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1. Introduction

Let (M, w) be a complex n-dimensional compact Hermitian manifold and y be a smooth real (1,1)-
form on (M, w). I’} is the set of all real (1,1)-forms whose eigenvalues belong to the k-positive cone
I';. For any u € C*(M), we can get a new (1,1)-form

Xu = x + V=100u.
In any local coordinate chart, y, can be expressed as
Xu = N=10¢; + uz)dz A dZ.

In this article, we study the following form of parabolic Hessian quotient equations

1,1 -
Coxu A" !

k\ k wnfk
D) — log BT —log ¢(x.u), (1) € M x[0,T), 0
M(.x, 0) = MO(X)’ X € M,

where 0 < [ < k < n, [0,T) is the maximum time interval in which the solution exists and ¢(x, z) €
C*(M x R) is a given strictly positive function.
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The study of the parabolic flows is motivated by complex equations

k n—k _ C_il ! n—l w
Xy N = quﬁ(x,u))(u/\w s xu €17, (1.2)

Equation (1.2) include some important geometry equations, for example, complex Monge-Ampere
equation and Donaldson equation [6], which have attracted extensive attention in mathematics and
physics since Yau’s breakthrough in the Calabi conjecture [28]. Since Eq (1.2) are fully nonlinear
elliptic, a classical way to solve them is the continuity method. Using this method, the complex Monge-
Ampere equation

Xy = d(0)", x, €T}

was solved by Yau [28]. Donaldson equation

X = e Xu A", Xy €T
Jax Aot
was independently solved by Li-Shi-Yao [11], Collins-Szekelyhidi [3] and Sun [17]. Equation (1.2)
also include the complex k-Hessian equation and complex Hessian quotient equation, which,
respectively, correspond to
CoE A W™ = p(x)w", x, €TY,

1
k A wn—k _ %(p(x) 1 A (,Un_l eI
Xu - C,]; X u > Xu k-

Dinew and Kolodziej [7] proved a Liouville type theorem for m-subharmonic functions in C", and
combining with the estimate of Hou-Ma-Wu [10], solved the complex k-Hessian equation by using the
continuity method. Under the cone condition, Sun [16] solved the complex Hessian quotient equation
by using the continuity method. There have been many extensive studies for complex Monge-Ampere
equation, Donaldson equation, the complex k-Hessian equation and the complex Hessian quotient
equation on closed complex manifolds, see, e.g., [4, 12, 20, 22, 23, 29, 30]. When the right hand side
function ¢ in Eq (1.2) depends on u, that is ¢ = ¢(x, u), it is interesting to ask whether we can solve
them. We intend to solve (1.2) by the parabolic flow method.

Equation (1.1) covers some of the important geometric flows in complex geometry. If k = n and
[ =0, (1.1) is known as the complex Monge-Ampere flow

Ou(x,t)

o

which is equivalent to the Kéhler-Ricci flow. The result of Yau [28] was reproduced by Cao [2] through

Kihler-Ricci flow. Using the complex Monge-Ampere flow, similar results on a compact Hermitian

manifold and a compact almost Hermitian manifold were proved by Gill [9] and Chu [5], respectively.
To study the normalized twisted Chern-Ricci flow

log X% _log ¢(x), (x,1) € M x [0,T),
a)n

0

% = —Ric(w;) — w; + 1,
which is equivalent to the following Mong-Ampere flow

oy (6, + ddp)"

L =log————— " _ .

a -t Q 4
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To [25, 26] considered the following complex Monge-Ampere flow

Oy 6, +ddp)"

= —log =7

a2 Q
where Q is a smooth volume form on M. From this, we can see that the given function ¢ depends on u
in some geometric flows. If [ = 0, (1.1) is called as the complex k-Hessian flow

wmn:mfmpmm
ot w"

The solvability of complex k-Hessian flow was showed by Sheng-Wang [21].

In this paper, our research can be viewed as a generalization of T6’s work in [26] and Sheng-Wang’s
work in [21]. To solve the complex Hessian quotient flow, the condition of the parabolic C-subsolution
is needed. According to Phong and T6 [14], we can give the definition of the parabolic C-subsolution
to Eq (1.1).

- F(t, x, ),

—log ¢(x,u), (x,1) € M x[0,T).

Definition 1.1. Let u(x,t) € C>'(M x [0,7)) and y, € I'?, if there exist constants 6,R > 0, such that
for any (x,t) e M x [0,7),

oi(A)

o ()

log — O <logo(x,u), A— Au)+dl €,

implies that
Il <R,
then u is said to be a parabolic C-subsolution of (1.1), where A(x) denotes eigenvalue set of y,,.
Obviously, we can give the equivalent definition of parabolic C-subsolution of (1.1).

