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Abstract: In this article we explore the existence, uniqu s, angd stability for a coupled system of
sequential fractional integrodifferential equationg,involving er fractional derivative with multi—
point boundary conditions. For the uniqueness we use Banach fixed point theorem, and the
Leray—Schauder alternative to obtain_the existe t. Further, we investigate various kinds of
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oducti

a al calculus is an intransitive branch of applied mathematical techniques that deals with
int s and derivatives of essentially arbitrary orders. Recently, it gained considerable importance
and admiration due to its widespread applications in viscoelasticity, biology, fluid dynamics,
hydrodynamics, chemistry, control hypotheses, speculation, aerodynamics, information processing
system, image processing, etc. [9, 10, 12]. A significant feature of fractional order systems in
differentiation with integer order ones is that fractional derivatives (FDs) and integrals have nonlocal
nature that helps to trace the hereditary and memory characteristics of the related materials and
processes under investigation [2, 11,16, 19].

Often, it is quite tough to obtain the appropriate solutions of the fractional differential equations
(FDEs). Due to this problem, the qualitative presumptions of differential equations (DEs) play a
significant role both in ordinary differential equations (ODEs) and FDEs. For boundary value
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problems (BVPs) of FDEs, the existence of solutions is a main requirement. Moreover, uniqueness of
solutions is a significant factor for the more particular action of solutions. From the last few years,
these qualitative properties are investigated with different approaches. The qualitative analysis of DEs
represents the behavior of solutions of complicated phenomena. In addition, stability analysis of
dynamical system of an integer as well as fractional order is very important in various fields of
science and engineering. The concept of Hyers—Ulam (HU)-type stability, that began with the
seminar work, from 1941 has gained a lot of attention. As a matter of fact, HU-type stability has been
taken up by a number of mathematicians and the study of this area has grown to be one of the central
subjects in the mathematical analysis. Stability analysis, particularly stability in terms of Ulam and
Rassias, is an essential component of the qualitative theory of DEs, as shown by the prior

In [20], the authors used the fixed point app
FED:

'<§mSS

ilvestigated the existence and attractively of solution for the following problem:

HDpt 2O = f(C w(0). ¥ L € R,

W) = Y (0)!S |,o0= @o; @y € R,
where R, ;= [0,+), 0<B<1,0<p<1, ¢=8+p(-p), Hﬂgf;‘” is the y—Hilfer FD of order 8
and type p, g: R, X R — R and f : R, X R — N are continuous functions.

Zhou et al. [29], explored the existence and stability of solution to the following nonlinear y—Hilfer
fractional integrodifferential equation

DI w () = f( (OO w() + [ K o), w(6(0)dr, ¥ ¢ € [a, +00),
7 w(a) = 0,
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where the y—Hilfer FD H@g’f;‘”(-), HPPEY () of order 0 < B, p < 1 (p < B) with type 0 < p, ¢ < 1 and
Y—Riemann-Liouville fractional integral Ialf ()oforder 1 —y, y =B+ p(1 = p).
Ntouyas and Vivek [13], explored the EU of solution for a new class of multi—point BVP:

(1l 4 k1D N 0) = f& @), Y ¢ € Labl,
(1.1)
@@ = 0, w(b) = X Lw(6).

where HZ)ﬁ ¥ is the y—Hilfer FD of order 8, 1 < 8 < 2 and parameter p, 0 < p < 1, f € C([a,b],R),
O0<a<b k 4, eR, i=1,2,...manda < 6, <0, < --- <8, < b. The classical FP theorem

while the existence result were established using nonlinear alternative of Leray—Schaude
Krasnoselskii’s FP theorem for the problem (1.1).

In this study we explore the possibility of such a thing i.e, existence, uniquengss and HU std
criteria for the solution of the nonlocal coupled system of sequential y—Hilfer FD

(1 4 kD N @) = £8 w0, 1 ), el ¢ € L

(Hﬂgf“” +y DI Law )w({) = g(, (), i‘g), 1Y w(0)), V< € [a, D], 12
@(a) = 0, @(b) = Y1 Lw(6;

w(a) =0, w(b) = Y} pjw(é)),

where HZ)g PV HPPEY are the 4 @ FD of orders 8 and p, 1 < 8, p < 2 and two parameters
0, q, 0 <p, g <1, given Tu; €R, a>0,thepointsa < 6 <6, <--- <O, <
< band f5@7 [a,b] X R X R xR — R are continuous functions.

we transform it to an analogous FP problem and establish the uniqueness

C'([a, b],R) be an increasing function with ¢'({) # 0O for all £ € [a, b].

