Ang!
8@/
2 Ain+ A
The left of Eq (5.7) is transcendental, but the right of Eq (5.7) is a polynomial. This is a
contradiction.
If Ay + Ao™! = 0, by (5.6), we obtain A,n + Ajp~!' = 0. So we can deduce that A7 = A3, which is

a contradiction with o # 0, 1.

Case 1.2. deg(g) = 1.

02808 _

+1. (5.7)

That is g(z) = az + b, where a(# 0), b are constants. It follows from (5.6) that
Lac 1A27]+A17]_1
M= ——————a +

2 A]?] + Azn_l
Combing with (5.4), we have

1 |
f'@) = —=(Am + Ay e,
\/E 1

So we obtain

2
f@) = —\/—(Am + A e @ 1 ¢y
a

where c¢; 1s a constant.

Since Eq (1.13) and f(z) is only related to a, b, c, @, then f(z) can be written as f(z) = Ao + 1
where A(# 0), c; are constants. Substituting it into Eq (1.13), we know that a, b, ¢, A, @ must satisfy
A2[e® + (aa — 2)ez% + 1 —aa+1]=¢".

Thus, we get the conclusion (1) of Theorem 3.

Case 2. r(z + ¢) — ri(z + ¢) is not a constant.

It follows from (3.3) that p(z) is not a constant.
Next, we consider the following four subcases.

Case 2.1. r((2) = 0,r)(z) = 0.

It follows that r|(z) and r,(z) are constants. Hence, r,(z + ¢), r(z + ¢) are constants. So we get
r2(z + ¢) — ri(z + ¢) is a constant, a contradiction.

Case 2.2. r(2) = 0,75(z) # 0.
It follows from (5.3) that

) A
2@ — 1 4 —11’;(Z). (5.8)
Ay
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If deg(r,) > 2, we have a contradiction from the left of Eq (5.8) is transcendental, but the right
of Eq (5.8) is a polynomial. Thus, we have r,(z) = axz + b, and r(z) = by, where a,(# 0), by, b, are
constants.

Combing with (5.1), we obtain

@)= $(A1€ + Ape®h),

Thus, we have

1 A
f(@= $(Aleb‘z + a_zea2z+bz) +cy,
2

where c¢; is a constant.

Similarly, f(z) can be written as f(z) = Bz + B,e™ + ¢y, where B;(# 0,i = 1,2), ¢, are constants
and a = a;. Substituting it into Eq (1.13), we know that a, b, ¢, @, B;(i = 1, 2) must satisfy

a* +2aa(e®“ - 1)+ (e -1)>=0

1+2ac+c* =0
b

e
a+ae™ —1)+aac+c(e—-1) = BB,
Thus, we get the conclusion (2) of Theorem 3.
Case 2.3. r|(z) # 0 and r}(z) =
It follows from (5.3) that
(ﬁ—?r; (2) + 1)e’1<z>-“<z+f> = 1. (5.9)

If deg(r;) > 2, we have a contradiction from the left of Eq (5.9) is transcendental, but the right of
Eq (5.9) is a polynomial. Thus, r(z) = a1z + by, (2) = by and e = 1 + —al, where a;(# 0), by, b,
are constants.

Substituting this into (5.1), we get

£ = A+ A,

V2

So we have

1 (A
f@) = % (a—le‘“”b1 + Azebzz) + ¢y,
1

where ¢ 1s a constant.
Similarly, f(z) can be written as f(z) = Bz + B,e™ + ¢y, where B;(# 0,i = 1,2), ¢, are constants
and a = a;. Substituting it into Eq (1.13), we can also get the conclusion (2) of Theorem 3.
Case 2.4. r((2) £ 0,75(z) # 0.
By Lemma 1, we deduce that either (ﬁr; (z) + 1) @) = 1 or (2—? + F)(z))e@ ) = 1,
(&ri(z) + 1) n@-nte) = 1.
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From Case 2.3, we know that r|(z) = a;z+ by and e”“ = 1 + ;‘—fal, where a,(# 0), b, are constants.
In view of (5.3), it follows that 2—; (fx_f + ré(z)) @72 = 1 which implies that r,(z) is a linear
form of ry(z) = arz+ b, and e =1 + ﬁ—;az, where a,(# 0), b, are constants.

Since ri(z + ¢) — r»(z + ¢) is not a constant, it follows that a; # a,. In view of (5.1) and (5.2), it
follows that g(z) = r1(z) + r2(z) = (@) + ax)z + by + b, = az + b and

1
f/(z) — _2(Alea]z+b1 +Azeazz+b2)’ (510)

NG
where A, A, are defined in (1.1).
So we have e = (1 + 22a;)(1 + §La).
From (5.10), we have

@) = — (ﬂe‘““’” s Rgmatin) o,
1

V2 \a as
where ¢ is a constant.
Similarly, f(z) can be written as f(z) = Bje“® + Bye'® ™ + ¢, where Bj(# 0,i = 1,2),c; are
constants. Substituting it into Eq (1.13), we know that a, b, ¢, a;, @, B;(i = 1,2) must satisfy
a +2aa; (e - 1)+ (e - 1)* =0
(a—ay)” +2a(a—a)(E ™ = 1)+ (- 1) =0
b

ai(a—ay) + aa; (e = 1) + ala — a)(e = 1) + (" = D™ - 1) = 21;132'

Thus, we get the conclusions (3) of Theorem 3.
If (52 + ry(2)e @) = 1.
This means that

r(z) —r(z+c) = ey, (5.11)

where g is a constant.
In view of (5.3), it follows that
A, (@) —ro (gt
(A_2 + rl(Z))e 1@)-raz+e) — 1

So we have

@ —rnz+c) =g (5.12)

where &, is a constant.
In view of (5.11) and (5.12), it yields that

@) —n@)+r@Ez+c)—niz+c) =& —&.
By combing with (3.3), we have
1
p@)+pz+c)= 5(82 —&1).

This is a contradiction with the assumption that r(z + ¢) — r,(z + ¢) = 2p(z + ¢) is not a constant.
Therefore, this completes the proof of Theorem 3. O
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6. Conclusions

By using the theory of meromorphic functions and Nevanlinna theory, this paper deduce several

new theorems including Theorems 1-3, which discuss the specific forms of g(z) and the transcendental
entire solutions of three Fermat type equations 1.11-1.13 respectively. It is obvious that Theorems 1-3
do develop the related results by Liu and Yang [13], Han and Lii [5], Luo, Xu and Hu [14] to a certain
extent.
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