Definition 1.2. Let u(x,t) € C*'(M x [0,T)) and y, € I'?, if there exist constant S > 0, for any
(x,1) € M x [0,T), such that

lim 1 ak(l(z)+ﬂei)>az+5+l (x,u), 1 <i< (1.3)
IO AW s ey o TOTIogdn ) Tsisn, .

then u is said to be a parabolic C-subsolution of (1.1).
Our main result is

Theorem 1.3. Let (M, g) a compact Hermitian manifold and y be a smooth real (1,1)-form on M.
Assume there exists a parabolic C-subsolution u for Eq (1.1) and

A
0,u > max{sup (log THAu0)) _ log ¢(x, up)), 0}, (1.4)
M o (A(uo))
900 s, (1.5)
¢
where cy is a constant. Then there exits a unique smooth solution u(x,t) to (1.1) all time with
sup (uo(x) — u(x,0)) = 0. (1.6)
xeM

Moreover, u(x,t) is C* convergent to a smooth function u., which solves Eq (1.2).
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The rest of this paper is organized as follows. In Section 2, we give some important lemmas and
estimate on |u,(x, 7)|. In Section 3, we prove C° estimates of Eq (1.1) by the parabolic C-subsolution
condition and the Alexandroff-Bakelman-Pucci maximum principle. In Section 4, using the parabolic
C-subsolution condition, we establish the C? estimate for Eq (1.1) by the method of Hou-Ma-Wu [10].
In Section 5, we adapt the blowup method of Dinew and Kolodziej [7] to obtain the gradient estimate.
In Section 6, we give the proof of the long-time existence of the solution to the parabolic equation and
its convergence, that is Theorem 1.3.

2. Preliminaries
In this section, we give some notations and lemmas. In holomorphic coordinates, we can set
w= \/—_lg,-;dz" ANd7 = N=-16;,d7 AdZ, x = \/—_lxijdzi AdZ,
Xu= V=1(y; + uz)dz' A dz/ = N=1Xzdz' A dZ,

Xu = V=105 + u)dz AdZ’ = N=1X:d7' A dZ.

A(u) and A(u) denote the eigenvalue set of {Xl.;} and {)_(17} with respect to {gi;}, respectively. In local
coordinates, (1.1) can be written as

o (Au))
Ou = log ————= —log ¢(x, u). 2.1
T R
For simplicity, set
T (Au))
F(A(u)) =log ————,
® 7w
then (2.1) is abbreviated as
ou = F(A(u)) — log ¢(x, u). 2.2)
We use the following notation
=  OF R . O*F
Fii=__ — Fi  FiPd — )
axﬁ’ a Z ’ 0X50X 5

For any xo € M, we can choose a local holomorphic coordinates such that the matrix {X;;} is diagonal
and X7 > --- > X,5, then we have, at xo € M,

/l(l/l) = (/11’ e ,/ln) = (XlTa e ’Xnﬁ)7

-1 (AD) =i (D)

)i, F'' <o < F™,
T o]

Fi; — Fﬁél] — (

To prove a priori C%-estimate for solution to Eq (1.1), we need the following variant of the
Alexandroff-Bakelman-Pucci maximum principle, which is Proposition 10 in [20].
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Lemma 2.1. [20] Let v : B(1) — R be a smooth function, which meets the condition v(0)+€ < infyp) v,
where B(1) denotes the unit ball in R". Define the set

0= x € B(1) : [Dv(x)| < 5, and
v = v(x) + Dv(x) - (y = x), ¥y € B(D) [

Then there exists a costant ¢y > 0 such that

coe" < f det(D*v).
Q

Next, we give an estimate on |u,(x, 7).