Definition 2.1. ( [9]) Let 8 > 0 and g € L'([a,b],R). The y—RL fractional integral of order S to a
function g with respect to i is defined by

. 1 ¢
0 = 75 f V(W) - w(s)P " g(s)ds.

Definition 2.2. ([21])Letn—1 <8 <n, n € Nand g, ¥ € C"([a, b],R) such that ¢ is an increasing
function with ¥'({) # O for all { € [a, b]. The y—Hilfer FD HZ)ﬁ *¥(.) of order B to a function g and
type 0 < p < 1, is defined by

"D ey = 1Y (@di{)"z;:-m—w £().
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Remark 2.1. ( [9]) If p = 0, then we have ¥—RL FD as

. ) 1 d\' _s.
D) = D () = (=) 1)

W dg)
and if p = 1, we obtain y—Caputo FD by
Hoplb oo o Capitr oo _ appuf 1 d\"
D) = D a0 = 11 ) 40

Lemma 2.1. ( [14,21]) Let B, x > 0 and o > 0 be constants and € C'([a, b],R) be an increasing
Sfunction with y'({) # 0 for all { € [a, b]. Then we have

L PTE R = 177 1),

2. B (@) - (@) = W) - yl@)yre.

The following lemma contains the compositional property of y—RL fracti
the y—Hilfer FD operator.

nal int€@cal*operator with

Lemma 2.2. ([21]) Let f € L(a,b), n—-1<B<n,neN,0<pg<1,y
ACHa, b). Then

+ np — Bp, I((l’i—ﬁ)(l—ﬂ);l//f €

(n-p)1-p)y
e fa),

PP ) = £(0) - S W) - Y(a)
; T®u—k+1)

where fi"_k] =
Lemma 2.3. Lety = + q — pq, and h, z € C([a, b],R) be given functions. Then
the function @, w € ] tion of the boundary value problem
MO ) = h@), Y € labl 1< By p <2,
%Ds;q"/’ +y Hﬂzjl’q;‘”)w(g“) =z2(0), Y €la,b]l,0<p, g<1, o
w(a) = 0, w(b) = T Lw(B),
w(a) = 0, w(b) = Y7} @),
if and only if
. . W —y@y! D
@) = PR -k o) + {a] =y Y it
£ £ { AT Z]
m-2
+ Z A7 2(6) + kL @ (b) — Ifﬁ”h(b)] (2.2)
i=1
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[ k Z/—ljll ww(gj) + Z'u] h(fj) + VI w(b) - Ifj‘/’z(b)]},

j=1
and
i W) - y(a)*! S
W&) = 1) 1P + T A - WL
n-2
+ZmﬁW@+@%w%¢%M (2.3)
j=1
[ /l 1 w(6) + Z L7260 + kI w(b) - P |,
where
A = (W (b) - lﬁ(a))y_l, B
['(y)
n-2 -1
(&) —y(a))
Q = :
;“ )
and it is assumed that
A = AA . 2.4)

Proof. Assume that @ is a soluti
on both sides of first equatj

nonlocal BVP (2.1) on [a, b]. Operating fractional integral
emma 2.2, we obtain for £ € [a, b],

—k
R0y 4 kI () = Q).

(&) -
Hence, usin chthat (1 — p)(2 - B) = 2 —y, we have
W=y 1 d e
w0 = S g
2
+(lﬁ(§) %0(0))7 2+yw ( ) k]”’w({)+lﬂ‘//h({)
I'ty-1 ¢
1
_ W@ r(’f:ga))y Hz)y Low @(a)
)
+ (w(f) 'ﬁ(a))y 2+ v ( ) k]l lﬂw(g) + I,B Wh(g)
I'ty-1 fa
3 (¢(§ ) = y(a)! W) =@ 1y B
= ) MR o kI @ (&) + 1, h(Q),
where ¢, = 1D’ Y% 5(a) and ¢, = Ia: er(a).
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From the first boundary condition @(a) = 0 we can obtain ¢, = 0, since lim;_,({ —a)?’? = c0. Then
we get

() — gy

@)= e — kL@ () + P h(), ¥ { € [a, b]. (2.5)
By a similar way we obtain
—y(a))! . .
w0 = &y PO Fo0) + 127200, ¥ ¢ € lab 2.6)
From the second boundary conditions w(b) = Z;Z_]z A;w(6;) and w(b) = 27;12 uim(€;), we e
system
AC1 - Bd1 P,
—ch + Adl = Q,
where
m-2 m—2
P=—v Y ALY w®)+ ) L0 + kI @ Y h(b)
i=1 i=1
and
n-2 n—-2
Q= —k ) il w(E)+ ) il he NQRLL®) - 17V 2(b).
j=1 j=1

Solving the system (2.7), we find that

1
—(AP+ B
~(AP + BQ),
1
—(AQ + QP).
~(AQ+QP)
Substitutin lue of ¢, Jd; in (2.5) and (2.6) yields the solution (2.2) and (2.3).
Convers pose that @ is the solution of the fractional integral (2.2). Operating fractional
degipative oth sides of equation (2.2) and using Lemma 2.1, we obtain

"D ()

05 1; 1 = 1;
WO - DI o) + {A] - Zl AL e(6)

m—2

b3 L6 + K ) - )|

n-2 n-2
+B| =k ) wl Y wE) + ) il hE) + VI o)
=1 =1

_pY H NeRj (llf(f) - 'J’(a))y_l
e
= W) - KDL (),

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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Now we prove that @ satisfies the boundary condition (2.1). Obviously w(a) = 0. For each i(i =
1,2,...,m), from (2.2), we have

mz_za,-w(e,.) = mz A7 2(6) - Z/lvll Y w(6;)
i=1

i=1
m—2

A W )A_r‘é()a " l{ [ kz il (&)
i=1
n-2

i
+Q[ v Y AL (o) + Z A7V 2(60;) + kI e (b) @
i=1

- Z AL (6) - Z VL ()
i=1 i=1

+[(w(b) ~y@) 1]{A[ .

n-2

J a* w(érj

AI'(0)

((b) —4 a))y-‘ =
o 1{a] - ;uﬂ;‘”w@p

; Z 1P E) + v w(b) - Igi‘”z(b)]
m=2
ol -v Z A O) + Y ALY 20) + kI o e) - 12 hv) )
= w(b). . .
This completes the proof. O

3. Existence and uniqueness results

We introduce the space H = {@w() | @) € C(a,b],R)} endowed with the norm
@l = sup{l@ ()|, { € [a,b]}. Obviously (H,]|| - ||) is a Banach space. Then the product space
(H X H, ||(w, w)|]) is also a Banach space equipped with norm ||(w, w)|| = ||w@]| + ||w]|.
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In view of Lemma 2.3, we define an operator S : H X H — H X H by

S(@, w)(Q) = (&(zv, W), Sy(w, w)(g)),

where
; ; W)~ y@y”! S
R {a] - V;Ailgfw(e,-)
. Z AL g0 + KL w(b) = 12 fe D) G.1)
-2
+B[ —kZMjll o) + Zu, ! foul&)) + VI w(b) - 17 M@
=1 =1
and @
_ 5-1
Sx@ Q) = I8~ + L Ar‘fg’ ) Wl o)
+Zu]1ﬁ ! o) + VI w(b) - (@ o) (3:2)
£ 8oul0) + KLY @) = 15 fou®)
where
Foro = = 8 B, W), PP WD), ¥ £ € [a,b].

For the comp

X1 Sklu) — wia >>+W|A||k|<w<b> w<a>>+m|3||k|2|y,|<w(§,) w(@), (3.3)
Al A Al (6; Al B b 34
IAI| Iy |Z| 1 (6) = y(@) + TIBMW) = v(@), (3.4)
_ WO —y@P (AL A W) - v@)
Fl_W( |A||A|) |A||B|Z| e G-2)
4] (tﬁ(b) p@)” Al L W) - @)
G =5 |Z| e+ Bl (3.6)

+1) N Ip+1)

AIMS Mathematics Volume 7, Issue 5, 8012—-8034.
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X, = lAllAIIkIZIﬂJI(w(& lﬁ(a))+%lQllkl(¢(b) ¥(a)), (3.7

_ Al
Yy = i((b) — y(a)) + WIAII V(Y (b) = y(a)) + WIQIZM (W (6:) = ¥(a)), (3.8)

Q= (3.9)

_a, |Z| |(w<§]> w<a)>ﬁ+ Al (D) — Y(a))’
=15 Hi +1) Al B+ 1)

b) - P A A
Gy = YD b@r (| A1) H'Q'ZW S

I(p+1) N N

The Leray—Schauder alternative provides the basis for our first outc

Theorem 3.1. (Leray—Schauder alternative [5]) Let T — E b ompletely continuous
operator (i.e., a map that vrestricted to any bo@hded set in ‘E is compact). Let
ET)={weE:w@= A7 (w) for some 0 < A < 1}. Then er thelset &(T) is unbounded, or T has
at least one fixed point.