Lemma 2.2. Under the assumption of Theorem 1.3, let u(x,t) be a solution to (1.1). Then for any
(x,1) e M x[0,T), we have

min{i%f u(x,0),0} < u,(x,t) < max{sup u,(x,0),0}. 2.3)
M

Furthermore, there is a constant C > 0 such that

sup |0;u(x, 1) < sup|ou(x,0)| < C,

MX[0.T) M
where C depends on H = |uo|c2ary and |@lconxi—m.my)-

Proof. Differentiating (2.2) on both sides simultaneously at 7, we obtain

() = FUXz — %u, = F'i(u,); - O, (2.4)

¢
Setu; = u,—¢t, € > 0. Forany T’ € (0, T'), suppose u? achieves its maximum M, at (xy, tp) € M x[0, T"].
Without loss of generality, we may suppose M, > 0. If 7, > 0, From the parabolic maximum principle
and (2.4), we get

0 <6y~ Py +
s(u) —&- Fij(”t)i? * %”f - g%to
¢-
< - - - .
<-e-ey fo

This is obviously a contradiction, so fy = 0 and

sup u;(x,t) = sup u,(x,0),
MX[0.T"] M

that is

sup u(x,t) = sup (ui(x, 1)+ et) < supu,(x,0)+eT’.
Mx[0,T"] MX[0."] M
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Letting € — 0, we obtain

sup u(x, 1) < sup u,(x,0).
MX[0.T"]

Since T’ € (0, T) is arbitrary, we have

sup u(x,t) < sup u;(x,0). (2.5
Mx[0,T)

Similarly, setting uf = u, + &t, € > 0, we obtain

Mir[lof u(x,t) > mf u;(x,0). (2.6)
(2.1) yields
1,(x, 0)] = log ZEAWO) _ 10 (. ug)] < C. 2.7)
o (A(up))

Combining (2.5)—(2.7), we complete the proof of Proposition 2.2.
O

From the concavity of F(A(x)) and the condition of the parabolic C-subsolution, we give the
following lemma, which plays an important role in the estimation of C2.

Lemma 2.3. Under the assumption of Theorem 1.3 and assuming that X;; > -+ > X,5, there exists
two positive constants N and 6 such that we have either

Fiu; —uz) — ,(u—u) > 61 + F) (2.8)

or

Fl> %(1 +F). (2.9)

Proof. Since u is a parabolic C-subsolution to Eq (1.1), from Definition 1.2, there are uniform constants
6 > 0and N > 0, such that

log ZAW L) M5 tog o (2.10)
go'z(/l(ﬂ)JrNuel) ot g, u). :

If € > 0 1s sufficiently small, it can be obtained from (2.10)

o(A(u) — el + Nel) 5l
& () — el + Nuer) = a_ +0+logg(x. ).

Set I’ = A(u) — €l + Ney, then
ou —
F(U) > a_f +6 + log (x, u). @2.11)
Using the concavity of F(A(u)) gives
F ﬁ(ﬂﬁ —up) =F ﬁ({&f - X;)

= F({X; — €5 + N6iy — X;) + €F — NF! (2.12)
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> F(X) = F(Aw)) + €F — NF'.,
From Lemma 2.2 and (1.4), we obtain
u(x, 1) 2 u(x, 1), Y(x,1) € M X [0,T). (2.13)

In addition, it can be obtained from the condition (1.6)

u(x,0) > u(x,0), Vxe M x[0,7). (2.14)
(2.13) and (2.14) deduce that
u(x,t) > u(x,t), V(x,t) € M x [0, T). (2.15)
It follows from this that
(x, u) = ¢(x, u). (2.16)

Combining (2.2), (2.11) and (2.16) gives that

F(A') = F(A(u)) 2u,(x,1) — u,(x, 1) + S+ log ¢(x, u) — log ¢(x, u) (2.17)

>u,(x, 1) — u(x, 1) +0.
Put (2.17) into (2.12)

Fl(u = ) = 1,060 = w6 )+ 5+ €F - NF'T 25+ eF - NF'.

Let _
€
6 = min{—, =}.
min{ > 2}
If FUIN < 0(1 + F), Inequality (2.8) is obtained, otherwise Inequality (2.9) must be true. O

3. C° Estimates
In this section, we prove the C° estimates by the existence of the parabolic C-subsolution and the
Alexandroff-Bakelman-Pucci maximum principle.

Proposition 3.1. Under the assumption of Theoreml.3, let u(x,t) be a solution to (1.1). Then there
exists a constant C > 0 such that

luCx, Dlcogmxiory < C,

where C depends on |ug|c2yry and |ulc2pxio,ry)-

s 0p(x.2) :
Proof. Combining (2.13), (2.14) and 0 2 0 yields
u,(x, 1) + log ¢(x, u) > u,(x, 1) +log ¢(x, u). 3.1