Theorem 3.2. Assume that

b (Hl)f7 I [aab]xmxm
pi’ QiZOa (l:17273)andp

R are tinuous functions and there exist real constants
h that, Y Xiy Vi, Zi € ‘R, (l = 1, 2),

|f(§ax1a

< po + pilxil + palyil + pslzil,
g’ X2, )’2’ Z2)| <

qo + qi1lx2| + qaly2| + g3lz2l.

If

1 [F) + Falpi + [F1 + FolpoI?Y + (G + Golgy + [Xi + X2l < 1,
M, = [Fi + Flps +[Gi + Golgs + [G1 + Gl IPY +[Y) + Ya] < 1,

where X;, Y;, Fy, G;, i = 1,2 are given by (3.3)-(3.10), then the system (1.2) has at least one solution
on la,b].

Proof. The operator S is continuous, by the continuity of function f and g. We will show that the
operator S : H X H — H x H is completely continuous. Let Z, = {(w,w) € H X H : ||(w,w)|| < r}
be bounded set. Then, there exist positive constants £;, i = 1,2 such that |f({, @ ({), Iﬁ ‘”w({ ), w())| <
Ly, 8¢, @ (), w(), 15j¢w(§))| < L, ¥ (w,w) € Z,. Then, for any (@, w) € Z,, we have

s W) - Y@y SINT
$1@ O] < L1 ool + Ko@)+ =SS {|A|[|v|;ul|1a+ w(6)

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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# U 18 (O] + WL | (b)) + Ifi‘ﬂfm(bn]

n—2 n-2
HBIK Y Il ¥ @) + - Wl ol + M 0®) + 1 I8 ®]
=1 =1

b —
("’(Fzﬁ—‘““”ﬁzl + MW b) - W“))'lwllﬂﬂlm{m'['v'zm W(6) ~ v@)llwly

mz (w(b) w(a))” WD) — Y@
=1

IA

2 + K| (D) = Y(a)llwlly + £1

B+1)
n-2

+|B|[ Z Il (€)) — y(a)llwlle + Z W (w(é;,()ﬂ +wl()a))ﬁ Q)Q
j=1

b p
D) - planloly + L0 ‘”i‘)’))
< FiL.L+ G L+ Xillwlle + Y1||a)||74
Which implies that
IS\ (@, Wlpxr < Fir.Ly + G Ly +&] 1@l 3 Yillwlly.

Similarly,
IS2(@, W)llpx < F2 Ly Xoll@lla + Yallwllg.

From the above mentioned inequalitieSithe operat@r-S is uniformly bounded, since

icontinuous. Let {1, & € [a, b] with {; < {,. Then we have

IS (@ (LY w(n)) — Si(w(4h), w(dh)]
{1
| W (W) — ()P = W) = W) fou(s)ds

02 6]
W (W) — Y)Y fau(s)ds| + k] Y (s)lw(s)lds
4| &

W@ —w@y! - W@ - @y ey
IAIT(y)
2(!,0({2) Y)Y + W) — @)y - W) - y@)y
rg+1)
N |(p(22) = (@)~ = (&) = Y(@))|
IAIT(y)

IA

+ |klrld2 — &1l

IAP + BQ).

Analogously, we can obtain
IS2(@(L2), w(d2)) — Sa(@({1), w(l)

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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2(!#({2) Y(£))" + (L) = (D))" — W) — y(b))]
I'(p+1)
W(&) - Y(@)° = (&) — @)’
IAIT(6)

IA

+ vIrlds = &1l

|AQ + QP|.

Therefore, the operator S(w, w) is equicontinuous, and thus the operator S(w,w) is completely
continuous.