Let’s rewrite Eq (2.2) as
F(A(u)) = 0,u + log ¢(x, u). (3.2)
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when fix t € [0,T), Eq (3.2) is elliptic. From (3.1), we see that the parabolic C-subsolution u(x, t) is a
C-subsolution to Eq (3.2) in the elliptic sense. From (2.15), we have
sup (u—u)=0.
MX[0.T)
Our goal is to obtain a lower l}f)und for L = infy;,(u — u). Note that A(u) € I'y, which implies that
A(u) € I'y, then A(u — u) > —C, where A is the complex Laplacian with respect to w. According to

Tosatti-Weinkove’s method [22], we can prove that [[u—ul|;1 s 1s bounded uniformly. Let G : M XM —
R be the associated Green’s function, then, by Yau [28], there is a uniform constant K such that

Gx,y)+K >0, V(x,y) € M X M, and f G(x,y)w"(y) = 0.
yeEM

Since

sup (u—u) = 0,
Mx[0,T)

then for fixed ¢ € [0, T') there exists a point xy € M such that (u — u)(xy, ) = 0. Thus
=000 = [ w=wdi= [ Gl ysu- 00w
M yeM

_ f w-wdi— [ (Gxony) + AU - WO )
M yEM

Sf(u—g)d,u+5wa",

M M
f(ﬂ_”)dﬂ:f|(M—g)|duS5wa".
M M M

Let us work in local coordinates, for which the infimum L is achieved at the origin, that is L = u(0, ¢) —
u(0,17). We write B(1) = {z : |zl < 1}. Let v = u — u + €|z|?, for a small € > 0. We have inf v = L = v(0),
and v(z) > L + € for z € dB(1). From Lemma 2.1, we get

that is

coe™ < f det(D?v). (3.3)
Q

At the same time, if x € Q, then D*v(x) > 0 implies that
uij(x) - gi;(x) +€6;; > 0.

If € is sufficiently small, then
Au) € A(u) — ol +1,.

Set it = A(u) — A(u). Since A(u) satisfies Eq (3.2), then
F(A(u) + p) = 0u +logp(x,u), u+olel,. (3.4)
u is a C-subsolution to Eq (3.2) in the elliptic sense, so there is a uniform constant R > 0, such that

lul <R,
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which means Ivﬁl < C, for any x € Q. As in Blocki [1], for x € Q, we have D*v(x) > 0 and so
D’v(x) < 2% det(v;;)* < C'.
From this and (3.3), we obtain
co€”" < fg det(D*v) < C’ - vol(Q). 3.5)
On the other hand, by the definition of Q in Lemma 2.1, for x € Q, we get
v(0) > v(x) — Dv(x) - x > v(x) — g,

and so .
L+~
v(x) > | 2|
It follows that
f [v(x)| > flv(x)l > |L+ E| - vol(©2). 3.6)
M Q 2

Since |lu — ull.1ar) is bounded uniformly, fM [v(x)| is also bounded uniformly. If L is very large,
Inequality (3.6) contradicts (3.5), which means that L has a lower bound. For any t € [0,7),
Inequality (3.1) holds, thus

luCx, Olcomxiory < LI+ sup |u| < C.
Mx[0.T)

4. C? Estimates
In this section, we prove that the second-order estimates are controlled by the square of the gradient
estimate linearly. Our calculation is a parabolic version of that in Hou-Ma-Wu [10].

Proposition 4.1. ~Under the assumption of Theoreml.3, let u(x,t) be a solution to (1.1). Then there
exists a constant C such that

sup | V—-180u| < 5( sup |Vul* + 1),

Mx[0,T) Mx[0,T)

where C depends y, w, |¢|C2(M><[—C,C]): |Z|c2(Mx[o,T)), |6tZ|CO(Mx[o,T)) and |u0|c2(M)-

Proof. Let A(u) = (44,...,4,) and A, is the maximum eigenvalue. For any 7’ < T, we consider the
following function

W(x,t) =log 4; + ¢(|Vu(x, t)|2) + Y(u(x, t) — u(x, 1), (x,1) € M x[0,T'], 4.1

where ¢ and ¢ are determined later. We want to apply the maximum principle to the function W. Since
the eigenvalues of the matrix {X;;} with respect to w need not be distinct at the point where W achieves
its maximum, we will perturb {Xij} following the technique of [20]. Let W achieve its maximum at
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(x0,70) € M x [0,T’]. Near (xy,ty), we can choose local coordinates such that {Xl.;} is diagonal with
X5 =+ = X, and A(u) = (X;7,--+ »Xum). Let D be a diagonal matrix such that D' = 0 and
0 < D2 < -.. < D™ are small, satisfying D™ < 2D*2. Define the matrix X = X — D. At (xo, fy), X has
eigenvalues

A=A, 4,=4-D" n>i>?2.

Since all the eigenvalues of X are distinct, we can define near (xo, fp) the following smooth function

W =log 4, + o(IVul®) + y(u — w), 4.2)

where |
S
=—zlog(l-%=),0<s<K-1,
@(s) > og( 2K) s
w(s)=—E10g(1+%), ~L+1<s<L-1,
K= sup |Vuf+1,
Mx[0,T']

L= sup |ul+ sup [ul+1,
MX[0,T"] MX[0,T"]

E=2L(C; + 1),
and C; > 0 1is to be chosen later. Direct calculation yields
1

1
< i
4K

2K

0< ¢ <=, ¢ =2¢) >0, (4.3)

and

’ " 4 ’
Citl<—y <2Ci+1), o' 2 —W), Ves (4.4)
— €

AE +1°
Without loss of generality, we can assume that 4; > 1. From here on, all calculations are done at

(x0, o). From the maximum principle, calculating the first and second derivatives of the function w
gives

-~ /1 l' ’ ’
0=M=TL+¢(|Vu|2)i+w<u—z>i, 1<i<n, (4.5)
1
A A ,
0> W; =22 — 2N S (VuP); + @ 1Vl (4.6)
FTRT
+ o (= w); + (- w).
-~ F/‘il,t ’ 2 ’
0. Wy ="+ @ (Vul)+ 9 (u~ ). 4.7)
1
Define B
.[::: F"fViVA —(9,.
ozj 0z
Obviously, _ _
0> LW = Llogd; + Le(Vul®) + Ly(u — u). (4.8)
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Next, we will estimate the terms in (4.8). Direct calculation shows that

Y AL i |F/il il /11 t
Llogd = F'— — F"'—— 4.9
g4 1 /1% /11 (4.9)
According to Inequality (78) in [20], we have
Zl,if > X1 — 2R€(X,11T ) — Cody, (4.10)

where Cy depending x, w, |¢lc2mxi-c.cps [Ulc2auxiory» 10l coguxio,ry and |uolc2ay). From here on, Co
can always absorb the constant it represents before, and can change from one line to the next, but it
does not depend on the parameter we choose later. By calculating the covariant derivatives of (4.7) in
the direction - % and 6‘2] , we obtain

g = F'X;, — (log ¢)1 — (1og )11, (4.11)
and

1 =FPIX 2 X 2+ F'X;1 — (log @)1 — (log @)y (4.12)

ijl

~ (log ¢),7u1 — (1og )uulir* — (log @)ty

Notice that

X1 =X+ U

=i —xan + Ty, + X - ThA, (4.13)
therefore
|X1L‘|2 < IXmI -21 Re(Xl“T )+ Co(/l2 + 1 X7.0- 4.14)
Combining (4.14) with
/ll,i 11, (Dll)b
gives
AP AX5P 2 i FAIDM,P
_Fll Fll 1 _F”Re(XIL-(D );) L A
/l% /12 /l% /li2
i;l 1Ti|2 CO ii
>-F 7 - ?F 1X,7,] = CoF (4.15)
1
il |Xﬁ1|2 2 i _1 CO ii
- F /12 /l_lF Re(X7,T;) — /I_F X7,/ = CoF .

1 1

Let’s set 4; > K, otherwise the proof is completed. Putting 4.10-4.12 and (4.15) into (4.9) yields

~ —F”qu 1 X gt X |2 A1X 7
1 1> ij1**pq Fn 11 Fll 11i
Llog s 1 24 A

- CoF
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N (log ¢),7 + (log §)1,ut + (log ¢) 7ur + (10g @)ulurl* — 10g By |7

A
_FlJ P(]X X |X |2 C - |X 7_|
ij1% pgl 11 0 11i
> — Fi ——F"—L _CyF -C 4.16
T yr R 0 0 (4.16)
A simple computation gives
Lo(VulP) = ¢ FI(VulP); + ¢ FI(VuP)? = ¢ (Vul?).. (4.17)

Next, we estimate the formula (4.17). Differentiating Eq (2.2), we have

)y = F'X5, — (log ¢), — (1og $), it (4.18)

and
(u)s=F ”X@ — (log ¢)7 — (log ¢),uz. (4.19)
It follows from (4.18) and (4.19) that

d,\Vu|? = Z Uyl + Z Uplls
)4
=F" Z(Xﬁpuﬁ + X)) — Z(log )ity (4.20)
p
- > (log @)z, —2 Z(log )l Vul.
p P

By commuting derivatives, we have the identity

F'X;, _F” T F”X”p 7 7 4.21)
=Fu,; — F'T%u ;- i= FlugR,  + Fixg,.
Direct calculation gives
FUVUP); = Y Flu 5+ ugauy) + | Fiupittz; + u i), (4.22)
p p

It follows from (4.21) that
Fii up”uﬁ - F”X”p 7
=F'T%u,: F”upuqR 1= Fly i tp (4.23)
> — C()KZF”Xﬁ - C()Kzf - CoKF.