Last but not least, it will be confirmed that the set & = {(w, w) € H X H|(w, w) = AS(w, w), 0 <
A < 1} is bounded. Let (@, w) € & with (@, w) = AS(w, w). For { € [a, b], we have

@ () = AS (@, w), Ww({) = A8y (T, w).
Then

(¥(b) — lﬁ(a))ﬁ
I+

{|A|[| | Z W) ~ Y@l (@)l

@I < (po + Pl + palll D) + palw(@))) + Kl (D) ) 9]

LAl
N

0; .
+Zu|(w( B o+ @) + o] + 17 o0 + KG) - w@)o)

+(w<b) W ))ﬂ
TG+ 1)

n—-2
HBK Y I,
=1

(po + i)l + PR () + ps w(é“)l)]

W) — @)y
(Ol +\) | Wjl—————
Z TR+ 1)
By

b PG + MWb) - p@)w()l
(G0 + @O + @lw()] + 6]3|15+;¢w(§)|)]}

(Po

+pil@ (O + @ (

W)
I'(p+1)
{po + pill@ldr + pall2Y @lla + psllwlign)
Xqobt qill@lle + gallwlly + g7 wlige) + Xill@llge + Yillwllge
= (B9P7 + Giqo) + (Fipy + Fip2 Y + Gigy + X))@y
+(F1p3 + Giqa + Gigs 7Y + Y)llwllg,

an

Fa(po + pillwliy + pallll wlls + paliwlly)
+Ga(qo + qill@lly + gallwllz) + g @iy + Xollwlls + Yallwlls

= (Fapo + G2qo) + (Fap1 + szzlfiw + Gaq1 + Xo)l|@||
HEF2p3 + Gaga + Gags 1P + Yo)l|wllyy.

lw(Q

IA

Hence we have

I@llse < (Fipo+ Gigo) + (Fipi + Fip2I2¥ + Gigi + X)llwlly

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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+HEF1p3 + Gigr + G317 + Y)l|wll,
and

lwllge < (Fapo + Gago) + (Fapy + Fapa 2 + Gagy + Xo)llwlly
HEF2p3 + Gaga + Gags I + Yo)l|wllyy,

which implies that

@l + llwllye < [F1 + F2lpo + [G1 + G2]qo

HIF| + Falpy +{[F1 + Falpo It +[Gy + Galgy + [X1 + Xo @l
HIF1 + F2lps + [G1 + Golgz + [Gy + G 17 + 1Y) + Vaolllw
Consequently,

(@ )l < [F1 + Falpo + [G1 + G2lgo
1) X —

min{l — M;,1 = M,}
which proves that & is bounded. Thus, the operator S, by Lemma 3. t least on€ fixed point. As
a result, there is at least one solution to the BVP (1.2).

The next theorem uses Banach’s contraction mapping principle to show the uniqueness of the
system’s solution (1.2).

Theorem 3.3. Assume that

o (Hy)) f, g : [a,bD] X RXRXNR - Rarec
P, Q such that for all { € [a

s functions and there exist positive constants
i=1,2,3, we have

< Plluy — il + [ug = val + luz — v3)),
< Qluy —vil + [uz = vol + [uz — v3)).
Then, the sy. que solution on |a, b, provided that
[F1+F2]P+[Gl+G2]Q+[X1+X2]+[Y1+Y2]< 1, (311)

X, Yi, Fi, G, i = 1,2 are given by (3.3)-(3.10).
Proof. Define SUP se(q.0] f(Z£,0,0,0) = N < oo, SUPe(ap] g(£,0,0,0) = N; < oo and r > 0 such that

[Fi + F2IN) + (G + G2IN,

r> .
1—[F1+F2]7)+[G1+G2]Q+[X1+X2]+[Y1+Y2]

In the first step, we show that SZ, C Z,, where Z, = {(w,w) € H X H : ||[(@,w)|| < r}. By the
assumption (H,), for (@, w) € Z,, { € |a, b], we have

(O YT, () < |f(E (), I a(0), w(0) - £(£,0,0,0)] + [£(Z,0,0,0)
Pl ()] + [P (O] + () + Ny
P((1 + P @llge + llwllw) + Ny

IA

IA

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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< PI’+N1,
and

18, (), (), I"Y ()] < Qr + Na.

Using the above estimates, we obtain

_ y-1 m=2
SU@ @) < B a0+ KL o) + LEED) {|A|[|v|ZM,-|1;ﬂ”w(e,-)

+ ) U 18 (@] + KL, | (b)) - Ifiﬂfww(b»

i=1
n-2
+|B|[|k| D i o) + Z A fano DL+ WL ‘”w(@@);
j=1

() - w(a))ﬁ
LB +

|A|{|A|[| i Z A (6) - v(@)llw

IA

Pr+ N + [kl (b) — ()

/-\

Z n |(1!1(9) Y(a))”

T(p+1) N2) + Kl (B) = (@)l

I'(p+1)
[FIP+GiQ+ X+ Y]lr+ FIN| + G|N-.

||S](1D', (,U)”r]-[xq{ < [Flp + G]Q + X1 + Yl]l’ + F1N1 + G]Nz.