Noticing that
ey 1(/1|l) _ o (Al

F”X = Ai=k—1, (4.24)
O o
from this and (4.23), we obtain
Fiu ity — F'X; 15 > ~CoK? = CoKF — CoKF . (4.25)
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In the same way, we can get
Fiuzu, — F'Xzu, > ~CoK* — CoK*F — CoKF .
Using (4.20)—(4.26) in (4.17), we have
Lo(VuP) 2¢" F(VuP) + ¢ (~CoK? — CoK*F — CoKF)
+¢ > ((log @),z + (log )i, +2(log §),Vul’)
p

Iy 2 2
+ D F il + i)
p

> FII(Vul)P + > F(lupil® + luml®) = Co = CoF
p

A simple calculation gives
Ly —w) = " Filu = wil + ¢/ [F = w); = 8i(u — w)].
Substituting (4.27), (4.28) and (4.16) into (4.8),

—F'ip aXiﬁXMT _ Fii X7, I? G ﬁ—lxﬁ"l

+ ¢ FUOVUPIE + @' > Fillupl® + lupi) = Co = CoF
p

0>

+ 3 Filu = wil? + ¢/ [Fu - w); - d,(u— w).

Let 6 > 0 be a sufficiently small constant to be chosen later and satisfy

0 < min{

1+4E’2

We separate the rest of the calculations into two cases.
Case 1: 1, < —64;.

Using(4.5), we find that
FiX 72 P , (D), 2
7 =— File'(Vul )i+w(u—z)i—T|
’ ii 2 il ! (Dll)i 2
> = 2P F(Vul)| = 2" (= )y - ——=
1

> = 2(¢ P F|(Vul)| = Coly' PKF — CoF.

From (4.13), we have

2 2
|XiT1| < |X1Tz’|

+ Co(1 + |X”"')
FEE P

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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Combining (4.31) with (4.32), we conclude that

FﬁlXiTll2 '\2 i 24 |2 )
———— 2= 2 FVuP)| - Coly PKF — CoF
1
=X+
—COF”—| 1l
A

Note that the operator F is concave, which implies that

_Fipay - _
FOrXs X,

A
Applying (4.33) and (4.34) to (4.29) and using ¢” = 2(¢’)? yield that

X1l _ ﬁFﬁlxlTJ "

0> — C,F"
L A A

¢ > Fillupl + lugl)

p
— Colt PKF = CoF = Co + 4" Fil(u — ),
+ O [F = w); — B,(u — w)].

Note that the fact

|X 7i| ’ ’ (Dll)i
5 = | = @ (upitty + uptts) — ' (= w); + ,
A1 Ay
It follows that
|X1Ti|

—COF";A— > — Co@ K7 F(upi| + luz) + Co’ K2 F — CoF.

1

Using the following inequality
_1 1 2 2
K72 (Jupil + uzi]) < —(lupil” + lupil”) + CoK.
4C
deduces

|X 7l.| 1 1 il , 1
UL > G Fi(lupl? + luzl?) + Cop K3F — CoF .

—C,Fi >
0T T, 4

Note that 1; > 1, we have

C Pt X 1 1 i
_A_OF”_| /lllll > — Z()D/F”(Wpilz + |Mﬁi|2) + Colﬂ/K%T — Co?j
1 1

Since 1,//" > 0, which implies that
W Fi\(u - u)f? > 0.

According to Lemma 2.3, there are at most two possibilities:

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
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(1) If (2.8) holds true, then
W IF (= ) = 0w — w)] = 01 + P/
Substituting (4.37)—(4.40) into (4.35) and using ¢’ > ﬁ( yield that

1 ,
0>— Z Fupil? + lupil?) = Colyy PKF = Co(F + 1) + 6(1 + F)l/'|

~8K
zgiKFi%? —Co(C1 + D’KF +0(Ci + DF + 1) = Co(F + 1)
212
2 Iéy—‘ Co(Cy + D*KF +0(Cy + 1)(F + 1) = Co(F + 1).

We may set 6C; > Cy. It follows from (4.41) that 4, < CK.
(2) If (2.9) holds true,

1.0
s —(1+7F).
¢ F)
According to ' < 0 and the concavity of the operator F, we have

W IF = w); — 0 — w)] =/ [F(X; = Xz) — 0, (u — )]
>0’ [F(xu) — F(x.) — 8 + d,u]
=0/ [¢(x, 1) + D — Fx,)]
>Coy/'.

Using (4.37)—(4.39) and (4.43) in (4.35), together with (4.42), we find that

1 ) ’
0 zS—KFuf — Coly PKF + Cotp’ — Co(F + 1)
2 52 2

_8NK(1 +F)+ —T Co(Cy + D*KF
- Co(C] + 1) - Co(}a: + 1)

Let A, be sufficiently large, so that

2

SNK(I +F)=Co(Cy + 1) = Co(F +1) >0,
It follows from (4.44 )that 4, < CK.

Case 2: 1, > —04,.

Let ) ~
I={iell,--- ,n)|F">§'F"}.

Let us first treat those indices which are not in /. Similar to (4.31), we obtain

FilX , K ., i1
- ) ' “l > =2y )22F”|(|Vu|2>i|2—%|w PF = Cof

i¢l i¢l

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)
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Using (4.32) yields that

FiilX, , CoK ., 7
- ' “' > =2 Y F(VuP)[ — == PF"

i¢l i¢l
Fi;|X1T'|
-C - —CoF. 4.46
> T oF (4.46)
i¢l
Since
T4 F” —_
~FMi - — and A=A, =04,
X1 — Xj;
which implies that
11 li -0l ii
- Z = 1 S F :
iel + 1
It follows that
Fll 11|X11|2 1= |X11|
. Fi 4.47
A 1 +0 ; /12 ( )
Recalling ¢” = 2(¢’)> and 0 < § < %, we obtain from (4.5) that
" il 2
> Fl(vuP))
iel
ii| A1 xui —xim + Thy,; = (D' 2
—ZZF' o (- u) + T
iel
6 ’
il i1l 2 2
23 (s \ - Vi wi - o) (4.48)
26 )" F”‘ ml 2R - P - CoF
iel 1 g B
Notice that ¢~ > (xﬁ Vife= 4E — . Since ;7 4E r > 0, we get that
W - u)f? - 1—_6(w'>2Fﬁ|(u - w2 0. (4.49)

Take (4.46)—(4.49) into (4.29),

lllX l| C lll 1 ll
0>- CO§ ot LT AOF I E F'(lupil® + lupl)
i¢l 1 1

— CoF ~Co - %WF“ W TF = w)y; - 8,(u - w). (4.50)

Similar to (4.37) and (4.38), by using the third term of (4.50) to absorb the first two terms of it, We get
that

1 i CoK. 1y 47
2 2.7l ) = =5 P

AIMS Mathematics Volume 7, Issue 5, 7441-7461.



7457

— CoF = Co + W' [F(u — w); — 0,(u — )]
> L >R - SR RFT - Co(F + 1)
“ 8K > ! o

+ 0 [Fu = u); — B(u — w].

According to Lemma?2.3, there are at most two possibilities:
(1) If (2.8) holds true, then

W IF (1 — w); — 8, — w)] > 61 + FY/|.
Put (4.52) into (4.51)

1 = C K ’ T ’
02 Zp: Fix? - %W PF'" = Co(F + D+ 6(1 + Fly/|

8K
P

Here, C; is determined finally, such that
It follows from (4.53) that

(2) If (2.9) holds true,
= 8
F''>— .
> N( +F)

Substituting (4.43) into (4.51) and using (4.54) give that

CoK
0

0>1

— 32—
“8K!

N N
I(1+C)P - ZCo1+C1) = —Co

It follows that
A1 £ CK.

5. C' Estimates

zi Z FU2 - %((1 +C)PF' = Co(F + 1) +6(1 + F)(1 + Cy).

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

To obtain the gradient estimates, we adapt the blow-up method of Dinew and Kolodziej [7] and

reduce the problem to a Liouville type theorem which is proved in [7].