Similarly,
||Sz(w, w)llq{xq-( < [FQP + GzQ + Xz + Yz]r + F2N1 + G2N2.

In consequence, it follows that

IA

[Fl +F2]7)+ [Gl +G2]Q+ [X1 +X2] + [Y1 + Yz]r
+[F1 + FZ]NI + [Gl + Gz]NZ

r.

IS(@, W)l g

IA

Which shows that SZ, C Z,.

AIMS Mathematics Volume 7, Issue 5, 8012—-8034.
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We prove that the operator S is contraction. For (w1, w,), (@, w,) € H X H and for any { € [a, b],
we get

[S1(@2, w2)() = Si(w1, wi )]

b _
W(I‘zﬁ—w(a))ﬁf"(llm — @il + llwz = @illg) + KI(b) = Y(@))llws — @l

N
e Z W) — p(@)llw: — ol

9 P
. Z = Qs = 1 + e = 1) + HOD) e = il
i)~ wa ))ﬁ

Plle — @y + s — wlnm]

T@+1)
n-2 n-2
W(&) - (Cl))ﬁ
+|B|[|k| ,Zl lW(&) = w@)ll@: - @llg + ; Ik ]IW s — will#0)
b) — p
+W(W(b) — Y(a))llws — wlllMQ(llwz — @il it llwr'—
(p+1D
< [FiP+GiQ+ X, + V(o — @illg + lly2 — willg),
and consequently we obtain
IS1(@2, w2) = Si(w1, w)llpxr < [F1P +G 1+ Yl — @il + llwr — willw). (3.12)
Similarly. we obtain
ISa(@2, w2) — Sa(@ 1, wi)llnx + GrQ + X, + Y l(lmy — @il + llws — willx). (3.13)

It follows from above inequalitieS$~12) and (3.13) that

IS(@2, w,) — Lw)llpxy < ALF1 + F2lP + (G + G2]1Q + [ X + Xa]
+[Y) + Yo l}(|lwz — @il + llwa — wille),

s the unique solution of problem (1.2). O
ers—Ulam stability

We introduce the HU stability idea for problem (1.2) in this part. The definitions that follow are
taken from [23].

Let e, €, > 0, f, g : [a,b] X R3> — R be continuous functions and g, ¥, : [a,b] — R are
nondecreasing functions. Consider the following inequalities:

(M 4 kD ) - £ O, 1 D), ()

<€, Y{€la,b],
4.1)

(Mg 4 v DL ) - 8 ), 0 Ij,’i””w({))‘ <€, V{elabl
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(H@if*” +k HD’jIl"’”)w({) - f (), P (), w(())‘ < 95(0)es, ¥ £ € [a,b],

4.2)

(11 v 1 o) = g1, w0, (). 1 )

<9,(Depy, Y { € [a,b],
and

< 9p(), ¥ £ € [a,b],

(M + kD V) = £ @), B w0, 0(0)

(HDSLW +v 1D 1’q;w)w@ — 8. @), w(?), Igﬁ”w@))‘ < 9,0, V¢ €[a,bl.

Definition 4.1. The coupled system (1.2) is HU stable, if there is Cs, = (Cg, 0 such that'for
some € = (€3, €,) > 0 and for each solution (@, w) € & X & of (4.1) there is a solutt L)eEEXE
of the coupled system (1.2) which satisfies the following inequalities

[(@", w)({) = (@, W) < Cppe, V,L € [a,b].

stable, if there is ® € C(R*,R*) with
ere ig/a solution (@, w*) € & X & of the

Definition 4.2. The coupled system (1.2) is generalized
®(0) = 0, such that for each solution (@, w) € & X & of (4.
coupled system (1.2) which satisfies the followipg inequaliti

(@”, w)({) - (@, w

Definition 4.3. The coupled s ) is HU=Rassias stable with respect to 9, = (94,%,) €
C'([a, b], ), if there is a cqnstant 95- C9,) > 0 such that for some € = (e, €,) > 0 and for
e is a solution (@w”*, w*) € & X & of the system (1.2) with

(@", w)(Q) = (@, wNDI < Co,9,95,(), ¥ £ € la,bl.

Remark 4.1. We say that (@, w) € ExEis a solution of (4.1) there is a functions ¥, ¥, € C([a, b], R)
which depend upon @, w, respectively such that

o (a) ¥p(Dl < &, ¥p( DI <€, Y €la,b],
* (b)

(Hﬂif“” +k HDi:"p””)w@) = (&, @), Y@, () + Ws(0), ¥ £ € [a,b],

(Hij;W +y H@ﬁ:w)w@ = 8l @O, WO I A D) +¥p(0). ¥ £ € [a,b].
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Theorem 4.1. Consider (w,w) € & X & be the solution of the inequality (4.1), then

{ @ () — @ ()| < Spes, ¥ { € [a,b],
lw({) —w(DI < Spep, ¥ L € a,bl,

Proof. Using (b) of Remark 4.1, we have

(M0 + kD V) = f0 O, B0, D) + (), ¥ L € )

(H@f;’f“” +v H@;’:l"f“”)mo = (£, (), (), I () + ¥, (), ¥ £ € [a, ],

(4.4)
w@(a) = 0, w(b) = T hw(B),
w(a) =0, wb) = L12 uw(E)),
So by Lemma 2.2, the solution of (4.4) will be in the given form
_ B B _ IR (lﬂ({) - W(a))y_l
TQ = L fould) + L0 ~ K 0 + S {a
+ Z ALY 806 + KL @(b) = 1Y fu(b) — G ¥s(b) (4.5)
n-2
+B| - k Zu,f Yo + Zuﬂ“ > €D + VI ob) = 12 8B,
j=1
W) - v(@) S
oA - kZuJI @(E)
D+ V1Y B) - 11 gau) - 1V P,(0)| (4.6)

AL () + Z 17 g (6) + Z LI 6) + kI (b) — 1PV fww(b)]},

-2

S

_ ®) - y@)! W(6) — y(@)’"!

A , B= A; ,
) 2T
n—=2 1 -1
B W) —v@r b))
Y A v R

From (4.5), we have

@) - < POl + A

{|A|[ 10|
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n-2

+BI| > A ¥ |1

[j=1 J B\S ]}

where
— o _ WO =@y (1S
BO = 1ok~ Ko+ et A v 3 A ul6)

i=1
+ mZ L7 8ol 6) + KL (D) - Ifi‘”fww(b)]
v - kzml W(f,)+2u] ! o) + V1Y lB) = 17 gD

Using (a) of Remark 4.1, we obtain
lw({) — (O] < Spes,

where

5, = <w(1132ﬁ —fﬁz))ﬁ m {| |[<w(1razﬁ _fl(f))ﬁ ni' i I"(ﬁ_+¢1()a))ﬁ]}'

o
Repeat the similar procedure for (4.6) with (a) of Remark 4% ave
(@)~ S €.

where

5, - (1//(?) . (;,))p+ (Izjzp ‘”“’)”]Hm[ Z' Mw(lq() +l/ll(;l))p]}'

O

Theorem the hypothésis (H,) hold, with

A=1-%,%,> 0.

stem (1.2) is stable, in the sense of HU.

. Suppose (w,w) € & X & be the solution of the inequality (4.1) and (@*, w*) € & X & is the
1on of the given system

(H@ﬁjfw rk HDij:l’f’”)w*@) = [ @ O T (0.0 (), ¥ £ € [ab,

(HD;’;‘W ry Hﬂg:l’q;w)w*@ = g T W (O (). Y £ € [a,b], .

@*(a) = 0, @' (b) = X7 Lw (6),

w'(a) =0, w(b) = X127 (&)
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Then in view of Lemma 2.2, the solution of (4.7) is

i L WO =@ RS
I A R T {A[ v;ﬂ,1a+w(el)

; Z AT g0 (6) + KI5 (b) = 1P fo (b)]

-2
+B[ B kZ#ﬂl lﬁw. (é:j) + Zﬂ]lﬁwfw *w* (‘fJ) + V w(b) Ip lﬁgw w* (b)

J=1

Consider
@) - @ () < o) -z + @) - |
S
< E—ﬁ +[F1P+GQ+ X + Y (lo - @ llst lw -
B
< Nﬂfﬂ + (]('3”(1) - (,()*”«H
Hence
lo — @l < Rgeg + Kl — w4, (4.8)
where
N R
A |- [F1R+GiQ+X; +Yi]
[F\'P+G1Q+ X, +Y]
F1P+GIQ+X1 + Yl]
Similarly,
lw — W'llgr < Nye, + Kpllo — @[, (4.9)
where
S
N, = -