Proposition 5.1. Under the assumption of Theorem 1.3, let u(x,t) be a solution to (1.1). Then there

exists a uniform constant C such that

sup |Vu| < C.
MX[0.T)

5.1
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Proof. Suppose that the gradient estimate (5.1) does not hold. Then there exists a sequence (x,, t,,) €
M x [0,T) with t,, — T such that
sup |Vu(x, )| = |Vu(x,, t,)| and lim |Vu(x,,, t,,)| = oo.
MX[0,t,,] m—oo

After passing to a subsequence, we may assume that lim,,,., x,, = xo0 € M. We choose a coordinate
chart {U, (z1,- - ,z,)} at xo, which we identify with an open set in C", and such that w(0) = 8 =
V-13,d7 A dZ'. We may assume that the open set contains B;(0) and m is sufficiently large so that
Zm = 2(x,y) € B1(0). Define

VU )] = s Tin(2) = u(ci, ).

From this and Proposition 4.1, we have

sup |V, = 1, sup| V=1 ddu,,| < C.
M M

This yields that %, is contained in the Holder space C'*" with a uniform. Along with a standard
application of Azela-Ascoli theorem, we may suppose 1, has a limit € C'?(C") with

[ul + |Vu| < C and [Vu(0)| # 0, (5.2)

in particular u is not constant. On the other hand, similar to the method of Dinew and Kolodziej [7],

we have
—k

| u<cim)]k A [w(é)]n

=" u)[xu<cim)]l A [w(cim)]n_l.

Fixing z, we obtain

2 n—k
|| ] (5.3)

)8

_ k
Ci(k—l)[o(%)ﬁ + V-1 65ﬁm(z)] A [(1 + O(C_

|z*

, Z 1 _ 1 n—I[
=€ Iumgbm(_’ um)[o(a)ﬁ + \/__1 6%71(1)] A [(1 + O(E))ﬁ:l :

Chn

Lemma 2.2 gives d;u is bounded uniformly. Since

m

Z
Gn(=>uy) < sup o,
C,. MX[-C,C]

which implies that ¢,,(=, u,,) is bounded uniformly. Taking the limits on both sides of 5.3 by m — oo
yields that

(V=18dw)* A B = 0. (5.4)
which is in the pluripotential sense. Moreover, a similar reasoning tells us that for any 1 < p <k,
(V=18m)* AB" > 0. (5.5)

Then, (5.4) and (5.5) imply u is a k-subharmonic. By a result of Blocki [1], & is a maximal
k-subharmonic function in C". Applying the Liouville theorem in [7], we find that u is a constant,
which contradicts with (5.2).

]
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6. Long-time existence and convergence

In this section, we shall give a proof of the long-time existence to the flow and its convergence, that
is Theorem 1.3.

From Lemma 2.2, Proposition 3.1, Propositions 4.1 and 5.1, we conclude that Eq 1.1 is uniformly
parabolic. Therefore by Evans-Krylov’s regularity theory [8, 13, 19, 27] for uniformly parabolic
equation, we obtain higher order derivative estimates. By the a priori estimates which don’t depend on
time, one can prove that the short time existence on [0,7) extends to [0, o), that is the smooth
solution exists at all time r > 0. After proving C* estimates on [0, c0), we are able to show the
convergence of the solution flow.

Let v = ”u,, where 0 < vy < ¢y, Commuting derivative of v with respect to ¢ and using (2.4), we
obtain

ve =" Uy +yv

¢-

=yv+ " (Fu,5 — =—u;)

¢
:F’jvlj +(y— %)v.

¢

Using the condition (1.5) yields y — ry

follows that

< 0, According to the parabolic maximum principle, it

sup [v(x, )| < sup [u(x, 0)] < sup |[F(A(ug)) — ¢(x, up)l < C,
Mx[0,00) M M

which means that |u,| decreases exponentially, in particular
C
az(u + _e_yt) S O.
Y

According to Proposition 3.1, it follows that u + %e‘” is bounded uniformly and decreasing in ¢.
Thus it converges to a smooth function u.,. From the higher order prior estimates, we can see that the
function u(x, t) converges smoothly to u.,. Letting t — oo in Eq (2.1),

Ti(A(ue)) _

Ay OOt

7. Conclusions

In this paper, we have considered the parabolic Hessian quotient equation (1.1), in which the right
hand side function ¢ depends on u. Firstly, we prove C° estimates of Eq (1.1) by the parabolic
C-subsolution condition and the Alexandroff-Bakelman-Pucci maximum principle. Secondly, we
establish the C? estimate for Eq (1.1) by using the parabolic C-subsolution condition. Thirdly, we
obtain the gradient estimate by adapting the blowup method. Finally we give the proof of the
long-time existence of the solution to the parabolic equation and its convergence. As an application,
we show the solvability of a class of complex Hessian quotient equations, which generalizes the
relevant results.
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