1—[F2P+G2Q+X2+Y2],
[F2p+G2Q+X2 + Y5]
1—[F2P+G2Q+X2+Y2]‘

K, =
From (4.8) and (4.9), we write as

lw — @ llx Npes + Ksllw — i,

<
”w_a)*llﬂ < NpEp"'(](pllqp-_73'*”7-(,

l 1 -«ﬁ}
~K, 1

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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Solving the above inequality, we have
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. %
o — @l s 2 |[ Sees
< )
x X,
llw — w*llw Z 1 Spep
where
A=1- 7(/3(](17 >0
Further simplification gives

\ Spes  TpNpes
lo—o|ly <

Se,  K,Nze
”(,U_CL)*”(}-[ < r€p BEp

+ , ;
- A A
from which we have

S s€ KN € S
lm — @y + llw — ' llyg < 22 + ZE2Z

eyl p

( )
Let max{eﬁ, Ep} = €, then from (410), we get

(@, w) - (@

xH < Cﬁ’ p€s
where

Sy KK, S,

prﬁ
A + A +

A

Remark 4.2.

setting ®

O
lized HU stable.

€ ©O(0) = 01n (4.10), then by Definition 4.2, the proposed system

» € C([a,b],R") be an increasing functions and there exist Aq)ﬁ, A(DP > 0, such
{ € [a, b], the given integral inequalities

POy < Ay, @p() and I27 D < Mgy, @p(0),
and

I"'®, < Ag,®,(¢) and I D, < Ao, @,(0),
holds.

Remark 4.3. Under the hypothesis (H3), (4.7) with Theorem 4.1, the proposed system (1.2) will be
HU-Rassias and generalized HU—Rassias stable.

AIMS Mathematics
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5. Example

Consider the following system

(H@ be) . LapL (e{))w(g“) = f& @) ()20, L€ [1,3],

(HZ) (64) + 1 HZ) (e())a)({) = g(g TD’({) U)(g) Z(g)) { € [4’ 2

(5.1)

@(3) = 0, @(3) = 0(3) + gw(3) + 50(2),

w() =0, w(3) = ;@) + Fw(3) + §w(D) + T ).

Herey(()= ¢, B=3.p=5 p=5.q=p k=5 v=gqv=50=3 4
» Ha _15"uz B =g =L 0= 0= 0= &=

,b=3, m=5,n=6.
From the given data, we can calculate A ~ 5.44520, A ~ 5.44520,
25.76105, X; ~ 0.47925, Y; ~ 0.01130, F; ~ 60.58302, G; ~
0.49452, F, ~ 30.85423, G, ~ 52.60651.

(i) Let the nonlinear functions f and g be defined on [1 T 2

-PI-—‘\II'—‘
—

£ ) < S gl )+ L i
w1, W, W Sinws,
IR = 01 + 1) +2)2 lwi[+1/) 1057 >
8¢ I f— (42 + 30 )+ 5
, W1, W2, W = w ——CoSw
86, @, @2, @3 1) " 2060 £\ 3 )T 155073
It is obvious to check that the abo iens satisfy
1
, W1, W2, To1 ﬁ(wz +wp) + To5%%
1 1
< —+ + +
|g({H0T, w2, w3)| < 36 201(602 w1) 155603,
which can se =35 PL=p2= ﬁ, p3 = %, qo = %, g1 =q> = ﬁ, gz = ]55 as in the hypothesis

Theorem’8.2. Then we can find that
M; 091469 < 1, M, ~ 0.86329.

Thus all assumptions of Theorem 3.2 are satisfy. The conclusion of Theorem 3.2 implies that problem
(5.1) has at least one solution on [+ T 2] Now checking the Lipschitz condition for f and g, we obtain

1
1/ (&, w1, w2, w3) = f(L, w1, @2, 03)] < %(Wl O] + |wy = o] + |ws — @3,
1
18({, w1, w2, w3) = (L, W1, 2, @3)| < ﬁﬂ(m w1 + wy — o] + w3 — s)).
Then, by setting = % and Q = 250 the condition (H;) of Theorem 3.3 is fulfilled. In addition we

find that
[Fi + FR]P + G + G2]Q+ [Xi+X]+ Y1+ o] = 0.70614 < 1.

AIMS Mathematics Volume 7, Issue 5, 8012-8034.
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Therefore, the system (5.1) has a unique solution on [}L, %], by the benefit of the Theorem 3.3.
Moreover,
A=1-%KK, ~0.70244 > 0

is also satisfied. Thus system (5.1) is HU stable, generalized HU stable, HU-Rassias stable and
generalized HU—-Rassias stable.
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